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First definition : Ferguson-Klass-LePage
series

Consider (E, &, m) a (o-)finite measure space. Let a € (0,2) and
(f:)¢ a family of functions such that [ |f;(x)|*m(dx) < 4oc:
E

we can define the stochastic process

1(7) = [ fibom(e)

where M is a symmetric a-stable random measure with control
measure m: f; is seen as a limit of simple functions.



First definition : Ferguson-Klass-LePage
series

Consider (E, &, m) a (o-)finite measure space. Let a € (0,2) and
(f:)¢ a family of functions such that [ |f;(x)|*m(dx) < 4oc:
E

we can define the stochastic process

1(7) = [ fibom(e)

where M is a symmetric a-stable random measure with control
measure m: f; is seen as a limit of simple functions.

e We use here an other representation [Lévy-Véhel, LG (2012)].



Let

e (I')i>1 be a sequence of arrival times of a Poisson process
with unit arrival time,

e (Vi)i>1 a sequence of i.i.d. random variables with distribution
m=m/m(E),

e (7i)i>1 a sequence of i.i.d. random variables with distribution
P(yi=1)=P(yi=-1)=1/2

e with the three sequences (r,'),'z;[, (Vi)fZL and (")/,'),'21
independent.

Let a € (0,2) and c(a) = (2a 1T (1 — a) cos(Z2)) 1/
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We define the multistable processes on an open interval U:



We define the multistable processes on an open interval U:

let a1 U — [c,d] C (0,2) a continuous function, f;(x) a family of
functions such that Vt € U, f |:(x)]*(O m(dx) < +oo0:

()c(f) = —1/a(t)
() ()12 (1) 3 i OV

i=1

is a symmetric multistable process, with kernel f; and stability
function a.



e Characteristic function: we compute

E[eié)Y(t)] — exp (Qa(t)/ft(x)a(t)m(dx)) .
E



Local structure of multistable processes

Let Y be a real stochastic process.

e Property of localisability : Y admits a tangent process.
[Falconer (2002,2003)]

Definition

A real stochastic process Y = {Y(t) : t € R} is h—localisable at u
if there exists an h € R and a non-trivial limiting process Y;, (the
local form) such that

Y(u+rt) = Y(u)
P

lim = Y/(t)
r—0

where convergence occurs in finite dimensional distributions.



Example

The Multistable Lévy Motion:

+o00 1
Y(t) = K(a() > il “O1pg(Vi), t € [0,1]
i=1

where « is a C! function ranging in (1,2), (V;); is i.i.d. uniformly
distributed on (0, 1), and the kernel f;(x) = 1 4(x).



Example

The Multistable Lévy Motion:

+oo 1

Y(t) = K(a() > il “O1pg(Vi), t € [0,1]
i=1

where « is a C! function ranging in (1,2), (V;); is i.i.d. uniformly
distributed on (0, 1), and the kernel f;(x) = 1 4(x).

The process Y is ﬁ-localisable at u € [0, 1], with

(the Stable Lévy Motion).



Example of a Stable Lévy Motion

e Trajectory of a a-stable Lévy process, o = 1.9

o=

e Trajectory of a a-stable Lévy process, o = 1.1
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Example of multistable Lévy process
o a(t) =1,5+0,48sin(2rt), h(t) = ;7.

Mouvement de Levy multistable




Second definition: multistable measures

[Falconer-Liu (2010)]: Let « : R — (0,2). We define the family of
stable integrals {/(f),f € F} as a stochastic process indexed by a
set F of functions. We specify its finite-dimensional distributions,
and apply the Kolmogorov's existence theorem. Here

F={f: /|f “X m(dx) < +oo}.
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by its characteristic function:
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O, 1y (01, ..., 0a) == exp / 1> 0i£(x)[* ) m(dx)
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Second definition: multistable measures

[Falconer-Liu (2010)]: Let « : R — (0,2). We define the family of
stable integrals {/(f),f € F} as a stochastic process indexed by a
set F of functions. We specify its finite-dimensional distributions,

and apply the Kolmogorov's existence theorem. Here

_{f/|f () m(dx) < +o0).

Given fi, ..., fy € F, we define a probability measure Pg, ¢, in RY
by its characteristic function:

d

b 1 (6rs s 0) = / 13 0,61 m(dx)

Jj=1

I(f) = | f(x)Myx)(dx) is called the a(x)-multistable integral of f.



e Characteristic function: by definition,

E[eial(ft)] — exp (/Hft(x)a(X)m(dX)) .

E



e Characteristic function: by definition,

E[e” ()] = exp ( / Hﬂ(X)“(X)m(dX)) .

E

e For the other definition,

E[e”'"] = exp ( / Hﬂ(X)“(t)m(dX)) :
E



Link between the definitions

We denote by L(t) the Lévy process defined by multistable
measures:

t
E[e ()] = exp ‘/ﬁefdx)dx
0

The idea is to obtain the Ferguson-Klass-LePage representation of
this process: for t € (0,1), we have:

0 1 /a(V,
L(t) = K(a(Vi)l M1y .
i=1



Link between the definitions

We denote by L(t) the Lévy process defined by multistable
measures:

t
E[eif)L(t)] = exp - / ‘H‘u(x)dx
0
The idea is to obtain the Ferguson-Klass-LePage representation of
this process: for t € (0,1), we have:

o0

L(t) = Z K(Qi(Vi))“/ir,-_l/a(vi)l(\/,gt)-
i=1

L is a pure jump process, with independent increments. It is a
Markov process and a semi-martingale.



Link between the definitions

The link is explained by the following decomposition: almost
surely, Vt € (0,1),

+oo 1 1

Y K () D1 g(V, Z% (e T 0,q(Vi)+e(t),

i=1

t 400
where £(t) = f Z 7ig;(s)1po,s(Vi)ds

and gi(t) = (a(t)) /e,



@® How to test the multistability



How to test the multistability

We want to know if the observations come from a stable process or
from a multistable one. We want to test if « is varying with time.
We consider the statistical test:

Hp : o is a constant VS Hp : « is varying.

We consider only the case of the Multistable Lévy motion, so
h(t) = 1) and f(t, u,x) = 1pg 4(x).

a(t)



How to test the multistability

We want to know if the observations come from a stable process or
from a multistable one. We want to test if « is varying with time.
We consider the statistical test:

Hp : o is a constant VS Hp : « is varying.

We consider only the case of the Multistable Lévy motion, so
h(t) = 1) and f(t, u,x) = 1pg 4(x).

a(t)

o Idea : we will test if h is varying.



Estimation of A

We need to estimate the function h, with the observation of one
trajectory of Y.

We define the sequence ( Yk n)kez nen by

YN = Y(L;l) — Y(%)



Estimation of A

We need to estimate the function h, with the observation of one
trajectory of Y.

We define the sequence ( Yk n)kez nen by

YN = Y(L;l) — Y(%)

Let to € R. We introduce an estimate of h(tp) with

1 [No]+ %) 1
hn(to) = ————— log |'Y]
w(to) n(N)log N Z og|Yicn
k=[Nto]— ")

2

where (n(N))nen is a sequence taking even integer values.



Estimation of A

Theorem
Under technical conditions on the general kernel f(t, u, x), if
AN () Rt

then ¥Vr > 0, Vg,

I (o) — h(to)| = 0.
N—LTOO]E h/\/(to) h(to) 0



Estimation of h
Theorem
Under technical conditions on the general kernel f(t, u, x), if

. N
e |im - =400
N—+o0 n(N) oo,

then ¥Vr > 0, Vg,

I hn(to) — h(to)| = 0.
N—LTOO]E h/\/(to) h(to) 0

Theorem
For a Lévy process (f(t,u,x) = 1pg 4(x)), when

lim n(N)=+oc and lim "M — 0, vt € (0,1),

N—+o00 N—+o00
n(N) (log N(hn(to) = h(to)) + Elln|Sae 1) 5 A(0, E[Y?])

where Y ~ In |Sq ()] — E[In[Sas0) ]



Estimation of h, case of the Lévy motion

a(t) = 1,5+ 0,48sin(27t), N = 20000, n(N) = 500.

Lalpha(t)

Estimation de H, Levy Motion

temps



Test of the multistability

The hypotheses are :

Ho: V(t1,t2) € (0,1)%, a(t1) = a(t2).
b Hy - 3(1‘1, fg) € (0, 1)2./()5(1'1) # Oé(tQ).

We use the following statistic, for one ty:
o1 R R
Iy = / B (t) = u(to) Pat.
Jo
Under (Hp), E[In] — 0.

Under (H1), E[In] — [5 |h(t) — h(to)|?dt > 0.



Results under H,

Let 02 = E[Y?] = Var(In | Sy )| — ElIn [Saeo)])-
We have the following convergence:

-1
n(N)(log /V)2/0 An(t) — hn(to)Pdt % o2(1 + v 3(1)).



Proof
Let p = —E[In ‘Sa(to)‘]-
We have
n(N) (log N(hn(to) = h(to)) — 1) 5 N(0,0?)
so with

Zu(t) = v/n(N) (log N(hn(t) = h(t)) = u(£)) — N(0,0%)
and Ah(t) = h(t) — h(to), Ap(t) = p(t) — n(to),

n(N)(log NY? [ |An(t) — An(to)[?dt )
= I3 [Zu(t) = Zu(to) + /(W) ((10g N)Ah(t) + Ap(r) )| et



Proof

Under (Hp), we expand the square,

1
/Z/\/ Z/\/ to | dt = /Z/\/ ‘ dt— 22/\/ to /Z/\/ df—HZ/\/ to)| .
0

We are now able to control each term:
fO |ZN |2dt — 02

. fo Zy(t)dt 5o,
o [Zn(to)” — o*x*(1).
Finally,

n(N)(log /\/)2/(; B (t) = hu(to) Pt 5 02(1 +2(1)).



Results under H;

The rejection region of the test is

LUy

5 An(t) — hn(to)Pdt > qs}
0

o

with gg the quantile of the distribution 1 + x?(1).



Results under H;

The rejection region of the test is

1
Rc{”(N)‘;gN)z [ 1w = et > )

with gg the quantile of the distribution 1 + x?(1).
e Statistical power for a Lévy process (multistable measures)

Theorem

V(en)n such that ey=0and lim eplogN = +oo, if

lim
N—+o0 N—+o0
ax = mina(u) and o = maxa(u),

.. —logPy (ﬁc) 1 1
| f——= - 7 >o(— — ),
I\Ilgﬂc Nenylog N — (a* a*)



Results under H;

e Statistical power for a Lévy process

lim inf M

N—+oo loglog N - e
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