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1 Introduction

It appears since the work of t Hooft that matrix integrals can be seen, via Feynman diagrams expansion, as
generating functions for enumerating maps (or triangulated surfaces). We refer here to the very nice survey
of A. Zvonkin’s [30]. One matrix integrals are used to enumerate maps with a given genus and given vertices
degrees distribution whereas several matrices integrals can be used to consider the case where the vertices
can additionally be coloured (i.e can take different states).

Matrix integrals are usually of the following form

Zn(P) = /e_Ntup(Ay,...,A;v))dAle - dAN

with some polynomial function P of d-non-commutative variables and the Lebesgue measure dA on some
well chosen ensemble of N x N matrices such as the set Hy (resp. Sy, resp. Sympn) of N x N Hermitian
(resp. symmetric, resp. symplectic) matrices. One would like to understand the full expansion of Zy(P)
in powers of N. For instance, in the case where the matrices live on H, the formal expansion linked with

Feynamn diagrams is of the type
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where Cp(g) enumerates some maps with genus g. Such an expansion was proved to hold rigorously in the
one matrix case by K. McLaughlin and N. Ercolani in 2002.
A related issue is to understand the asymptotic behaviour of the corresponding Gibbs measure

PN (dAN - dAN) = e~ NUPAY, A g AN . gAY

Zn(P)

More precisely, if for a N x N matrix A, (A1 (A4), -+, An(A)) denotes its eigenvalues and ¥} := N~} Zf\;l Oxi(4)
its spectral measure, one would like to understand the asymptotic behaviour of (ﬂ%’ e ,ﬂgév) under the
Gibbs measure pX when N goes to infinity. Of course, this understanding is intimately related with the
first order asymptotic of the free energy Fy(P) = N~%log Zx(P). In fact, the rigorous approach of the full
expansion of matrix integrals when d = 1 given by K. McLaughlin and N. Ercolani is based on Riemann
Hilbert problems techniques which themselves require a precise understanding of such asymptotics of the
spectral measures.

However, only very few matrix integrals could be evaluated in the physics litterature, even on a non
rigorous ground. These cases corresponds in general to the case where integration holds over Hermitian
matrices. Using orthogonal polynomial methods, Mehta [21] obtained the limiting free energy for the Ising
model on random graphs, corresponding to d = 1 and P(A, B) = P(A) + Q(B) — AB when P(z) = Q(z) =
gr* + 22, He extended this work [9, 17] with coauthors to matrices coupled in a chain, model corresponding
to P(A1, -+, Aq) = Zgzl Pi(A;) — Zg:Z A;_1A;. However, he did not discuss in these works the limiting
spectral distribution of the matrices under the corresponding Gibbs measure. On a less rigorous ground, P.
Zinn Justin [28, 29] discussed the limiting spectral measures of the matrices following the Gibbs measure
of the so-called Potts model on random graphs, described by P(Ay, -+, Aq) = Zgzl Pi(A;) — Zg:Z A A;.
Very interesting work was also achieved by V. Kazakov (in particular for the so-called ABAB interaction
case), A. Migdal and B. Eynard for instance. We refer to the review [13] of B. Eynard for a general survey.
Matytsin [18] obtained the first order asymptotics for spherical integrals, from which he could study the
phase transition of diverse matrix models (see [19] for instance). O. Zeitouni and myself [15] gave a complete
proof of part of his derivation in [15] and the present paper is actually finishing to put his article [18] on a
firm ground.

In this paper, we investigate the problem of the first order asymptotics of matrix integrals with AB
interaction, including the above Ising model, Potts model, matrix model coupled in a chain and induced
QCD models. The integration will hold over either Hermitian matrices or symmetric matrices. The case of
symplectic matrices could be handle similarly. We obtain, as a consequence of [15], the convergence of the
free energy and represent its limit as the solution of a variational problem. We here study this variational
problem and characterize its critical points. One of the main outcome of this study is to show that under

the Gibbs measure ¥ of the Ising model described by
P(A,B) = P(A)+Q(B)— AB

with P(z) > az®+ b and Q(z) > ca* + d with a,b > 0, the spectral measures of (A, AY) converges almost

surely and to characterize its limit. More precisely, we shall prove that



Theorem 1.1 1) (g, i}) converges almost surely towards a unique couple (pra, pig) of probability measures
on IR.

2) (pa, pp) are compactly supported with finite non-commutative entropy

S) = [ [ 1ol = lduta)dn(o).

3) There exists a couple (p278 uA>8) of measurable functions on IR x (0,1) such that pA=B(z)dz is

A—>B’ uA—>B)

a probability measure on IR for all t € (0,1) and (pa, pp,p are characterized uniquely as the

minimizer of a strictly convex function under a linear constraint (see Theorem 3.3).

A—>B’ uA—>B)

In particular, (p are solution of the Fuler equation for isentropic flow with negative pressure

p(p) = —773—2p3 such that, for all (z,t) in the interior of Q = {(z,t) € IR x [0, 1]; pA7B(z) # 0},

{ 0upit =P + 0, (5 P) =0 o

0e(p 7P uf > F) + 0u (pf =P (ut 2 P)? = I (pf 2 F)%) = 0

with the probability measure pi=8 (z)dz weakly converging towards pa(dz) (resp. pp(dz)) ast goes to zero
(resp. one).
Moreover, we have

I 6 A—B 6 _ ! 6 A—B 6 _
P(x)—x—§u0 (x)—iHuA(x)_O Ha—a.s andQ(x)—x+§u1 (x)—inB(x)_O ip — a.s.
A more detailed characterization of (pa, pg, p2 =2, ut>8) is given in Theorem 3.3.

Here, Hy stands for the Hilbert transform of the probability measure p given by

Hu(z) = PV/%ydﬂ(y) = lim/ &d (v)

elo f (z—y)? + € H

To obtain such a result, we shall first study the limit obtained in [15] for spherical integrals. This limit was
indeed given by the infimum of a rate function over measure-valued processes with given initial and terminal
data. We show in section 2 that this infimum is in fact taken at a unique probability measure-valued path,
solution of the Euler equation for isentropic flow described in (1.1). Using a saddle point method, we derive
from [15] in Theorem 3.1 formulae for the limiting free energy of some matrix models with AB interaction.
In the Ising model case, this free energy is indeed written as the infimum of a strictly convex function, from
which uniqueness of the minimizers is obtained. As a consequence, we obtain the convergence of the spectral
measures under the Gibbs measure for Ising model. A variational study then shows that the limiting spectral
measures satisfies the above set of equations (see Theorem 3.3) . For the other considered models (¢g-Potts
model, matrix coupled in a chain, induced QCD), obvious convexity arguments and therefore uniqueness is
lost in general, but still holds in certain cases. However, we can still specify some properties of the limit
points (see Theorem 3.4).

In this paper, we shall denote C([0, 1], P(IR)) the set of continuous processes with values in the set P(IR)
of probability measures on IR, endowed with its usual weak topology. For a measurable set € of IR x [0, 1],
Cg’l(Q) denotes the set of real-valued functions on £ which are p times continuously differentiable with

respect to the (first) space variable and ¢ times continuously differentiable with respect to the (second) time



variable with bounded derivatives. C£4(Q2) will denote the functions of C'?(£2) with compact support in
the interior of the measurable set Q. L,(dy) will denote the space of measurable functions with finite pth
moment under a given measure u. We shall say that an equality holds in the sense of distribution on a

measurable set € if it holds, once integrated with respect to any € (§2) functions.

2 Study of the rate function governing the asymptotic behaviour

of spherical integrals

n [15], Ofer Zeitouni and I studied the so-called spherical integral
10Dy, Ey) = /exp{Ntr(UDNU*EN)}dm?V(U),

where m?\, denotes the Haar measure on the orthogonal group Oy when § = 1 and on the unitary group
Uy when § = 2, and Dy, En are diagonal real matrices whose spectral measures converge to pup,pug. We

proved (see Theorem 1.1 in [15]) the existence and represent as solution to a variational problem the limit
1) (up, ) = lim N~*log I\ (D, Ew).

This result in fact was obtained under the additionnal technical assumptions that there exists a compact
subset K of IR such that supp /lgN C K for all N € IN and that /lgN(xz) is uniformly bounded (in ). These
hypotheses will be made throughout this section.

In this section, we investigate the variational problem which defines I®) and study its minimizer. We
indeed prove Matytsin’s heuristics [18] outlined in section 6 of [15]. Let us recall the formula obtained in

[15] for 1(%) .

. 1
I9(up, pp) = =Jp(up, ue) + Is(pe) —  inf  Ts(p)+ —/l‘zdﬂD(l‘)
M, (IR) 2

where, for any p € My (IR),
1 g
10 = 5 [ adute) = G2
Ja(up, ) is the rate function governing the deviations of the law of the spectral measure of Xy = Dy + Wy
with a Hermitian (resp. symmetric) Gaussian Wigner matrix Wx and a deterministic diagonal matrix
Dy = diag(dy,---,dn), (di)i<i<n € RN, with spectral measure /lgN =N"! Zf\;l d4, weakly converging
towards pup € P(IR). Tt is given (see [15]) by

B.
Tolpmo) = Dint (S, (v )10 € OO, 1) P(R)) 1 = ). (2.1)
if
too,  ifvo# up,
S“D (V) = §o.1 - gsit h :
Av) = SUP s e21( Rfo,1]) SUP0<s <15 (v, f), otherwise.



Here, we have set, for any f, g € Cg’l(R x [0,1]), any s <t € [0,1], and any v € C([0, 1], P(IR)),
S5ty f) = /f(a:,t)dyt(x)—/f(x,s)dys(x)
¢ 1/t Opflx,u) — 0pfly,u
—/ /3uf(x,u)d1/u(x)du— 5/ // f(@,u) Iy )dyu(x)dyu(y)du, (2.2)

r—y

¢
<lg>i: = //3xf(x,u)3xg(x,u)d1/u(x)du, (2.3)

and

S f) = SU W D) — g < ST S (2.4)

It can be shown by Riesz’s theorem (see such a derivation in [7] for instance) that any measure-valued path

v € C([0,1], M1(R)) in {S,, < oo} is such that there exists a process k. so that
1.
inf <f-kf—k>5,=0
fecyt (IRx[o,1]) ’
2. vg = pup and for any f € Cg’l(R x [0,1]),any 0 < s <t <1,
Ssyt(”a f) =< fak >Z,t . (25)

Then, it is not hard to show that

1 14
Sup(v) = 7 < kok>g .

Therefore, Js(pp, it) is given also by
Ja(pup, p) = ginf{< k k>4 q; (v, k) satisfies (C)}. (2.6)

with (C) the condition
L2 (dvydt)

(C) :vo=pp, vi =, Ik € CVI(IR x [0, 1])) , and, for any f € €' (R x [0,1]), any 5,1 € [0,1],

S5 v, f) =< [k >Y,

The main Theorem of this section states as follows

Theorem 2.1 Let up € {Js(up,.) < oo} with finite entropy X. Then, the infimum in Jg(up, ptr) is reached
at a unique probability measures-valued path p* € C([0, 1], P(IR)) such that

® /1y = {D, K] = HE.

o Foranyt € (0,1), puf is absolutely continuous with respect to Lebesgue measure ; pf(dx) = pf(x)dz.

t €[0,1] = puf € P(IR) is continuous and therefore limy o pf = pp, lime puf = pg.



o Let k* be such that the couple (u*, k*) satisfies (C). Then, if we set
up = Ok + Hpi (y),

(p*,u*) satisfies the Euler equation for isentropic flow described by the equations, fort € (0,1),

Oepi(x) = —0x(p (2)ui (x)) (2.7)
On(p; (z)ui(2)) = =0u(pf(2)ui(2)” = 547 (2)") (2.8)

in the sense of distributions that for all f € C3**° (IR x [0,1]),

1 1
/ /@f(t,x)dﬂr(x)dt—l—/ /3xf(t,x)ur(x)dur(x)dt: 0
0 0
and, for any € > 0, any f € C™(Q¢) with Q¢ := {(x,t) € R x [0,1]: pf(x) > €},

/ (2uf ()0 f(x, 1) + (uf (z)* — 7°pf (2)?) Op (2, 1)) dwdt = 0. (2.9)

If we assume that (pip, ptg) are compactly supported probability measures, we additionnally know that (p*, u™)
are smooth in the interior of Qq, which guarantees that (2.7) and (2.8) hold everywhere in the interior of
Qy. Moreover, Qg is bounded in IR x [0,1]. Furthermore, there erists a sequence (¢)eso of functions such
that if we set

pi(x) == m (max{0,¢¢ + 471 (9,69, 0})*

then

[t - 0.8z @+ T [ 10— 0)° (7 0) + i (0) o

[0+ 470,07 — w5 o)l (a)d < e

As a consequence, if we let II} (z) = fx uf (y)dy, which should be thought as the limit in Hy(pf (#)dzdt) of

the sequence (271¢%).50, we find that it satisfies, in the sense of distributions in g,

* 1 *\ 2 7T2 *\ 2
OIIy = =< (0:105)" + —(p})",
2 2
which is Matytsin ’s equation [18].

The (non trivial) existence of solutions to the Euler equation for isentropic flow (2.7), (2.8), is a conse-
quence of our variational study. The uniqueness of the solutions to these equations could be derived, under
some additional regularity properties, from a convexity property of our rate function S,,,. Even when such
solutions are not unique, we know that our minimizer is unique due to a convex property of S,,, which is a

consequence of its representation of Property 2.2.1) below (see Property 2.5).



Property 2.2 Let ug € {Js(up,.) < oo} having finite entropy £. Then,
1) For any v € C([0,1], P(IR)), if (v, k) verifies (C) and u(x) = Ipke(x) + Hun(z),

//ut 2duy(z)dt + = //Hyt 2dun( )dt—%(E(ul)—E(ﬂo)).

2) Consequently, we can write Jg under the following form

Jolup. ) = {/ [t @)t (@) + / [t duf(x)dt—@(w)—z(w))} (2.10)

with (u*,u”) as in Theorem 2.1. Note here that u;(dx) = pf(x)dx fort € (0,1) and p* € Lz(dxdt), so

ha
that /01/(Hﬂr(l‘))2dufdt: %2/01/(pr(l’))3dl‘dt.

3) As a consequence,

I'Npup, pp) = ——{//ut ) dp; (x dt+//Hut du?(l‘)dt}

—%(E(NE) + X(pp)) + %/xzdpp(x) + %/ajzduE(r) —inf /5. (2.11)

n [18], a similar result was announced (see formulae (1.4) and (2.8) of [18]). However, it seems (as far as
I could understand) that in formulae (2.10,2.11) of [18], the first term as the opposite sign. But, in [19],

formula (2.18), the very same result is stated.

Let us also notice that the minimizer p; has the following representation in the free probability context.
Let (A, 7) be a non-commutative probability space on which an operator D with distribution pp, an operator
E with distribution pgg and a semi-circular variable S, free with (D, F), live. Then, there exists a joint

distribution of (D, E) such that (1] )ie[o,1] is the law of a free Brownian bridge

Xe=tE+ (1 -t)D+/t(1—-1)S.
The isentropic Euler equation which governs p* hence partially specify the joint law of (D, E). More
specifically, for any ¢ € (0, 1), our result implies that for any p € IV,
Ntr(UENU*Dy)

lim (tUENU*—l—(l—t)DN)p

Jim. mdm@w) =7((tE+(1-t)D)) = /xpdv?(x)

if vf is the unique compactly supported probability measure such that, if S is a semicircular variable free

with (D, E), for any p € IV,
/xpdﬂ;(x) =7 ((tE +(1—0)D+ (1 — t)S)p) = /mpdyt*at(l_t)(a:)

where denotes the free convolution and o5 the semicircular variable with covariance d.



2.1 Study of §5,,

Hereafter and to simplify the notations, up = po and pgp = g1 with some probability measures (po, p1)
on IR. We shall in this section study the rate function S5,, and show that it achieves its minimal value on
{v € C([0,1], P(IR)) : v1 = p1} at a unique continuous measure-valued path p*.

2.1.1 S, achieves its minimal value

Recall that for any probability measure uy € P(IR), Su, is a good rate function on C([0, 1], P(IR)) (see Theo-
rem 2.4(1) of [15]). Therefore, the infimum defining Jg (o, 1) is, when it is finite, achieved in C([0, 1], P(R)).
We shall in the sequel restrict ourselves to (o, p1) such that Jg(po, p1) is finite.

2.1.2 A new formula for S,

In this section, we shall give a simple formula of S, (v) in terms of . = Hv. + Jyk and v when (k,v)

satisfies (C). We begin with the following preliminary Lemma

Lemma 2.3 Let (pg, 1) € {pt € P(IR) : Z(p) > —oo} and v € C([0,1], P(IR)) such that vy = po, v1 =
and v. € {Sy, < oo}. Then, for almost allt € (0,1), vy(dz) < dx and

/(Jl/(Hyt(x v, (z)dt = —/ /(d”t ) drdt < oo.

The idea of the proof of the lemma is quite simple ; we make, in the definition of S, the change of variable
f(z,t) = f(z,t) — [log |z — y|dv(z). However, because (z,¢) = [log |z — y|dvi(x) is not in C**(IR x [0, 1])
in general, the full proof requires approximations of the path v and becomes rather technical. This is the

reason why I defer it to the appendix, section 4.2. We shall now prove the following

Property 2.4 Let (po, 1) € {pt € P(IR) : X(p) > —oo} and v € C([0,1],P(IR)) such that vy = g, 11 = 1
and v. € {Sy, < oo}, Then, if (v, k) satisfies (C) and if we set uy = dpke(x) + Hvy(z), we have

//ut )2dvy(z)dt + - //Hyt )2du( )dt—%(E(ul)—E(ﬂo)).
Proof.

Let us recall that (v, k) satisfying condition (C) implies that for any f € Cg’l(R x [0,1]),

/fxtdyt /fxsdys = /t/avf(l‘,v)dyv(x)dg
/ //a e x_i =00 4y, (), () do

+/5 /8xf(x,s)8xk(x,s)dys(x) (2.12)

with 9,k € L?(dv(x) x dt). Observe that by [24], p. 170, for any s € [0, 1] such that v is absolutely contin-

uous with respect to Lebesgue measure with density p; € Lg(dx), for any compactly supported measurable



function 9, f(., s),

// O f(z,s) — 0 f(y,5) dvg(z)dvg(y) = 2/6xf(x,s)Hys(x)dxds,

=Y
Since by Lemma 2.3, for almost all s € [0, 1], vs(dz) < dx with a density p; € Lz(dx) we conclude that, in
the sense of distributions on IR x [0, 1], (2.12) implies

asps + ax(usps) =0, (213)

i.e for any compactly supported f € CZ** (IR x [0, 1]) vanishing at the boundary of IR x [0, 1],

/01 /]R(@sf(x, s) + uy Oy f(, 5)) ps ()dw = 0.

Note here that, by dominated convergence theorem, we can equivalently take f € Cg’l(R x [0, 1]).

Moreover, since Hv. belongs to L?(dvs x ds) by Lemma 2.3, we can write

QSMD(V.):<k,k>1671 // (us(x dl/s ds—i—// (Hvg(x dys( )ds

—2 /0 /]R Hu, () (2)dve(z)ds (2.14)

We shall now see that the last term in the above right hand side only depends on (g, p11). The only difficulty
in the proof of this point lies in the fact that z,s € IR x [0,1] = [log |z — y|dv,(y) is not in C>! (IR x [0, 1]).
However, following Lemma 5.16 in [8], if [+] denotes the free convolution (see [26] for a definition), if for

any & > 0, 05 denotes the semicircular law with covariance §, and if ¢ denotes the field corresponding to

I/tO’é 3

2(1/10'5) — 2(1/00'5) = 2/0 /B H(I/sUg)(x)ug(x)dysag(x)ds. (2.15)

It is well known that § — X(v[+]os) is continuous (see [23], Theorem 2.1 for the lower semicontinuity and
use the well known upper semi-continuity). Moreover, if X; is a random variable with distribution v; and S
a semicircular variable, free with X, living in a non commutative probability space (A, ), by Theorem 4.2

n [8], the field u? is given, vs[+Jos almost surely, by
= 7(0xk(X,, 8)| X, + V6S) + Huy[x]os.
Consequently,
/RH(Vsag)(x)ug(x)dusag( 7 (0ek(Xs, 5V H (0 [0 (X, +V88) ) +7 (H (v [0 (X, +V55)? ) |

Moreover, by Voiculescu [25], Proposition 3.5 and Corollary 6.13, if vs(dz) = ps(x)de € Ls(dz),

limr( 1/5.0'5 V(X —I—\/_S) Hy (X s))Z):o.

=0



Therefore, for any such s € [0, 1],

;i_{% ” H(VSO'é)(l‘)ug(l‘)dI/sUg(l‘) = /B Hyg(x)us(x)dvs(z). (2.16)

Note that by Lemma 2.3, this convergence holds for almost all s € [0,1] since p € Ls(dadt). Finally, by
Propositions 3.5 and 3.7 of [25], for any s such that Hy, is well defined,

Hv[7]o5(Xs +V6S) = 7(Hv,(X,)|X, +V65S)

so that for any 6 > 0

(v [Eos (X, +V68))?) < 7 ((Hvs(X,))?)

Therefore, dominated convergence theorem and (2.16) imply that

lim /01 /]R HI/SUg(x)ug(a:)dysUg(a:)ds:/Ol/RHVs(x)us(x)dys(x)ds.

Thus, (2.15) extends to 6 = 0 which proves, with (2.14), Property 2.4.

2.1.3 Uniqueness of the minimizers of S,

We shall use the formula for S,,, obtained in the last section to prove that

Property 2.5 For any (po, 1) € P(IR) with finite entropy X, there exists a unique measures-valued path
©* such that

Jopo ) = Tin{S,, (v) ¢ o= ) = D8, 00)

In the following, p* shall always denote the minimizer of Property 2.5 and J.k*, u* its associated fields.

Proof.According to the previous section, the minimizers of S,,; also minimize

St =T / 1 [ otz | 1 [ (et

under the constraint dyp: + 9, (prur) = 0 in the sense of distributions, p; > 0 almost surely w.r.t Lebesgue
measure and [ p¢(2)de = 1, and with given initial and terminal data for p given by

ltifélpt(l‘)dl‘ = po(da), ltiglpt(x)dx = p1(dz)

where convergence holds in the weak sense (with respect to bounded continuous functions) and is simply
due to the fact that 5, is finite only on continuous measure-valued paths.

Let m = up be the corresponding momentum. In the variables (m, p), S(p, m) reads

S(m,p) = %2/01 /R(pt(x))?’dxdt—l— /01 /]R %dwdt

9 — 0, whereas the constraint becomes linear

with the convention o

10



Oulpe (@) + On(me(2)) = 0, pe(2)dw € P(R) vt €[0,1], limp(x)dw = po(dx),  limpy(x)dw = p(de).

We now observe that S is a strictly convex function. Indeed, if (m?!, p') and (m?, p?) are any two couples

of measurable functions in {§ < oo}, it is easy to see that for any a € (0,1)
1
2(am + (1= ap + (1= a)?) = 22 [ [ (e = @) (apk(2) + (1= a)pie) de
0

L emi) - pemie)?
+2/0 /]R (ot (@) + (L—a)p2(e))?

Hence, 928(am! + (1 — a)m? ap! + (1 — a)p?) > 0 for some a € (0, 1) unless for almost all ¢ € [0, 1]

= ) = xr an Ul xr Imtl(x)zm?(x) qul‘ rjaxr a.s
L) = 910 = prle), and ) = I = TS ) pile)dadt s

In other words, § is strictly convex. By standard convex analysis, the strict convexity of S results with

the uniqueness of its minimizers given a linear constraint, and in particular in Jg. More precisely, from the
above, the minimizer p* in Jg is defined uniquely for almost all £ € [0, 1] (and then everywhere by continuity

of p*) and its field u*, or equivalently d,k*, is then defined uniquely pf (dz)dt almost surely.

2.2 A priori properties of the minimizer ;*

In this section, we shall see that the minimizer p* has to be the distribution of a free Brownian bridge when at
least one of the probability measure yg or p; are compactly supported, the other having finite variance (since
we rely on [15]’s results). To simplify the statements, we shall assume throughout this section that both
probability measures are compactly supported. This property will unable us to obtain a priori properties on

the laws of the minimizers, such as existence, boundedness, and smoothness of their densities.

2.2.1 Free Brownian bridge characterization of the minimizer

Let us state more precisely the theorem obtained in this section. A free Brownian bridge between pg and gy

1s the law of

X, =(1—8)Xo+tX, + /(1 - 1)S (2.17)

with a semicircular variable S, free with X and X7, with law pg and gy respectively. We let FBB(uo, p1) C
C([0,1], P(IR)) denote the set of such laws (which depend of course not only on pp, 1 but on the joint
distribution of (Xy, X1) too). Then, we shall prove that

Theorem 2.6 Assume pg, 1 compactly supported. Then,

Jﬁ(ﬂoaﬂl) = giﬂf{s(’/)ﬂfozﬂo,lfl:ﬂl}

= glnf{S(V) ;v e FBB(/'LOal'Ll)}
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Therefore, since FBB(po, p1) is a closed subset of C([0,1], P(IR)), the unique minimizer p* in the above
infimum belongs to FBB(pg, pt1)-

The proof of Theorem 2.6 is rather technical and goes back through the large random matrices origin of Js.

We therefore defer it to the appendix.

2.2.2 Properties of the free Brownian motion paths

As a consequence of Theorem 2.6, we shall prove that

Corollary 2.7 Assume pg and py compactly supported. Then,

a) There erxists a compact set K C IR so that for allt € [0,1], pf(K°) = 0. For allt € (0,1), the support
of uy 1s the closure of ils interior.

b) pi(de) < dw for allt €]0,1]. Let pf(x) = d“d;x(x).

¢) There erxists a finite constant C' (independent of t) so that, pf almost surely,

Py () + (Hpp (2)) < (t(1— 1))~

and

uf ()] < C{(1 —1))7=.
d) (p*,u*) are analytic in the interior of Q@ = {z,t € R x [0,1] : p;(z) > 0}.
e) At the boundary of Qy = {x € IR : pi(x) > 0}, for x € Q,

* 2 * 1 * 3 B
|07 () 0r p; (2)] < ryE T = pi(z) < (m) (x — o)

W=

iof o 1s the nearest point of x wn €.

Consequently, the minimizer y* may only have shocks at the boundary of its support.
Proof.This corollary is a direct consequence of Theorem 2.6 and we shall collect these properties for any
free brownian bridge law. Indeed, let (A, 7) be a non-commutative probability space in which two operators
Xy, X1 with laws pg and g7 and a semicircular variable S, free with (Xg, X1), live. We assume throughout
that Xy and X are bounded by C for the operator norm (i.e uo([—C, C1%) = i ([-C, C]¢) = 0).

Let p; be the distribution of

Xe=tXi+ (1 -t)Xo + V(L —1)S.

Clearly, since S is bounded by 2 for the operator norm, X; is bounded by C + 2 for all ¢t € [0,1]. Thus,
proposition 4 in [3] finishes the proof of a). Following Voiculescu (see Proposition 3.5 and Corollary 3.9 in
[25]), the Hilbert transform of p; is given, ps-almost surely, by

Hpe(e) = 7(2V/A(T— 1)) SIX,)

with 7( |X:) the conditionnal expectation with respect to X;, i.e the orthogonal projection on the sigma

algebra generated by X;. We deduce that since S is bounded for the operator norm by 2, p;-almost surely,

12



-
t(1—t)

Further, following [4], the stochastic differential equation satisfied by X; shows that, for any twice continu-

| H pe ()] <

ously differentiable function f on IR,

winy =i+ [ B g apis + [ [ ok einnis @19

with k the element of L?(dpsds) given by

X — Xy

ks (x) = 7( ] | X5).
Hence,
wp = Aoy + Hpy = r(%m) P (VA=) S|X) = (X1 — Xo+ %SDQ). (2.19)
Therefore, p-almost surely,
|ue| <2C + # (2.20)

t(1—1)
Moreover, by Biane’s results [3], we know that, for ¢ € (0,1), p is absolutely continuous with respect to
Lebesgue measure. We denote by p; its density. Then, we also know that for all ¢ € (0, 1), p-almost surely,

o)+ () (0) < - (2.21)

Let us mention the regularity properties that (g )se(0,1) Will inherite from its free Brownian bridge formula.

If v¢ denotes the law of 1 X7 + (1 — t) Xo, we have, following Biane [3], corollary 3, that if we set
dl/t

v(u,t) = inf{v > 0|/ —|—v2 < (1 —t))_l}a
= inf{v > 0|7 (((tX1 —|— (1—-1)Xo—u)”+v°)7") < (t(1—1))7'},

(u— z)dv ()
u—x)% 4 v(u,t)?

bl

¥ (u,t) :u—i—t(l—t)/(

then
Hﬂt(ﬂ)(u,t)):/(u(f;)ffzt((j’)t)z,
while v(u, 1)
pWlwt) = Sy

From these formulae, we observe that ¢~ is analytic in the interior of Q since ' is bounded below by a
positive constant there (see Biane [3], p 713 and the obvious analyticity in the time parameter ¢t € (0,1) ),
it is clear that pis C* in Q. Hence, the weak equation (2.18) is verified in the strong sense in € and we find
that in Q, u(z) = pe (2 1f Oepr(y)dy is C™.

At the boundary of Q; = {z : (x,t) € Q}, Biane ([3], corollary 5) also noticed that

, 1 3 5
lpe(2)7 0,01 ()] < (1) = pi(r) < (m) (x — o)

with zg the nearest point of the boundary of 2; from .

W=
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2.3 The variational problem

We now turn to the analysis of the variational problem defining J3 ; we shall prove that

Property 2.8 Assume that po and py are probability measures on IR such that ¥(uo) and X(py1) are finite.
Then, the path p* € C([0, 1], P(IR)) minimizing Jg(po, 1) satisfies ;

Dpg = po and py = p.

2) For any t € (0,1), p;(dr) < dx. Let (pf)ie(o,1) denote the corresponding density. By continuity of
w, opr(de) = pf(x)de converges towards po (resp. p1) ast goes to zero (resp. one) in the usual weak sense
on P(IR).

3) p* is characterized as the unique continuous measure-valued path such that p} = po and p = py and,

for any v € {S,, < 0o} so that (v, k) satisfies (C) and 11 = pi1, we have, with v = 0,k + Hv,
JUf 2t =z = [ iy, = ) 5 [ o) = duplae > 0 (2.22)

4)As a consequence, (p*,u*) satisfies the Euler equation for isentropic flow described by the equations,

fort e (0,1),

Opi(x) = —0s(p; (2)u; (x)) (2.23)
Oupi (@) (@) = —0u(pi () (2)* = g () (2.24)

in the sense of distributions that for all f € C3>*° (IR x [0,1]),
1 1
/ /&f(t, z)dyf (z)dt + / /3xf(t, z)uy (x)dps (2)dt =0
0 0
and, for any € > 0, any f € C™(Q¢) with Q¢ := {(x,t) € R x [0,1]: pf(x) > €},

/ (2u;‘(x)3tf(x,t) + (u;‘(x)z — ﬂzp;‘(l‘)z) 8xf(x,t)) dxdt = 0. (2.25)

Let us now assume that (pg, 1) are compactly supported. Then

5) (2.24) is true everywhere in the interior of Qu. Moreover, (2.25) can be improved by the statement

ha
that //ut @S (L, x) + ) (2)Dp f (1, 2))dpa :_// 130, (1, 2)dedi

for all f € Cp' (IR x (0,1)).

6) There exists a sequence (¢%)esq of functions such that if we set
pi(x) 1= 7 (max{0;¢° + 471 (9:6%)°, 0})*

then

14



* qj);(x) 2 g, % m’ * € 2 % €
(uf (z) — Oq 5 ) dpf (x)dt + 3 (pi (x) — pi (@)™ (P} () + pi () dwdt
b [ 1006 + 470,07 — i (a)d < e
Discussion 2.9 Matytsin [18] noticed that if we set

P, 1) = i () + i (2),

then the Euler equation for isentropic flow implies that f the Burgers equation. Hence, if one assumes that

f can be smoothly extended to the complex plan, we find by usual characteristic methods that for z € €'

F(f(z,0t+z,t) = f(2,0)

and therefore, setting G1(z) = z + f(2,0) and G_(z) = z — f(z,1), we see that our problem boils down to
solve

Gy oG(z) = G_oGy(z) =

with S(Gy)(x) = mpo(x) and S(G_)(x) = —mp1(x) if po and py are the densities of o, p1 respectively. This
kind of characterization s in fact remuniscent to the description of minimuzers provided by P. Zinn Justin

[29]. However, such a result would require more smoothness of (p*,u*) than what we proved here.

Proof of Property 2.8 : By property 2.4, we want to minimize

/ /ut pt da:dt—i——/ /pt dxdt

under the constraint (C’) :
Oupr + O (upe) =0, Nimpr(w)de = po, - Lim py()dw = i

and when p(x)de € P(IR) for all t € [0,1]. To study the variational problem associated with this energy, I
know essentially three ways. The first is to make a perturbation with respect to the source. This strategy was
followed by D. Serre in [22] but applies only when we know a priori that (p*,u*p*) are uniformly bounded.
Since this case corresponds to the case where g, i1 are compactly supported, we shall consider it in the
second part of the proof. One can also use a target type perturbation, which is a standard perturbation on
the space of probability measure, viewed as a subspace of the vector space of measures. This method gives
(3) in Property 2.8 as we shall see. The last way is to use convex analysis, following for instance Y. Brenier
(see [5], section 3.2). We shall also detail these arguments, since it provides some approximation property
of the field u*, as described in Property 2.8.6).

We begin with the target type perturbation. In the following, we denote (p*,u*) the minimizer of S
under the constraint (C’). Let (p,u) € {S < oo} satisfying the constraint (C’). Then, for any o € [0, 1], we

set, with m = pu and m* = p*u*,

pr =1 —a)p" +ap, m*:=(1—a)(p"u’)+ alpu) = p*u®, u~=(m%/p).
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Tt is then not hard to check that S(p®,u®) < oo for all a € [0,1]. Moreover, by the convexity of ¢ : & —
(pe(z)) "L (m&(2))? + 37172 (pe(x))? for all admissible (p, m), (p’, m’), we see that a=1(¢(a) —#(0)) decreases

as o — 0 showing, by monotone convergence theorem the existence of d,5(p*, u®)(0%) and

QS ) 0%) = [ = )+ 2 + ) - ) dade

= [l n =) = @) - ) + o =

Hence, for any (p,u) € {S < oo}, we have

LS )O) = [l m =) = o ) 7 - et 20 (226)

Reciprocally, since S is convex in (p, m), we know that
S(p™,u®) > S(p*, u*) + 9a5(p~, u*)(0)a

so that (2.26) implies that S(p®, u®) > S(p*,u*) for all @ € [0,1] and (p,u) € {S < oco}. Hence, (2.26)

characterizes our unique minimizer, which proves Property 2.8.3). We can apply this result with
p=rp"+e0p, m=m"—clg

for some ¢ € CH1(Qe), € > 0, such that d,¢(.,0) = d,4(.,1) = 0, insuring that S(p, u) has finite entropy.
This yields the second point of Property 2.8.3). Conditions at the boundary of the support can also be
deduced from (2.26), but they are hardly understandable, since the conditions over the potentials ¢ become

more stringent.

To prove the last points of our property which concerns the case where (pg, 1) are compactly supported,
we follow D. Serre [22] and Y. Brenier [5].
The idea developped in [22] is basically to set a:(x) = a(t, ) = (p; (¢), pf (x)us (x)) so that div(a:(z)) =0

and perturbe a by considering a family
a? = Jy(a.Vyh)og = Jy(p*(Och +u"0zh)) o g

with a C* diffeomorphism g of @ = [0,1] x IR with inverse h = ¢~! and Jacobian J,. Such an approach
yields the Euler’s equation (2.25) of Property 2.8 (use the boundedness of (p*, u*) obtained in Corollary 2.7
to apply theorem 2.2 of [22]). Moreover, since we saw in Corollary 2.7.d) that p* and u* are smooth in the
interior of g, (2.24) results with Property 2.8.5).

We now developp convex analysis for our problem following [5]. By Corollary 2.7.a), we see that there
exists a compact K such that pf (K°¢) =0 for all t € [0,1]. We set @ = K x [0,1] and F = Co(Q) x Cp(Q) x
Co(@).

For any continuous functions (F, G, H) € E , we set

a(F,G,H) = 3/ |H (x,1)| dadt
371' Q
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if H>0and F+ (%)2 < 0, on @, and +oo otherwise. For any (u, M, i) € E', let us consider

a*(/i,M,ﬁ):sup{/Q F(x,t)p(da:,dt)—|—/QG(1‘,15)M(dx,dt)—|—/QH(x,t)ﬁ(dx,dt)—a(F,G,H)}.

It is not hard to see that o™(y, M, i) < oo iff 4 is non negative, M is absolutely continuous w.r.t p
and fi is absolutely continuous w.r.t Lebesgue measure with density in Lz(dxdt). Moreover, if we denote
p(dz, dt) = py(x)dxdt, M (dx, dt) = u(z)dp(z,t), it is not hard to see that o* (u, M, i) = [ u?(z, ¢)dpu(z,t) +
”3—2 [ pt(z)*dzdt. Now, let

6(F,G,H):/

F(z,t)p; (z)dzdt + / G(z, uy (z)pf (z)dwdt + / H(z,t)p; (z)dwdt
Q Q Q

if there exists ¢ € Cg’l(Q) such that
Fx,t)+ H(x,t) = 0cp(,t), G(a,t) = 0p6(x,1)
for all (z,t) € @, and is equal to +00 otherwise. We consider

B (p, M, p) = sup{/QF(x,t)/i(dx,dt)—i—/QG(x,t)M(dx,dt)—I—/QH(x,t)ﬁ(dx,dt)—ﬁ(F,G,H)}

Then, 8* is infinite unless fQ Oed(,t) (p(m, ) — pf(x))dedt + fQ ez, t)(x, ) (M (2,1) — m] (z))daxdt = 0
for all ¢ € CY1(Q) and [ H(x,t)(pu(dz, dt) — fi(dz,dt)) = 0 for all H € Cp(Q). Therefore, p = i and
dep+ 0 M = 0 in the sense of distributions, [ p(x,t)de = 1 for almost all ¢ € [0,1] and lime o p(de, dt) =
dpo(z), limess p(de, dt) = dps (=), As a consequence,

inf{a™* (g, M, 1) + 8" (p, M, )} = inf{S(p,m) : (p,m) satisfies (C’) and pt|g- =0 V¢t €[0,1]}
2inf{Sy,(v) w1 =pa} 4 (E(po) — E(m1)) = Z(po, 1)

where in the last line we have used Property 2.4 and Corollary 2.7.a).

Observe that «, 3 are convex functions with values in ] — 0o, c0]. Moreover, there is at least one point
(F,G,H) € E,namely F = -1, G =0, H =1 for which « is continuous for the uniform topology on ¥
and [ finite (this is the reason why we need to work on a compact set K instead of IR). Thus, following [5],

by the Fenchel-Rockafellar duality theorem (see théoréme 1.11 in [6]), we have

lnf{a*(ﬂ’Maﬁ)—i_ﬁ*(/'L’Maﬁ)’ (/’LaMaﬁ)EE/} = SUp{-OZ(F,G,H)—6(—F,—G,—H)(F,G,H)EE}
and the infimum is achieved. More precisely,

Z(po, p1) :sup{/Q 3t¢t(x)pr(x)dxdt—|—/Q3x¢t(x)mr(x)dxdt— %A(H)%dxdt}

where the supremum is taken over ¢ € Cg’l(Q) and H in Cp(Q) such that H > 0, d:¢ + (9.¢/2)* < H.
Optimizing over H yields
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Z(po, p1) = sup{/ Oy i () pr (x)dwdt —1—/ e e (x)my (x)dedt — 3_71'/ (max{@tqb + (8“/)/2)2’ 0}) dadt}
Q Q Q
As a consequence, there exists a sequence of functions ¢° in Cg’l(Q) such that if we set

m(p%)? = max{d;¢° + 471 (0,¢)%, 0},

2

2 2
/u;‘(az)zdﬂf(x)dt—l— %/p:(x)dedt < /(&qbf(x) ol (2)0p6°) dpsl (x)dt — %/pf(a:)?’dxdt—l—ez
for all € > 0, which implies

; L * € * 27T2 € 7T2 *
Juiw -0 vacwn < 7 [ i@ -2 [P =T [ i paa

—* [100 4 (557~ (0l ot +

= =T [ ) = @) i) + i ) dade

3
—r [0+ () = (2Pt ()t + (2.27)

which completes the proof of the Property.

3 Applications to matrix integrals

In physics, several matrix integrals have been of interests in the 80’s and 90’s for their applications to
quantum fields theory as well as string theory. We refer here to the works of M. Mehta, A. Matytsin, A.
Migdal, V. Kazakov, P. Zinn Justin and B. Eynard for instance. Among these integrals, are often considered

the following :

e The random Ising model on random graphs described by the Gibbs measure

1
/’LJI\;ing(dAﬂ dB) = N—eNtI'(AB)—NtI'(Pl(A))—NtI'(PQ(B))dAdB
Ising
with Z}\;ing the partition function

Z}\;ing _ /eNtI'(AB)—NtI'(Pl(A))—NtI'(PQ(B))dAdB

and two polynomial functions P;, Po. The limiting free energy for this model was calculated by M.
Mehta [21] in the case Pi(z) = Pa(x) = 2%+ g2* and integration holds over H . However, the limiting
spectral measures of A and B under /JJI\;mg were not considered in that paper. A discussion about this

problem can be found in P. Zinn Justin [29)].

18



e One can also define the Potts model on random graphs described by the Gibbs measure

1 q
/igotts(dAl, ,qu) = =N eNtr(AlAl)_Ntr(Pz(Az))dAZ,e—NtI'(Fﬁ(Al))dAl.
ZPotts i=2
The limiting spectral measures of (A, -+, 4,) are discussed in [29] when P; = gz® — 22 (!).

e As astraightforward generalization, one can consider matrices coupled by a chain following S. Chadha,
G. Mahoux and M. Mehta [9] given by

q
N1 11 V(A1 A= NP () g 4. o= NEF(P (A1) g 4,
V4

chain ;=9

i (dA1, ...y dA) =

q can eventually go to infinity as in [19].

e Finally, we can mention the so-called induced QCD studied in [18]. Tt is described, if A = [—g¢, q]D C

zZ", by
1 . 2D
Hgep(dAi i €A) = —x H/eNEj:I A UTAD TT dimfy (Uy) T e NP AD a4,
QCD jep j=1 i€A

where (ej)lsjszp is a basis of Z”. The description of the limit behaviour of the spectral measures
of Ay,---, Ay is given in [18] in the case ¢ = oco. We impose periodic boundary conditions at the

boundary of the lattice points A.

In this section, we shall study the asymptotic behaviour of the free energy of these models as well as describe
the limit behaviour of the spectral measures of the matrices under the corresponding Gibbs measures.

The theorem states as follows

Theorem 3.1 Assume that Pi(z) > c;2* 4+ d; with ¢; > 0 and some finite constants d;. Hereafter, 3 = 1
(resp. 3 = 2) when dA denotes the Lebesgue measure on Sy (resp. Hn ). Then,
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. 1
FIsing = J\;I—I};o mlogz}\;zng

= —il{(P) (@) — 19 (i, v) - D8y - Exw)h =2 inf L) (3.)
veEP
2 2 c (R)
FPotts = J\;I—I};o N2 logZPotts
q " P
= —inf i(P5) — I S i) — = — inf  Ig(v 3.2
{;u( ) Z:; (1, 1) QZ:: qVEp(]R) 5(v) (3.2)
Fchain = J\;l_{n log Zchazn
q g
= —iﬂf{Zui(Pi)—Zf(ﬁ)(ui—huz —52 }—q inf I5(v) (3.3)
i=1 i=2 =1 veP(IR)
Foep = lim - N2 log Z3cp

2D
= —inf{d_w(P) = > > TP (pige;, i) Zz i)} — 2D|A| Em(fﬂ_z)fﬁ() (3.4)

TEA 1EA j=1 ZEA

Remark 3.2: The above theorem actually extends to polynomial functions going to infinity like z2. However,
the case of quadratic polynomials is trivial since it boils down to the Gaussian case and therefore the next
interesting case is quartic polynomial as above. Moreover, Theorem 3.3 fails in the case where P, Q go

to infinity only like z2.

However, all our proofs would extends easily for functions P/s such that P;(z) >
alz|**¢ + b with some @ > 0 and € > 0.

Theorem 3.1 will be proved in the next section, but merely boils down to a Laplace’s (or saddle point)
method.

We shall then study the variational problems for the above energies. We prove the following for the Ising

model.
Theorem 3.3 Assume Py(z) > azx* + b, Po(x) > ax* + b for some positive constant a. Then
o The infimum in Frsing s achieved at a unique couple (pa, tp) of probability measures.

o (pa,pp) are compactly supported measures with finite entropy X.

o Let (pA2B w228 be the minimizer of S,, on {v1 = pp} as described in Theorem 2.8. Then,
(pa, pp, pr= 8 mAPE = pA2ByA=DBY s the unique minimizer of the strictly convexr energy
* * 1 2 1 2 6
Clumupm?) = (P = La?) 4 v(Pr— L) = (80 4 2(0)

(/ mix dxdt—i——/ /pt dxdt)
tl‘
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Thus, we find that (ua, pg, pA=8, mA=>8)

1L < oo},

are characterized by the property that for any (pu, v, p*, m*) €

Jr= 5=+ [P = 3t - i)
——//logwe— ylda(0)(du = dua)(e) = 5 [ [ 1ogle = sldun(s)(dn — dum)(2)

+§ /[QUA_}B(m* _ mA—>B) _ (UA—>B)2(p* _ pA—>B) 4 ( A—>B) (P A%B)]dx‘dt >0

o (pA7B mA=B) satisfies the Buler equation for isentropic flow with pressure p(p) = —773—2p3 in the strong
sense in the interior of @ = {(z,t) € R x [0,1]: pA~P(2) # 0} and satisfy the conclusions of Property

2.8.

o Moreover,

Bllpa() = Pla) — 2 — P (@), uaas

and
FH () = Pi(e) — o+ PP (@), s

For the other models, we unfortunately loose obvious convexity, and therefore uniqueness of the mini-

mizers in general. We can still prove the following

Theorem 3.4 o For any given py, there exists at most one minimizer (pa, - - - ,uq) n Fpores but unique-
ness of py 1s unclear in general, except in the case ¢ = 3 The critical points in Fpyys are compactly

supported, with finite entropy 3.

Let (p1,- -+, jig) be a critical point and fori € {2,--- ,q}, denote (p*,u') the unique minimizer described
in Theorem 2.8 with pb(dz) = pi(dz) and pi(dz) = p;(dz). Then

RN
Pl(z) = qx + 7 Zuo q—3)Hu1( )
p1-almost surely and
Pla) = 2~ i) = lipile), 2<i<q
pi-almost surely.
o There exists at most one minimizer in Feopain,. The minimizer (p1,-- -, pug) is compactly supported

with finite entropy X. The critical points (pt1,-- -, ftg) in Fepain are such that fori € {2,--- ¢}, W It
is such that if we denote (p',u’) the minimizer described in Theorem 2.8 with pl(dz) = p;_1(dz) and
pi(dz) = p;(dz), we have

B o B

P{(m):x+§u0—§Hu1(x) and Pl(x) =2z — =(u} —uit!), 2<i<yq.

p1-almost surely and p;-almost surely respectively.

21



o Again, uniqueness of the critical points in Fgcp s unclear in general, except in the case D =1 where
uniqueness holds. In this case, the minimaizer u; s symmetric, yielding p; = p for all © € A and the

unique path (p,u) described in Theorem 2.8 with boundary data (u, ), satisfies uf(x) = —ui(x) and
Pl(z) =2z — Pui(z) =0 p as.

3.1 Proof of Theorem 3.1

The proof of Theorem 3.1 follows a standard Laplace’s method. We shall only detail it in the Ising model
case, the generalization to the other models being straightforward.

Let P, @ be two polynomial functions and define, for N € IN, Axy(P, Q) € RU{+c0} by
A?V(P, Q)= /exp{—Ntr(P(A)) — Ntr(Q(B)) + Ntr(AB)}dAdB

where the integration holds over orthogonal (resp. Hermitian) matrices if 3 = 1 (resp. § = 2).

We claim that
Lemma 3.5 Assume that there exists a,c € IR™, and b,d € IR such that
P(x) > ax* + b and Q(z) > cx* 4 d, for all x € R.

Then, we have

lim s logAx(P,Q) = sup {~a(P) = v(@) + 1P (1,0) + 2(S(u) + SW)} -2 inl Iy(v)
N—co N2 wwer(IR) 2 veP(IR)
Remark here that the result could be extend to P(z) > az? + b and Q(x) > cx? + d with ac > 1 but that
the Gaussian case being uninteresting, we shall use the above and simpler hypothesis.
Proof.
Observe that for any ¢ > 0,

A B
trn(AB) —try | ———— 2 )| <
[trv (AB) rN<1+eA21+eBz)| = ¢

. A3 Al A B3
T _— € |ir _—
N\TFea2 N\TFeA2 1+ eB2

(o () v’

<

+ (trN <7(1 +B€Bz)2)) i (trNAZ)%)
< Ve (o (AN) ¥ (ben (B2) T + ey (B) 7 (e 4%)7)
< Ve (trn(A%) + trn (BY) + try (A?) + trn (B?))

Therefore, if we set

[iTsing(dA, dB) = exp{—Ntr(P(A)) — Ntr(Q(B)) + Ntr(AB)}dAdB

A (P,Q)
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and
1 " [ exp{—Ntr(P(A)) — Ntz (Q(B)) + Ntr(ﬁ%)}dAdB
e AR P.Q)

I A B
= ‘m log (7 sing (eXP{NtF(mm) - Ntf(AB)}) ‘ :

An(e) =

bl

we get
1
An(e) < 57108 g (exp{VENtr(A" + A%) + VeNtr(B" + B)})

1
qN?

IN

log /JJI\;mg (exp{q/eNtr(A* + A%) + ¢\/eNtr(B* + B*)})

where we used Jensen’s inequality with ¢ > 1. Now, under our hypothesis, and since 2|AB| < A% + B2, it
is clear that if ¢/€ is chosen small enough (e.g smaller than a A ¢), the above right hand side is bounded

uniformly. Hence, we take ¢ = W and obtain

limsupAn(e) < Cye (3.5)

N—oo

with a finite constant C. Moreover, for any € > 0, we can use saddle point method (see [1] for a full rigorous

derivation) and Theorem 1.1 of [15] to obtain

A B

1+¢eA%21 4 eB? JydAdB

J\;gl})o %log/exp{—Ntr(P(A)) — Ntr(Q(B)) — Ntr(
= {nlP) - (@) + 1T o o) +
preP (It

1

with ¢c(z) = (1 4+ ex?) e and po ¢ 1(f) = pu(f o #¢). Thus, (3.5) results with

(S(u) + S(v))} — 2inf Iy

g

lim %bgAN(RQ):hm sup {=p(P) = v(Q)+ 1P (o 87t vo o) + S (E(n) + ()} — 2inf I,

N—o00 e—=0 N,VEP(R)
Moreover, we can prove as for (3.5) that for any g, v such that p(z?*) < M and v(z*) < M,
[P (oot voolt) =17 (pv)| < C(M) Ve

Using the fact that

11D (1, v)] < = (p(@?) + v(2?),

N | —

as well as

S(u) + B(v) < Clp(a?) + v(x?) +1)
for some finite constant C', we see that the supremum above is taken at u, v such that p(2z*) and v(z*) are
bounded by some finite constant depending only on P, Q). Hence, we can take the limit € going to zero above

and conclude. [ |
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3.2 Proof of Theorem 3.3 and 3.4
3.2.1 The Ising model

Let us recall that

)

Froing+2 inf Is(v) = —inf{u(Pl)—I—V(Pz)—f(ﬁ)(ﬂ,y)—éZ(u)—2

veP(IR) 2

Observe that since 109 (u, v) < 27 p(x?) + 2~ 'w(x?), the minimizer (14, ug) in the above right hand side is
such that

1 1 .
pa(Py— —2%) + pp(Py — —x?) — éZ(uA) — éZ(uB) < —Frsing —2 inf  I3(v) < co.
9 9 9 2 ver(IR)
Hence, since P, — 2712% and P, — 2722 are bounded below under our hypotheses (for well chosen a), we
conclude that X(p4) and X(pp) are bounded below and hence finite. Further, if 2ny (resp. 2nsg) is the

degree of Py (resp. Po) for ny,ns > 2, we also see that

pa(r®™) < oo, pp(r*™) < cc. (3.6)
Thus, we can use Property 2.4 to get
: : Ly L, B
Frsing+2 inf Ig(v) = —infqu(Pr—c2®)+v(Po— s2°) — —(Z(p) + Z(v))
veP(IR) 2 2 4
+§ / /Ut )2du (x dt+/ /Hﬂt )2du (x )dt}}
_ Lo B
= - inf (Pl——x)—i—I/(Pz——x)——(E( )+ X(v))
ey 9 9 4

(u® u*)G(C)u v

AL [aorssons [ frorm))

= inf L{p, v, ™, u”)
wover (IR
(u* 1" )E(C)p,v

where (u*, u*) € (C'),,, means that in the sense of distributions
Oupi + Ox(piuy) = 0, Limyeg (d) =y, limpi (dar) = v

and we have used in the last line that when the above infimum is finite, p} is absolutely continuous with

respect to Lebesgue measure for almost all ¢ € [0, 1] and with density p* € Ls(dadt) (see Lemma 2.3).

Observe that if L(p, v, pu*,u*) = L(p, v, p*,m*) with m* = p*u*, L is a strictly convexe function of
(g, v, p*, m*) (recall that —X is convex, see [I] for instance) and that the constraint (C),, is linear in the
variables (i, v, p*, m*). Therefore, the above minimum is achieved at a unique point (pa, g, p2 =8, mA=5).

We now perform a measure type perturbation to characterize the infimum. Take (u, v, p*, m*) € {£ < oo}

and set, for a € [0, 1],

(ﬂa,yo‘,pa,m‘)‘) = a(/,t’y’ p*,m*) + (1 . Oé)(ﬂA,ﬂB,PA_}B, A—>B)
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Then, we find that we must have

Jr= 5=+ [P = 5t - i)
__//]og|x—y|dﬂA( )(dp — dpia)( ——//loglx—ylduB( Ndp — dpp)(x)

+§ /[QUA_}B(m* _ mA—>B) _ (UA—>B)2(p* _ pA—>B) 4 ( A—>B) (P A%B)]dl‘dt >0 (37)

Taking pt = pa and v = pp, we see that (pA>8 yA=5)

must satisfy Property 2.8. Now, if u(dz) = pa(dz)+
Opdo(z)dr, v(dr) = pp(de)+0.¢1(x)dr and m* = mA=2B —8,¢, pr = pA2P +9,¢ with ¢ € C;°°(IRx [0, 1])

such that

(mf =P + 0p9)? / (0:9)°
/pA—>B¢0 D 4 0,0 dxdt < oo, sy Bo0 dxdt < oo, (3.8)

we obtain by (3.7)

Jr= gti0.nieide + (22— 5at0n01 (e
5 [ [ 1osle = sdiatosénerts = 5 [ [1ogle = sldun()or61()ds

—|—§/[2u‘4_>33t¢— (uA=B)20,6 + 7% (pA 7 B) 20, 8)dadt > 0 (3.9)

which becomes an equality if ¢ is supported in Q = {(x,t) € IR x [0,1] : pA78 #£ 0} by symmetry. If we

A—B

assume that u 1s sufficiently smooth, in particular continuously differentiable with respect to the time

variable around ¢ = 0 and ¢ = 1, we can use integration by parts to see that
/[QUA_}B@QS — (w7520, ¢ + 7 (pA7B) 20, ¢)dudt > 2[/ 720, ¢, de]}

yielding that there exists two constants {1, {5 such that

1

Pi(z) — 2% z? ﬁ/log|x—y|duA( ) — HA_’B( ) = &1 pa as (3.10)
1

Py(z) — 21‘2— é log |z — yldpp(y) —21_[‘14_’3(1‘) = I, pup as (3.11)
1 . .

Pi(x) — 2362 — g log |x — yldua(y) — 21_[64_’3(9:) > 1 if x €supp(pa)
1 . .

Py(z) — 21‘2 — é log |z — yldpp(y) — 21_[‘14_’3(9:) > |y if x € supp(pn)

Such a result would generalize the usual equations obtained in the one matrix case. However, since we could

not prove such a regularity property of (pA=8 u4A=5)

following [8], theorem 2.15 and proposition 2.17, to obtain a weak form of (3.10),(3.11). Let us briefly recall

, we shall now obtain a Schwinger-Dyson type formula
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the ideas in the case 3 = 2 (the case 8 = 1 being similar), which is based on an infinitesimal change of
variables.

If, in ZN

Tsings We change A — A + N~1h(A, B) with some smooth bounded functions h of two non-

commutative variables (take for instance h belonging to the set CCy:(€) of Stieljes functionals defined in
[7, 8](see also its definition in appendice 4.1), it turns out that, due to Kadison-Fuglede determinant formula

(see [8], the proof of theorem 2.15 and proposition 2.17)

Z}\;ing _ /etr(h(A,B)(—P{(A)+B))+N—1tr®tr(DAh(A,B))+o(1)—Ntr(P1(A)+P2(B)—AB)dAdB
with D4 the non commutative derivation with respect to A given by

Da(hg) =Dahx1@g+h®1x Dag, Yh,g€CCo(C), DaB=0, DyA=1®]1.

Therefore, we can find a finite constant C'(h) such that for any ¢ > 0

g (1) @ 4 (DaR(A, BY) + (< PI(A) + BA(A, BY)| < ) 21— 2 N+0) (31)
with ) the empirical distribution of A, B defined by
i (h) = trn(h(A, B)), Yh e CCy (D).

Of course, the same type of formula holds when A is replaced by B. It is not hard to see that (V) is tight
under /JJI\;mg for the topology described in [8], corresponding to the CCy:(€)-weak topology (see [8] for proof
of similar statements). Let 7 be a limit point. Taking, for e > 0 and § > 0, h(A, B) = (1 +§A%)7Pj(A)(1 +
eB?)~t with j(x) = [[,<;ec, (2 —2) ! for some z; € ¢\IR and n € IN, and p large enough (p larger than half
the degree of P{) so that Dah(A, B) € CCyt(C) ® CCyu(@) and (1 + 5A?)~P(P{(A) — B)(1 + ¢B?)~1j(A) €
CCst (T), we deduce from (3.12) that 7 must satisfies for any ¢, > 0 and p large enough,

T@T(Da(1+6A%)7Pj(A) x 1@ (14 eB*)™H) = 7((P{(A) — B)(1 + §AY)Pi(A)(1 4+ eB*)™Y).  (3.13)
Similarly for any €,d > 0, and p large enough,
7@ r(Dp(1+ 3B Pj(B) x 1@ (14 eB*)™H) = 7((Py(B) — A)(1 +3A%)"P5(B)(1 + eA%)™Y).  (3.14)

Now, by (3.6), P{(A) — B and Pj(B) — A belongs to L(7) so that we can let §, ¢ going to zero to conclude

by dominated convergence theorem that

T@7(Daj(A)) = 7((PI(A) = B)j(4)), 7@ 7(Dpi(B)) =7((P3(B) — A)j(B)). (3.15)

We next show that (3.15) implies that ys and pp are compactly supported when ny > 2 and ny > 2, and first
that all their moments are finite. To this end, take j(x) = ((1 + ze)_lx)n =" (1 +ie 1 (x — ie_l)_l)n (x+
ie=1)=" for n € IV, yielding

pa (Pl(e) (L ee®)70)") = 7 (7(BIA) (1 +eA) 7 4)") + 7 @ (Daj(4)) (3.16)
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with, since Df can be represented in the tensor product space as Df(z,y) = (x —y) = (f(z) — f(v)),

T@r(Daj(A Z“A (14 ex?) ™ 2)) pa (((1+ ex?)~Layn=17)

S (14 e i (04 ) ).

When n is odd, it is not hard to see that we can find ¢ > 0,d,, € IR such that P'(z)z" > ca? 171" —d,, so
that we deduce from (3.16) that

2 1
T ppm-l4n) 249 T T g’ PVe 3.17
s (Iggal™ ) <ot (g ) s (15l mslleld a0

where we have used in the last line Holder’s inequality with conjugate exponents p, . We take ¢ = n=1(2n; —
1+n), p=(2n1 — 1)"}2n; — 1 + n). Similarly, we obtain for pug, and ¢ = n=1(2ny — 1+ n), p =
(2ny — 1)71(2ns — 1 + n),

2 1
L no—14n L L n 4 1
s (1) < dot 2w (17552 ) 4w (Iggzl™) el (19
Now, we have seen that
pa(?) < oo, pp(e??) < oo
so that (3.17),(3.18) yields
uA(xZ"I_H") = suppa (((1 + exz)_lx)znl_l‘l'") <oofor2n; —14+n< m‘f =2n2(2n; — 1)
e>0
uB(xZ"Q_Hk) = supugp (((1 + exz)_lx)znrl"'k) < oofor2ns — 14k < mjlB = 2n2(2ny — 1)
e>0
and then by induction for 2n; — 1 +n < mA = f 1(2711 —1),2n— 14+ k< mB = mA 1(2ny — 1) for all

p>2. Since 2n; — 1 > 1land 2n; — 1 > 1, m and m go to infinity with p, which proves that 4 and up

have finite moments of all orders.

As a consequence, we can extend by dominated convergence theorem (3.16) to polynomial functions (i.e.

take € = 0) resulting with

A (PU)e") = 7 (r(BIAA™) + 3 pa (2) ja (27777) (3.19)

and a similar equation for the moments of pg. Let us write P{(z) = ajz?™171 + Zznlz apx? TP Pl(z) =

Bra?a=l 4 Y2 3,222 with ay > 0,y > 0. Setting a, = [ja(2")] and b, = |up(a")], we deduce that

2n4 n—1 1

Maon,1pn <Y |@plasn, pyn + D apan_1- p+aqnbp (3.20)
p=2 p=0
2nag n—1 1 1

Biban,—14n < Z|5p|b2n1—p+n+prbn—1—p+b<}’naﬁ (3.21)
p=2 p=0
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with conjuguate exponents (p, q) to be chosen later.

Now, we make the induction hypothesis that for some R € IRT, for some m € IN,
ap < RPC,, b, < RFC,, forp<m

with €, the Catalan numbers given by

p—1
Cp=> CnCpin, Co=1
n=0
Of course, up to take R big enough, we can always assume that m > 2n; Vns. Now, plugging this hypothesis
into (3.20),(3.21) with m+1 = 2n; — 1 +n and ¢ = mn~!, we obtain

2n1
Q1azn,—14n <3 |ap| RPN Con i 4+ RTC + R (Co) 7 (Clom 1) 7
p=2
2n1
< Cm+1Rm+1(Z|ap|R_p _|_Rn—2—m +Rn—m)
p=2

where we have used that (), increases with m. Thus, our induction hypothesis is verified as soon as

2n1

S laplRP + BT 4 RO <oy
p=2
2nag
SOIBIRT 4 ROy R <y
p=2

which is clearly the case for R large enough since we asumed n; A ny > 2. Since m~*!log Cy,, goes to 4 as m
goes to infinity, we deduce that

: 1 2m : 1 2m

limsup — logpa(z*") < R+4, limsup-—logup(z*™) < R+ 4,

implying that ps and pp are supported into [-R — 4, R + 4] for R finite satisfying the above induction
hypothesis (plus the condition imposed by the first 2n; V ny moments).

Let us now go back to (3.15) and notice that since the Stieljes functions are dense in C.(IR) and P{—7(A|B)
belongs to L!(7), it can be extended to j € C}(IR) ;

// j(xi = ;(y)‘dm(l‘)dm(y) = 7((P'(x) — 7(B|A))j(z)) (3.22)

Since (pa, pp) are compactly supported, we can use the conclusions of section 2.2.2. We see that pA=5-

almost surely,
up = r(B = X)) + (1= 20 Hpd =P (2)
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so that
up™P = r(BIA) — o + Hpua

at least in the sense of distribution as in (3.22). Thus, by uniqueness of the solutions to the Euler equation

given the initial and final data (4, p#p) proved in Property 2.5, we conclude that
Hpa(x) = P{(x) — & —ug 7P (x)
in the sense of distribution that
3 [ [P @) = [P = 2 = P )b daa o) (3.23)

for all h € C}(IR). We now show that this weak equality in fact yields the almost equality. Indeed, taking
h = P, * g with P, the Cauchy law with parameter ¢, one obtains from the weak equality

[ HP e pa) @) uae) = T((PUA) = A= P (g (A + C).

Therefore, for any bounded measurable function g, if we set M4 := sup,esuppu,) 1F1(2) — ¢ — udt =B (z)],

[ H P ma)@hg)aP o pae)] < M [ Lyl x pae)
from which we deduce that, since Pe % g < do with a non zero density everywhere on IR, for all € > 0
|H(Pex pa)(@)| < Ms as.
Consequently, for any € > 0,

dPE * /’LA 3 3 3
/ (T) (¢)dze = F/H(Pe #pua) () dPe* pa(x) < FME,.

As a consequence, we claim that g4 < dz and

dpa\? 3,

Indeed, if f is a Lipschitz function with Lipschitz constant |f|z, we know that

[ @natal < lrle +1 [ @b s pate >|<e|f|ﬁ+( ) </|f |dm)

We can now let € going to zero to conclude that
[ s@nsi< () ([irete)

As a consequence, by Tricomi 7?7, (3.23) gives for all h € L (dpa)

which proves the claim.

/(P{( ) = —uy 7P (@) = H(pa) (@) h(x)dpa(z) = 0,
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and hence the p4 almost sure equality.

The second equation is derived similarly and one finds that
2Hpup(x) = Py(z) — 7(A|B)(2) = Py(x) — (z — ui?F(2) — Hup(x))

resulting with
Hpp(x) = Py(x) — v+ u ™ (2)

pp almost surely. Note also that by Property 2.8, the fact that (ua, pp) are compactly supported implies

that (pA~8, u4=8) satisfies the isentropic Euler equation in the strong sense in Q.

3.3 qg-Potts model

In this case, we find that

q

q
Fpos = —inf{>_ pm(P) = > 1P (uy, ) —
i=1

i=2

MIQ

q
}—q inf Ig(v
Z:: veP(IR) o)

2
= —inf{ul(Pl—%xz —|—ZM Z—%)

Zj:uumf {//ut )2dpt (v dt—i—// dut()dt}

q —3)X(m)} — qVEipn(f]R) I5(v) (3.24)

%lQ %IQ

When ¢ > 3, the above functionnal is not anymore clearly convex in p; since X(p;) is concave. Hence,
the uniqueness of the minimizers is now unclear. Note however that the Euler-Lagrange term may still
contain sufficient convexity in gy to insure uniqueness but simply that the above formula does not show it.
In the case ¢ = 3, the functional is still convex, and strictly convex in the arguments (p*,m*). Therefore,
uniqueness of the minimizers still holds since if (u, v, p*, v*) and (@1, 7, fi*, @*), we would still find that by
convexity p* = p* and therefore p = pf = gf = i, v = u = 7 = V. The above formula already shows that
the critical points satisfy p;(P;) < oo and have finite entropy X. We can also obtain the Schwinger-Dyson
equations in this case and deduce as for the Ising model that the critical points are compactly supported

and satisfy the equations of Theorem 3.4.
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3.4 Chain model

In this case,

q q
Fchain — _lnf{Zﬂz(Pz) _Zl(ﬁ)(ﬂi—laﬂz -
i=1 i=2

= —inf{m (P - )+ Zw» — %)

MIQ

q
}—q inf Ig(v 3.25
Z:: veminy s(v) (3.25)

6 q
+Z;( e mfu,u,+1{/ /ut ) dy; (2 dt—l—// ) dps (= )dt}
g .
_ZE(ﬂl)}_qulpﬂ(fR)f@(V) (3.26)

Here, we still have convexity and strict convexity on the term coming from ("), Hence, uniqueness of the

minimizers hold. Again, we can prove the conclusions of Theorem 3.4 as for the Ising model.

3.5 Induced QCD model

q 2D
Fogep = —inf{Zm(P)—ZZI( (Bige,, 1) ZE (1i)} — 2D|A| inf  Is(v)
i=1 €A j=1 25 veP(IR)
= —1nf{2ﬂl P — Dl‘ - ZE (i)
i=1 TEA
-I-ZZ mf {/ / Z“ duZ“ dt—i—/ /H/,L ()dt}}
(ubH,ubr)e u,u,+u
€A j=1

—2DIA| inf Ig(v
| |ye7>(1R) 5(v)

Again, obvious convexity disappears and uniqueness of the minimizers becomes unclear when D > 1. Unique-
ness of the minimizers still holds when D = 1. Then, clearly y; = p for all ¢ € A and uj = —uj at the
minimizing path with (p*,«”) the solution of the Euler equation with with boundary data (x, x). g then

satisfies

P'(z) — 2z — Pui(z) = 0

in the sense of distributions in supp(p), which corresponds to the result obtained by Matytsin [[18], (4.3)]
when 7 = 2. Actually, since we can prove as for the Ising model that x4 is compactly supported, it turns out
that P/(x) — 22 — fuj(x) is in every L,(du) and therefore that P'(z) — 2z — Suf(z) = 0 almost everywhere
in the support of .
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4 Appendice

4.1 Free Brownian motion description of the minimizers

Let us return to the probability aspect of the story. In fact, by definition, if
XN =xV+HN

with a Hermitian (if # = 2, otherwise symmetric if 3 = 1) matrix X' with spectral measure i) and a
Hermitian (resp. symmetric) Brownian motion H”, if we denote ¥ the spectral measure of X}V, then, if
fiY converges towards a compactly supported probability measure pq, for any p; € P(IR),
. . 1 . R | .
llrgljélplgrlj;pmlogIP(d(uiV,m) < 8) = liminflim inf — log P(d(f1)', p1) < 8) = =T (ro, p11)-
Let us now reconsider the above limit and show that the limit must be taken at a free Brownian bridge.
More precisely, we shall see that, if 7 denotes the joint law of (X, X1) (the precise sense of which being
given below) and p7 the law of the free Brownian bridge (2.17) associated with (Xy, X1),

1 1
li li — logIP(d(fy’ §) < li li — logIP d(p , ul ) <6
im suplim sup = log IP(d(4r, ) < 9) < To;;pzuu i suplim sup = log IP( max d(pg, . i, ) < 9)

-1
roX T l=py

for any family {t1,--- ,1,} of times in [0, 1]. Therefore, the large deviation estimate obtained in [15] yields

1
lim sup lim sup — log P(d(i , j11) < §) < —éinf{S(/f),ToXo_1 =po, 7o X7t =m}.
§—0 N-—ooo N2 2

The lower bound estimate obtained in [15] therefore guarantees that
inf{S(V)a Vo = Ho, V1 = /’Ll} = Hlf{S(/,LT), To Xo_l = Mo, T O Xl_l = /’Ll}

Such kind of result were already obtained in [8] and [4].
Let us now be more precise. We recall that we can define the joint law of the two matrices XV, X{¥ by
the family
fia (F) = tey (F(X5, X7))

when F' is taken into a natural set F of test functions of two non-commutatives variables and try(A4) =
N1 Zf\;l Aji. Tt is common in free probability to consider polynomial test functions. In [7], bounded
analytic test functions were introduced for self-adjoint non-commutatives variables. F = CCy(€) is there

the complex vector space generated by

—
1
F(Xl,XZ): H Zi_ale_azXz
1<i<n i !

—

where (z;)1<i<n belongs to (C\IR)", (af,1 <k < 2)7_; to (IR*)", and H is the non-commutative product.

1=

We shall here use the very same set of functions and recall then that the space

Mor1={reF :7(I) =1, 7(FF*) > 0,7(FG) = 7(GF)}
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is a compact metric space. We denote by D a metric on Mg 1. Let us recall [7] that if one considers the
restriction pg = 7'0)(/,;1 of 7 to functions which only depends on one of the variables Xg, k = 1,2, then py 1s
a probability measure on IR (in fact the spectral measure of X} ) and that the topology inherited by duality
from F is the vague topology, i.e. the topology generated by continuous compactly supported functions.

Since My ; is compact, for any ¢ > 0, we can find M € IN, (7)1<k<m so that Mo C Ui<p<m{T :
D(r, ;) < €} and therefore

hmsuphmsup logIP(d(ﬂJlV,ﬂl) <d) < max hmsup logIP(d(ﬂJlV,ﬂl) < (5;D(ﬂé\jl,7'k) <€)

5§50 N-ooo 1<E<M Nooo

Now, conditionnally to X{¥

XN - xN

dXN =dalN - : tl dt

or equivalently

t
XN =txXV +(1-t)Xy¥ +(1 —t)/ (1—s)~tdHN.
0

Let us assume that /10 , converges towards 7 € Mg when N goes to infinity and that X1V X&' remains
uniformly bounded for the operator norm. In particular, “tX{V+(1—t)XéV converges for any ¢ € [0, 1] towards
vl = 1o (X1 + (1 -8)Xo)™L;
v (f) = T(f(tX1 + (1 = 1) Xo))

for any test function f. Therefore, Voiculescu’s result implies that ﬂgtN converges towards the distribution
pi of tX3 + (1 —)Xo+ (1 —1) fot(l — 5)~1dS, with a free Brownian motion S, free with ¢X; + (1 — ¢)Xo.
We shall now extend this result in our topology and also control the dependence of this convergence with
respect to the speed of convergence of the distribution of (X7, X{V) towards 7.

We shall work below with given (X§', X{¥) € {d(p’, po) < &;d(pY, p1) < & D(pdy, 7) < €}

Let, for u < t, X' denote the process

XNt xVra-0x) +(1 —t)/ (1—s)"tdHY.
0
Then, one deduces from Ito’s calculus that for any test function f

(1_t)2/o ~N (f/(l’)—f/(y)) ds My

~N ~N
/«LX{L\T,t(f) ﬂtXN+(1 t)XN(f)+ 5 /iXNt ®/«LXNt T—vy (1—8)2+ 7 (U)

with a martingale M;V(u) such that

IE[ sup (MN(U))Z] < ||f/||go
we] - N
Moreover, it is not hard to check that (u N U < 1) is tight in C([0, 1], P(IR)) (see the proof of exponential
tightness of the spectral process of X} + HN given in [15]). The limit points (px:,u <) (when D(ﬂé\fl, )

goes to zero) satisfy the equation

a —215) /Ou fixt © ux;(f/(xi, — ;l(y) ) a iss)z .

pxe () =vi(f) +
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This equation admits a unique solution, as can be proved following the arguments of [8] or [15], p. 494.

Taking f(z) = €¢”, and substracting both equations, we find, with

AY(R) = sup B[l (€)= puxy (7)),
[(I<R

that for u <1t Y .
AN(R) < AV(R) + 4R2/ AN(R)ds + N
0

which ylelds thanks to Gronwall lemma and taken at u = ¢, since pf = pyz,

iEx T( 1w R i T( 1T 2
sup IEHN)(N( ¢ ) — 1 (65 N < (N + sup IE[|MXN+(1 t)XN( i ) — v (65 )|])64R "
[¢§I<R [€|<R

Therefore, if we define the distance dp on P(IR

Fps 1) /Iu ey — /()| e de

we have proved that there exists a finite constant C' such that for all ¢ € [0, 1],
~N T ~N T C
E[dF(NXtNaNt )] < CdF(NtX{VHl_t)XéVa vi)+ N

It is not hard to convince ourselves that dp is a distance compatible with the weak topology on P(IR).
Observe now that on {d(pd, 1) < &, d(id, po) < 6}, (/l%(ﬁ_(l_t)xo,t € [0,1]) is tight for the usual weak
topology so that for any € > 0 we can find & > 0 so that for any = and ¢ € [0, 1], D(r, ﬂé\fl) < € implies

d (/'Li\;(N-I—(l t)XN’Vt) < K.
Therefore, for any t1,--- ,t, € [0, 1], for any (X, X)) € {d(ad, po) < &;d(pd, 1) < 6; D(ﬂé\fl, T) < €},
Chebyshev inequality yields

1
IP(lglkag dF(ﬂXNaﬂtk) > | X1) < nC(k + )

with u] = px, the distribution of X; = ¢X; + (1 — )Xo + /(1 —¢)S when the law of (Xy, X;) is 7. Hence

for any 1, when & (i.e €) is small enough and N large enough,

l\DI»—k

IP(1r<nka<x dF(/JXN,Ntk) < 77|X1 ) >

Hence

P(d(py', ) < 8 D(jigy, 1) < @) < 2P(d(f, o) < 8 D(pgyy, 7) < € max de(iixy, p17,) <n).

We arrive at, for ¢ small enough and any 7 € My,
. 1 AN AN 1
lim sup —5 logIP(d(j1y", pt1) < &5 D(fig 1, 7) < €) < limsup — log IP( max. dp(pN, ul ) < §).
Nooo N2 ' Neroo NZ 1<k< kI P

Using the large deviation upper bound for the law of (i, ¢ € [0,1]) from [15], we deduce
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limsup%loglf’(d(ﬂ]lv,ﬂl)<5) < _b min inf S(v)

N—co 2 1SPSMmaXISkSndp(l/tk,u::)§6

We can now let € going to zero, and then § going to zero, and then n going to infinity, to obtain, since § is

a good rate function, that

1
limsuplimsup—ZlogIP(d(ﬂJlV,ﬂl) <d) < _8 inf  S(p").
=0 N—oo N r:roXu_lzuu

-1
roX T l=py

Since it was also proved in [15] that

SR | N JE
llgglglfl}vrggfmloglf’(d(ul Jp1) <0) > —= Z;legg S(v)

we obtaln

inf S(v) = inf  S(u").
Vg;ﬁg r:roXD_I:uD

-1
roX t=py

Hence, if FBB(pg, p1) is the set of laws of free Brownian bridges between pp and iy, i.e
FBB(po, p11) = {70 Xg" = pro, 7o X1 =y},

we have seen that
inf{S(v),vo = po,v1 = p1 } = inf{S(v),v € FBB(po, p11)}.

To finish the proof of Theorem 2.6, we need to show that FBB(pug, p1) is a closed subset of C([0, 1], P(IR))
so that indeed the infimum is reached in FBB (g, pt1).

Observe here that p” does depend only partially on 7 since it only depends on {v],t € [0,1]}. Noting
that

P
vl (a?) = 7 (Prp(X1 — Xo, Xo))
r=0

with P, ,(X,Y’) the sum over all the monomial functions with total degree p and degree r in X, we see that

w” only depends on the restriction of 7 to polynomial functions P € § = {P, ,,0 < r < p < co}. Of course,
MY = {rls, 7 € Mo, 7(X* + V) < 20% ¥p € IN}

is closed for the dual topology generated by the polynomial functions of §. Here C' denotes a common

uniform bound on X, and X, and we have
FBB(po, 1) = {715, 7 € Mo} = {p*, s € M3y ).

We denote, for k € M‘gy,lc and t € [0,1], vf € P(IR) the distribution of tX; + (1 — ¢) Xy when the joint
distribution of (Xy, X1) restricted to S is x. Then, puf = vi[+Jot(1-1). We now show that FBB(ug, p1) is a
closed set of C([0, 1], P(IR)), which insures, since S is a good rate function on C([0, 1], P(/R)), that the infimum
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is achieved on FBB(yg, p1). Indeed, if u" is a sequence of FBB(ug, 1) given by {Vf"O’t(l_t),t € 10,11},

the weak convergence of " implies the weak convergence of k™. Indeed, for any p € IN, any ¢ € [0, 1],
pi (af) = v (af) + Po(pf (2'), 1 < p = 1)

with a polynomial function P;. Hence, by induction, the convergence of (u?(l‘p))peﬂv (recall that p™ is
supported by [-C' — 2, + 2] for any n so that weak convergence is equivalent to moments convergence)
results with the convergence of (Vf"(xp)))peﬂv, and again, since (thn)neﬂ\f is supported by [—C, C], with
the weak convergence of v;'" towards some probability measure v;. Since this convergence holds for any
t € [0, 1], we can expend the moments in powers of the time variable to conclude that k, converges towards
K€ M‘Sf. Again by free convolution calculus, this convergence results with the convergence of p” towards
1" € FBB(po, p1). Hence, FBB(pig, p11) is closed.

4.2 Proof of Lemma 2.3:

In [15] (see (2.13) and Lemma 2.10) O. Zeitouni and I proved that for any path v € C'([0, 1], P(IR)), there
exists a path »©2 such that

limsup SO (v52) = S, (v).
e,Al0

This path was constructed as follows. Let P, be the Cauchy law with parameter € and set pu® = P, % u be
the convoluted path with the Cauchy law. Moreover, if 0 = ¢ < 5 < ... <ty = 1 with #; = (i — 1)A, we

set, for ¢ € [tg, tga1],

A (t —t)
I/tE = Vtﬁk A [Vtﬁk+1 - Vtﬁk]'

Let us therefore consider S%1(v52). Because we took the convolution with respect to the Cauchy law, the
Hilbert transform Hljf’A 1s well defined, and actually a continuously differentiable function with respect to
the time variable and an analytic function with respect to the space variable. Henceforth, in the supremum
defining S®!(v52), we can actually make the change of function f(t,z) — f(¢,2) — [log|z — y|d1/f’A(y).
Observing that, with vf = v; x P, for i € {0,1},

[ [ or(froele =) v Sapin = 5 w00 - 00,

we find that

€ 1 € € 1 ! € €
S = R0 = Swa) 4y [ [t

1
c 1
swp ([ i = [ v — [ [ vy 5 < g >0
recyt([0,1]x R) ’

1 € € 1 1 € €
30D = Do) + 5 [ [ auta

+

v

where 1n the last line we observed that
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sup {/fldyl /fodyo / /&ftdz/fAdt—— <>

reck([0,1]x IR)

= sup sup {A/fldljl /fodl/o / /&ftduf Adt — < f, f >1/€ A
ree(01]x IRy xe IR
1 ( [ fidvs — | fodvs — f) f@tftdyf’A)z)

= - sup
2 pec2 ' (01]x R) <[ f>0la
0

v

Observing that

1
/(J/(HI/E’A )2dudtdt = AZ/HVtk dvy,

converges since t = Hvf and t — v{ are continuous for any v € C([0, 1], P(IR)), we arrive at

1
liminf S®!(p52) > E (E(v) = Z(v)) + 1/ /(Hyf)zdyfdt (4.1)
ALO 2 2 Jy

Notice that for ¢ € {0,1},

Y(yi) = /log le — y|~ dP. x ve(2)d P+ v (y) = %/log((r — y)2 + 62)_1d1/t(1‘)d1/t(y).

Hence, monotone convergence theorem asserts that

imX =% .
im () = S()
Now, recall that for any p € Ls, Tricomi [24] p. 169 asserts that

2
T 2

Tpl@)? = 3 (Hp) () H{p(Hp))(z),

(Hp@)p(e)de = = [ (pla))de
/ 7/

Since, for any € > 0, vf is absolutely continuous with respect to Lebesgue measure with density pf € Ls(dx)

so that

for almost all ¢ € [0, 1], we conclude by Fatou’s lemma that that

1
e e G016 A 1 )3
+o0 > hIEL(l)nfhgl,LlonfS vo2) > 5 (X(r1) — (o)) + / /hm inf(pi (x))°dadt.

Finally, it is easy to see that (4.1) implies that p;(da) = p:(x)dz for almost all ¢ € (0, 1) and then that p§(x)

converges towards p; almost surely. Hence, we have proved that
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Sulv) = 3w -Se)+ 5 [ [t dud

Acknowledgments : T am very much indebted towards C. Villani and O. Zeitouni whose careful reading
of preliminary versions of the manuscript, wise remarks and encouragments were crucial in this research. 1

am also very grateful to D. Serre and Y. Brenier for stimulating discussions.

BIBLIOGRAPHY

[1] G.BEN AROUS, A. GUIONNET, Large deviations for Wigner’s law and Voiculescu’s non-commutative
entropy, Prob. Th. Rel. Fields 108, 517-542 (1997).

[2] H. BERCOVICI and D. VOICULESCU ; Free convolution of measures with unbounded support. Indiana
Univ. Math. J., 42 (1993), 733-773.

[3] P.BIANE On the Free convolution with a Semi-circular distribution Indiana University Mathematics
Journal 46 ( 1997 ) 705-718

[4] P. BIANE, M. CAPITAINE, A. GUIONNET ; Large deviation bounds for matrix Brownian motion.
Preprint (2002)

[6] Y. BRENIER, Minimal geodesics on groups of volume-preserving maps and generalized solutions of the

Euler equations Comm. Pure. Appl. Math. 52 411-452(1999)
[6] H. BREZIS, Functional analysis, Masson, Paris(1983)

[7] T. CABANAL-DUVILLARD, A. GUIONNET ; Large deviations upper bounds and non commutative
entropies for some matrices ensembles, Annals Probab. 29 1205-1261 (2001).

[8] T. CABANAL-DUVILLARD, A. GUIONNET ; Discussions around non-commutative entropies, To
appear in Adv. Math. (2002).

[9] S. CHADHA, G. MADHOUX, M. L. MEHTA; A method of integration over matrix variables II, J.
Phys. A. 14 (1981), 579-586.

[10] P. DEIFT, T. KRIECHERBAUER, K.T.-R. McLAUGHLIN ; New results on the equilibrium measure
for logarithmic potentials in the presence of an external field J. Approx. Theory 95 388-475(1998)

[11] A. DEMBO, O. ZEITOUNI ; Large deviations techniques and applications, second edition, Springer
(1998).

[12] B. EYNARD ; Eigenvalue distribution of large random matrices, from one matrix to several coupled
matrices, Nuclear Phys. B. 506, 633-664 (1997).

38



[13] B. EYNARD; Random matrices, http://www-spht.cea.fr/lectures-notes.shtml

[14] A. GUIONNET ; Large deviation upper bounds and central limit theorems for band matrices, Ann.
Inst. H. Poincaré Probab. Statist 38 341-384 (2002)

[15] A. GUIONNET ; O. ZEITOUNTI ; Large deviations asymptotics for spherical integrals Vol. 188, 461-515
(2001)

[16] J. HARER, D. ZAGIER, The Euler caracteristic of the moduli space of curves Invent. Math. 85 457-
485(1986)

[17] G. MAHOUX, M. MEHTA ; A method of integration over matrix variables 111, Indian J. Pure Appl.
Math.22 531-546 (1991)

[18] A. MATYTSIN ; On the large N-limit of the Ttzykson-Zuber integral, Nuclear Physics B411 (1994),
805-820.

[19] A. MATYTSIN, P. ZAUGG; Kosterlitz-Thouless phase transitions on discretized random surfaces, Nu-
clear Physics B497 | 699-724(1997).

[20] M. L. MEHTA; Random matrices, 2nd ed. Academic Press (1991).
[21] M. L. MEHTA; A method of integration over matrix variables, Comm. Math. Phys. 79, 327-340(1981).

[22] D. SERRE ; Sur le principe variationnel des équations de la mécanique des fluides parfaits. Math. Model.
Num. Analysis 27 739-758(1993)

[23] SZAREK, S and D. VOICULESCU; Volumes of restricted Minkowsky Sums and the Free analogue of
the Entropy Power Inequality Com. Math. Phys. 178 563-570 (1996)

[24] F. G. TRICOMTI ; Integral equations, Interscience, New York (1957).

[25] D. VOICULESCU ; The analogues of Entropy and Fisher’s Information Measure in Free Probability
Theory, V : Noncommutative Hilbert Transforms Invent. Math. 132 189-227( 1998)

[26] D. VOICULESCU ; Lectures on free probability theory, Lecture Notes in Mathematics, 1738, 283-349
(2000).

[27] E. WIGNER ; On the distribution of the roots of certain symmetric matrices, Ann. Math. 67, 325-327
(1958).

[28] P. ZINN-JUSTIN ; Universality of correlation functions of hermitian random matrices in an external

field, Comm. Math. Phys. 194, 631-650 (1998).
[29] P. ZINN-JUSTIN ; The dilute Potts model on random surfaces, J. Stat. Phys. 98, 245-264 (2000).

[30] A. ZVONKIN, Matrix integrals and Map enumeration ; an accessible introduction Math. Comput. Mod-
elling 26 281-304 (1997)

39



