CLASSICAL REALIZABILITY WITH FORCING
AND THE AXIOM OF COUNTABLE CHOICE

ALEXANDRE MIQUEL

ABSTRACT. We present a framework for classical realizability that contains
both Krivine’s classical realizability and Cohen forcing as particular cases.
For that, we consider an extension of Krivine’s language A. where processes
are ternary entities formed with a term (the proof), a stack (the counter-proof)
and a state (the forcing condition). We prove that the usual typing rules for
classical second-order logic are sound in this extended framework, and show
the existence of storage operators for natural numbers. Then we instanciate
this framework to the case where the state is a natural number (representing
the contents of a reference), and show how to realize the countable axiom of
choice in this setting, using a counter or a clock.

1. INTRODUCTION
2. THE LANGUAGE OF REALIZERS

2.1. Terms and stacks. Terms of the language of realizers (notation: t, u, etc.)
are pure A-terms enriched with two kinds of constants:

o instructions (notation: , k', etc.) ranging over a fixed set K, that contains

at least an instruction written « (‘call-cc’).

e continuation constants k,, where m ranges over all stacks (see below).
Stacks (notation: 7, 7', etc.) are lists of closed terms terminated by the stack
constant ¢ (‘stack bottom’). Formally, terms and stacks are thus defined by mutual
induction as follows:

Terms tbu = x | M.t | tu | K | ke (ke K)

Stacks T ou= o | t-7 (t closed)

(taking care that stacks are only formed with closed terms so that continuation
constants k, are actually constant).

The set of closed terms is written A, and the set of stacks is written II. The set of
free variables of a (possibly open) term ¢t is written F'V (¢) and the usual operation
of substitution is written ¢t{x := u}.

As in [2] we call a quasi-proof (or a proof-like term) any term ¢ that contains
no continuation constant k,. This terminology comes from the fact that all the
‘proofs’ (in the sense of the type system of Fig. 1) are of this form.

2.2. States and processes. We consider a nonempty set . whose elements are
called states (notation: s, s, etc.) We assume that the set .7 of states comes with
a preorder s < s’ that reads: ‘the state s is stronger than s’.!

A process is a triple written ¢t x m x s, where t € A, w € Il and s € .. The set
of all processes is written A % I x .. We assume that this set is equipped with

n forcing, states are traditionally called conditions and the corresponding preorder is written
symmetrically—that is s’ < s rather than s < s’—following the logical intuition that conditions
that are more likely to be true (i.e. weaker conditions) should stand above conditions that are more
likely to be false (i.e. stronger conditions). In this presentation, we shall stick to the computer
theoretic intuition, putting stronger states above weaker ones.
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a binary relation of evaluation written p = p’, whose reflexive-transitive closure is
written p =* p’ as usual. We also introduce the shorthand ¢ w % t' x 7’ to express
that for all s € . there is some state s’ > s such that t xmxs =* t/ x 7’ % 5.

In what follows, we shall assume that evaluation is such that:

(GRAB) Azt *x u-mw - tHe:=u} + =«
(PusH) tu x m - t % u-m
(CALL/CC) c x t-7 - t x ky-mw
(RESUME) ke * t-a - t x 7

Note that the four operations above are not required to be atomic, and they may
modify the current state provided the new state is stronger than the old one. On
the other hand, remaining instructions may do anything to the current state; there
is no global requirement of monotonicity for the relation of evaluation.

We say that evaluation is deterministic when for every process p, there is at most
one process p’ such that p > p’ (one step evaluation). Given a process p, we call
the thread of p and write thd(p) the set of all processes the process p evaluates to
(in zero, one or several steps), that is: thd(p) ={p’ : p=*p'}.

2.3. Saturated sets of processes. A set of processes 1. C A xIIx.¥ is said to
be saturated when it is closed under anti-evaluation, that is, when the conditions
p = p' and p’ € I together imply p € AL for all p,p’ € AxIIx.&. Given a saturated
set I and two pairs (¢,$1) € A X .7 and (7, s3) € II x . we write (¢,s1) 1L (m, s2)
when t x mx s € L for all s such that s > s; and s > s5. In symbols:

(t,s1) I (m,82) & Vs (s>s1As8>sg=txmks€ L)

Note that this relation is monotonic w.r.t. both components, in the sense that
(t,s1) AL (m,82), s1 < s} and so < s5 imply (¢,8)) 1L (7, s5). (On the other hand,
the set AL is not required to be monotonic, since the conditions t x w x s € I and
s < ¢’ do not necessarily imply t xmx s’ € 1.)

2.4. Truth values and falsity values. A truth value is a subset of A x . whereas
a falsity value is a subset of II x .. In what follows we shall consider arbitrary
falsity values F' C II x . while only considering truth values of the form

FL 2 {(t,s1)€Ax .S : Y(m s3) €F (t,51) A (m,52)}

where F' C II x . is an arbitrary falsity value, and where 1L is a fixed saturated
set of processes that we call the pole. Note that truth values of the form F4 are
monotonic in the sense that (¢,s) € F& and s < &' imply (t,s') € FL.

Finally, given a truth value T and a falsity value F', we write T - F' the falsity
value defined by

T-F =2 {(t-ms) : (t,s) € T and (m,s0) € F for some so < s}

(The disymmetry of the definition comes from the fact that it will only be used
with monotonic truth values T'C A x .%7.)

3. INTERPRETING FORMULZAE

3.1. The language of second-order arithmetic. Arithmetic expressions (no-
tation: e, €', etc.)—a.k.a. first-order terms—are built from first-order variables
(notation: z, y, z, etc.) and function symbols for (at least) all primitive recursive
functions. Given a closed arithmetic expression e, we call the value of e and write
|l e the natural number denoted by e (interpreting symbols in e the obvious way).
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Formule of second-order arithmetic (notation: A, B, etc.) are built from second-
order variables (notation: X, Y, Z, etc.) of all arities and from arithmetic expres-
sions using the following grammar:

Formulae A,B == X(ei,...,ex) | A=B | VzA | VXA

Parametric formule are defined by enriching the language of formulee above with
a kary predicate symbol F for every falsity value function F : N¥ — B(II x .#):

Parametric formulae AB = o | Fle,...,ex)

In the language of parametric formulae, one can define the propositional constant T
as the formula associated with the empty falsity value: T £ &.

The other constructions of second-order predicate logic (falsity, conjunction, dis-
junction, first- and second-order existential quantification) are encoded as follows:

1 = VvZ7
A = A= 1
AANB = VZ(A=B=2)=2)
AVB = ((A#Z) (B=2)=2)
Jx A(x) = VZ(Vx ( (x)=2) = 2)
IXAX) = VZVX(AX)=2) = Z2)

(where Z is a fresh variable).

3.2. Truth and falsity values of a formula. Let I be a fixed saturated set of
processes (the ‘pole’). Every closed parametric formula A is interpreted as two sets:
a truth value |A] C A x . and a falsity value ||A|| C II x .%¥. The falsity value
[|A]] C II x .7 is defined by induction on the size of A by

F(lela"'alek)
A= B = |A]-|B|
[V Al U llA{z :=n}|

neN

VXAl = U la{x:=F}
F:NF—PB(IIX.7)

||F(el,...,ek)H

(>

whereas the truth value |A| C A x . is defined by |A| £ ||A||L. From the definition
above, it is clear that:

vz Al = (] |A{z := n}| VXAl = ) |A{X:=F}
neN F:NF—PB(IIX.7)
We then write:

o (t,5)IF A for (t,s) € |A]; and
e tIF A when (t,s) IF A for all s € ..

(Note that these notions depend on the pole 1L.) From this, it is clear that:

tiFvz A iff  forallneN ti-A{z :=n}
tIFvVX A iff  forall F:NF - B(x.?) tiFA{z:=F}

Lemma 1. — Let A and B be closed formule of the enriched language. Then for
allmell and s € .

(1) If (m,s) € ||A|| then (kx,s) € |A = B].
(2) (c,8)IF(A=B)=A) = A
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Proof. (1) Assume that (m,s1) € ||A||. To show that (kr,s1) € |4 = B|,
consider an element of |A = BJ||—that is: a pair of the form (u - 7', s2)
where (u, s2) € |A| and (7', sg) € || B|| for some sy < sy—and take a state s
such that s > s; and s > s9. Let s’ > s such that

kexw-m %8s =" ukmwxs.

From the assumptions above we get uxmx s € I hence k, xu -7 xs € I
by anti-reduction.

(2) Let 53 € .. To show that («,s1) € |((A = B) = A) = A|, consider an
element of ||((A = B) = A) = A||—that is: a pair of the form (u - 7, s2)
where (u, s2) € |[(A = B) = A] and (7, s0) € ||A] for some sy < so—and
take a state s such that s > s; and s > sy. Let s’ > s such that

cxU-Txs =F uxky -Txs'.

From (1) we know that (kr,s9) € |A = B|, hence we get (kr - m,59) €
I(A = B) = A| and thus u x k; - mx s € 1 (since sa2,50 < §'). By
anti-reduction we conclude that @ xu-mxs € . O

4. DEGENERATED CASES
Let us now investigate degenerated cases of the construction depicted above.

4.1. Krivine realizability. Krivine realizability [2] immediately comes as a par-
ticular case of the generalized realizability model construction, namely, as the par-
ticular case where . is a singleton (equipped with the obvious preorder).

4.2. Cohen forcing. More interesting is the case of the empty pole 1L = & (with
an arbitrary nonempty set of states .#), that corresponds to Cohen forcing. To
understand this point, let us recall that given a set of forcing conditions (., >),
the binary relation over . defined by

s1 Lsy & —3s (s> 51 As>s9) (‘s1 and sq are incompatible’)
induces a complete Boolean algebra (B(.), C) whose carrier is
B(.) & {XeP(¥) : X=X},

Forcing consists in interpreting every formula A of the language (ZF, PA2, etc.) as
an element [A] € B(.) following the correspondence

4] 2[4 [A=B] 2 (4]n[B1Y)*
[AAB] 2 [AIN[B]  [AVB] 2 (AJU[B)-
MeA@)] 2 A@] BEea@] 2 (Une])

The relation of forcing s I A (‘s forces A’) is then defined as s |- A £ s € [A].

A simple way to implement this definition in second-order logic is to interpret
every kary second-order variable X as a function G : N¥ — 93(.%) mapping kuples
of individuals to arbitrary set of forcing conditions that intuitively force the nega-
tion of the corresponding proposition, so that the atomic formula X (nq,...,nk)
is actually interpreted as [X(n1,...,nx)] = G(n1,...,n;)" (that constitutes an
element of B(.)). The rest of the interpretation is then defined according to the
correspondence depicted above.

It is a simple exercise to check that in the case where 1L = &, the binary
relation (t,s1) AL (m, s2) defined in 2.3 collapses to the relation s; L s3, so that the
generalized realizability interpretation defined in 3.2 actually mimics the forcing
interpretation A — [A] described above:
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Proposition 1. — Assume that 1. = @. Then for every closed formula A of
second-order logic, one has |A| = A x [A].

Proof. We first extend the definition of forcing to parametric formule of second-
order logic (such as defined in 3.1) by letting

[[F(el7 cooen)] & m(F(ler,. .., ley)t
(writing o : IT x . — % the second projection) and then prove the desired result
by induction on the size of the parametric formula A. O

4.3. The standard 2-valued model. In the case where . is a singleton, the
Boolean algebra B(.#) reduces to the 2-point algebra B(.%) = {@;.7}, in which
case the corresponding forcing model is isomorphic to the standard model of second-
order logic. In our framework, this corresponds to the case where .7 is a singleton
and where the pole 1L is empty.

The situation is summarized in the following table:
1 #g 1l=g
#7 > 1| Generalized realizability Cohen forcing
s =1 Krivine realizability Standard 2-valued model

5. TYPING

5.1. The type system for second-order logic. To facilitate the construction of

realizers, we introduce a type system based on a judgment I' - ¢ : A (‘in context I,

the term ¢ has type A’), where A is an open formula of the enriched language and T

a typing context mapping finitely many term-variables to open formule. In what

follows, we write dom(T") the domain of a context I', and given two contexts I'

and IV that coincide on the intersection of their domains we write I', I their union.
The inference rules for second-order logic are depicted in Fig. 1

Tra:a e Tre.T /Wsdom®
I'x:AFt:B 't: A= B F'u:A
TFl.t: A= B TFtu:B

't A THt:Vz A

TFi:vaod F 0 Pkt: A{z:=e}

THt:A THt:VXA
Thi:vxa or/o TFi:A{X(z1,...,20) = B}

'rec:(A=B)=A4)=A

FIGURE 1. Inference rules for second-order logic

5.2. Adequacy. Let us now define the realizability interpretation of typing judg-
ments w.r.t. a fixed pole IL. We call a valuation any function p that maps every
first-order variable = to a natural number p(z) € N and every kary second-order
variable X to a falsity value function p(X) : N¥ — (Il x .). Given a (possi-
bly) open formula A and a valuation p, we write A[p] the closed formula of the
enriched language obtained by replacing each occurrence of a free (first- or second-
order) variable by its value according to p. A substitution is a finite association list
o = [x1:=u1;...; Ty = uy), where x1,..., 2, are pairwise distinct term-variables
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and where uq,...,u, are closed terms. The domain of o is written dom(o), and
for all terms t we write t[o] = t{z; := u1;...;T, = u,}. Given a substitution o,
a state s € . and a context I' of closed formulee, we write (o,s) IF I' when
dom(o) = dom(T") and (o(x), s) I I'(z) for every x € dom(T").

With these notations, we say that the judgment I' - ¢ : A is valid (w.r.t. 1)
when for all valuations p, for all states s € ./ and for all substitutions ¢ such that
(0,) IF T'[p] we have (t[o], s) IF A[p]. We extend the notion of validity to inference
rules, saying that the rule

P - P,
C

is walid (w.r.t. L) when the validity of the premises P, ..., P, implies the validity
of the conclusion C. From the latter definition, it is clear that the conclusion of
any typing derivation formed with only valid inference rules is valid.

Proposition 2 (Adequacy). — The inference rules of Fig. 1 are valid w.r.t. all
saturated sets L.

Proof. e Axiom and T-intro. The validity of these rules is obvious.
e Introduction of implication. Assume that the judgment 'z : A+ ¢ : B is
valid, and consider a valuation p, a substitution o and a state s; such that
(0,s1) IF T'[p]. To show that ((Az.t)[o],s1) IF Alp] = Blp], let us consider
an element of ||A[p] = B|p]||—that is: a pair of the form (u - 7, s2) where
(u, s2) € |A[p]| and (7, sg) € || B[p]|| for some sy < sa—and take a state s
such that s > s; and s > s9. Let s’ > s such that

Az .t)o]xu-mxs =* tlogz:=ulxm*xs.

It is clear that (o;2 :=wu, ') IF (T',z : A)[p]. From our initial assumption,
we get (t[o;x :=u], s') Ik Blp|, hence t[o; x := u]xmxs’" € L (using so < ¢').
By anti-reduction we conclude that (Az.t)[o] *u-m*xs € L.

e Elimination of implication. Assume that the judgments ' ¢ : A = B
and I' - u : A are valid, and consider a valuation p, a substitution ¢ and a
state s1 such that (o,s1) Ik T'[p]. To show that ((tu)[o], s1) IF Blp], let us
consider an element (7, s3) € || B[p]|| and take a state s such that s > s;
and s > s5. Let s’ > s such that

(tu)[o] *mxs =" tlo] *ulo] -mxs".

From the validity of I" - u : A we get (u[o], s1) € |A| and thus (u]o], s) € |A],
so that (u[o] - 7, s) € ||A[p] = Blp]|| (using sz < s). But since (t[o],s1) €
|Alp] = Blp]|, we get t[o] xu[o]-m*s" € L. By anti-reduction we conclude
that (tu)[o] xmxs € L.

e Introduction and elimination of first-order quantification. The validity of
both rules follows from the equality Vo A| =,y [A{z := n}|.

e Introduction and elimination of second-order quantification. This case is
similar to the case of first-order quantification.

e Peirce’s law. This case immediately follows from Lemma 1. O

5.3. Subtyping. Given two (possibly) open formulee A and B of the enriched
language, we say that A is a subtype of B and write A < B when for all valuations p
we have ||B[p]|| C ||A[p]||. This relation obviously implies—but is not equivalent
to—the inclusion |A[p]| C |B[p]|. We also write A = B when A < B and B < A.

It is clear that the relation A < B (resp. the relation A = B) is a preorder (resp.
an equivalence). Moreover:

Proposition 3. — The relation A < B enjoys the following rules:
(1) L<Aand AT  (where L =VXX and T = &)
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) IfA'<Aand B< B', then A= B< A' = B’
) Ve A < A{z :=e}

) VXA < A{X(x1,...,21) = B}

) If A< B and x ¢ FV(A), then A<Vz B

) If A< B and X ¢ FV(A), then A<VXB

) IfA< A, then Ve A <Vax A" and VXA < VXA
) Ve (A= B)<Vzx A=VaB

) VX(A= B) <VXA=VXB

) If x ¢ FV(A), thenVx (A= B)=A=Vx B

) If X ¢ FV(A), then VX (A= B) = A = VXB
) (A=T)=T

) IfTFt: Aand A< A are valid, then so isT F1¢: A’

6. FROM SECOND-ORDER LOGIC TO SECOND-ORDER ARITHMETIC

6.1. Realizing equalities and inequalities. In second-order logic, the equality
predicate e; = es is defined by letting

€1 = e 2 VZ(Zel :>Z62)
We easily check that:

Lemma 2. — Given two closed arithmetic expressions e; and ez, we have:
_VZ(Z=2) ifler = e
€1 = €2 =
T=1 if ler # leo
where
WWZ(Z=2)| = {(t-ms) : txmxsel}

{
IT = 1| = {(t-ms) : teA 7well, se S}
From this we deduce that:

Lemma 3. (1) If the equality ley(ny,...,ng) = lea(nq,...,ng) is true for all
ni,...,ng € N, then
Az.z |k Yoy Vo er(xq,...,28) = ea(x1,. .., Tk)

In particular, the term Az .z realizes all the defining equations of all prim-
itive recursive function symbols involved in arithmetic expressions.
(2) Me.z Ik Vo Vy (s(z) =s(y) =z =y) (3rth Peano aziom)
(3) Ax.zu Ik VYV —(s(z) =0) (4rth Peano axiom)
(where w is an arbitrary term, such that FV (u) C {z}).

6.2. Realizing the induction principle. In second-order arithmetic, the small-
est class containing zero and closed under the successor function is defined by
Nat(z) = VZ[Vy(Z(y) = Z(s(y))) = Z(0) = Z(z)]
It is easy to show that in general, the formula Va Nat(x) is not realized by a quasi-
proof (cf [2]). However, we can still benefit from induction provided we relativize
all quantifications to the class Nat
wNaty A(z) £ Va (Nat(z) = A(x))
Nty A(x) & VZ(Vx (Nat(z) = A(z) = Z2) = 2)
so that the following (relativized) induction principle is immediately derivable:
VZ (X(0) = V" (Z(y) = Z(s(y))) = V"*z Z(x))

Note that the relativized quantification YN2tz A(x) £ Va (Nat(x) = A(w)) can be
eliminated with an expression e only in the case where we have a realizer (or a
proof) of the formula Nat(e). In practice, this is always the case when e is an
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expression formed from first-order variables x; (1 <14 < k) such that Nat(z;) using
primitive recursive function symbols, since:

Lemma 4. (1) For every kary primitive recursive function symbol f, the for-
mula

wNatg o wNat Nat(f (21, ..., 21))

is derivable (and thus realizable by a quasi-proof).

(2) For every arithmetic expression e(xy,...,xy) depending on k first-order
variables x1, ..., xy, the formula
Nty o vVt Nat(e(ay, . . ., o5))

is derivable (and thus realizable by a quasi-proof).
From this, we easily check that

Lemma 5 (Adequacy in PA2). — If a closed formula A is provable in classical
second-order arithmetic (PA2), then the formula AN obtained by relativizing all
first-order quantifications with the predicate Nat is realized by a quasi-proof (inde-
pendently from the choice of the pole 1L ).

As an example we can find a quasi-proof that realizes the minimum principle
vZvZ [z A(z) = Pz (A) A Wy (Ay) = 2 <y))]
(writing < y for x — y = 0).
6.3. Storage operators. Every natural number n € N is represented in the lan-
guage of realizers as the closed term 7 defined by 7 = 5"0 (Krivine numeral n),

where § = Mnfx. f(nfz) and 0 = Afx.z. From the type system defined in the
latter section, it is clear that

0 : Nat(0) and 5 : VM2 Nat(s(z))

so that 71 : Nat(n) (and thus 72 IF Nat(n)) for all n € N. Note that although Krivine
numeral 7 is B-convertible (as a pure A-term) to Church-numeral Afx. f™z, it is
not equivalent to it when only considering weak head-reduction.

Let us enrich the language of formule with a new form of implication

AB == -+ | {e}=B

(where e is an arithmetic expression and B a formula) that intuitively represents
the set of all functions that produce a B when applied to the Krivine numeral
representing the arithmetic expression e. Formally, we extend the interpretation of
(closed) formulae by defining the falsity value of {e} = B

I{e} = Bl = {(7-7.5) : n=le, (m,s)€|IB]}

From this definition combined with the fact that 7 is always a realizer of Nat(n),
it is clear that Nat(e) = B < {e} = B, so that the corresponding implication
(Nat(e) = B) = {e} = B is realized by the identity term.

We say that a closed quasi-proof M is a storage operator (for natural numbers)
when this term realizes the converse implication, that is, when

M Ik VaVZ ({z} = Z) = Nat(z) = Z).
We can check that storage operators exist, since:

Lemma 6. — The term M = \fn.n (Ahx.h(52))hO0 is a storage operator.
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By an obvious argument of subtyping (Prop. 3 item (7)), it is clear that when M
is a storage operator we have

M Ik Vz({z} = A(z)) = YNz A(x)
This suggests another way of defining relativized quantifications by letting:

YWz A(x) Ve ({x} = A(z))
Iz A(z) VZ (Ve ({z} = A(z) = Z) = 2)

A
A

From the existence of storage operators, it is clear that the formulee ¥z A(x) and
Iz A(z) defined above are equivalent to the relativized formulse YNtz A(x) and
N3ty A(x) (respectively), since

wNaty A(z) < Yo A(z) M Ik YWz A(z) = YNtz A(x)
P A(z) < IVt A(x) M 3Netg A(z) = Iz A(z)

where M’ £ \z.z (M Azyz . zxy). In what follows, we shall prefer the more compact
forms YNz A(x) and 3Nz A(z) to the formulae YNtz A(x) and 3Ntz A(x).

6.4. Extensionality. Given two kary second-order variables X,Y, let us write
X=Y & V-V, (X(21,.-0521) © Y (21,0, 21)) -

Intuitively, this notation expresses that the sets (of kuples of individuals) repre-
sented by X and Y are extensionally equivalent. (Of course, extensional equality
of sets as predicates does not mean that they are denoted by the same falsity value
functions.) An interesting property of the formule of the language of second-order
logic is that they are extentional w.r.t. second-order variables, in the sense that:

Lemma 7. — For every formula A(X) of second-order logic that (possibly) depends
on a free second-order variable X, the following formula is derivable:

X=Y = (AX)& AY)).
Proof. By structural induction on the formula A. O

In particular this means that for every formula A(X) of second-order logic we
can build a quasi-proof e4, x such that

eax IF VZVZ (X =Y = (A(X) < A(Y)))

(where Z' and Z are the remaining free variables of A). Note that this property
still holds if we consider parametric formulae in the sense of 3.1, or even formulae
containing the second form of implication {e} = B introduced in 6.3. On the other
hand, the property of extentionality is no more automatically true when considering
formulee of third-order logic or of higher-order languages.

7. UNIVERSAL AND LOCAL REALIZERS

7.1. Universal realizers. Although the definition of the relation ¢ IF A depends
on the choice of the pole I, the reader may have noticed that none of the realizers
we explicitly constructed in sections 5 and 6 depend on it.

Formally, we thus say that a closed term t is a wuniversal realizer of a closed
formula A and write t IF A when ¢ realizes A for every choice of the pole I.. From
the property of adequacy (Prop. 2), it is clear that any closed term of type A (in
the sense of Fig. 1) is a universal realizer of A, that is: F ¢ : A implies ¢ lIF A.

From the results of section 6, this can be generalized as follows:

Proposition 4. — If a formula A is provable in second-order arithmetic, then the
formula AN** has a universal realizer.
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Remember that when the pole is empty, the truth value of a formula is given by
|A| = A x [A] (Prop. 1), where [A] € B(.¥) is the set of conditions that force A
(cf subsection 4.2). Consequently:

Proposition 5. — FEvery closed formula A that has a universal realizer is true in
the sense that it is forced by any condition, that is: [A] = 7.

In particular, the formula | £ VX X has no universal realizer (since [L] = @).

In many situations however, the criterion of universal realizability is too strong
and it is desirable to relax it by considering terms that realize a formula only w.r.t.
the poles of a particular form, namely: local poles.

7.2. Local realizers. A pole L is said to be local when its complement is included
into the thread of some process pg, namely: CIL C thd(py). We can notice that:

(1) Every set of processes of the form 1. = Cthd(py) (for some process pg) is
saturated, and thus constitutes a local pole.

(2) Conversely, it is easy to check that when evaluation is deterministic, every
local pole L is of the form 1L = Cthd(pg) for some process py.

In what follows, we say that a closed term t is a local realizer of a closed (parametric)
formula A and write ¢ I A when t I+ A for every local pole IL. Universal realizers
of a formula are thus local realizers of it, but the converse is not true. Moreover, it
is easy to check that the formula L £ VXX has no local realizer too.

The interest of the notion of a local realizer is that it is weaker than the notion of
a universal realizer—thus allowing to realize more formulsee—while being sufficient
to allow the prediction of the computational behaviour of realizers, which is essential
for program extraction. The typical example is the extraction of a (realiable)
witness from a local realizer of a ¥9-formula:

Proposition 6 (X{-extraction). — Let us consider:

e a unary (primitive recursive) function symbol f;
e a closed term d that decides the nullity of f, in the sense that for alln € N,
u,v € A, m €Il and s € ., there is a state s’ > s such that

uxmxs if f(n)=0

dxn-u-v-mxks =" , .
vxmxs  otherwise

e a local realizer t of the formula Iz f(x) = 0.

Then for allu € A, 7 € Il and s € 7, there is a number n € N such that f(n) =0
and a state s' > s such that

tx(Arvy.dx (uz) (yx)) -mxs =" uxn-mwxs.

Proof. Let usset t/ 2 \avy.dx (uz) (yx), po = txt'-7-s, F = {(m, s)} and consider
the local pole 1. = Cthd(py). Reasoning by contradiction, let us assume that for
all n € N such that f(n) =0 and for all s’ > s, we have

po A uxn-mHs

that is: ux 7 -7 s’ € IL. From this hypothesis, we get that (u, s) I {n} = F for
all n such that f(n) = 0. Let us now show that ' IF Va ({z} = f(z) = 0 = F).
For that, let us consider an arbitrary state s; € . and an arbitrary element of
[Vz ({z} = f(z) = 0 = F)|—that is: a pair of the form (7 - v - 7, s;) where
(v,82) IF f(n) =0 and s < so,—and take a state s’ such that s’ > s; and s’ > ss.
We distinguish two cases, depending on whether f(n) = 0 or not.
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(1) f(n) =0. In this case we have

* *

sxi-v-mxs =% dxn-(un)-(via) -wxs" = uxn-mwxs”
for some s > s > /(> s9 > s). Since ux7i - wx s € 1L (from our initial
hypothesis) we get t/ x7i - v - 7 x s’ € I by anti-reduction.

(2) f(n) #0. In this case we have
t'xn-v-mxs =% dxn-(un)-(va) - wxs" =* vxn-mxs”

for some s > s’ > §'. But since (v,82) € |f(n) =0]=|T = L], s > s
and (7-7,8") € ||T = L|| we get vxfi-mxs"” € 1L from which we deduce
that ¢/ x7 - v - 7% s’ € I by anti-reduction.
We have shown that t' x7i-v - 7% s" € 1. Hence t' IF Va ({2} = f(z) =0 = F).
Thus (t' - 7,s) € |Vz ({z} = f(z) = 0= F) = F|| C ||3Vz f(z) = 0||, and since
tI- Pz f(x) = 0 we get pg = txt' - mxs € 1. But this contradicts the fact that
po ¢ Cthd(py) = L. Therefore our initial hypothesis is wrong, which means that
po = ux 7 -m*s for some n € N such that f(n) = 0 and for some s’ > s. O

8. REALIZING THE COUNTABLE AXIOM OF CHOICE

8.1. The principle of countable selection. Let 1 be a fixed pole. We say
that a closed term y € A realizes the principle of countable selection (w.r.t. 1)
when for every parametric formula A(Y') that only depends on a kary second-order
variable Y, there exists a falsity value function ® 4 : N*** — B(TI x .#) such that

X Ik Yy A(@a(y) = VYA(Y),

writing V'y B(y) for Yy ({y} = B(y)). (We shall see in 8.3 several examples of
terms that realize the principle of countable selection.) It is easy to check that
any closed term that realizes the principle of countable selection also realizes the
following parametric form of this principle:

Proposition 7. — Let x be a closed term that realizes the principle of countable
selection. Then more generally, for every formula with parameters A(z1,...,2p,Y)
that depends on p first-order variables x1,...,x, (hereafter abbreviated as T) and
on a kary second-order variable Y :

(1) There exists a falsity value function ®4 : NPYITF — (1T x ) such that
x - VE (Wy A, a(7,y) = VYARY)).

(2) Considering a fresh term variable z and a fresh second-order variable Z of
arity p+ 1+ k, we have

Az.zx b 3ZvE (VWy AT, Z(Z,y) = VYAZY)),

Proof. (1) Using the countable axiom of choice, we associate to each puple of
parameters 77 € NP a function ® 4 5 : N'T% — B(II x .) such that

x Ik YWy A, ®4.7(y)) = VYARY)

(applying the principle of countable selection with the formula A(7,Y") that
only depends on the variable Y). Then we define ® 4 : NPH1++  B(TI x.¥)
by letting ®4(7) = ® 4,5 for all 7 € NP. By definition we have

¥ I Py A, DA, y) = YYAG,Y)
for all 7 € NP hence

x b Vi (Wy A@F, @a(F,y)) = VYYARY)).
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(2) Let B(Z) &£ v& (WyA(Z Z(Z,y)) = VYA(ZY)) (where Z is a fresh
second-order variable of arity p + 1 + k). Using the type system of Fig. 1,
we easily derive the judgment u : B(®) F Az.zu : 3Z B(Z). Then we
conclude with Prop. 2 and (1) using the substitution [u := x]. O

8.2. From the countable selection to the countable choice. In second-order
arithmetic, the parametric principle of countable selection (classically) implies the
axiom of countable choice as follows. Let A(z,Y) be a formula depending a first-
order variable x and on a kary second-order variable Y, and let us assume that

3Z vz (Wy-A(z, Z(z,y)) = VY-A(z,Y)) (1)

(where Z is a (k + 2)-ary second-order variable). From Prop. 7 (2) applied to
the formula —A we know that the formula above is realized by Az.zx provided
the principle of countable selection is realized by a suitable closed term yx. By
contraposition, (1) becomes

3Z vz (Y A(z,Y) = PyA(z, Z(z,y))) 2)
Let us now consider the formula Uz (x, Z) defined by

Uz(x,2) = My [ Z(z,y0,2) N Alx, Z(z,90)) A
Wy (A(x, Z(z,9)) = yo <) |

Intuitively, the kary predicate Z'— Ug(x, ) is extensionally equivalent to the pred-
icate Z — Z(x,yo,Z) where yo denotes the smallest natural number such that
A(x, Z(x,y0)). (From the minimum principle, we know that yo exists provided
A(x, Z(z,y)) holds for some number y.) Combining the minimum principle with
the property of extensionality established in Lemma. 7 we get

3Z Yo (W A,Y) = Az, Uz(z))), (3)

hence
U Vz (Y A(z,Y) = Az, U(2))) (4)

(now considering U as a (k + 1)-ary second-order variable).

8.3. Realizing the principle of countable selection. Let us now instanciate
the framework presented in sections 2-7 to the particular set of states . = N
equipped with the usual ordering (a natural number being considered as stronger
when larger). We assume that the relation of evaluation fulfils the requirements
of 2.2, with the following extra conditions:

(1) Evaluation is deterministic.

(2) No instruction can decrease the current value stored in the state, in the

sense that ¢t x mxn = t' x ©’ xn’ implies n’ > n.
(3) There is a special instruction x such that for all t € A, 7 € Il and n € N:

*

Xxt-mxn =* txn-mxn

for some n’ > n.

(note that we do not even have to assume that the evaluation of x is atomic). There
are several ways to implement these conditions:
The counter: No evaluation step (including abstraction, application, etc.)
changes the current value of the state, but the evaluation of the instruc-
tion y, that increments this value:

X*t-mxn = txn-mwx(n+1).

In this case, the value stored in the state can be understood as a counter
whose value is read and incremented by the instruction y.
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The clock: Every evaluation step increments the current value of the state,
that is: t*m*n = t' * 7' xn’ implies n’ = n + 1. In this case, the value
stored in the state can be understood as the current time, whose value is
read (and incremented) by the instruction x.

(Of course, it is possible to imagine several variants of this design.)

An important consequence of the conditions given above is that within a given
thread, the value of the current state determines the stack that faces the instruc-
tion x each time it comes in head position, namely:

Fact 1. — If x xmxn € thd(py) and x x 7' xn € thd(py), then T = 7'.

Proposition 8. — Any instruction x that fulfils the conditions above locally realizes
the principle of countable selection (i.e. x realizes the principle of countable selection
w.r.t. every local pole ).

Proof. Let 1L be a pole such that CIL C thd(pg) for some process py. For every
natural number n, let us write

P, = {(my;m)ellIxN : m<n A FteA (x*xt-mxn¢ 1L)}.

From Fact 1 combined with the hypothesis that the pole L is local, the assertions
x*t-mxn ¢ L and xxt'-7’'xn ¢ 1 imply ¢t = ¢ and 7 = 7’. Consequently, the first
projection of P, contains at most one stack w. Let us now consider a parametric
formula A(Y) that only depends on a kary second-order variable Y. For every
n € N, let us choose ®(n) : N¥ — PB(II x .#) as follows

e O(n) is taken as some falsity value function F : N¥ — PB(IT x .#) such that
|A(F)| intersects P,, if there exists such a function.

e ®(n): NF — P(II x .¥) is any falsity value function otherwise.
We have thus defined a function ® : N'** — 3(IT x .#). To show that y realizes
the formula YNy A(®(y)) = VY A(Y), let us consider a state n; € N, an arbitrary
element of [|VNy A(®(y)) = VY A(Y)||that is, a stack of the form (¢ -7, ns) where
(t,n2) € Wy A(®(y))| and (7, n3) € ||A(F)|| for some F : NF — P(II x .) and for
some n3 < ng—and take a state n such that n > n; and n > ns. To conclude, it
suffices to show that y xt-m*n € 1. For that, let us reason by contradiction and
assume that yxt-7xn ¢ 1. By definition of P, we have (m,n3) € ||A(F)||N Py, so
that ||A(®(n))||N P, is not empty (by construction of ®). Let (m,n4) be an element
of |A(®(n))||NP, (using the remark above about the uniqueness of 7), with ny < n.
We have (7 - m,n4) € |[{n} = ®(n)|| € |y ®(y)||, hence t x -7+ (n+1) € L
(since n+1 > ng and n+ 1 > ny). By anti-reduction we get y xt-mxn € 1L, hence
the assumption y x¢t-7xn ¢ 1 is absurd. O

Remark. This example seems to indicate that generalized realizability is more
expressive than forcing when considering the same set of conditions. Indeed, in
ordinary forcing with the set of conditions (N, >), the induced complete boolean
algebra is trivial: B(N) = {@;N} = {0;1} (due to the fact that natural numbers
are pairwise compatible). Consequently, the corresponding model extension adds
nothing to the initial 2-valued model.
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