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Data, Estimates, Models, and 
Loss Functions
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WLOG, all data are tensors of size 

denote the set of all indicesLet 

Link Function
Model

(low rank)
Estimate

(expected value)Data

Loss function: (sum of elementwise functions)



Sum of Square Error Assumes 
Normally Distributed Data
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Data Model
(low rank)

Typically: Consider data to be 
low-Ǌŀƴƪ Ǉƭǳǎ άǿƘƛǘŜ ƴƻƛǎŜέ

Equivalently, Gaussian with mean mi

Gaussian Probability 
Density Function (PDF)

Want to maximize likelihood of model:

Equivalent to minimizing negative log likelihood:

Assume ̀ is constant, so left with SSE!



KL Divergence Assumes 
Poisson Distributed Data

3/2/2017 Kolda - Bernoulli Tensor Factorization - CSE17 4

Data Model
(low rank)

Poisson Probability 
Mass Function (PMF)

Want to maximize likelihood of model:

Equivalent to minimizing negative log likelihood:

Remove constant term and left with KL divergence!

Chi & Kolda, SIMAX 2012



Alternative for Poisson 
Distributed Data: Log-Poisson
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Link Function
Model

(low rank)Expected ValuesData

Contrast with previous slide



Loss Function for Bernoulli Data
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Link Function
Model

(low rank)ProbabilitiesData

Bernoulli Probability Mass Function (PMF)



Alternative Loss Function for 
Bernoulli Data (Logit)
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Bernoulli Probability 
Mass Function (PMF)

Link Function
Model

(low rank)ProbabilitiesData



Loss Function for Bernoulli Data
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Link Function
Model

(low rank)ProbabilitiesData

Bernoulli Probability Mass Function (PMF)



Log-likelihood for Bernoulli
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Bernoulli Probability Mass Function (PMF)



Low-Rank Multiway Model
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Assume 
model has 

CP structure

Defined by d factor matrices: 

Outer product expression: 

Elementwise expression: 

Shorthand: 



Generalized Formulation
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Minimize subject to 

Theorem: The partial derivative of F w.r.t. A k is given by

where G(k) is the mode-k unfolding of a tensor defined by elementwise by

MTTRKP

Easily extensible to the case of incomplete data, i.e., using a weight tensor. 



Notation: Mode-k Unfolding, 
Khatri-Rao Product, MTTKRP
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mode-k
unfolding

MTTKRP: matricizedtensor times Khatri-Rao product

Can exploit special structure in this computation, 
especially if the tensor is sparse.

Khatri-Rao Product

ColumnwiseKronecker Product


