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Discriminants and integral bases

Exercise 1. [The ring of integers of a biquadratic field]
Let m,n # 1 be coprime square-free integers congruent to 1 modulo 4, and let K =

Q(v/m, v/n).
1. Prove that o € K is an algebraic integer if and only if Tr g g /m) (@), N jq(ym) (@) €

Oq/m)-
2. By looking at traces, show that for every o € O, there exist a, b, ¢, d € Z such that

o a+ by/m + cy/n+ dy/mn
B 4

and
a=b=c=dmod?2.

3. Show that there exists o', V', ¢, k € Z such that

kl—i-\/m I1+vn o +Vym+dyn
a_ . = .
2 2 2

4. Deduce that (1, 1+§/E, Hﬁ, 1+ﬁ . 1+2*/ﬁ) is an integral basis of O.
5. Compute Dg.

Remark. When m and n are both congruent to 2 or 3 modulo 4, one has to consider
the cases mn = 1mod4 and mn = 2,3 mod 4 separately (why can’t mn = 0mod 4
happen 7).
6. Let K = Q(v/2,7). We admit the fact that Ox = Z[v/2][(], where ¢ = /21, Let
o=+ OZQC € K, with 01,009 € @(\/5)
(a) Find B, B2 € Z[v/2] such that |a; — 3] < %
(b) Show that NK/Q(\@((X — B) < 1 with 8 = 1 + p2(, and deduce that Ok is
euclidean with respect to Ny g3

Exercise 2. [Eisenstein polynomials]
Let P € Z|X] be Eisenstein at the prime p, i.e. writing P = > ,a; X", we have p | a;
for 0 <i < n,pta, and p*1 ag.

1. Prove that P is irreducible in Q[X].

2. We now assume a, = 1. Let K = Q(a) with a € C a root of P. We will show that
p1[Ok : Z[a]]. Assume for a contradiction that p | [Ok : Z]o]].

(a) Prove that there exists x € O \Z[a] such that x = X (ug+uia+- - -+u, 1a™1)

1
p
for some ug, ..., Up_1 € Z.

(b) Let ig be the smallest i such that pt u;. Prove that ui“‘;nil € Ok.

(c) Prove that p | u;, and deduce a contradiction.
3. Prove that v,(Dg) = v,(A(L, a,...,a™h)).
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Exercise 3. [An application]

1. Let K = Q(a) with o = v/2. Compute A(1,a,a? o) and Dg. Deduce that
(1,a, a?, o) is an integral basis of Of.

2. Let K = Q(a) with a = /2.
(a) Compute vy(Dk).
(b) Compute vs3(Dg). (Hint : Compute the minimal polynomial of f = a + 1)

(c) Prove that (1, ,a?) is an integral basis of Of.

Exercise 4. [A basis for the ring of integers]
Let K be a number field and o € O both of degree n. We write d = A(1, «, ..., a"1).

For all £ € {0,...,n — 1}, let F} be the Z-module generated by (1 Q. O‘k> and

drd’ ' d
Ry, = F, N Ok. We are going to define monic polynomials fi,..., f,_1 € Z[X] with f; of
degree i, and integers d; | - - - | d,—; such that for 0 <k <mn—1, (é, %1“), e %:)) is an

integral basis of Ry.

1. Explain why R, 1 = Ok, and prove the result for k£ = 0.

2. By induction, assume the f; have been constructed for each i < k < n — 1 (with
fo = 1). Let m be the projection from Fj.; to Z%. Prove that there exists a
f € Ryy1 such that m(Rgi1) = Zn (). Prove that (1, e %:‘),6) is an integral
basis of Ryi1.

3. Prove that % =T (a%:‘)) and deduce that akzl € Ry.1. Find an integer dj. 1 and

d
a monic polynomial fr; € Q[X] of degree k+1 such that dy, | dxy1 and g = f’jﬁif“).
4. Prove that %ﬁk(o‘) € Ry, and that it can be written %:) for some g € Z[X] of
degree < k.

5. Show that fr.1 — X fr = ¢ and conclude.



