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Introduction: Information for
Deviation Lower Bounds



Chernoff Bound for Bernoulli variables

Let pu € (0,1). Let X1, Xa, ... Xn S B(p), and X, = (Xy + -+ + Xa)/n.
Forall p < x <1,
kl(x,p)

X, . .
is the binary relative

1
where kl(x, y) = x log X4 (1 —x)log 1
y
entropy. Similary, for all 0 < x < p,

kl(x,p)

For every § > 0,



A Divergence on the Set of Possible Means

P, (nkl (X, 1) > Iogﬂ <26
w \ 1L (X0 1 5)

Ki(py )




Proof: Fenchel-Legendre transform of log-Laplace

For every A > 0,
IPN« ()?n > X) = PN (e)‘(xl+"‘+xn) > e)\nx)

Eu [e/\(xl+-~-+xn)}

< 3 by Markov’s inequality
e nx
_ efn<)\xflog]E“[exp/\X1]) )
Thus, —% logP,, (X, > x) > sup {Ax — log E, [exp AX1]) }

:sup{)\x—log(l—u—i—ue )}
A>0

= kl(x, p) .
kl = binary Kullback-Leibler divergence: kl(x, 1) = KL(B(x), B(x))
[logg6dP fP<Q,

+00 otherwise.

where  KL(P, Q) = {

Properties: 0 < KL(P, Q) < +oo, and KL(P, Q) =0 iff P = Q.



Lower Bound: Change of Measure

For all e > 0 and all o > 0,

P, (%, > x) = E,, [1{X, > x}] ‘/_\'«‘

— By []1{)'(” > x} x g ] L
=Exie []l{)_(,, > x} % }
v 1& dPxe dPy e
> Expe | 1{X, > x} ]1{; ;Iog P, (Xi) < Exse [log dT“(Xl)} +a}

X

1 _

1= Pere (Xa < x)

Y

1, dPiie dPy e
- - i x+e€ [ X
Px+e<n§|0g dP, (Xi) > Ex+ [og dP, (X1)| + o
5

_ (1— oy(1)) .



Lower Bound: Change of Measure

Foralle >0and all « >0

P, (X, > x) = E,, [1{X, > x}] ‘/_\'«‘

> Eyye ]1{)_(,, > x} ]1{ Zlo dPX“ ) < Eyre |:Iog P (Xl)] +a}

dP,
>< ]

1-— ]IDX+€ ()_<n < X)

>

< dPX . dP,...
—Pee ( ZI + ) > E,ie [Iog dP+ (Xl)} +cx>

= (1- o,,(l)) .

Asymptotic Optimality (Large Deviation Lower Bound)

I|m|nf Iog]P’ ()_<,, > x) > —Kkl(x, p) .



Lower Bound: Change of Measure

Foralle >0and all « >0

P, (X, > x) = E,, [1{X, > x}] ‘/_\'«‘

> Eyye ]1{)_(,, > x} ]1{ Zlo dPX“ ) < Eyre |:Iog P (Xl)] +a}

dP,
>< ]

1-— ]IDX+€ ()_<n < X)

>

< dPX . dP,...
—Pee ( ZI + ) > E,ie [Iog dP+ (Xl)} +cx>

= (1- o,,(l)) .

Asymptotic Optimality (Large Deviation Principle)

1 _
. log P, (Xn > x) = —KkI(x, p) .



Lower Bound: the Entropic Way
Let Q = {0,1}", Xi(w) = w; ./\._._

Probability laws on Q: P, = B(p)®".

For all € > 0,

= KL (Pytc, Py) KL(P ® P', @ ® Q') = KL(P, Q) + KL(P', Q')

- - KL(P, Q) > KL(PX, Q%)
14 X,>x 14 Xp>x contraction of entropy
KL (P { ! } P { " } = data-processing inequality
X+€ P ¥

2 ]:EDX+E (Xn Z X) |Og - |0g(2) kl(p, q) > p\ogé — log 2

Py ()_(n > X)

A non-asymptotic lower bound

_ nkl(x+e, p)+log(2)

Ve > 0, 1 ()_<,, > x) > e 1_e—2ne2



Intermediate: Sequential Test




Sequential Test : ;> 1/2 versus ;1 < 1/2

X1, Xa, ... independent random variables with distribution B(u).

Goal: say if > 1/2 or p < 1/2.

Sequential: stopping time 7, decision rule 4, =€ {+, —} is
Fr-measurable, where Fy = o (X, ..., X;).

e )-correctness constraint:
Vu<1/2, P4 =+) <6 and VYu>1/2 P, (4:-=—-)<$¢.

e a good procedure minimizes I, [7] for all p # 1/2.



Entropic Lower Bound on the Sample Complexity

If p>1/2:
1
EH [7—] kl (/J/, 5 — 6) = KL (P‘(UIXIVH’XT), PS)E;XT)) tensorization works with stopping times
2

5 = 1{3,=
> KL (Pi{a" +}, P 1{35 +}) contraction just like before
A

= kl(Pu(3: = +),Py_(3: = +))
> Kkl(1—4,9) iy -GS
Theorem

For every d-correct stopping time 7 and every p € [0, 1],

1

Kl (1, )

E,[r] > KI(1 - 4,5) .

Remark: k1(6,1 — 9) o log 3 and kI(,1 — &) > log 54> .
~ .

log %

1
Tight: possible to choose 7 s.t. E,[7] < 7(1 os( log = )
ight: possi T ‘H_MW@ + 05 (log ) .



Active Learning: Finding the
Distribution with Largest Mean




Best-Arm ldentification with Fixed Confidence

K options = B 1<2<K Parameter p = (pu1, - - ., k).
;ﬁ? - Gy S
H1 Ha Hs

At round t, you may:

e choose an option A; = ¢; (A1, X1, ..., Ar—1, Xe—1)) € {1,..., K}
e observe a new independent sample X; ~ B(ua,)

so as to identify the best arm a” () = argmax, 1, as fast as possible:
stopping time 7 , decision a..

Goal: minimize E,,[7]
under d-correctness constraint: Yy, [P, (4, # a"(p)) < 0.



Best-Arm ldentification with Fixed Confidence

K options = (B(11a)), - Parameter = (11, ..., fix).

o 7 T

x1 X2 x3 x4 x5

At round t, you may:

e choose an = ¢¢ (A, X1y, A1, Xemyy) € {1, K}
e observe a new
so as to identify the best arm as fast as possible:
T, ar.

Goal: minimize E,,[7]
under d-correctness constraint:



Racing Strategy

R:={1,...,K} set of : b
r := 0 current round

11y

e r:=r+1
e draw each a € R, compute [i, ., the empirical mean of the r samples

Wr

observed so far

e compute the empirical best and empirical worst arms:
b, = argmax [l , w, = argmin fi, ,
acR acR
e Elimination step: if
then eliminate w, : R := R\{w,}
end

Outpout: 3 the single element in R. 10



Entropic Lower Bound

Let o = (p1,- .-, k) and X = (A1,..., \k) be two parameters with
different maxima: a*(p) # a*(A). Then

ZE )] K, Aa) = KL (BL-X0), pQa- 7))

> KL(PLG-=" ()} pLie== ()}

> KI(P, (3, = 2" (1), P (8- = a"(w)) )
> KI(1 - 6,4) .

Entropic Lower Bound
[Kaufmann, Cappé, G.’15],[G., Ménard, Stoltz '16]

For every d-correct procedure, if a*(p) # a*(\) then

K
> Eu[No(7)] Kl(pay As) > KI(1 = 5,6) .

a=1
11



Using the Entropic Lower Bound

Let o = (p1,..., k) and X = (A1,..., A\k) be two bandit models.

Entropic Lower Bound

If a*(w) # a*(A), any d-correct algorithm satisfies

Using it for each arm separately, one obtains:

[Kaufmann, Cappé, G.'15]

For any é-correct algorithm,

K
1 1
E,[r] > + KI(5,1 — 6) .
ulrl 2 (kl(ul,uz) ; kl(,“av,“l)) ( )

12



Combining the Entropic Lower Bounds

Entropic Lower Bound
If a*(p) # a*(A), any d-correct algorithm satisfies

Let Alt(p) = {A:a*(X) # a*(p) }-

K
> Eu[No(T)] Kl(pay Aa) > KI(5,1 - )

i Ep[Na(7)]
Ealrl >, if.. ); TEulr] Kl(pay Aa) > KkI(6,1—6)

EM[T]x<sup inf Zwakl fhay A ) > k(6,1 9)

WwES  AEALL(1

13



Combining the Entropic Lower Bounds

Entropic Lower Bound
If a*(p) # a*(A), any d-correct algorithm satisfies

1
i

Let Alt(p) = {X:a*(X) # a*(p)}. “ o
K
> Eu[Na(T)] Kl(pay As) > KI(5,1 - 0)
a=1
B [No(7)]
E,[7] x Aeknlf );Wkl(ua,Aa) > KI(6,1—6)
E,[7] x (fé’%xe'ﬂf Zwa (7 > > k(6,1 9)

13



Combining the Entropic Lower Bounds

Entropic Lower Bound

If a*(p) # a*(A), any d-correct algorithm satisfies

Let Alt(p) = {X:a*(A) # a*(n)}. " B b
K
D Eu[Na(r)] Kl(1a, Aa) > KI(8,1— )
a=1
B[N (7)]
Enlr] > Aeknlf );Wkl(ua,&) > KkI(6,1—96)
E“““(ie“é’miﬂf ZWakI Has A ) > K51~ 6)

13



Combining the Entropic Lower Bounds

Entropic Lower Bound

If a*(p) # a*(A), any d-correct algorithm satisfies

Let Alt(p) = {X: a*(A) # a* () }. T
K
> Eu[Na(T)] Kl(pay As) > KI(5,1 - 0)
a=1
Ep[r] x _ inf ZK: w Kl(pas Aa) > kI(6,1 —9)
XEATH(p) £ E,[7] ’ - ’
E,[7] x (ie“& Ae.Anl]: Z wa KI(f2a, Aa > > kl(6,1-9)

13



Lower Bound: the Complexity of BAI

[G. and Kaufmann, 2016]
For any é-correct algorithm,

E,[r] > KI(6,1 — 4)

where

su inf w, Kl(pa,
WESKAGAM Z 2 k(s A

= i inf « kl(pea kl .
TR L o e A i )

e A kind of game : you choose the proportions of draws (w,),, the
opponent chooses the alternative.
= the are

w* () = argmax  inf Z w, Kl(pa, A

wex  ACAlt(n) 2 14



What if | want only an c-optimal distribution?

Now, at round t, you may:
e choose an option A; = ¢; (A1, X1, ..., A1, Xe—1y) € {1,..., K}
e observe a new independent sample X; ~ v4,

so as to identify any e-optimal a € A, = {a Dha > pt — e}where

¥ = max, [i, as fast as possible: stopping time 75 ..

=> minimize E[7;5 ] under the PAC constraint ), (15, < pi* —¢) < 0.

e PAC constraint: Probably Approximately Correct;

e more natural objective, especially in the context of discretized
optimization;

e permits to avoid infinite loops in case of draws.

15



Apparently more complicated

[G. and Kaufmann'19]

For any €, §-PAC algorithm with converging proportions of draws,

lim inf ]E”[Tl] > T*(u),
6—0 Iog 5
where
T*(u)™' = sup maxmin inf wa K1(1a, Aa) + we Kb, Ap) -

weT g a€Ae b#a (A3,Ap): Aa<Ap—e

e Asymptotic result (only).

e Assumption on the algorithm (convergence of the

proportions of draws) — can be dropped. A1/
e We do not manage to use the ?
information-theoretic technique! We have to go = Ly

back to the change of measure... even for the

sequential test with multiple correct answers! 16
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