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Classification...

(X,Y ) ∈ Rd × {0, 1}: Predict the label Y using X.
⇒ Find a function g : Rd → {0, 1}, where g(X ) is our guess for Y .
Probability of error

L(g) = P(g(X) 6= Y )

minimal when g is the Bayes classifier :

g?(x) =

{
1 if E[Y |X = x] > 1

2

0 otherwise
.

Distribution of (X,Y ) unknown in practice, access to
Dn = {(X1,Y1), . . . , (Xn,Yn)}, i.i.d random pairs ∼ (X,Y ).
Aim: Construct the best possible classifier gn based on Dn,
performance measured by
Ln = L(gn) = P(gn(X) 6= Y |(X1,Y1), . . . , (Xn,Yn)).
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... and regression

(X,Y ) ∈ Rd × R: Find a relationship between the observation vector
X and the response Y .
⇒ Function f such that f (X) is a good approximation of Y .
Quadratic risk

E |f (X)− Y |2,

minimal when f is the regression function

r?(x) = E[Y |X = x].

Distribution of (X,Y ) unknown, sample
Dn = {(X1,Y1), . . . , (Xn,Yn)}.
Aim: Estimate the regression function r? using the data Dn.
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Combining several methods

Growing number of different estimation methods + parameters

How to choose the right strategy ?

→ Combine several estimators f1, . . . , fM .

Model selection
Linear / convex combination

For instance :
Nemirovski (2000), Juditsky and Nemirovski (2000), Catoni (1999, 2004), Massart
(2007), Tsybakov (2003, 2004), Wegkamp (2003), Yang (2000, 2001, 2004), Györfi,
Kohler, Krzyżak, and Walk (2002), Audibert (2004), Birgé (2006), Dalalyan and
Tsybakov (2008), van de Geer (2008), Koltchinskii (2009), Bunea, Tsybakov, and
Wegkamp (2004, 2006, 2007a,b).

Example: Aggregate with exponential weights:

fnAEW =
M∑

m=1

w(fm)fm, w(fm) =
exp(− n

T Rn(fm))∑M
m=1 exp(− n

T Rn(fm))
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Combination of classifiers

Mojirsheibani (1999, 2000, 2002a,b)

For each x, find the Xi ’s such that every individual classifier predicts
the same label for Xi and x.
Label y estimated by majority vote among corresponding Yi ’s.

x C1(x) C2(x) C3(x) y
x1 0 1 1 0
x2 1 0 1 0
x3 1 1 1 1
x4 1 0 1 1
x5 0 0 0 1
x6 1 0 1 0
x7 0 1 0 1
x8 1 0 1 0
x9 1 1 0 1
x10 1 0 1 0
x0 1 0 1 ?
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The setting

Sample splitting Dn = Dk ∪ D`.
Dk : Initial estimators rk,1, · · · , rk,M , parametric, semi-parametric or
nonparametric + possible tuning rules
⇒ linear regression, nearest neighbour, kernel regression, Lasso,
random forests...
D`: Combination step
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The general idea

Local average procedure: Neighbourhood ?

Initial estimators as distance indicator between the observations.

Observation Xi considered to be reliable if all initial estimators predict
a similar value for this data point and x.
→ not more distant than a prespecified threshold ε.
Average of corresponding Yi ’s.

Nonlinear with respect to rk,1, · · · , rk,M .
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Example: x=15
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Formal definition

Let rk(x) = (rk,1(x), · · · , rk,M(x)).

Collective estimator:

Tn (rk(x)) =
∑̀
i=1

Wn,i (x)Yi , x ∈ Rd ,

where

Wn,i (x) =
1⋂M

m=1{|rk,m(x)−rk,m(Xi )|≤ε`}∑`
j=1 1⋂M

m=1{|rk,m(x)−rk,m(Xj )|≤ε`}
,

where ε` > 0 (convention: 0/0 = 0).

Parameter ε` ∼ kernel bandwidth
Too large: Average of all the Yi ’s.
Too small: Not enough data retained.
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Performance of Tn

Assume :
E|rk,m(X)|2 <∞ for all m = 1, . . . ,M.
For any m = 1, . . . ,M,

r−1k,m((t,+∞)) ↘
t↑+∞

∅ and r−1k,m((−∞, t)) ↘
t↓−∞

∅.

Performance of Tn assessed by

E |Tn (rk(X))− r?(X)|2.

Let
T (rk(x)) = E [Y |rk(x)].

then
E |T (rk(X))− Y |2 ≤ inf

f
E |f (rk(X))− Y |2.
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An upper bound

For all distributions of (X,Y ) with EY 2 <∞,

E|Tn(rk(X))− r?(X)|2

≤ E|Tn(rk(X))− T (rk(X))|2 + inf
f
E|f (rk(X))− r?(X)|2,

In particular :

Proposition 1
For all distributions of (X,Y ) with EY 2 <∞,

E |Tn (rk(X))− r?(X)|2

≤ min
m=1,··· ,M

E
∣∣rk,m(X)− r?(X)

∣∣2 + E |Tn (rk(X))− T (rk(X))|2 .
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Convergence of Tn to T

Proposition 2
Assume that

ε` → 0 and `εM` →∞ as `→∞.

Then
E |Tn (rk(X))− T (rk(X))|2 → 0 as `→∞,

for all distribution of (X,Y ) with EY 2 <∞.
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An asymptotic result as corollary

Corollary 1

lim sup
`→∞

E |Tn (rk(X))− r?(X)|2 ≤ min
m=1,...,M

E
∣∣rk,m(X)− r?(X)

∣∣2.
The combined estimator performs asymptotically at least as well as
the best one in the list.
For all distributions of (X,Y ): Universal result.
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A rate of convergence result

Proposition 3

Assume that :
Y and the rk,m’s are bounded by a constant R.
|T (rk(x))− T (rk(y))| ≤ L|rk(x)− rk(y)| for k ≥ 1, x, y ∈ Rd .

Then, with the choice ε` ∝ `−
1

M+2 ,

E |Tn (rk(X))− r?(X)|2 ≤ min
m=1,...,M

E
∣∣rk,m(X)− r?(X)

∣∣2 + C (R, L)`−
2

M+2 .

C (R, L) independent of k .
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Optimality

If one of the initial estimators is consistent for a given smoothness classM
of distributions, then Tn inherits this property.

Corollary 2
Assume that one of the original estimators, say rk,m0 , satisfies

E
∣∣rk,m0(X)− r?(X)

∣∣2 → 0 as k →∞,

for all distribution of (X,Y ) in some smoothness classM. Then, under the
assumptions of Proposition 3, with the choice ε` ∝ `−

1
M+2 ,

lim
k,`→∞

E |Tn (rk(X))− r?(X)|2 = 0.
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Alternate definition

In the definition

Wn,i (x) =
1⋂M

m=1{|rk,m(x)−rk,m(Xi )|≤ε`}∑`
j=1 1⋂M

m=1{|rk,m(x)−rk,m(Xj )|≤ε`}
,

all estimators are asked to satisfy the closeness condition: Unanimity.
May be relaxed : For example, require only a fraction α ∈ (0, 1] of the
estimators:

Wn,i (x) =
1{∑M

m=1 1{|rk,m(x)−rk,m(Xi )|≤ε`}≥Mα}∑`
j=1 1{∑M

m=1 1{|rk,m(x)−rk,m(Xj )|≤ε`}≥Mα}
.

α→ 1.
Measure of “homogeneity” of the estimators.
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COBRA

R Package COBRA.

Computations may be parallelized: Very fast.

List of default methods to be combined: lars, ridge, FNN, tree,
randomForest, or provide your own predictions.

Automatic calibration of ε and α : Minimize the empirical risk
(data-splitting).
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ε and α: Example 1

X ∼ U(−1, 1), n = 700, d = 20,

Y = 1{X1>0} + X 3
2 + 1{X4+X6−X8−X9>1+X14} + exp(−X 2

2 ) +N (0, 0.5).
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ε and α: Example 2

X ∼ N (0,Σ), n = 700, d = 20,

Y = 1{X1>0} + X 3
2 + 1{X4+X6−X8−X9>1+X14} + exp(−X 2

2 ) +N (0, 0.5).

0 2 4 6 8 10 12

0
5

10
15

Epsilon

R
is

k

1 machine
2 machines
3 machines
4 machines
5 machines
6 machines

●

A. Fischer (LPMA – Paris 7) Collective learning Août 2014 24



Predictive performance: Example 1

X ∼ U(−1, 1), n = 700, d = 20,
Y = 1{X1>0} + X 3

2 + 1{X4+X6−X8−X9>1+X14} + exp(−X 2
2 ) +N (0, 0.5).
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Predictive performance: Example 2

X ∼ N (0,Σ), n = 700, d = 20,
Y = 1{X1>0} + X 3

2 + 1{X4+X6−X8−X9>1+X14} + exp(−X 2
2 ) +N (0, 0.5).
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Experimental results : summary

⇒ Very good performance.

Comparison to :
Individual estimators
SuperLearner, van der Laan et al. (2007)
Exponentially weighted aggregation.

High-dimensional data.

Large number of estimators.
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Wavelet 1
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Wavelet 2
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Wavelet 3
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Wavelet 4
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“Mixed” collective classification

Back to classification.

Aim : Improve the collective method by restricting the influence of a
possible bad classifier.

Combining preceding ideas with “geometric” distance between inputs.

More regular definition of the collective classifier : kernel + plug-in
rule.
⇒ Distances involved :

1
a
‖Xi − x‖2 +

1
b

M∑
m=1

1{Cm(Xi )6=Cm(x)}.
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“Mixed” collective classification

Back to classification.

Aim : Improve the collective method by restricting the influence of a
possible bad classifier.

Combining preceding ideas with “geometric” distance between inputs.

More regular definition of the collective classifier : kernel + plug-in
rule.
⇒ Distances involved :

1
a

d∑
j=1

(Xij − xj)
2 +

1
b

M∑
m=1

(Cm(Xi )− Cm(x))2.
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Exponential bound

For instance, Gaussian kernel.

Under appropriate assumptions on bandwidths a, b :

Proposition 4
For any distribution of (X,Y ) and for every ε > 0, there is n0 such that for
n > n0, the error Ln of the mixed collective rule satisfies

P(Ln − L? > ε) ≤ 2e−nε2/C .

⇒ Strong universal consistency.
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An illustration
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Error rates

Example Mixed 1

LDA 0.54
Logist 0.54
Wrong 1
COBRA 0
MixCOBRA 0
(a = b = 0.01)

Example Mixed 2

LDA 0.54
Logist 0.54
Random 0.46
COBRA 0.36
MixCOBRA 0.28
(a = 0.01, b = 10)
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Boxplots Mixed 1

1000 trials
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Boxplots Mixed 2

1000 trials
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