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Par convention, on dira que le multi-ensemble sous-jacent g une G- 
arborescence de la sorte i est le multi-ensemble forme par ses feuilles. 

En dimension k il y a aussi k sortes de G-bouquets et de G-gerbes. Ces 
especes font appel a une numerotation qui satisfait les memes conditions 
que plus haut et qui affecte aussi les bourgeons (selon leur sorte). Les 

figures 13 et 14 definissent geometriquement les notions de G-bouquet et de 
G-gerbe de la sorte i (avec k = 3). Dans le cas d’une G-gerbe (de la sorte i), 
I’entier v 3 0 est tout-a-fait arbitraire et represente la longueur de la tige. 

Les entiers i, jl, j, ,..., j, qui apparaissent sur la tige sont compris entre 1 et 
k (par convention, lorsque v = 0, on pose j, = i). 

Nous pouvons maintenant enoncer un lemme tout-a-fait anaiogue au 

lemme 1.1 de la section precedente, permettant d’exprimer formellement ces 
deux especes multi-sortes. 

G-BOUQUET = 

ISORTE il 

FIGURE 13 

G -GERBE 

(SORTE il 

FIGURE 14 



I. Introduction
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Combinatorics, Randomness and 
Analysis

From simple local rules, a 
global structure arises. 

A quest for universality in 
random discrete structures: 
➡ probabilistic complexity 
of structures and algorithms. 

Quantitative results using 
complex analysis.



Overview (1/2)

•Equations over combinatorial structures 

•Generating functions  
 
 

•Complex analysis  

Ex.: binary trees

F (z) =
1X
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Overview (2/2)

•Equations over combinatorial 
structures + parameters 

•Multivariate generating series  
 
 

•Complex analysis  

•Limiting distribution

Ex.: path length in 
binary trees
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Michèle’s work in  
 Analytic Combinatorics

84-89: complexity rewriting

90-95: limiting distributions (➥ Michael’s talk)

05-12: Boltzmann sampling (⇇ incl. our joint work)

98-01: planar maps & Airy

11-…: k-trees (➥ Hsien-Kuei’s talk)



Our joint work
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Boltzmann Oracle for Combinatorial Systems

Carine Pivoteau1 and Bruno Salvy2†and Michèle Soria1‡

1LIP6 – UPMC, 104 avenue du président Kennedy, F-75016 Paris, France,
2Algorithms Project, Inria Paris-Rocquencourt, France
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Boltzmann random generation applies to well-defined systems of recursive combinatorial equations. It

relies on oracles giving values of the enumeration generating series inside their disk of convergence. We

show that the combinatorial systems translate into numerical iteration schemes that provide such oracles.

In particular, we give a fast oracle based on Newton iteration.

Keywords: Random generation, Boltzmann generation, combinatorics, Newton iteration

1 Introduction
The recent discovery of Boltzmann samplers by Duchon, Flajolet, Louchard and Schaeffer [5]
brought a considerable progress to the area of random generation of combinatorial structures. For
wide families of classes of structures defined recursively, it is possible to construct automatically
efficient random generators (samplers). These generators can produce large structures with the
property that a structure of size n is drawn uniformly at random among the cn structures of
size n in its class. They rely on so-called oracles, that return numerical values of the generating
series of the sequence (cn)n≥0 and related series inside their disk of convergence.

In this work, we provide such oracles for numerical values, thus making Boltzmann sampling
effective, for all structures specified by well-founded systems of combinatorial equations. The
precise setting is given in §2. In the same way that the Boltzmann sampler is constructed
automatically from a recursive combinatorial specification, we give automatic constructions of
numerical iteration schemes for the oracles. The key point of the treatment is that these numerical
schemes are based on combinatorics: each value computed during the numerical iteration is the
evaluation of a convergent power series whose coefficients enumerate combinatorial structures.

A straightforward translation of combinatorial systems yields a first family of oracles. For
instance, the class of rooted labeled trees is described by the combinatorial equation T = Z ×
Set(T ). This equation can be interpreted as a fixed point equation on combinatorial classes for
an appropriate notion of distance (the contact). Then the iteration T [n+1] = Z × Set(T [n]) can
be seen to converge to the class of rooted labeled trees, starting with T [0] the empty set. For

†This work is supported in part by the French Research Agency (ANR Gecko).
‡This work is supported in part by the French Research Agency (ANR Gamma), noBLAN07-2 195422.

1365–8050 c⃝ 2008 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France

• A bridge between analytic combinatorics 
and species theory

• Algorithms for: checking 
consistency of combinatorial 
systems; fast enumeration; 
Boltzmann oracle.

(with Carine & Michèle)

http://dx.doi.org/10.1016/j.jcta.2012.05.007


II. Newton Iteration

1671



Newton Iteration in Computer Algebra

To solve ɸ(y)=0, iterate  
y[n+1]=y[n] +u[n], with ɸ’(y[n])u[n] =-ɸ(y[n])

Quadratic convergence ⟷ Divide-and-Conquer

Solve(N) = {  
  res=Solve(N/2);  
  a=ɸ(res); b=ɸ’(res);  
  u=Solve(ax+b,x);  
  return res+u; }

Cost(N) = ct ⨉ Cost(last step)

Useful with fast multiplication (e.g., FFT)  
→ O(N log N) ops.



Catalan numbers (binary trees)

y[n+1] = y[n] +
1 + zy[n]

2 � y[n]

1� 2zy[n]

y[0] = 0

y[1] = 1

y[2] = 1 + z + 2z2 + 4z3 + 8z4 + 16z5 + 32z6 + 64z7 + . . .

y[3] = 1 + z + 2z2 + 5z3 + 14z4 + 42z5 + 132z6 + 428z7 + . . .

Generating function satisfies y = 1 + zy2

Newton iteration



Derivative of Combinatorial Structures

•0’=1’=0; Z’=1; SET’=SET; CYC’=SEQ; 
SEQ’=SEQᐧSEQ; 

•(𝓕+𝓖)’=𝓕’+𝓖’;(𝓕ᐧ𝓖)’=𝓕’ᐧ𝓖+𝓕ᐧ𝓖’; 

•𝓕(𝓖)’=𝓕’(𝓖)ᐧ𝓖’.

(origin: species theory)

𝓕 𝓕



Newton Iteration for binary trees

[Décoste, Labelle, Leroux 1982]

Y [n+1] = Y [n] + Seq(Z · Y [n] · ?+ Z · ? · Y [n]) · ((1 + Z · Y [n] · Y [n]) \ Y [n]).

Y = 1 + Z · Y · Y =: H(Z,Y)

✓
Id�@H

@Y (Z,Y [n])

◆�1

Generation by increasing 
Strahler numbers



Application: Unlabelled Rooted Trees

Combinatorial Newton iteration: 
T [n+1] = T [n] + Seq(H(T [n])) · (H(T [n]) \ T [n])

Combinatorial equation: T = Z · Set(T ) =: H(Z, T )

T̃ [n+1] = T̃ [n] +
H(z, T̃ [n])� T̃ [n]

1�H(z, T̃ [n])

Newton for OGF

OGF equation:
˜T (z) = z exp( ˜T (z) +

1

2

˜T (z2) +
1

3

˜T (z3) + · · · )

T̃ (z) = H(z, T̃ (z))

0,

z + z2 + z3 + z4 + · · · ,
z + z2 + 2z3 + 4z4 + 9z5 + 20z6 + · · ·



Our Result

Thm. [Pivoteau-S-Soria 2012] First N coefficients 
of GFs of all constructible species in 
1. arithmetic complexity  
     O(N log N) (both ogf & egf); 
2. bit complexity 

• O(N2log2NloglogN) (ogf); 
• O(N2log3NloglogN) (egf).



III. Boltzmann Sampling 
and its Oracle



Algorithm

Proba : x

|t|

T (x)
with

T (x) =
X

t2T
x

|t|

• Singleton: easy. 
• Cartesian product: 
𝓗=𝓕⨉𝓖 
Generate f∈𝓕;  

Generate g∈𝓖;  
return (f,g);

• Disjoint union  
𝓗=𝓕+𝓖 
b=Bernoulli(F(x)/H(x));  
if b=1 then Generate f∈𝓕 

else Generate g∈𝓖;

Example: binary tree with F(.49)/H(.49)≃.5995 B = Z + Z ⇥ B ⇥ B
Coin: 0,1,0,1,0,1,1,0,1,1,1,... 

Complexity linear in |t|, given T(x)

x is a parameter of the algorithm

 [Duchon, Flajolet, Louchard, Schaeffer 2002-04]



Oracle: Labelled Case

Combinatorial 
specification

Combinatorial 
Newton iteration

Generating function 
equations

Generating function 
equations

Series 
Newton iteration

Numerical Newton iteration starting from 0 
converges to the value of Y(x).

Evaluate at x

Demo 
NewtonGF



Unlabelled Oracle on an Example

Combinatorial Newton iteration: 
T [n+1] = T [n] + Seq(H(T [n])) · (H(T [n]) \ T [n])

Combinatorial equation: T = Z · Set(T ) =: H(Z, T )

T̃ [n+1] = T̃ [n] +
H(z, T̃ [n])� T̃ [n]

1�H(z, T̃ [n])

Newton for OGF

OGF equation:
˜T (z) = z exp( ˜T (z) +

1

2

˜T (z2) +
1

3

˜T (z3) + · · · )

T̃ (z) = H(z, T̃ (z))

0   0                      0                              0 
1  .43021322639  0.99370806338e-1  0.27759817516e-1 
2  .54875612912  0.99887132154e-1  0.27770629187e-1 
3  .55709557053  0.99887147197e-1  0.27770629189e-1 
4  .55713907945  0.99887147198e-1  0.27770629189e-1 
5  .55713908064  0.99887147198e-1  0.27770629189e-1

n T̃ [n](0.3) T̃ [n](0.32) T̃ [n](0.33)

Author's personal copy

C. Pivoteau et al. / Journal of Combinatorial Theory, Series A 119 (2012) 1711–1773 1757

Fig. 15. Hybrid method: inside the gray disk, the evaluation uses a truncated power series.

The Pólya operator for its Newton iterator was given in Example 15 as

ΦNH : Y (z) !→ Y (z) + B(z) − Y (z)
1 − B(z)

with B(z) = z exp
(

Y (z) + 1
2

Y
(
z2) + · · ·

)
.

This translates directly into a Newton iteration on sequences converging to values of G̃ at powers
of α by the corollary above. In the table below α = 0.3, and we show the evaluation of the first three
values of the sequence (Ỹ [n](αk))k∈N⋆ , up to the fifth iteration.

n Y [n](0.3) Y [n](0.32) Y [n](0.33)

0 0 0 0
1 0.42857142857142857 0.098901098901098901 0.027749229188078108
2 0.54831147767352699 0.099887063059789885 0.027770629177403332
3 0.55709091792164806 0.099887162357063362 0.027770629192262428
4 0.55713917646743778 0.099887162357064255 0.027770629192262428
5 0.55713917793231456 0.099887162357064255 0.027770629192262428

The rest of this section describes ways to compute this iteration in practice.

Hybrid method We now have two convergent iterations at our disposal: one on truncated power se-
ries and one on infinite sequences of values at powers of α. Our method below consists in combining
these iterations in parallel so as to get rid of infinite sequences, using the iteration of Theorem 9.15
with power series to evaluate values at high exponents of αi , where they converge fast. It depends
on a threshold K to switch the use of power series. This is illustrated in Fig. 15.

The method applies to a species F , with Pólya operator ΦF and associated sequence trans-
former Ψ F . The ordinary generating series F̃ (z) has radius of convergence ρ , and the numerical
evaluation concerns α < ρ . The input of the method consists of

i. a K -tuple (y[n]
1 , . . . , y[n]

K ) of approximations of (Y [n](α), . . . , Y [n](αK ));
ii. a truncation T [n]

m (z) := Y [n](z) mod zm of the Taylor series of Y [n] at order m (which is used to
evaluate values of (y[n]

k ) for indices k > K );

Demo 
NewtonGF



NewtonGF: from algos to code

• Nov. 2005: first Maple worksheet 
• Sep. 2008: first basic version distributed (different name) 
• Fev. 2012: better numerical precision 
• Nov. 2013: cardinality constraints 
• Oct. 2014: v1.0 Labelled case complete 
• Janv. 2015: v1.1. Series in the unlabelled case 
• Jul. 2015: v1.2. Numerics in the unlabelled case; faster series 

expansions (Pablo). 
• Jul. 2016: v1.3. Faster Newton iteration (exs MBM). 
• Jan. 2017: v2.0. Radius. 
• Fev. 2017: v2.1. Bug fix.

More to come

http://perso.ens-lyon.fr/bruno.salvy/software/the-newtongf-package/

(with Carine Pivoteau)



The End

Bonne retraite, Michèle !


