TRANSPORT MAPS FOR p-MATRIX MODELS AND UNIVERSALITY
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ABSTRACT. We construct approximate transport maps for non-critical S-matrix models,
that is, maps so that the push forward of a non-critical S-matrix model with a given potential
is a non-critical S-matrix model with another potential, up to a small error in the total
variation distance. One of the main features of our construction is that these maps enjoy
regularity estimates which are uniform in the dimension. In addition, we find a very useful
asymptotic expansion for such maps which allow us to deduce that local statistics have the
same asymptotic behavior for both models.

1. INTRODUCTION.

Given a potential V : RY — R and 8 > 0, we consider the S-matrix model

1
H |/\z - )\j|867NZ:£\L1 V) d>\1 oo d)\N;

ZN
V. 1<i<j<N

(1.1) PY(dAy, ..., d\y) =

where Z{ = [T[cicjon [N — AP NEZVOD gy L dAy. Tt is well known (see e.g [Vil])
that for any V,W : RN — R such that Z{, Z{,;, < oo there exists a map TV : RV >RY
that transports Py} into Py, ;,, that is, for any bounded measurable function f : RY —R we
have

/foTN()\l,...,)\N)P{}f(d)\l,...,d/\N):/f(Al,...,)\N)P{}’+W(d/\1,...,d)\N).

However, the dependency in the dimension N of this transport map is in general unclear
unless one makes very strong on the densities [Caf00] that unfortunately are never satisfied
in our situation. Hence, it seems extremely difficult to use these maps 7V to understand the
relation between the asymptotic of the two models.

The main contribution of this paper is to show that a variant of this approach is indeed
possible and provides a very robust and flexible method to compare the asymptotics of local
statistics. In the more general context of several-matrices models, it was shown in [GS] that
the maps TV are asymptotically well approximated by a function of matrices independent of
N, but it was left open the question of studying corrections to this limit. In this article we
consider one-matrix models, and more precisely their generalization given by S-models, and
we construct approximate transport maps with a very precise dependence on the dimension.
This allows us to compare local fluctuations of the eigenvalues and show universality.
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We mention that universality was first proved in the § = 2 case, where orthogonal poly-
nomial techniques can be used (see e.g. [Meh04, CK06, LL08|), and then extended to the
case f = 1,4 [DGO09|. The local fluctuations of more general -ensembles were only derived
recently [VV09, RRV11] in the Gaussian case. Universality in the S-ensembles was addressed
in [BEYa, BEYb, KRV, Shca].

The main idea of this paper is that we can build a smooth approximate transport map
which at the first order is simply a tensor product, and then it has first order corrections
of order N=! (see Theorem 1.4). This continues the long standing idea developed in loop
equations theory to study the correlation functions of S-matrix models by clever change of
variables, see e.g. [AM90, BEMPF12|. On the contrary to loop equations, the change of
variable has to be of order one rather than infinitesimal.

The first order term of our map is simply the monotone transport map between the
asymptotic equilibrium measures; then, corrections to this first order are constructed so that
densities match up to a priori smaller fluctuating terms. As we shall see, our transport map
is constructed as the flow of a vector field obtained by approximately solving a linearized
Jacobian equation and then making a suitable ansatz on the structure of the vector field.
The errors are controlled by deriving bounds on covariances and correlations functions thanks
to loop equations, allowing us to obtain a self-contained proof of universality (see Theorem
1.5). Although optimal transportation will never be really used, it will provide us the correct
intuition in order to solve this problem (see Sections 2.2 and 2.3).

We notice that this last step could also be performed either by using directly central
limit theorems, see e.g. [Shca, BG13, Sheb|, or local limit laws [BEYa, BEYb|. However,
our approach has the advantage of being pretty robust and should generalize to many other
mean field models. In particular, it should be possible to generalize it to the several-matrices
models, at least in the perturbative regime considered in [GS]|, but this would not solve yet
the question of universality as the transport map would be a non-commutative function of
several matrices. Even in the case of GUE matrices, there are not yet any results about the
local statistics of the eigenvalues of such non-commutative functions, except for a few very
specific cases.

We now describe our results in detail. Given a potential V' : R — R, we consider the
probability measure (1.1). We assume that V' goes to infinity faster than §log |z| (that is
V(z)/Blog|z| — 400 as |r| — +00) so that in particular Z7) is finite.

We will use 1y to denote the equilibrium measure, which is obtained as limit of the spectral
measure and is characterized as the unique minimizer (among probability measures) of

(1.2) () = [ Vi@)dut) - ; [ 10gle = slduta)duty).

We assume hereafter that another smooth potential W is given so that V' +W goes to infinity
faster than $log|z|. We denote V; := V + ¢WW, and we shall make the following assumption:

Hypothesis 1.1. We assume that jy, and py, have a connected support and are non-critical,
that is, there exists a constant ¢ > 0 such that, fort =0,1,

dc'l;Vt = Si(z)\/(x — ay) (b — ) with Sy > ¢ a.e. on [ay, by.
T

Remark 1.2. The assumption of a connected support could be removed here, following the
lines of [Shca, BG|. Indeed, only a generalization of Lemma 3.2 is required, which is not
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difficult. However, the non-criticality assumption cannot be removed easily, as criticality
would result in singularities in the transport map.

Finally, we assume that the eigenvalues stay in a neighborhood of the support [a; —¢€, b; + €]
with large enough PY-probability, that is with probability greater than 1 — C' N~ for some
p large enough. By [BG, Lemma 3.1|, the latter is fulfilled as soon as:

Hypothesis 1.3. Fort=0,1,

(1.3) Uy, (z) == Vi(x B/duvt )log |z — y|

achieves its minimal value on [a,b|® at its boundary {a, b}

All these assumptions are verified for instance if V; is strictly convex for ¢ € {0,1}.

The main goal of this article is to build an approximate transport map between PY and
P{Y, s more precisely, we construct a map TV : RN —R" such that, for any bounded
measurable function Yy,

(1.4) I/XOTNdM—/XdPVW

for some constant C' independent of N, and which has a very precise expansion in the
dimension (in the following result, 7 : R — R is a smooth transport map of py onto py 4w,
see Section 4):

C(log N)?

<
- N

[P

Theorem 1.4. Assume that V', W are of class C3° and satisfy Hypotheses 1.1 and 1.3.
Then there exists a map T = (TN1 o, TN RN SRY which satisfies (1.4) and has the
form

. 1 . R
TNA(N) :TO(/\Z-)JFNTIN’Z()\) Vi=1,...,N,  X:=(\,...,\n),

where Ty : R — R and TNZ RY — R are smooth and satisfy uniform (in N) regulamty

estimates. More precisely, TV is of class C** and we have the decomposition T X 4
]{,X Ni where

(1.5) s X paey) < Clog N, X5 llageyy < ONY2(log N)?,

for some constant C' > 0 independent of N. In addition, with probability greater than
1— N-NC,

(1.6) max X7 (\) = XPF (V)] < C log NVN|A, — Al

1<k,k'<N

As we shall see in Section 5, this result implies universality as follows (compare with
[BEYb, Theorem 2.4|):

Theorem 1.5. Assume V', W € C3°, and let Ty be as in Theorem 1.4 above. Denote ]S‘J/V
the distribution of the increasingly ordered eigenvalues \; under PY. There exists a constant

C > 0, independent of N, such that the following two facts hold true:

(1) Given m € N, assume that, under If"],v, the spacings N(N; — Niyk)1<k<m around i €
€, —€)| are bounded by My ,, < with probability 1 — px.,. Then, for any
Ne,N(1 bounded by My, < VN with probability 1 — py,. Th
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Lipschitz function f on R™,
’ / FINQui1 = A), - Ny — Ai)) dPY Y
— /f(Té()\i)N()\iH =Ny Ty DN N — N))APY

., (log N)3 - (logN)®  MR.,, My, logN
< 9 ) .
< (T o )+ (v BB e B 28N oy

(2) Let ay (resp. ayiw) denote the smallest point in the support of uy (resp. pyiw ), so
that supp(pv) C lav, 00) (resp. supp(pvyw) C laviw, 00)). Given m € N, assume

that, under PY, the numbers N*/3(\; — ay )i<i<m are bounded by My, < NY/* with
probability 1 — pn . Then, for any Lipschitz function f on R™,

‘ /f(N2/3(/\1 —ayyw), .-, NP\ — avyw)) dPY Y

- /f(Nz/gTé(@V)()\l - av), cee N2/3T6(av)()\m - av)) CUSJ‘\;

., (log N)? A (log N)?  MZ,, logN

The same bound holds around the largest point in the support of py .

Remark 1.6. The condition that V/, W € C?° in the theorem above is clearly non-optimal
(compare with [BEYa|). For instance, by using Stieltjes transform instead of Fourier trans-
form in some of our estimates, we could reduce the regularity assumptions on V', W to C*
by a slightly more cumbersome proof. In addition, by using [BEYb, Theorem 2.4| we could
also weaken our regularity assumptions in Theorem 1.4, as we could use that result to esti-
mate the error terms in Section 3.4. However, the main point of this hypothesis for us is to
stress that we do not need to have analytic potentials, as often required in matrix models

theory. Moreover, under this assumption we can provide self-contained and short proofs of
Theorems 1.4 and 1.5.

Note that Theorem 1.4 is well suited to prove universality of the spacings distribution in
the bulk as stated in Theorem 1.5, but it is not clear how to directly deduce the universality
of the rescaled density, see e.g [BEYa, Theorem 2.5(i)|. Indeed, this corresponds to choosing
test functions whose uniform norm blows up like some power of the dimension, so to apply
Theorem 1.4 we should have an a priori control on the numbers of eigenvalues inside sets of
size of order N under both P}/ and Py, ;. Notice however that [BEYa, Theorem 2.5(ii)|
requires § > 1, while our results hold for any § > 0. In particular, the edge universality
proved in Theorem 1.5(2) is completely new for 5 € (0,1). In addition our strategy is very
robust and flexible. For instance, although we shall not pursue this direction here, it looks
likely to us that one could use it prove the universality of the asymptotics of the law of
{N(N\ — )} 1<icm under Py for given i and .

The paper is structured as follows: In Section 2 we describe the general strategy to con-
struct our transport map as the flow of vector fields obtained by approximately solving a
linearization of the Monge-Ampére equation (see (2.2)). As we shall explain there, this idea
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comes from optimal transport theory. In Section 3 we make an ansatz on the structure of
an approximate solution to (2.2) and we show that our ansatz actually provided a smooth
solution which enjoys very nice regularity estimates that are uniform as N — oco. In Section
4 we reconstruct the approximate transport map from IP{}T to Pg 4w Vvia a flow argument.
The estimates proved in this section will be crucial in Section 5 to show universality.

Acknowledgments: AF was partially supported by NSF Grant DMS-1262411. AG was
partially supported by the Simons Foundation and by NSF Grant DMS-1307704.

2. APPROXIMATE MONGE-AMPERE EQUATION

2.1. Propagating the hypotheses. The central idea of the paper is to build transport
maps as flows, and in fact to build transport maps between P, and th where t — V}
is a smooth function so that Vj; =V, V; =V + W. In order to have a good interpolation
between V and V+W, it will be convenient to assume that the support of the two equilibrium
measures py and gy (see (1.2)) are the same. This can always be done up to an affine
transformation. Indeed, if L is the affine transformation which maps [a;, ;] (the support
of py;) onto [ag, by] (the support of py), we first construct a transport map from PY to

L?N IEDXFLW = P]‘\7+W where

(2.1) W=VoL '4+WoL*-V,

and then we simply compose our transport map with (L71)®" to get the desired map from
PY to ]P’%*W. Hence, without loss of generality we will hereafter assume that uy and gy w
have the same support. We then consider the interpolation puy, with V, =V +tW ¢ € [0, 1].
We have:

Lemma 2.1. If Hypotheses 1.1 and 1.3 are fulfilled fort = 0,1, Hypothesis 1.1 is also fulfilled
for all t € [0,1]. Moreover, we may assume without loss of generality that V goes to infinity
as fast as we want up to modify PY, and IP’X*W by a negligible error (in total variation).

Proof. Let ¥ denote the support of iy and py . Following [BG13, Lemma 5.1], the measure
Ly, 1s simply given by

v, = (L=t py + tuy 1w

Indeed, py is uniquely determined by the fact that there exists a constant ¢ such that

B/log |z — yldpy(z) =V < ¢

with equality on the support of uy, and this property is verified by linear combinations. As
a consequence the support of uy, is 2, and its density is bounded away from zero on ». This
shows that Hypothesis 1.1 is fulfilled for all ¢ € [0, 1].

Furthermore, we can modify P¥ and P outside an open neighborhood of ¥ without
changing the final result, as eigenvalues will quit this neighborhood only with very small
probability under our assumption of non-criticality according to the large deviation estimate

[BG]:
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1
limsupﬁlnPX, [Fi: NeF]| < _B inf UV (),

N—s00 2 zeF

hminf%lnpx [Fi: N eQ > D g Y (x).

N—=oo e
with UV := UV —inf UV, O

Thanks to the above lemma and the discussion immediately before it, we can assume that
wy and py 4w have the same support, that W is bounded, and that V' goes to infinity faster
than 2P for some p > 0 large enough.

2.2. Monge-Ampére equation. Given the two probability densities P}, to P{ as in (1.1)
with 0 < ¢t < s < 1, by optimal transport theory it is well-known that there exists a
(convex) function ¢, such that V¢, pushes forward P{; onto Py and which satisfies the

Monge-Ampeére equation
dPN
det(D?Y) = —L o pri= Ve
(D¢1.) p(VON) P AN dhy

(see for instance [Vil, Chapters 3 and 4] or the recent survey paper [DF] for an account on
optimal transport theory and its link to the Monge-Ampére equation).

Because ¢, 4(z) = |z[>/2 (since V¢, is the identity map), we can differentiate the above
equation with respect to s and set s =t to get

(2.2) Ay =) —B) ”/’; :Aﬂ/’f + N WA +NZV’ Do,
1<j 7

where ¢\ := 0s¢",|s— and
¢ = —N/ZW(Ai)dPQ = Oylog Z)

Although this is a formal argument, it suggests to us a way to construct maps Té’vt ‘RN —» RY
sending P{/ onto Py : indeed, if T3, sends P{ onto P{; then V¢, o Ty, sends Py onto Py .
Hence, we may try to find TOIYS of the form T()]Ys = ngivs o T({V,t + o(s — t). By differentiating
this relation with respect to s and setting s = ¢ we obtain 9,y = V¥ (T3y).

Thus, to construct a transport map T from P} onto P LW We could first try to find
YN by solving (2.2), and then construct TV solving the ODE XN = VN (X)) and setting
TN := X, We notice that, in general, T" is not an optimal transport map.

Unfortunately, finding an exact solution of (2.2) enjoying “nice” regularity estimates that
are uniform in N seems extremely difficult. So, instead, we make an ansatz on the structure
of YN (see (3.2) below): the idea is that at first order eigenvalues do not interact, then at
order 1/N eigenvalues interact at most by pairs, and so on. As we shall see, in order to
construct a function which enjoys nice regularity estimates and satisfies (2.2) up to a error
that goes to zero as N — oo, it will be enough to stop the expansion at 1/N. Actually,
while the argument before provides us the right intuition, we notice that there is no need to
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assume that the vector field generating the flow X}V is a gradient, so we will consider general
vector fields YV = (Y{Vt, e Y%t) : RY — RY that approximately solve

(2.3) divy) = ¢ — 52 )\_)\”+NZW +NZV’ Yo,

We begin by checking that the flow of an approximate solution of (2.3) gives an approxi-
mate transport map.

2.3. Approximate Jacobian equation. Here we show that if a C' vector field Y ap-
proximately satisfies (2.3), then its flow

XY =Yy, X =14,

produces almost a transport map.
More precisely, let Y : RN — RY be a smooth vector field and denote

RY(YN):=c¥ =B )\_)\”JrNZW +NZV’ DYDY, — divy?.
1<J

Lemma 2.2. Let x : RY — R be a bounded measurable function, and let XN be the flow of

YN, Then
[ ey aey - [ ary

Proof. Since Y € C', by Cauchy-Lipschitz Theorem its flow is a bi-Lipchitz homeomor-
phism.

If JX} denotes the Jacobian of X} and p; the density of ]P"]Yt , by the change of variable
formula it follows that

t
< Il | IRY YY)y s
0

/XdIPfVVt = /X(XtN)JXtht(XtN) dx

thus

(2.4) ‘/X(XtN)dM —/xdﬂ”%

Using that 0;(JX}Y) = divY} JX} and that the derivative of the norm is smaller than the
norm of the derivative, we get

9,4 < /

= / |divY N TXN po(XN) + TXN (0p) (X)) + IXN V(XN - 0,XN | da

< IIxllse / po — XN (XN di = A,

077 (X)) | da

:/|R§V<Y)|<X5V) IXY p(X}) do

:/|R§V(Y)|d1p$t.

Integrating the above estimate in time completes the proof. 0

By taking the supremum over all functions x with ||x||s < 1, the lemma above gives:
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Corollary 2.3. Let X} be the flow of YV, and set PN := (XN) 4PN the image of PY by
XN. Then

t
B = Piley < [ IRYOC e .

3. CONSTRUCTING AN APPROXIMATE SOLUTION TO (2.2)

Fix t € [0, 1] and define the random measures
1
(31) LN = NZ(SAZ and MN = Zd)‘l —N,th

As we explained in the previous section, a natural ansatz to find an approximate solution of
(2.2) is given by
(3.2)

WO Aw) i= [ [tnate) + onao)] ddvte) + 5 ] st iy (o) (o)

where (without loss of generality) we assume that o, (z,y) = ¥2+(y, ).

Since we do not want to use gradient of functions but general vector fields (as this gives us
more flexibility), in order to find an ansatz for an approximate solution of (2.3) we compute
first the gradient of v:

Ol =g, (N) + %Wl,t()\i) + %g{\,}t(AhMN)v &, My) == /31¢2,t(f€7y) dMn(y).

This suggests us the following ansatz for the components of Yiv :
(3.3)

Y20, ) = 30, + 30 + €M), € M) i= [z, ) dMv(y),
for some functions yo,,y,,: R = R, z, : R = R.

Here and in the following, given a function of two variables v, we write » € C*" to denote
that it is s times continuously differentiable with respect to the first variable and v times
with respect to the second.

The aim of this section is to prove the following result:

Proposition 3.1. Assume V', W € C" with r > 30. Then, there exist y,, € C" %, y,, €
C™8, and z, € C*° for s +v < r — 5, such that

YN vV
RY = (cgv “BY N WO AN Y Vt’()\i)YfYt) — divyV
i<j * J i i
satisfies
(log N)?
N
for some positive constant C' independent of t € [0, 1].

HRi\]HLl(P%) <C

The proof of this proposition is pretty involved, and will take the rest of the section.
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3.1. Finding an equation for y,,,y,;,2;. Using (3.3) we compute

divyY = N / ¥ o(2) dLy(z) + / ¥i4(\) dLy() + / 01&, (. M) dLy () + 1(Ly),

where, given a measure v, we set

v) = / Oy, y) v ().

Therefore, recalling that My = N(Ly — uy,) we get

N2 —
Ri\f _ _ﬁz //yo,t<x;_;’0,t(y) dLN(ﬂf) dLN(y)+N2/szo’tdLN+N2/WdLN
N Y1:\T) = ¥Y14\Y
i ﬁ // 1,t( a):'_ 1,t( )dLN(Z') dLN(y)‘i‘N\/‘/t/thdLN

ﬁN //ét w MN €t<yv MN) 4 (a) dLn () + N / V() & (x, My) dLuy ()
ot (1-2) f v

—(1-5) [ viedzy = (1-5) [ oi&uto M) dato) — o) + 2

where ¢V is a constant and we use the convention that, when we integrate a function of the

(I) f W with respect to Ly ® Ly, the diagonal terms give f/(z).

We now observe that Ly converges towards uy, as N — oo [AG97|, and the latter min-
imizes Iy, (see (1.2)). Hence, considering p. := (z + f)xpy, and writing that Iy, (p.) >
Iy, (1), by taking the derivative with respect to € at € = 0 we get

(3.4 [vis@am =5 J[ I g )

for all smooth bounded functions f : R — R. Therefore we can recenter Ly by py, in the
formula above: more precisely, if we set

form

(35 — o [ LTI g )+ v ),

then

NQ/Vt’deN_ 5§2//f(x;:§(y) ALy () dLn(y)

- [zran -5 [ P2 dagyoy ansiy
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Applying this identity to f = yq;, ¥1 4, &:(-, Mn) and recalling the definition of &,(-, My) (see
(3.3)), we find

RN =N / [Eyo, + W]dMy

+/ (Ey“ * (g B 1) {yg,t T /51%(2, ~)duw(z)]> dMy

+ //dMN(a:) dMn(y) (Ezt(.,y)[x] _ B¥oul®) — yoi(y)) + N + Ey,

2 T —y

where

=2 3 / L) (@) + Vi (@),

C} is a deterministic term, and Ey is a reminder that we will prove to be negligible:

1 1 B /
Ey = — ~ Oozy(z, ) dMy(x) — N(l - 5) /th dMy

_ %(1 — g) / Oz (x,y) dMy(z) dMy(y)

_ i // Y1) = ¥1.) dMy(x) dMy(y)

2N///Zt - yx_—:c ) AN () dM(y) dM(3).

Hence, for R to be small we want to impose
Eyo, =W +g,

) Z24(-y)[] = — §YOt( T) — YOt(y) +e(y),

Vit =—<——1 {ym /6’1%: ) dpy, (2 )}+c’,

where ¢, ¢ are some constant to be fixed later, and ¢(y) does not depend on x.

[1]

3.2. Inverting the operator =. We now prove a key lemma, that will allow us to find the
desired functions yq,, ¥y, Z:-

Lemma 3.2. Given V : R — R, assume that py has support given by [a,b] and that

= S(@)v/(z —a)(b - x)

dp
(@)

with S(z) > ¢ >0 a.e. on [a,b].
Let g : R—R be a CF function and assume that V is of class CP. Set

a’; —
o [P gy ) 4 vy
Then there exists a unique constant c, such that the equation

Ef(x) = g(x) + ¢4
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has a solution of class C*=2NP=3) - More precisely, for j < (k—2) A (p—3) there is a finite
constant C; such that

(3.8) [fllei® < Cillglloie2),

where, for a function h, ||h|ciw) = - 1A"]| oo () -
Moreover f (and its derivatives) behaves like (g(x) + ¢4)/V'(z) (and its corresponding
derivatives) when |x| — 4o00.

This solution will be denoted by = 'g.

Note that Lf(x) = Zf'(z) can be seen as the asymptotics of the infinitesimal generator of
the Dyson Brownian motion taken in the set where the spectral measure approximates py .
This operator is central in our approach, as much as the Dyson Brownian motion is central
to prove universality [ESYY12, BEYa, BEYb].

Proof. As a consequence of (3.4), we have

1
(3.9) g PV/ pr— duy(y) = V'(z) on the support of py .

Therefore solving the equation = f (x) = g(z) + ¢, on the support of yy amounts to

(3.10) ﬁPV/ Iy =g(x)+c, Vz€lab].

Let us write

d(z) == dpy /dx = S(z)\/(x — a)(b — )
with S positive inside the support [a,b]. We claim that S € CP~3([a, b]).
Indeed, by (3.4) with f(z) = (2 — z)~! for z € [a,b]¢, we find that the Stieltjes transform
G(z) = [(z —y) ' duy(y) satisfies, for z outside [a, b],

PG2)? = GV (R() + F(2),  with F(z) = / Vi) Z_Y;,(%(Z))

dpv (y) -

Solving this quadratic equation so that G — 0 as |z| — oo yields

5 (Vi) - VIVREIP+207C) )

Notice that V'(R(z))? + 28F(z) becomes real as z goes to the real axis. Hence, since
—m13G(2) converges to the density of puy as z goes to the real axis (see e.g [AGZ10,
Theorem 2.4.3|), we get

(3.12) —S(@)*(z —a)(b—x) = (Br) 7 [V'(2)* + 26F (2)] .
This implies in particular that {a, b} are the two points of the real line where V'(z)?+28F(x)
vanishes. Moreover F(z) = — [ fol V"(ay + (1 — a)z) daduy(y) is of class CP~2 on R (recall
that V € CP by assumption), therefore (V')? + 28F € CP~2(R). Since we assumed that S
does not vanish in [a, ], from (3.12) we deduce that S is of class CP~3 on [a, b].

To solve (3.10) we apply Tricomi’s formula [Tri57, formula 12, p.181| and we find that, for
x € [a,b],

B () (T — )b = Pv/ Iy —a)b=y),

(3.11) G(z) =

y) + ¢g)dy + ¢2 == h(x)
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for some constant ¢y, hence

hz) = Bf(z)(xz —a)b—1z)S(x)
= PV [P YO0 () 4 ¢,)dy + e
:pvfmg(y)g dy + (g(z) + Pvf\/ya(bydy_’_c2
= PVly—a)b—y) y)”)dy 7 (2 —“7“’)(9( )+ ¢g) + c2,

where we used that, for x € [a, b],

Py b\/(y—a)(b—y)dy:_ﬂ(x_a+b)'

a y—x

Set
_ /b (y—a)b—y) —g(y;:Z(x)dy

Then hy is of class C*~! (recall that g is of class C*). We next choose ¢, and ¢, such that h
vanishes at @ and b (notice that this choice uniquely identifies ¢;).

We note that f € C*=27r=3)([q, b]). Moreover, we can bound its derivatives in terms of
the derivatives of hg, g and S: if we assume 7 < p — 3, we find that there exists a constant
C;, which depends only on the derivatives of S, such that

j (p+1) 1
1D aoe o < O max (IR ey + 197 e s ) < € mas 192 o

Let us define
ﬁPV/f y)—g(z)—c, VzeR

By (3.10) we see that k = 0 on [a,b]. To ensure that =f = g + ¢, also outside the support
of py we want

1
f(z) (5 PV/ —y dpv (y) — V'(x)> = k(x) YV € [a, b
Let us consider the function ¢ : R — R defined as

(3.13) ((x) = B PV / I—iy A (y) — V().

Notice that, thanks to (3.11), (z) = BG(z) — V'(z) = —B+/[V'(z)]? + 28F(x). Hence,
comparing this expression with (3.12), and recalling that S>e¢>0in [a b], we deduce that
[V'(z)]? + 26F(x) is smooth and has simple zeroes both at a and b, therefore [V'(z)]? +
2BF(z) > 01in [a — €,b+ €]\[a, b] for some € > 0.

This shows that ¢ does not vanish in [a — €,b + €]\[a, b]. Recalling that can freely modify
V outside [a — €, b + €] (see proof of Lemma 2.1), we can actually assume that ¢ vanishes at
{a,b} and does not vanish in the whole [a, b]°.

We claim that ¢ is Holder 1/2 at the boundary points, and in fact is equivalent to a square
root there. Indeed, it is immediate to check that ¢ is of class CP~! except possibly at the
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boundary points {a, b}. Moreover

PV/—duv /x_ V{y—a)b—y)dy
+/a x:y</0 S’(aa+(1—a)y)da)\/mdy-

The first term can be computed exactly and we have, for some ¢ # 0,

a+b atb o

N e N

which is Holder 1/2; and in fact behaves as a square root at the boundary points. On the
other hand, since S is of class C?~3 on [a, b] with p > 4, the second function is differentiable,
with derivative at a given by

b 1
/ (/ S'(aa+ (1 —a)y da>\/ —a)(b—y)dy,
a 0

a—y
which is a convergent integral. The claim follows.
Thus, for x outside the support of uy we can set

f(z) = l(x) " k().
With this choice Zf = g + ¢, and f is of class C*=2"?=3) on R\ {a, b}.
We now want to show that f is of class C*~2A(P=3) on the whole R. For this we need to
check the continuity of f and its derivatives at the boundary points, say at a (the case of b
being similar). We take hereafter r < (k — 2) A (p — 3), so that f has r derivatives inside

[a, b] according to the above considerations.
Let us first deduce the continuity of f at a. We write, with f(a™) = lim,, f(x),

k(z) = fa®)l(x) + ka(x)

with
tute) =6 (PV [ i)~ v [ HDauet)) 4 at) 4.+ o)

Notice that since f = £~'k outside [a, b], if we can show that £~*(z)k;(z) — 0 as z 1 a then
we would get f(a™) = f(a™), proving the desired continuity.

To prove it we first notice that k; vanishes at a (since both k and ¢ vanish inside [a, b]),
hence

i) = (Pv [ LI ) py [T 4000 4 500) st

-y
— B(a—x fly) = fa®) . .
- B >PV/}x_wm_yﬂmﬂ0+ﬂ> i)

with g := g+ f(a™)V' € C'. Assume 1 < (k—2) A (p—3). Since f is of class C" inside [a, ]
we have |f(y) — f(ah)| < Cly — al|, from which we deduce that |k;(z)| < Clx — a for 2 < a.

Hence (7! (x)ki(z) — 0 as x 1 a (recall that ¢ behaves as a square root near a), which
proves that

lim f(x) = lim f(z)

zta zla
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and shows the continuity of f at a.
We now consider the next derivative: we write

k(z) = [f(a) + f'(a*)(z — a)](z) + ks(2)
with

. fly —(y—a)f'(a”)
k() == Bla PV/ )(a—y) dpy ()

+9(x) — g(a) + f'(a )(ﬂf—a)V'( )-

Since k = £ = 0 on [a,b] we have ky(a) = kj(a™) = ky(a~) = 0. Hence, since f is of class C?
on [a, b], we see that |ky(z)| < Cla — al? for x < a, therefore ky(x)/¢(x) is of order |z — a|*/?,
thus
f(@) = f(a) + f'(a")(x —a) + O(jz —a[’’*)  forz<a,

which shows that f has also a continuous derivative.

We obtain the continuity of the next derivatives similarly. Moreover, away from the
boundary point the j-th derivative of f outside [a, ] is of the same order than that of g/V’,
while near the boundary points it is governed by the derivatives of g nearby, therefore

(3.15) 1Nz anrey < €5 mex [l | <cey
Finally, it is clear that f behaves like (¢(z) + ¢,)/V’(z) when z goes to infinity. O

3.3. Defining the functions y,,,y, 2. To define the functions y,,,y; ;,z: according to
(3.7), notice that Lemma 2.1 shows that the hypothesis of Lemma 3.2 are fulfilled. Hence,
as a consequence of Lemma 3.2 we find the following result (recall that ¢ € C*" means that
1 is s times continuously differentiable with respect to the first variable and v times with
respect to the second).

Lemma 3.3. Let r > 7. If W, V' € C", we can choose y,, of class Cr=2, z, € C% for
s+v<r—>5, andy,,; € C"=8. Moreover, these functions (and their derivatives) go to zero
at infinity like 1/V" (and its corresponding derivatives).

Proof. By Lemma 3.2 we have y,, = =-'W € C"2. For z,, we can rewrite

Zzi(-,y)[z] = —é/ y’OJ(Ozx + (1 — a)y)da+ c(y)

B
=2 [ hafoz+ (1 = al) + o] da
0

where we choose ¢, (y) to be the unique constant provided by Lemma 3.2 which ensures that
E ' yo(ax + (1 — a)y) 4 caly)] is smooth. This gives that c(y fo ca(y)da. Since =71 is
a linear integral operator, we have

B

wloy)=—5 | E = youla - +(1 = a)y)l(z) da.

As the variable y is only a translation, it is not difficult to check that z, € C*" for any
s+ v <r—>5. It follows that

(5= 1) et [t ()] +
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is of class C"~% and therefore by Lemma 3.2 we can choose yi: €C 78 as desired.
The decay at infinity is finally again a consequence of Lemma 3.2. U

3.4. Getting rid of the random error term Ey. We show that the L1 -norm of the error
Vi

term Fy defined in (3.6) goes to zero. To this end, we first make some general consideration
on the growth of variances.

Following [MMS, Theorem 1.6], up to assume that V; goes sufficiently fast at infinity
(which we did, see Lemma 2.1), we have that there exists a constant 7, > 0 so that for all
T 2 To,

log N
Py, (D<LN7NVt) > T Oif ) < e e NIog N

/fdu dv)

where D is the 1-Wasserstein distance

D(p,v):= sup

[/ o<1

Since My = N(Ly — uy,) we get

hence for 7 > 7

(3.16) D(Ly,py,) = — sup /fdMN
(3.17) IP’{X( sup

N £/ leo<1
/fdMN > m/NlogN) < e ¢ Nlog N
IfllLip<1

This already shows that, if f is sufficiently smooth, [ f(z,y)dMy(x)dMny(y) is of order at
most N log N. More pre01sely

/ f(x,y) dMy(x) dMy(y / f(¢.9) ( / “*dMpy () / ei&dMNm) dg dg,

—cTg 2Nlog N

so that with probability greater than 1 —e we have

/ F(,y) dMy () dMy(y)| < 72 Nlog N / F(C.O11C] €] de de

To improve this estimate, we shall use loop equations as well as Lemma 3.2. Given a
function ¢ and a measure v, we use the notation v(g) := [ gdv.

(3.18)

Lemma 3.4. Let g be a smooth function. Then, if My = NLy — NEy,[Ly], there ezists a
finite constant C' such that

oW(g) = ‘ / My(g) dPy;
o (9) = / (¥1x(9))" @B < C(m(@)? + m(g)lgll + 12 gl ) = B (o)
o (9) :Z/(MN(Q))4 dPy;

< C(IE " gllollg I (9) + llglmlg) + m(9)*0 (9) +m(g)*) = Bilo).

< Cm(g) =: By(9)
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where

8- .
= 1= 2IE ) e+ D108 [ E gl P e

m(g)

Proof. First observe that, by integration by parts, for any C! function f
(3.19) /(NZV/()W Bzf " _A )dw /Zf ) dPY
i 1<j

which we can rewrite as the first loop equation

(3.20) / My(2f) dPY = / [(1—2) / f’dLmr% / wczMN(x)dMN(y)] dPY

We denote

Fu(o) = (1-5) [ 0y diw+ I [FHO== 90 anyay vty

so that taking f := Z !¢ in (3.20) we deduce

/MN ) Py, = /FN(g)dJPﬁ.

To bound the right hand side above, we notice that Z71g goes to zero at infinity like 1/V’
(see Lemma 3.2). Hence we can write its Fourier transform and get

/ Elg(x) — =71g(y) dMy(x) dMn(y)

z—y
=i [acezm0© [ o [ s anita) [ asaniyy)

so that we deduce (recall (3.16))

sup Fn(g) < (14 15)m(g).

D(Ln,pv,)<704/1log N/N

On the other hand, as the mass of My is always bounded by 2N, we deduce that Fy(g)
is bounded everywhere by Nm(g). Since the set {D(Ly,u1y,) > 70/ Nlog N} has small
probability (see (3.17)), we conclude that

(3.21) ‘/‘MN(Q) dpgt < Ne—CTgNlogNm(g) + (1 +Tg)m(g) < Cm(g),

which proves our first bound.
Before proving the next estimates, let us make a simple remark: using the definition of
My and My it is easy to check that, for any function g,

(322 Mvls) = Ni(o)| =| [ areto) |
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To get estimates on the covariance we obtain the second loop equation by changing V()
into V(z) + d g(x) in (3.19) and differentiating with respect to § at 6 = 0. This gives

[ MvEniteto) vy, = [ Ltrg)

+/{(1— §> /fldLN—l-%/%g(y)dMN(x)dMN(y) My(g) dPy;.

We now notice that My (Zf) — My(Zf) is deterministic and [ My(g) dPy, = 0, hence the
left hand side is equal to

(3.23)

/ Nin(2f)Nx(g) dPY.

We take f := Z~1g and we argue similarly to above (that is, splitting the estimate depending
whether D(Ly, py,) > 190/N log N or not, and use that |[My(g)| < N||g|«) to deduce that

aﬁ)(g) = f|]\~4N(f)|2dIP’{X satisfies
o\ (9) < 9= gl + / | Fi(9)||Mx (9)]dP;
(324) < ||=-1 / N2 —ctgNlog N C M d]P;N
<NE 9l 19 lloe + N7e 19]lcm(g) +Cm(g) | [Mn(g)|dPy,

- —ct2Nlo
= 1= gllocllg'lloc + NN EN () | gl|e + C mlg)oy (9)2.
Solving this quadratic inequality yields
2 —_—
o (9) < Clmlg)* + m(@)lglloe + IZ " gl 1]

for some finite constant C'.

We finally turn to the fourth moment. If we make an infinitesimal change of potential
V(z) into V(x) + 61 g2(x) + 02 g3(x) and differentiate at §; = J = 0 into (3.23) we get,
denoting g = g3,

(3.25)

/MN(Ef)MN<gl)MN(92)MN(93) dPy, = /{Z LN(fg;(l))MN(QU(Q))MN(QJ(3)):| dPy +

J1(0=5) [ ravss gy [P0 darya) vty | atston o) ),

where we sum over the permutation o of {1,2,3}. Taking =f = g1 = go = g3 = g, by (3.22),
(3.21), and Cauchy-Schwarz inequality we get

o (9) < C[Ilg=791200F (9) + lglliemlg) + m(g)old (9)** + m(9)20% (9)].

which implies

o (9) < C|19Z " glluo§ (9) + lgllZm(g) + m(9)*0(9) + m(g)*).

Applying the above result with ¢ = €™ we get the following:
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Corollary 3.5. Assume that V',W € C" with r > 8. Then there exists a finite constant C
such that, for all A € R,

(3.20 [ ()RR, < Cllog N1 + AT
(3.27) /|MN(6M')|4dIP>{Z < Cllog N(1+ |A))]*.

Proof. In the case g(x) = "™ we estimate the norms of Z~'¢g by using Lemma 3.2, and we
get a finite constant C' such that

1= gl <CAP, lIE7 gl < CIAP,

whereas, since 271g goes fast to zero at infinity (as 1/V”), for j < r —3 we have (see Lemma
3.2)

21y < I les _ plalloss _ oLt AP

L
Hence, we deduce that there exists a finite constant C” such that
L+ N7
1+ [€°

< ClogN(])\|3 +1+ /df 15\3) =C'log N (1+A]"),

(9)
BX(g) < C'log N (14 |A[),
B(g) < C'(log N)* (1+ |A")?,
Bi(g) < C'(log N)* (1+ A1)

Finally, for £ = 2,4, using (3.22) and (3.21) we have

[ 1t ap < 2+ ( [ (e ap + (B%v<g>>’“)

from which the result follows.
O

We can now estimate .

The linear term can be handled in the same way as we shall do now for the quadratic and
cubic terms (which are actually more delicate), so we just focus on them.

We have two quadratic terms in My which sum up into

1 y -y
Bho= 5 (1) [ vty ivinte) vt [ 2403 ) an),
Writing
_ 1 1 — .
%,t(xj; _Z}/’u(y) :/0 yll,t(ax+ (1—a)y)da :/O (/ y’Lt(,f)e’(a“(la)y)&df) do
we see that

e N T R R R S N !
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so using (3.26) we get
[ 153wy < o EX Log N7 ( [ detmnd@ i -+ 1ery?

+ [[deaciaic.olelavien) 1+ 1t ).

It is easy to see that the right hand side is finite if y, ; and z, are smooth enough (recall that
these functions and their derivatives decay fast at infinity). More precisely, to ensure that

. C
50 161 1+ 1) < T

€ L'(R)

and

C
12, (&, Q) 1€l (L +1€]7) (1+1¢]7) < [N e L'(R?),

we need y,, € C'" and z, € C'""" N C*'0, so (recalling Lemma 3.3) V', W € C* is enough
to guarantee that the right hand side is finite.
Using (3.26), (3.27), and Holder inequality, we can similarly bound the expectation of the

cubic term
B = o [ 22220 g (o) ant(y) anin(a)

1
=i |[ d¢d¢ bz, (&, dov M (€96 M (2 0=0EN V- (86
ZZN// £ C 1Z (5 C)/O Q N(e ) N(@ ) N<€ )

to get

[ 1ms1ay < B T agac e, Ollel 1+ 167 (1-+1¢P).

Again the right hand side is ﬁmte if z, € C'87 N C'19 which is ensured by Lemma 3.3 if
V' W are of class C*°,

3.5. Control on the deterministic term C}'. By what we proved above we have

3
/|RN CN| dPY < c@,

thus, in particular,

(log N)*

ICN —E[RY]| <C N

Notice now that, by construction,

RY = LYV +NZW )+
with ¢ = —E[N >, W(\;)] and

LY := divY+BZY - NZV’
— N\ — A\
and an integration by parts shows that, under Py, E[LY] = 0 for any vector field Y. This
implies that E[RY] = 0, therefore |CN| < C W.
This concludes the proof of Proposition 3.1.
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4. RECONSTRUCTING THE TRANSPORT MAP VIA THE FLOW

In this section we study the properties of the flow generated by the vector field Y2 defined
n (3.3). As we shall see, we will need to assume that W, V' € C" with r > 15.
We consider the flow of Y given by

XN RN RN, XN =YN(XM).

Recalling the form of Y& (see (3.3)) it is natural to expect that we can give an expansion
for XN. More precisely, let us define the flow of Yo.t>

(4.1) Xog :RoR, Xop =y0,(Xog), Xog(A) = A,
and let X, = (X7, ..., X7") : RV — R be the solution of the linear ODE
XN AN = Yo (KXo () - X O, ) + 31 (Xoa (M)

" T / 2(Xo, (). y) dME ()

N
1 .
5 ; Or(Xos (M), Xoa ) ) - XN O, Aw)

with the initial condition X7\, = 0, and MY% is defined as

/f(y)dM}’v(“(y) = i{ (Xot(A /fd/wt} V f e C.(R).

If we set
X(])\jlf()\la oy )\N) = (XO,t<)\1)7 s JXO,t()\N))7
then the following result holds.
Lemma 4.1. Assume that W, V' € C" with r > 15. Then the flow X}¥ = (XtNl, XYY

RN — RY is of class C™™® and the following properties hold: Let Xo; and X} ' be as in (4.1)
and (4.2) above, and define X3, : RN — RY wia the identity

1 1

XY =Xy, + NX{\ft + NQXth
Then
(4.3) sup | X705 |y < Clog N, [ X%l 2y) < CNY(log N)?,
1<k<N
where
1/2
N .
Xy = [ 1X3PaEK) X2 X R =1z
In addition, there exists a constant C' > 0 such that, with probability greater than 1 —N—N/C
(4.4) max | X1, An) — X19 (s A)] < C log NVN|AL — A,

1<k,k’'<N
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Proof. Since Yiv € C" 8 (see Lemma 3.3) it follows by Cauchy-Lipschitz theory that X} is
of class C"78. )
Using the notation A = (A, ..., A\y) € RY and

R XNk XNk )
X7 (0) = XoaOw) + 0 () + 0 5-() = (1= 0)Xoa(h) + 0 X" ()

X XN,S
and defining the measure My* as

N

15) [ S @ ) = X[ 19 Xe) + X0 - [ i vrecm)

=1
by a Taylor expansion we get an ODE for XJ):
(4.6)

X0 = [ 3 (X0 ds X
+N / [ (05500 (X)) s X5
1

+ /0 y’l,t(XtN”“’S(X)) ds - <X1]Y£k(5\)+ X%C(X))

1 N,s
w [ ][ om(xt0) )
0

with the initial condition Xé\f ;¥ = 0. Using that

1¥o.llcr-2m) < C
(see Lemma 3.3) we obtain
(4.7) [ Xotllor—2@) < C.
We now start to control X{Yt. First, simply by using that My has mass bounded by 2N we
obtain the rough bound |X1;*| < C'N. Inserting this bound into (4.6) one easily obtain the
bound | X < N2

We now prove finer estimates. First, by (3.17) together with the fact that X, and
x +— z4(y, x) are Lipschitz (uniformly in y), it follows that there exists a finite constant C
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such that, with probability greater than 1 — N~/
(4.8) H / 2( \) deVfO’f(A)H < C'log NVN.
Hence it follows easily from (4.2) that

(4.9) max Xl < Clog NVN

outside a set of probability bounded by N—N/¢.

In order to control Xév,t we first estimate X{Yt in L4(PY): using (4.2) again, we get

o)

To bound X7, in L*(P) and then to be able to estimate X3, in L*(PY), we will use the
following estimates:

Lemma 4.2. Foranyk=1,..., N,

(4.11) H/Zt(XO,t()\k)v y) dMy" (y)

d
(4.10) 2 (max | X5 oy )

< C(m]?x ||X{\;’k||L4(IP]‘\/]) + 1+ H/zt(XQt()\k),y) dM]i](O,t(y)

< (C'log N,
LA(PY)

(4.12) H/alzt (Xo,t()\k)»y> dMy™ (y)

< (C'log N.
LA(PY)

Proof. We write the Fourier decomposition of n:(x, y) := z:(Xo+(z), Xo+(y)) to get
[ e idte) = [ide) [ e irtide.

Since z; € C* for u+v < r —5 and Xo; € C"2 (see (4.7)), we deduce that
C

. <Y
‘77t(3375)| =14 ’6‘7",57
so that using (3.27) we get
sl [ ars| < [laco] | [ coanwm)|
x LA(PY) oo LAPY)
<Clog [t 0| (1+ el ag
< (C'log N,

provided r > 13. The same arguments work for 0yz; provided r > 14. Since by assumption
r > 15, this concludes the proof. 0

Inserting (4.11) into (4.10) we get
(4.13) X3 | paeyy < Clog N Vk=1,...,N,
which proves the first part of (4.3).
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We now bound the time derivative of the L? norm of X3): using that My has mass
bounded by 2N, in (4.6) we can easily estimate

1
s/ BN C
0 [ [ (400) (Yo s X < AP+ XX

i

/ Oz (XtN’k’s(;\),y> AME " (y) — / Oz (Xo,t(AkLy) deV“‘t(y)‘ ds

C C ~ 1 ~
7k‘ ,k‘ . )
< o+ G+ 3 (10 + ).

N
J
N 1 ‘ |
Z/ Doz (XtN,k,s(A),Xwa(,\)> — Doz, (Xo,t(/\k)vXO,t(/\j>>‘d8 XN
j=1"0
C , 1 : ,
<N Ejj(|Xinﬂ|2 + X |Xfo|),
hence

d .
Gy =2 [ 300 X ap
k
< 0/2|X;Yf|2d1@x+0/Z\X{Yf\2|ng|dpyv
k k
C
+N/Z\X{Y;‘“HXQ;’“PCJMJFC/Z\X{quxggﬂdpx
k k
C C :
+W/Z|X§Yt’k|3dPX+N/Z\Xﬁ’J| X151 X05" APl
k k.j
C .
+W/Z\X§,Vék\2!Xivﬂsz‘G
k,j
1
+) / Xpek / { / Oz (XOJ()\,C),y) dM]f,{“"(y)} ds - X" dPY;
k 0
¢ XN | xNH apt 4 C XX 1 X | dPY,
+N Z‘ v 171X N+N2 Z‘ i |1 X7 | X0 | dPy
k,j k,j
C .
+N/Z|X2’Yf| | X% | dPY..

Using the trivial bounds |vatk| < C N and |Xévtk] < C' N?, (4.12), and elementary inequali-
ties such as, for instance,

N,j N,k N,k N,j N,k N,k
SO < 30 (101 + X+ X0,
k,j

k.j
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we obtain

DX, <0(HX Wy + [ > Pl

/ 7 PN 0B+ 3 o N I ey 1 m)

We now observe, by (4.13), that the last term is bounded by
X5, ||L2(]P=V) (log N) Z HX HL4 126 < ||X 72 @) T C N(log N)*.

(4.14)

Hence, using that HX ”Lz Py < HX "l Yy and (4.13) again, the right hand side of
(4.14) can be bounded by C’||X t||L2(]P’V + C N(log N)*, and a Gronwall argument gives

HX ”L2 ®Y) = < C’N(logN)

thus
1X2% | 2 eyy < C NY*(log N)?,

concluding the proof of (4.3).
We now prove (4.4): using (4.2) we have

XN = X O
< b (Xor ) = o, (Xoa ()| [XTE V)]
1y (Ko u )] IXE) = XN (0] + 1y 10 (Ko (k) = 31, (Xoa ()|

+ ‘/(Zt(XO,t()‘k)7y) — 2(Xo(Aw), ?J)) sz)v{O’t(y)‘

N 1
+ % ;/0 ‘02Zt (XO,tO\k), X07t()\j)> — 0224 <X07t()\k/), XO,t()\j)> ‘ ds |X{V£J(5\)|

Using that | Xo (M) — Xot(Aw)| < ClAx — Aw|, the bound (4.9), the Lipschitz regularity of
YE),m Y14 Zt, and 0»2z;, and the fact that

H/(?lzt(-,)\) dMﬁO’t()\)H < ClogNVN

with probability greater than 1 — N=N/¢ (see (3.17)), we get

X7 = X )] < OIXYFO) = X ()] 4+ Clog NVN|AL — Aw|

NIC g0 (4

outside a set of probability less than N~ 4) follows from Gronwall.

5. TRANSPORT AND UNIVERSALITY

In this section we prove Theorem 1.5 on universality using the regularity properties of
the approximate transport maps obtained in the previous sections. We note that the hy-
potheses in the statement of the theorem are verified when V(z) = 322, and in that cases
the fluctuation estimates follow the Sineg kernel in the bulk (after rescaling by N) and the
Tracy-Widom f fluctuations at the edge (after rescaling by N%/3), see [VV09, RRV11].
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Proof of Theorem 1.5. Let us first remark that the map Tj from Theorem 1.4 coincides with
Xo.1, where Xo; is the flow defined in (4.1). Also, notice that X' : RV — RY is an

approximate transport of PY onto ]P’V+W (see Lemma 2.2 and Proposition 3.1). Set X{V =
X+ X7, with X and X7, as in Lemma 4.1. Since X' — X1’ = 1z X7, recalling (4.3)
and using Hélder inequality to control the L! norm with the L? norm, We see that

\ [ oiryaey — [ o(x)ae

< 199l / X351 2Py

(5.1) < HVgHoo 21320 22y
(10gN)
< CHVQHOOW-

This implies that also X N RY — RY is an approximate transport of P} onto IP)]‘\/,JFW. In
addition, we see that X preserves the order of the \; with large probability. Indeed, first of
all Xo; : R — R is the flow of y,, which is Lipschitz with some constant L, so by Gronwall
we have

€_Lt()\j — )\1) S X07t(/\ ) X()t()\ ) < €Lt()\ — A\ ) V)\, < /\j.
In particular,
€7L ()\J — )\Z) S X071()\j) — XO,1<)\i) S €L ()‘j — )\z)

Hence, using the notation \ = (A1, ..., An), since
1 e 1 PN logN
NXf\,/éj(/\) - NXf\,ft, M =C i [Ai = A

(see (4.4)) with probability greater than 1 — N~/¢ we get

(=) <X = X <o - N

with probability greater than 1 — NN/,

We now make the following observation: the ordered measures P} and P} 4 are obtained
as the image of P} and P{),,;, via the map R : RY — R" defined as
R(z4,. .. =
[B(zy, ..., 2y)]i = min max z;.
Notice that this map is 1-Lipschitz for the sup norm.

Hence, if g is a function of m-variables we have ||[V(go R)||oc < v/m||V¢|s, s0 by Lemma
2.2, Proposition 3.1, and (5.1), we get

. log N
[ g0 rvixyay - [ goraei] < B (lalle + v 19l )

Since X N preserves the order with probability greater than 1 — N~/¢ we can replace

go R(NXN) with g(NX{V o R) up to a very small error bounded by [|g||.eN™"/¢. Hence,
since RyPY = P and RyPy_ , = PY 4w we deduce that, for any Lipschitz function



TRANSPORT MAPS FOR g-MATRIX MODELS AND UNIVERSALITY 26

fiR™ SR,

‘ / FINQusr = Aoy N — X)) dPYY

_ /f(N(X{Vv”l(X) = X)), N (G - X)) )Py

log N)
N

3
Il + v/ [V £

IN
Q

Recalling that
X19(3) = Xoa(y) + X ),
we first observe that, as X is of class C?,
KXo (M) = Xoa(Niww) = Xo 3 () (N = i) + O(|Ai = Ao ).
Also, by (4.4) we deduce that, out of a set of probability bounded by N~"/¢
(5.2) XD = XY (V)] < C log NVN Mgy — Al

and the right hand side is bounded by C My, log N/+/N on the set {N|Aijx —\i| < My}
which has probability greater than 1 — py,,. Hence, we see that with probability greater
than 1 — pym — N-N/C it holds

My logN Mz,
XfV”M)—XiV”*’“(A)=Xa,t<Ai><Ai—Ai+k>+0( N v )

N3/2 + N2

from which the first bound follows easily.
For the second point we observe that ayyw = Xo1(ay) and, arguing as before,

‘/f(NQ/S(/\l_aV+W)a-'-7N2/3(>‘m_aV+W)) dpyt"

_ / f<N2/3(XfV’1(5\) — Xoa(av)),..., N3 (XN (3) —Xoﬂ(av))) dPY

(log N)? vm
< 8B (111 + 2 1911

Since, by (4.3),

o N,i log N
X{V’ (/\) = X071()\i> + OL”‘(IP’X)( N )

log N
= Xoa(av) + Xg1(av) (N — av) + O(N; — av)? + Opaey < ; >’

N

we conclude as in the first point. O
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