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Model



Simple Non-parametric Bandits

K arms v = (va)1<a<k, Va € P[0, 1]
pa=E(Va), W= pa = maxyp, <1

Random observations (X »)1<a<k.n>1 independent, X, , ~ v,.

At each round t =1,2,..., T:

Choose At = th(ltf]_) where Itf]. = (As, Y$)1S5<t

Observe Y; = Xg, n,, (1) independent sample of v, .

where for all t >'1

Na(t) =) 1{A;=a}.

s<t



Bandit Observations

n= 1 2 3 4 5 6 7 8 9
Arm 1
Arm 2
Arm 3
Arm 4
t=0
ha(t) = 3 o,
Na(t) n<N,(t)



Arm 1

Arm 2

Arm 3

Arm 4

0.55 0.98 0.13 0.24 0.44 0.62 0.69 0.88 0.75

0.21 0.17 0.03 0.24 0.67 0.25 0.72 0.53

0.37 0.17 0.16 0.54 1.00 0.92 0.41

0.05 0.76 0.22 0.79 0.85 0.86

N1(30)=8
N2(30)=8
N3(30)=7

N4(30)=6



Regret Minimization

Find a strategy ¢ = (¢+)r>1 S0 as to maximize Z;l Y; in expectation.

Equivalent to minimizing the

T
>

Rr(¢,v) = Tp* —E
= Z(N* - ,ua) E[Na(T)] o

The strategy ¢ must minimize E[N,(T)] for all a such that p, < p*.



Lower Bound



See Lai and Robbins [1985], Burnetas and Katehakis [1996], Garivier et al. [2018]

It the strategy ¢ is such that such that for all bandit problems v over
[0, 1], for all suboptimal arms a,

Va >0, E, [Na(T)] = o(T%),
then for any bandit problem v over [0, 1], for any suboptimal arm a,

E,|[N,(T
liminf *[ ( )] > L .
T—oo InT ]Cinf(l/a,,u*)

where for all x € [0, 1],

Kinf(va, x) = inf{I{L(//a.w;) : v, e Pl0,1] , B(V) > x}

and where KL denotes the Kullback-
Leibler divergence.

Lh) w*



Lower Bound: Sktech of Proof

Let /; :(Yl, A, .., Yt,At) be the variables observed up to time t.

! /
Then, for every v/ = (Va)lgagK ,

K
> EL[No(T)] KL(vs, ;) = KL(PY, Pl)
a=1

v v

o [47]. . [47)

> KL (PNQ(T)7 IP’N,"(T))

where kl(x,y) = xIn 3 + (1 —x)In t—; is the binary relative entropy.

If v, = vy, for all b # a, and if E(v) > p*, then Va > 0

E,[N,(T)] KL (v,,}) > kI <°(;a), 1- O(;a)> ~(1—a)In(T)
e Ey [Na(T)]
B[N, 1
"7[1'2; InT = Kint(Va, p*)



Regularity of ;¢

Kint (v, 1) > KL E[V], ) > 2(E[v] — p)?

contraction Pinsker

For all v € P[0, 1], all € (0,1), and all € € (0, min{y, n — E(v)}),
€
1—p°

252 < ’Cinf(V7 /1') - ’Cinf(V>/1* - 5) <



Computing K;.¢

For all v € P[0,1] and all 0 < pu < 1,

i) = e /01|n<1—)\u) e

0<A <1

Moreover, if we denote by A* the value at which the above maximum is
reached, then Cins(v, 1) = KL(v, 7,,) where

dv(x)

———— +rdé
Y= rdoi(x)

di,(x) =

. dv(x)
with r =1 — fO 1)\*—(1M) S [O, 1)

(x—p)/



e (boring) Check that there exists A* € [0, 1] and r > 0 such that

) _ | dsy(x)

dir.(x) = T ait
—u

is a probability measure with E(7,) =y, and \* =1 = v({1}) =

1
Kinf(ya ,LL) = KL(Va l';u) = / (
0
e Let v/ € P[0, 1] be such that E(v') > p, and v/ >> v. Then
dv (X)
I ) dv(x)

1
oo -satey - [ n( £
. dl/’
1 dv (X)

= “[A 20 "

[01 1= x X0 ()

Xﬂ

I \/

n(1)

\ \/



Closest Distribution with Mean ;.
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Closest Distribution with Mean ;.

[
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The KL-UCB strategy




Optimism in face of Uncertainty

At each round t =1,2,..., T:
Compute an UCB U,(t) for all a € {1,..., K}
Choose A; = argmax, U,(t)

Remark: in Bayesian parametric bandits, the optimal policy is an index
policy that, in some asymptotics, mimics UCB.

See Gittins [1979], Chang and Lai [1987].
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UCB in Action

12



UCB in Action
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Non-parametric confidence bounds: Empirical Likelihood ouer 00y

Empirical measure:

Da(t) = Nal(t) ;5\@1{/\5 = a}

Ua(t) = SUP{E (V') | v € P[0, 1], KL(24(t), ) < '”(T)}

= sup{u €[0,1] ' Kin (52(t), 12) < LC(T)}

P ! 711
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Calibrating EL Confidence Bounds

Let 7, denote the empirical distribution associated with a sequence of n
i.i.d. random variables with distribution v over [0, 1] with E(») € (0,1).
Then, for all u > 0,

P[Kinf(ﬁn,E(V)) > u} <e@nt1)e™

Kinf(v, p*) > 6

)
5o " 1
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Proof of the deviation bound

Kin (0n, E(v)) = S G(A\)  where Zm (1 — AT u) .

Prop: for e > 0, let

Al (L i . Li, 1 11
e = 2 26 67...,2 672,2 67...72 26 € o
Then !/\E} <1+1/eand

VA€ [0,1],3X € Ac: G(N) > G(A) — 2¢.

15



Proof of the deviation bound

n

, ; 1 06 =
Kint (Pn, E(v)) = max G(A)  where G(A)= - Z In (1 — AT :) .
- =il

AEA.
1 z X,'fp,
AEAe =1
n X u
_ Xz ~n(u—20)
AEA. i=1

< ’Aele—n(u—k)
= (2n+1)e ™ H!
for e =1/(2n).
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A Vanilla Regret Analysis




Regret Bound

See [Garivier, Hadiji, Ménard, Stoltz 2018], see also Cappé et al. [2013], Honda and Takemura [2015] and references therein

For all arms a such that p, < p*, the KL-UCB strategy ensures that

B [N(6] < gori s (14 o(1)

Kinf(Vaa W

Thus, the KL-UCB strategy is optimal in the long run.
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Decomposition of the Regret

Let 0 > 0 to be chosen later (5 = 1/In(T)'/?)

T-1
E, [Na(T)] =1+ Py (Us(t) < p* — 6, Aty1=a) (1)
t=K
T-1
+ ) Pu(Ua(t) 2 p" — 0, Aeta-a) (2)
t=K

(1) — underestimation of the optimal arm

(2) — normal when N,(t) is small, otherwise overestimation of arm a

17



Upper-bounding Term (1) - 1/2

Since Ua,(t) > U, (t) for every t > K,

{Us(t) <t =8, Apr=a} C{It < T : Use(t) <p* — 6}
C{3n< T : Upp<p* -0}

C {Ein <T: ’Cinf(ﬁa*,mﬂ* —5) > ln(T)} .
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Upper-bounding Term (1) - 2/2

Py (30 < T : K (Do s 1" = 8) > '"(nT))

In(T)
< E P, ( inf ya* T —5) B )
S . ~ * 2 ln(T)

< E Pg (]Cmf(l/a*,mﬂ ) > 26° + n

S i e(2n + 1) e—2n(52

C o 0 3
< T54 sincegne*”" (17e79)2 < (H—)
and hence
T-1 c
P, (Ua(t) < p* — 0, Ary1= a)Sﬁ
t=K
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Upper-bounding Term (2) - 1/2

Let
ng = min {n CCing(vay = 20) < In(nT)}
_ In(T)
B ICinf(Vzn ,U/* - 25)
In(T)
<1
si+ ’C]nf(l/a, u*) — 452
Then
T-1
Pz(Ua(t) > pt =4, At+1:a)
t=K

T-1
<o+ By (Ua(t) > 1 = 26, Aryaca, No(t) > o)
t=ng
T-1
<ng+ Y P,(Usn > p* —20)
- 20



Upper-bounding Term (2) - 2/2

For n > ng,

Uy > 1" — 8} C {/cmf(aa,n,u*) < '”(T)}

n

C AKinf(Pa,n, 1" = 6) < King(va, " — 20)}

C {Kinf(ﬁa,mﬂ* - 5) < ’Cinf(ya’ ,U* N 6) - 1 _6,“* }

and P(U,n > p* —6) < exp (—€(d)n)
with
€(9) = inf {KL(V7 V3) : Kine(v, p* = 9)

< Kinf(Va-, ,U* - 5) -

>e6°.




Collecting Everything

EK[NB(T)} =1+ P, (Ua(t) < p* — 6, Aty1=a)
t=K
T-1
+ Pz( Ua(t) > pr =9, At+1*a)
t=K
C In(T) 1
<l+—+1 7
St et it e ) - T @
In(T)
= ——(14+0(1
Rone(rm ) L1 0W)

for § = 1/In(T)/5.
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Results and Questions




Careful Lower bound

For uniformly super-fast convergent strategies, that is, strategies for
which there exists a constant C such for all bandit problems v over
[0, 1], for all suboptimal arms a,

EZ[Na(T)} < £
InT = AZ’

the lower bound above can be strengthened into: for any bandit
problem v over [0, 1], for any suboptimal arm a,

E,[Ny(T)] > — T

T s Q(In(In T)).
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Initial Regime

We say that a strategy @ is smarter than uniform for all bandit
problems v, for all optimal arms a*, for all T > 1,

-
Ey [Ny, (T)] 2 %

For all strategies ) that are smarter than uniform, for all bandit
problems v, for all arms a, for all T > 1,

T
Ey [No.o(T)] 2 1 (1 = V2T Kint(va 7)) -
In particular,

VT <L E, [Nyo(T)] >

U
o 8lcinf(Va7,u*)7 2K

24



Forall T >1 and all K > 2,

ir)ﬁfsip Rr(¢,v) > %min{v KT, T} . (3)

Minimax optimal strategy: MOSS audibert and Bubeck 2000 (but not asymptotically
optimal). New analysis in [Garivier, Hadiji, Ménard, Stoltz 2018].
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Minimax and Asymptotically Optimal strategies

At each round t =1,2,..., T:

Compute an UCB U,(t) for all a € {1,...,K}

Choose A; = argmax, sup{,u € [0,1] l Kine (Pa(t), ) < m(Na(t))}

Technical (?) complication in KL-UCB-switch

Further complications to make to make it anytime (unaware of the final
horizon T)

Non-asymptotic regret bounds

26



Regret Bounds for KL-UCB-switch [Garivier, Hadiji, Ménard, Stoltz 2018]

Given T > 1, the regret of the KL-UCB-switch algorithm, tuned with
the knowledge of T, is uniformly bounded over all bandit problems v
over [0, 1] by

Rr < (K —1) +25VKT.

Given T > 1, the KL-UCB-switch algorithm ensures that for all bandit
problems v over [0, 1], for all sub-optimal arms a,

E, [N,(T)] < InT —IninT

- Ol
B Kinf(”aa,u*) (1)

27



Wanted: A better Deviation Bound for ;. ?

Let 7, denote the empirical distribution associated with a sequence of n
i.i.d. random variables with distribution v over [0, 1] with E(») € (0,1).
Then, for all u > 0,

P[Kinf(f)mE(V)) > u} <e(2n+1)e ™.

Kinf(v, p*) > 6

5
S0 I £
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Thank you for your attention!
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