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Finiteness of invariants, Noether’s theorem

We recall that, if k is a field, GLn(k) acts on k[X1, . . . , Xn] by k-algebra homomorphisms viaM ·P :=
P (Y1, . . . , Yn) with Y1

...
Yn

 = M ·

X1
...
Xn

 .

Exercise 1. Let k be a field of characteristic different from 2.

1. Let

Γ :=


ε1 0 0

0 ε2 0
0 0 ε3

 | ε1, ε2, ε3 ∈ {−1, 1}

 ,

acting naturally on k[X,Y, Z]. Determine k[X,Y, Z]Γ.

2. Determine k[X,Y, Z]{±I3}.

Exercise 2.[Molien’s theorem] Let G be a finite subgroup of GLn(C).

1. Show that, for any integer d ≥ 0, G acts by C-algebra homomorphisms on the space Vd of homoge-
neous polynomials in C[X1, . . . , Xn] of degree d.

2. This defines a representation ρ : G → GL(Vd). We let χd be its character. Show that dimV G
d =

1
|G|
∑

g∈G χd(g).

3. Compute χd. Show that ∑
d≥0

(dimV G
d )Xd = 1

|G|
∑
g∈G

1
det(In −Xg) .

4. Show that if C[X1, . . . , Xn]G is generated as a C-algebra by algebraically independent polynomials
P1, . . . , Pr of degrees d1, . . . , dr, then its Molien series is

r∏
i=1

(1−Xdi)−1.

Exercise 3. Let k be a field.

1. Describe k[X1, . . . , Xn]Sn . What is its Molien series ?

2. Assume now that the characteristic of k is not 2. Show that any element of k[X1, · · · , Xn]An can be
written uniquely as the sum of an element of k[X1, · · · , Xn]Sn , and of an element of k[X1, · · · , Xn]
which is anti-symmetric (that is, σ(P ) = ε(σ)P for all σ ∈ Sn). Show that the set of anti-
symmetric polynomials is k[X1, · · · , Xn]Sn∆, where ∆ =

∏
i<j(Xj − Xi). Give a description of

k[X1, · · · , Xn]An .

3. Show, using Molien’s theorem, that C[X,Y, Z]A3 cannot be generated by algebraically independent
polynomials.

Exercise 4. Let k be a field, A a finitely generated k-algebra, G a finite group acting on A by k-algebra
homomorphisms and S a multiplicative subset of A such that g · S ⊂ S for any g ∈ G.

1. Show that SG is a multiplicative subset of AG.

2. Show that for any a
s ∈ S

−1A, there exist b ∈ A and t ∈ SG such that a
s = b

t .
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3. Let a
s ∈

(
S−1A

)G with s ∈ SG. Show that there exists u ∈ S such that for every g ∈ G,
us(a− g · a) = 0, and deduce that one can take u ∈ SG.

4. Let b = usa. Show that b ∈ AG, and deduce that
(
S−1A

)G ' (SG)−1AG.

Exercise 5. Let k = Fq, f = XqY −XY q ∈ k[X,Y ], R = k[X,Y ]/(f), and let x and y be the images of
X and Y in R. Show that R is not finite over k[x − ay] for any a ∈ k (start with a = 0). Deduce that
for finite fields we need to use another method to prove the Noether Normalization Theorem.

Exercise 6. Let A be an integral domain and B a finitely generated A-algebra. Show that there exists
f ∈ A \ {0} and x1, . . . , xn ∈ B algebraically independant over A such that Bf is finite over Af .
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