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Asymptotics of Multiple Binomial Sums
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I. Multiple Binomial Sums,
Diagonals and Multiple Integrals
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Multiple Binomial Sums

over a field K

Sequences constructed from
n
the binomial sequence (n, k) — (k>;
geometric sequences n — C", C € K;
Kronecker's o : n +— 0,

using algebra operations and

affine changes of indices (u,) = (1(,);

indefinite summation (u,, ;) — ( Z un,k> .

k=0"
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From Sum to Residue to Diagonal
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Can be turned into a general algorithm
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Diagonals & Multiple Binomial Sums
32 ()0

Thm. Diagonals = binomial sums with 1 free index.

> BinomSums[sumtores](S,u): (.)

1
I + t(l + l/tl)(l + Mz)(l — M1M3)(1 — M2M3)

has for diagonal the generating function of §,

[Bostan-Lairez-S.17] 5/28



Il. Aside: Griffiths-Dwork Reduction




Diagonals as Integrals
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LDE for Integrals: Griffiths-Dwork Method

P(t, x) Q square-free
I(t) = —= dax Int. over a cycle
Q"(z, X) where QO # 0.

1. While m > 1, reduce P modulo J := (0,0, ...,0,0)
and integrate by parts

P r+vi0,Q0+...+v,0,0 r N P

o 0" oo
2. Applyto LI, 1", ... until a linear dependency is found.

+ derivatives

It P/Q is the GF of Diag(G/H), Ideal of critical

points later

J becomes (7,0, H —20 H, ...,z 0 H—2z0dH)

|Griffiths70;Christol84;Bostan-Lairez-S.13;Lairez16] 7/28



Diagonals are Differentially Finite
[Christol84,Lipshitz88]

an(z)y(”)(z) + ... +ay(2)y(z) =0

Thm. If F' has degree d in n variables,
Diag F satisfies a LDE with
order ~ d", coeffs of degree d” .

+ algo in O(d®") ops.

|[Bostan-Lairez-5.13,Lairez16] 8/28



[11. Analytic Combinatorics in
1 variable

-3z ()0 (1))

1+ t(l + l/ll)(l + l/lz)(l - M1M3)(1 - u2u3)

S(iz) = Z S,z" = Diag
Analytic
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Philippe Hajolzt and
Robert Sadgewick




Principle

/\ _—— Generating function

equence (ap) > A(z) 1= ) anz" e
n>0
A 3-Step Method: a, = 1 [ AR 1~

2 | ot

1. Locate dominant singularities
2. Compute local behaviour
3. Translate into asymptotics

Possible behaviours for diagonals:

A(z) ~ c( —%)alogm . A,

Z—p 1_%

[Flajolet-Odlyzko1990] 9/28



Ex: Fibonacci Numbers

As n increases, the smallest
singularities dominate.
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Analytic Combinatorics for LDEs

q00(2) A (2) + -+ + qu(2)A(z) = 0

Classical properties of LDEs:

1. singularities satisty go(p) = 0;
2. one can compute a basis of formal solutions at (regular)
singular points, of the form /™ convergent

( — %) logm(l_li) (1+--+), ., aeQmeN.

(at p)

More recently (M. Mezzarobba’s ore_algebra_analytic):
certified analytic continuation (— ¢ numerically).

[Mezzarobbal6] 11/28



Example: Apéry’s Sequences

n+k

o 1 N BRI oS pp it B

k=1 k=1m=1

a=17-12v3~003, 2°(2* =342+ 1)y + -+ (2—=5)y=0
B =17+ 12v/2 ~ 34.

In the neighborhood of «, all solutions behave like

analytic — uva — 2(1 + (o — z)analytic).
Mezzarobba’s code givesz 4.55, pp ~5.46, p.~0.

Slightly more work gives jt. = 0, then ¢,, =~ 37"

and eventually, a proof that {(3) is irrational.

[Apéry1978] 12/28



l1l. Analytic Combinatorics in
several variables

ANALYTIC COMBINATORICS
A MULIIDIMENSIONAL APPROACH

-3z ()0 () () ()
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Combinatorics
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Variables S(z) = ). 5,z" = Diag

n>0

+ 1(1 + u)(1 + up)(1 — wyusz)(1 — uyus)

Stéphen Melczet

An Invitation
to Analytic
Combinatorics
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Coefficients of Diagonals

-

F(z) = Z-(é)) Ch,..ok = <2m> / Hi ) o1 ..i?zia

Critical points: extrema of |z;-+-z,|on 7:= {z | H(z) = 0} .

OH OH

a e o o 8 " ° aH aH
rank (8(2122}%,) 8(z1z Zn)) <1 [.€. 2137 — = Zn@7

0z1 T 0zn, 1 n

Minimal ones: on the boundary of the domain of convergence.

A 3-step method

1a. locate the critical points (algebraic condition);
1b. find the minimal ones (semi-algebraic condition);
2. translate (easy in simple cases).
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AN
Ex.: Central Binomial Coefficients .

N

2
(:>: 1_i_y:@+x+y+@wy+az2+y2+---+@62y2+---
(1). Critical points:1 —z —y =0,z =y =z =y = 1/2.

(2). Minimal ones. Easy. [0 geinieiell i i alen e e i e o

(3). Analysis close to the minimal critical point: /ﬁ

// dx dy 1 dx \//
A = ~
(274)? l—xz—vy |

()1 7 2710 ) (x(1 — x))k]

4k—l—1

, /exp(4(/€ +1)(x—1/2)%) dx ~

271
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Smooth Minimal Critical Point
Wlog 0F110z,(£) % 0

TR A A A
mptlﬁfletorlfje?r?tlon g s.t. H(Za g(Z)) — Oa <= (Zla X n—l)

n—1 A
. 1 G(z,2(Z 0% R .
Step 1. Residue CE — <—> + ( g( )) , [/j(Z) — Z1°°°Zn—1g(z)

0,H(Z, 8(2)) y(O)!

Step 2. Saddle-point analysis BfeEeglile:t /He55|an matrix
w(2) = GG, HOp = O) + <z—:> Q-+ 0(2-L1)
Thm. Under mild condltlons, T
(1-n)2 _G ;
¢, = C kk_( (27) . @) n O(k_l))

[PemantleWilson13;GaoRichmond92] W 58



V. Computational Aspects



1. Critical Points
Algebraic computation



Kronecker Representation for the Critical Points

Algebraic part: “compute” the solutions of the system

OH _ . _ oH
2182’1_ _Znﬁzn

deg H = d, max | coeff(H) | < 2h,

Prop. Under genericity assumptions, a probabilistic algorithm finds

H(z) =0

P(u) =0
P'(u)z; — Q;(u) =0 > deg < nD,
: height = O(D(d + h))

Pz, - 0,w) =0
in O(D>(d + h)) bit ops. System reduced to

a univariate polynomial

History and Background:

see Castro, Pardo, Hagele,
and Morais (2001)

[Giusti-Lecerf-S.01;Schost02;SafeySchost16] 16/28



Example (Lattice Path Model)

4_

The number of walks from the origin taking steps
{NW,NE,SE,SW} and staying in the first quadrant is

(1 +x)(1 +y) -
1 —1(1 +x% 4+ y? + x2 + y?) :

(8]
L 1 L

Diag

() ........

P(u) = Au* + 5203 — 4339u° + 0338 —|— 403920

Kronecker
representation @ (1) = 336u” + 344u — 105898
(u) =
(u) =

U
of the critical O —160u? + 2824 — 48982
points: Qi (u) = 4u® + 39u? — 4339u/2 + 4669 /2

u

<

ie, they are given by:

— Qa (1) y = Qy(u) P Q:(u)
P'(u)’ P'(u)’ P'(u)

Which one of these 4 is minimal?

P(u) =0,
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Numerical Kronecker Representation

- =0 isolating intervals/disks
Pl _:Ql(”) =0 for the real/complex
P'(u)z, — Qn(u) =0 roots of P

degree 9, height # O(D(D + X))
all z; at precision 27° O(D> + n(D>H + D))

(Technical) bounds on the complexity to decide whether a

polynomial Q(z)
vanishes at some of the solutions,
or is >0 at some of the real solutions;

to group solutions that have the same |z;|,i = 1,...,n.

Also in a multi-degree and/or a straight-line program setting.
[Melczer-S.21] 18/28



2. Minimal Critical Points in the

Combinatorial Case
Semi-Algebraic Problem



Combinatorial Generating Functions

Def. F(z;, ...,2,) is combinatorial if every coefficient is > 0.

Prop. [PemantleWilson] In the combinatorial case, one of the
minimal critical points has positive real coordinates.
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Testing Minimality

y 1

o1 1
H (1—2—9)(20 -z —40y) — 1 ~

oOH OH '0 %HI(IQ)”

Critical point equation 25> =y 5

r(2x + 41y — 21) = y(41x + 80y — 60)

— 4 critical points, 2 of which are real:

(z1,y1) = (0.2528,9.9971), (z2,y2) = (0.30998, 0.54823)

Add H(ix,1y) = 0 and compute a Kronecker representation:

Plu)=0, o= v="7u 1= %

Solve numerically and keep the real positive sols:
(0.31,0.55,0.99), (0.31,0.55, 1.71), (0.25, 9.99,, (0.25,0.99,0.99)

(z1,y1) is not minimal, (22, ¥y2) is.

155
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Algorithm and Complexity

Thm. If F(z) is combinatorial, then under regularity conditions, the
points contributing to dominant diagonal asymptotics can be

determined in O(D*(d + h)) bit operations. Each contribution has
the form

Ay = (T‘kk(Qw)(l_”)/Q) (C +O(1/k))
@can be found tO/éecision 27%in O(Dd>h’ + Dk) bit ops.

/ \

This result covers the easiest cases.
All conditions hold generically and can be checked

within the same complexity, except combinatoriality.
[Melczer-S. 21]
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Example: Apéry's sequence

1
REETCRI T u T T rarr—— O UM C £ G

Kronecker representation of the critical points:

P(u) = u® — 366u — 17711
~ 2u — 1006 320 ~ 164u + 7108

A 270 R A =7 0 K R = 0

There are two real critical points, and one is positive. After
testing minimality, one has proved asymptotics

> A, U := DiagonalAsymptotics(numer(F),denom(F),[t,x,y,2], u, k):

> evala(allvalues (subs(u=U[1],RA)));
— K '
(17+122) V2 /24 +172

8 /«:3 T
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Example: Restricted Words in Factors

1 — $3y6 4 $3y4 4 CE2y4 e $2y3
1] — ¢ — Y + 5132:(/3 _ xSyS _ $4y4 _ $3y6 + $4y6

F(ZE,y) —

words over {0,1} without T01T01101 or 1110101

A, U:=DiagonalAsymptotics(numer (F),denom(F),indets(F),u,k,true, u-T,T):
A

-~

>
>
r

84 +2400"" — 2850 — 18484 T — 21234 — 1408 6" + 255" + 7564 +25004"F +28%6 " — 508" + 2020 + 123305 — 1760 8" + 9240 — 49247 — 675" + 63247 — 24947 + 24u + 16

) 7 4 e ] _ . 2 _ - | ’ ) ' ; 5 P 1 m—— 2 - a

126" 1 306" 1 258" 1 5000 1 4a0d'" 102k’ 3780™ 154 214207 S50 22720"7 1644’ 1 28600Y  1R4ReT 123047 1 21804° 26864 | 14940 7284 320u ¢ R4
2 7 g vy & ) 5 e I 3 . 2 . 0 : ; ) K | ew _ g 2 .

53 / s’ + 2400’ — 285" — 15480"7 —21250'" — 1a0s 0 = 2554 4 7500 + 2509 0" 2856 + 605" — 2uzu e’ +12334° — 17000’ — 924" — 29237 —675:" + 63207 — 2490’ ~ 230+ 16
v e p T ; 15  « 3 2 . ' magg " N 7 .S 149 1 apn.2 , -

J 1626 — 6120 — 002" — 51647 — 254" + 5486 +2054 4" + 2156 0" + 808" — 226807 4+ 2462 4% — 2088 4" — 13124° — 52007 — 14107 + 11884 — 2004° + 32

/’

20 P e= 10 5 ‘ . 13 2 : . na T ) . 3 e o3 2 \ / — 1

(13..'°( +36u" = 21u'® = 17047 = 2550 — 1904"? — 19" £ 4607 + 46147 — 6284 — 133" + 37407 — 1610° — 38447 +126.° — 1387 — 2850’ — 404’ + 914 — 30w+ 32) / (2% Ja |84y :
I/

+ 240" — 285" — 1548 4'7 = 21254 — 1408 4" + 255 0™ + 756" + 25004 — 28364 — 60500 + 20200 — 12334° — 176047 + 92447 — 4920 — 6750 + 63247 — 2494F + 240+ 16) )
>~ Uy
[Rewiila 22 +12 7% —15 2% —86 2% —125 27 —88 7%+ 17 2P +54 24193 20423 29455 ZMpm -1 A0 A4 F -0 P35 F4ss - A2 7
+16_2Z—4,023574184)]
> @valf(subs(u=U[l] . .A)); '
1602945993 2101932

VK
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3. Non-Combinatorial Case



Minimal Critical Points

The connected components of the
complement of amoebas are convex

amoeba(H) := {(log|z|,...,log|z,|) | z€ C", H(z) =0}

| arznoéba of
l—x—-y

Consequence: With & the domain of convergence of F,
u€ I = dre (0,1),z € 0Y s.t. \zj\ = t\ujl,j =1,....n.

—> Criterion in the non-combinatorial case
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Split into Real & Imaginary Parts

f(z) € Clz] splits into flx +iy) = fO(x, y) + ifV(x, y)
fE, P in Rlx, y]

—> 2n + 2 critical point equations in 2n + 2 real unknowns

Cauchy-Riemann

@, (0H®10%)(@,b) + b (0H®10y, ) @b) = &g =0, j=1....m

H®(a,b) = H"(a,b) =0
a; <0H(1)/6xj>(g,£9) + bj <0H(1)/ayj>(g,£9) - =0, j=1,....n

25/28



Minimal Critical Points

Needed: no real zero of H(x + iy) with
|x; +iy;| =t|la;+ib|, j=1,....n
with 0 <1< 1.

Add new equations: |
H®(tx, ty) = HD(tx, ty) = 0, n+2eqnsin
I I N 2n + 1 unknowns

Xy = t(aj +bj), j=1,....n

And setup a (structured) system for the critical points of

4n + 4 egns in

Tty - (g,@,gc,_y, ’IR’ /11’ f) > 1. 4dn + 4 unknowns

Bit complexity for min crit pt selection: O(2°"D°d’h) .

26/28



Conclusion



Comparison of Approaches

Multiple binomial sum

[

Diagonal/Integral representation

Griffiths-Dwork

; Same ideal
reduction

S Kronecker

Linear differential Comzienva;;rlics repr. of
oY Rl . . :
AR equation variables ar'gz-di')ze

(smooth case)

analytic combinatorics

arbitrary algebraic num.

d, half-integer
only numerically S, =p"nC (1 +— 4 - explicit

full asymptotic expansion leading term
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Next Steps

More ACSV (transverse multiple points;

even more degenerate cases; diagonals of :
meromorphic functions,...);

More general sequences and integrals; ﬂ

Other ways to get “explicit’ constants; ( )

Complete, usable implementations...

The End



