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FIGURE 12 

Par convention, on dira que le multi-ensemble sous-jacent g une G- 
arborescence de la sorte i est le multi-ensemble forme par ses feuilles. 

En dimension k il y a aussi k sortes de G-bouquets et de G-gerbes. Ces 
especes font appel a une numerotation qui satisfait les memes conditions 
que plus haut et qui affecte aussi les bourgeons (selon leur sorte). Les 

figures 13 et 14 definissent geometriquement les notions de G-bouquet et de 
G-gerbe de la sorte i (avec k = 3). Dans le cas d’une G-gerbe (de la sorte i), 
I’entier v 3 0 est tout-a-fait arbitraire et represente la longueur de la tige. 

Les entiers i, jl, j, ,..., j, qui apparaissent sur la tige sont compris entre 1 et 
k (par convention, lorsque v = 0, on pose j, = i). 

Nous pouvons maintenant enoncer un lemme tout-a-fait anaiogue au 

lemme 1.1 de la section precedente, permettant d’exprimer formellement ces 
deux especes multi-sortes. 

G-BOUQUET = 

ISORTE il 

FIGURE 13 

G -GERBE 

(SORTE il 

FIGURE 14 
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complex analysis.

Typical questions
 
For a tree of size n, 
  
. probability that a 
leaf is a child of the 
root?
. expected 
pathlength (sum of 
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Philippe Flajolet, 
the Father of Analytic Combinatorics

counting; 

random generation; 

asymptotic analysis.

2009

Planned complete works span  
7 volumes of approx 600 pp. each.

1948-2011

Combinatorial  
specification

Generating 
functions

If you can specify, you can analyze.
2/20



Constructible Structures

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  
and recursion.  

3/20



Constructible Structures

Binary trees: 𝓑=1+𝒵x𝓑x𝓑

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  
and recursion.  

3/20



Constructible Structures

Binary trees: 𝓑=1+𝒵x𝓑x𝓑

Permutations: Perm=SET(CYC(𝒵));

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  
and recursion.  

3/20



Constructible Structures

Binary trees: 𝓑=1+𝒵x𝓑x𝓑

Permutations: Perm=SET(CYC(𝒵));

Trees: 𝓣=𝒵xSET(𝓣);

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  
and recursion.  

3/20



Constructible Structures

Binary trees: 𝓑=1+𝒵x𝓑x𝓑

Permutations: Perm=SET(CYC(𝒵));

Trees: 𝓣=𝒵xSET(𝓣);

Functional graphs: 𝓕=SET(CYC(𝓣));

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  
and recursion.  

3/20



Constructible Structures

Binary trees: 𝓑=1+𝒵x𝓑x𝓑

Permutations: Perm=SET(CYC(𝒵));

Trees: 𝓣=𝒵xSET(𝓣);

Functional graphs: 𝓕=SET(CYC(𝓣));

Series-parallel graphs:  
𝒢=𝒵+𝒮+𝒫, 𝒮=SEQ>0(𝒵+𝒫),𝒫=SET>0(𝒵+𝒮);

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  
and recursion.  

3/20



Constructible Structures

Binary trees: 𝓑=1+𝒵x𝓑x𝓑

Permutations: Perm=SET(CYC(𝒵));

Trees: 𝓣=𝒵xSET(𝓣);

Functional graphs: 𝓕=SET(CYC(𝓣));

Series-parallel graphs:  
𝒢=𝒵+𝒮+𝒫, 𝒮=SEQ>0(𝒵+𝒫),𝒫=SET>0(𝒵+𝒮);

...hundreds of examples in “the purple book”.

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  
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What do we count?

Inv[{1, 2, 3}] = 1 2

3

1 2

3

1 2

3

1 2

3

, , ,{ }
4 involutions; 

3 of them permuted by 𝔖3→ 2 unlabelled structures.  

Exponential generating series (EGF):

Inv3(z) =
2

3
z3F (z) =

1X

n=0

fn
zn

n!
, fn = nb. labelled structs of size n.

Ordinary generating series (OGF):

fInv3(z) = 2z3F̃ (z) =
1X

n=0

f̃nz
n, f̃n = nb. unlabelled structs of size n.
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describes constructible structures

6/20



A Dictionary for Generating Series

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  and recursion.  

Structure EGF OGF

𝓐+𝓑 A(z) +B(z) Ã(z) + B̃(z)
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Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  and recursion.  
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SEQ(𝓐)
1

1�A(z)

1

1� Ã(z)

SET(𝓐) exp(A(z)) exp(
X

Ã(zi)/i)

CYC(𝓐) log
1

1�A(z)

X �(i)

i
log

1

1� Ã(zi)

describes constructible structures

6/20



Examples

7/20



Examples

Binary trees: 𝓑=1+𝒵x𝓑x𝓑
�! B(z) = 1 + zB(z)2 = B̃(z)

7/20



Examples

Binary trees: 𝓑=1+𝒵x𝓑x𝓑
�! B(z) = 1 + zB(z)2 = B̃(z)

Cayley trees:
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Examples

Series-parallel graphs: 

G = Z + S + P,S = Seq>0(Z + P),P = Set>0(Z + S)

�!
⇢
G(z) = z + S(z) + P (z), S(z) =

1

1� z � P (z)
� 1, P (z) = ez+S(z) � 1

�
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z = 0.23
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Numerical Newton Iteration

Quadratic convergence

�(y) = 1 + zy2 � yTo solve               , iterate  
 
with                             

�(y) = 0

y[n+1] = y[n] + u[n],

�(y[n]) + �0(y[n])u[n] = 0.

z = 0.23 y[0] = 0,

y[1] = 1.0000000000000000,

y[2] ' 1.4259259259259259,

y[3] ' 1.5471933181836303,

y[4] ' 1.5589256602748822,

y[5] ' 1.5590375713926592,

y[6] ' 1.5590375815769151
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Fast Enumeration

Thm. First N coefficients of GFs of all constructible structures:  

1. arithmetic complexity O(N log N) (both ogf & egf); 

2. bit complexity 

 O(N2log2NloglogN) (ogf);     O(N2log3NloglogN) (egf).

[Pivoteau-S-Soria 2012]

Ingredients: Newton iteration & FFT.

10/20



Fast Enumeration

Thm. First N coefficients of GFs of all constructible structures:  

1. arithmetic complexity O(N log N) (both ogf & egf); 

2. bit complexity 

 O(N2log2NloglogN) (ogf);     O(N2log3NloglogN) (egf).

[Pivoteau-S-Soria 2012]

Ingredients: Newton iteration & FFT.

Demo 
NewtonGF 10/20



Derivative of Combinatorial Structures
(origin: species theory)

𝓕 𝓕

11/20



Derivative of Combinatorial Structures

(𝓕+𝓖)’=𝓕’+𝓖’;(𝓕X𝓖)’=𝓕’X𝓖+𝓕X𝓖’;

(origin: species theory)

𝓕 𝓕

11/20



Derivative of Combinatorial Structures

(𝓕+𝓖)’=𝓕’+𝓖’;(𝓕X𝓖)’=𝓕’X𝓖+𝓕X𝓖’;

𝓕(𝓖)’=𝓕’(𝓖)X𝓖’;

(origin: species theory)

𝓕 𝓕

11/20
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(𝓕+𝓖)’=𝓕’+𝓖’;(𝓕X𝓖)’=𝓕’X𝓖+𝓕X𝓖’;

𝓕(𝓖)’=𝓕’(𝓖)X𝓖’;

0’=1’=0; 𝒵’=1; 
SET’=SET; CYC’=SEQ; SEQ’=SEQXSEQ.

(origin: species theory)

𝓕 𝓕
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Combinatorial Newton Iteration

[Décoste, Labelle, Leroux 1982]

Y = 1 + Z ⇥ Y ⇥ Y =: H(Z,Y)
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Combinatorial Newton Iteration

[Décoste, Labelle, Leroux 1982]

Y [n+1] = Y [n] + Seq(Z · Y [n] · ?+ Z · ? · Y [n]) · ((1 + Z · Y [n] · Y [n]) \ Y [n]).

✓
Id�

@H

@Y
(Z,Y [n])

◆�1

Ccl: numerical convergence of the  
Newton iteration starting from 0.

Y = 1 + Z ⇥ Y ⇥ Y =: H(Z,Y)
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III. Random Generation



Why Random Generation?

Simulation in the discrete world; helps 

evaluate parameters; 

compare/refine models; 

test software.

13/20
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Proba(t)= 
x|t|

T (x)
with T (x) =
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Boltzmann Sampling

Proba(t)= 
x|t|

T (x)
with T (x) =

X

t2T
x|t|

x is a parameter of the algorithm

 [Duchon, Flajolet, Louchard, Schaeffer 2002-04]

Generate(h∈𝓗) = {  
  if 𝓗=1 return 1;  
  if 𝓗=𝒵 return 𝒵;  
  if 𝓗=𝓕x𝓖 {  
     Generate(f∈𝓕);  
     Generate(g∈𝓖);  
     return (f,g); }  
  if 𝓗=𝓕+𝓖 {  
     b:=Bernoulli(F(x)/H(x));  
     if b=1 return Generate(f∈𝓕);  
     else return Generate(g∈𝓖);  
  if 𝓗=Set(𝓕) {
     …

Expected size:
xT 0(x)

T (x)
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Boltzmann Sampling

Proba(t)= 
x|t|

T (x)
with T (x) =

X

t2T
x|t|

F(x),H(x) by Newton iteration
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𝓑=1+𝒵x𝓑x𝓑

Expected size:
xT 0(x)

T (x)

Exp. size

⇠ 1

2
p
1� 4x
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Example: XML-trees

Grammar File size #eq. Newton
rss 9.5k 16 0.02s.

Relax NG 124k 114 0.10s.

XSLT 168k 122 0.12s.

XHTML Basic 284k 96 0.32s.

SVG 6.3M 232 0.23s.

OpenDocument 2.8M 814 0.34s.

DocBook 11M 977 23s.

[Darrasse2010]

Time for x s.t. E(size)=10,000
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Example: Binary Trees (Again!)

A 3-Step Method:
1. Locate dominant singularities; 
2. Compute local behaviour; 
3. Translate into asymptotics.

B(z) = 1 + zB(z)2

= 1 + z + 2z2 + 5z3 + · · ·

=
1�

p
1� 4z

2z

1. sing. en z = 1/4

2. local behaviour:

3. translation:

B(z) =
z!1/4

2� 2(1� 4z)1/2 + · · ·

Bn ⇠ 4nn�3/2

p
⇡

✓
1� 9

8n
+ · · ·

◆
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If you can specify it, you can analyze it!

Permutations 
Mappings 
Words 
Strings 
Urns 
Trees 

Languages 
Integers 
Compositions 
Partitions 
…

+ parameters

Universality phenomena:

# trees of various types K⇢nn�3/2 n1/2pathlength in Ex.:
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