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Philippe Flajolet,
the Father of Analytic Combinatorics

Analytic
Planned complete works span Combinatories

7 volumes of approx 600 pp. each. s

Robert Sadgewick

e e

1948-2011

2009
//////, ¢ counting;
Comb]'fatc,)”al . ?e”er,at'ng -« random generation;
specitication unctions
T ¢ asymptotic analysis.

If you can specify, you can analyze.
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Constructible Structures

Language: 1,Z, +, X, SEQ, SET, CYC

{

and recursion.

v Binary trees: B=1+ZxXABxAB

& Permutations: Perm=SET(CYC(Z)); |

13

v Trees: I =FXSET(T);

DEDER
L (asep - . -
rree cma | Q Functional graphs: F=SET(CyC(9));
Bt it e
tadle.  Prants- Qjﬁ‘z_ﬁ S . ” I h
*?::hragﬂrf-»“ NS erles—para (& grap S. Analytic

Combinatorics

Philippe Flajolzt and
Robert Sadgewick

G=FL+85+P, S=SEQ-1(F+P), P=SET-1(Z +8);

¢ ...hundreds of examples in “the purple book”. -



iy
Computer Algebra Helps = |

;>'with(NewtonGF):
>( spgraphs:={G=Union(Z,S,P), T
S=Sequence (Union(Z,P),card>1l), Ek*“”ﬂcauon

P=Set (Union(Z,S),card>1)}:
> subs (GFSeries(spgraphs,unlabelled,z,20),G);

2422452 415274482 + 16720 4+ 6022 +22562° + 8660 2

33958 21V + 135292 211 + 546422 212 + 2231462 217
+9199869 214 + 38237213 z'° + 160047496 z'° + 674034147 '/

+ 2854137769 2'° 4(12144094750)z"" + 0(z*")

<

Nb of distinct series-parallel graphs with 19 vertices
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Bigger Specification: Planar Graphs

3-regular 2-connected Planar Graphs

A clever decomposition reduces them
to interrelations between:

(75 3-connected cores;
T,U planar triangulations (Tutte),

leading to

U = 2G3+T+2U% =

G + B? 1
T = 2(1+B)*, B = -2 | B+ =B?
z(1+B)~, T B z( + 5 )

(1-U)>

From there, many probabilistic properties follow

(e.g., proba being connected, nb triangles,...)
[Bodirsky et al. 2007;NoyRequiléRué2018] 5/53




I's
Bigger Specification lI:

Planar Eulerian Orientations

Exponential growth still unknown

Bonichon et alii construct an increasing family of languages

LM LA LG ...

converging to the planar Eulerian orientations.

The grammar for L(*) contains ~ 4" equations.

Only k=1,2,3,4 can be dealt with exactly,
even with a computer!

[BonichonBousquet-MélouDorbecPennarun2017] 6/53
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l. Counting and Generating Functions

F(z) =) fnz"
n=0



Example: Binary Trees

B=1+FEXBXAB

number of binary
trees with n nodes

Forn>1, B,

Demo
NewtonGF

(Catalan)
| , ~ \
A \
|“' > 3 [j Ii \)
17 —ﬁ\ v"';-{"‘\
) ] '
uo G }_\ O / )
4 b u j




What do we count?

Inv[{1,2,3}] = {8 @Mﬁ%ﬁ}

B8

4 involutions;
3 of them permuted by ©3— 2 unlabelled structures.

Exponential generating series (EGF):

©  _n 2
F(z) = Z fn%, frn. = nb. labelled structs of size n. Invg(z) = §23
n=0 '

Ordinary generating series (OGF):

P

F(z) = Z Fnz™,  fn = nb. unlabelled structs of size n. IIlVg(Z) = 225
n=0

10/53



Product Translates into Product

C=AXAB

Unlabelled Labelled

k 0

11/53



Cor.: Sequences Have no Symmetry

SEQ(A)=1+ A+ AXA+AXAXA+-

translates as

1
1 — A(2)

1+ A(2) +A(R)* + AR+ - =

regardless of labelling.

12/53



A Dictionary for Generating Series

internal

symmetry
matters

Structure EGF OGF
A+ARB A(z) + B(z) A(z) + B(z)
AXRB A(z) x B(z) A(z) x B(z)

1 1

SEQ(al) e =
SET(of exp(A(z))  exp(d A(2")/i)

1 (i) 1

CyCc(o log T D~ log 300

¢(i) ;== card{j € N* | j <17 and ged(z,7) = 1} 1353



Example: Involutions
i - ()

Inv = Set(Cyc5(Z2))

2
Labelled Inv(z) = exp (z | 22 )

5
+ 242 +©z 2t

Unlabelled Cyc,(Z) — z+ 2°

IN() | 1 | 1 1
nv(z) =ex O - 10 —
v PV T 2 7% 1T 2) — 1 — 21— 2

— 14 24 222 @3 2% ...
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I

A program can do it for you
N )

involutions:={Inv=Set (Cycle(Atom,card<=2))}:
combstruct[gfeqns] (involutions,labelled, z);

z + %22
Inv(z) =¢

combstruct[gfeqns] (involutions,unlabelled, z);

2j J
o0 . N
1_

i l J

, 1
Inv(z) =e

simplify(value(%)) assuming z>0,z<1;

B 1
bWQ)_(—L+ﬂ2&+4)_
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More Examples

Binary trees: SB=1+ZxXABxAB
— B(z) =1+ 2B(2)* =

Cayley trees: T =ZxSEN(T)
— T( ) = zexp(T'(2));

Serles parallel graphs:

G=Z+8+P,S=S8q:0(Z+P),P = ST>o(Z+S)

o {G(z) =24+ 5(2)+ P(z),5(2) = — i P(2) 1, P(z) = e T93) — 1}




Ideas of Proofs for Sets & Cycles (labelled case)

k-tuples in A x --- x A have egf:
N —’

k times

AR () = Z % nb. of such k-tuples

with n atoms
n >0

Sets: forget the order in the k-tuple — RN

Cycles: forget the cyclic order in the k-tuple — L

17/53



Ideas of Proof for Sets (unlabelled case)

1. A has only 1 element, a
UnlabSet(A) ~ Seq(a) T
— a
2. A has 2 elements, a and b

1 1
UnlabSet(.A) ~ Seq(a) x Seq(b) — 1 _ -la X 1 — ~Ib

1 Notation:

|a|: size of a

3. General case

1 1
L1 | — 2la =exp ) 08 T Tal

ac A ac A S

z|a|—|—%22|a|—|—%z3|a|—|—---

— exp (A(z) + %A(z2) + 1A(,zS) + - >

3

Cycles: inclusion-exclusion. 18/53



Irreducible Polynomials over a Finite Field

I(z) = Z inZ" 1, = card{monic irred pol of deg n over F,}
n>0

MonicPol = Seq(Coeffs) = Set(Moniclrred)

P(z) ! :exp<](z)_|_1](22)4_1](2«3)4_...)

T qz 2 3
p(k) 1 0 if & h ime fact
[ — 10 _ 1 asS a square primme 1actor,
(Z) ];) k 5 1 — qzk (k) {(—1)nb facts otherwise.  NMObIUS
1 2 1 20,2 1 inversion
. q(q2 ) 2 Cl(q3 ) 3 CI(CI4 ) 44 ..
. In 1
— proba irred: > —, n — 00
q" n

— probabilistic analysis of factoring algorithms

[FlajoletGourdonPanario2001] 19/53



Parameters

Ex.: path length in

» Equations over combinatorial bi t
Inary trees

structures +

. generating series
B(z,u) = Zupl(b)z|b|
F(z,u) = Z fropu 2" beB
n,k 0B(z,u)
P(z2) =
. ou u=1
* Complex analysis
fag ~ o m =00 Py
~ /TN
nB,,

[IMishna2003] Demo. 20/53
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Numerical Newton Iteration

2
To solve ¢(y) = 0, iterate oly) =1+zy" —y
y[”+1] B y[”] i U[n]’ 1 +zy[n]2 yln
. " Al [n n+H1] — Af(y]) = 4[] —
with (™) + ¢/ (y)ul™ = 0. | v =N =y o0

z = 0.23 y% =0,
y!!l =1.0000000000000000,
y?l ~1.4259259259259259,
y?l ~1.5471933181836303,
y1 ~ 1.5589256602748822,
y1 ~ 5500875 713926592,
| Quadraticconvejgn y" == 1.5590375815769151

21/53



Newton Iteration for Power Series

Same , w2l |
Newton yn+1] :N(y[n]) — gl +2zy =y 1.5_:
: 1 — 2zylnl |
lteration |
0] Proving numerical
y =0 convergence requires 7]
y-l- control over the tails \
2 - I. 0.65 .IIO . 0.I15 O.I20 O.I25
y- J
=
y- -

On power series: y — yl®l = O(M) = N (y) — y!>° = O(z—)

Expand(N) = {
res=Expand(N/2);

a=0(res); b=d'(res); Cost(N) < ct X Cost(last step)
u=Solve (a+bx,x);
return res+u; }

22/53



Example: Newton Iteration for Inverses

To solve ¢(y)

with ¢ (y™)

= 0, 1terate

S )
o' (y"™)u™ = 0.

Cost: a small number of multiplications. Works for:

:>1/gb

—

Y

[n—l—l

—y

numerical inversion;

reciprocal of power series;
inversion of matrices.

[Schulz1933;Sieveking1972;Kung1974]
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Series-Parallel Graphs

To solve ¢(y) = 0, iterate C=F+S+P,

L

yln 1l = gylnl 4 glnd S=SEQ-1(Z+P)

12X

eea g

with ¢(y™) + ¢ (™™ = 0. P=SET-1(Z+S)

o

fast matrix inverse
by previous iteration

Next: fast exponential and logarithm (sets & cycles)

24/53



From the Inverse to the Exponential

1. Logarithm of power series:  log f = /(f’/f)

2. Exponential of power series: ¢(y) = a — logy

a — log el™
1/elnl

_ Il i (a ~ / )’ /€[n1> |

1/el" is computed by Newton iteration too!

olnt1] — ln]

Extends to more general systems of differential equations.

[Brent1976;HanrotQuerciaZimmermann2004;Bostan et alii 2007] 25/53



Conclusion for Series-Parallel Graphs

C=F+85+P, S=SEQ-1(F+P), P=SET-1(F+8)

compiles into the Newton iteration:

(il = gl (elnliln] — 1)
elnt1l = elnl 4 elnl(z 4 gln) — f(ie[n])i[n]%

(o 1 \

 yln+1l = ylel 4 ylnl . 0 0 oln+1? _ |yl 1d —plil ||
\\o i1 0 /
/G[n+1]\ /G[n]\ / >+ Sl o pln] _ gln] \
Gglnt1] | = | glnl pht | e+l _ 1 _ o pInl _ gl | mod 22"
\ \p[nﬂ]) \p[n]/ \e[nﬂﬁ 1 — 5 — Qlnl _ p[n])

Computation reduced to products and linear operations.
26/53



Fast Enumeration

Thm. First N coefficients of GFs of all constructible structures:

1. arithmetic complexity O(N log N) (both ogf & egf);

2. bit complexity
O(N2log2NloglogN) (ogf);  O(NZlog3NloglogN) (egf).

Ingredients: Newton iteration & FFT.

> with (NewtonGF) : :
> BinTrees:={B=Union(Epsilon,Prod(Z,B,B))}: C-ombiﬁgf(gitég
> GFSeries(BinTrees,labelled, z,21)[2];

B=14+z+422452+142"+422 +1322°+4292" +14302°
+ 48622 + 16796 z'° + 58786 z' ! + 208012 z'% + 742900 2'°
+ 2674440 2 + 9694845 21> + 35357670 z'° + 129644790 '

+ 477638700 z'® + 1767263190 z'” + 6564120420 z*° + O(Z*")
Demo
[Pivoteau-S-Soria 2012] 27153




Derivative of Combinatorial Structures

(origin: species theory)

Y
W

~__—@ >

: .".V.

¢ (F+8)=F'+&;(FXE)=F'XE+FXE’;

. F(G)=F(@X¥,

¢ 0'=1"=0; Z'=1;
SET'=SET; CYC'=SEQ; SEQ'=SEQXSEQ.

28/53



Combinatorial Newton Iteration

V=14+ZxYxY=H(Z)V)
Y+l = Yl 4(Spa(Z - Y x g Z - Y. (14 2. YT plnly\ o),

Yo =0 V1= o (Id_a_fH(Z’y[n])>1
5 <<<g oY
V, =+ < + % +ooqt [Y&K‘S +
< Lol <<l
® A
V3 =|)a + -é T % + -1+ Y{:—V’é +

Ccl: numerical convergence of the

Décoste, Labelle, Leroux 1982] Newton iteration starting from 0,



General Combinatorial Newton lteration

Thm. [essentially Labelle] If & coincides with the

solution of ¥=(Z,%) up to size k and ACH (Z,A),
then

N (A ):=A~+ 00 10Y (£ ,A)) - (F (Z,A)\A)
coincides with the solution up to size 2k+1.

Proof. N (A):=++ with

M
A+A+ = -A 4

30/53



I1l. Random Generation



Simulation in the discrete world; helps
evaluate parameters;

compare/refine models;

test software.

31/53



Recursive Method

\}»’5 B=Z+ZxBxB

DrawBinTree(n) = {
1f n=1 return 7;
U:=Uniform([0,1]); k:=0; S:=0;
| while (S<U) {k:=k+1;S:=S+bxbn-k-1/bn;}
return ZxDrawBinTree(k)xDrawBinTree(n-k-1); }

bk: nb binary trees with k nodes (Catalan)
Requires bo,b1,...,bn.

[Nijenhuis & Wilf 1978; Flajolet, Zimmermann & Van Cutsem 1993-4] 32/53



General Algorithm & Complexity

RecGenerate(he# ;neN) = {

if #=1 and n=0 return 1:
! _ 2
if A =# and n=1 return Z; Worst-case O(n?)
if H=FxE { reduces to O(n log n)
U:=Uniform(I0._11). k:=0: S:=0; by reorganization:

=—while (S<U) {k:=k+1;S:=S+fxgnx/hn;l=
RecGenerate (fe&,] k), (k=0,n,1,n-1,2,n-2,...).

Main cost in this loop.

RecGenerate(ge¥&,n-k);

return (£,9); }
if HA=F+% {
U:=Uniform([0,1]); + Precomputation

if u<f,/h, return RecGenerate(fe¥,n); .
enumeration sequences
else return RecGenerate(ge¥,n); } . > I
if F=Set(F) { in = n? binary ops.

Combstruct 33/53




Boltzmann Sampling

]

€T

Proba(t)= with T(x E pltl = E T x"
T(ZE) teT

x is a parameter of the algorithm

Generate (hed) - Example: binary trees

if #=1 return 1; B=1+FXABXAB

if A =# return Z; .
if H-FxE { with 1/B(.23)=1/1.559=.6414

Generate(fe%); Coin:0,0,1,0,1,1,1,1,0,1,...
Generate(ge¥);

return (f,g9); }

H=F+E {

b:=Bernoulli(F(x)/H(X)); .
if b=1 return Generate(fe%); . EXp.SUKB

else return Generate(ge¥&); } 1

Y

H=Set(F) { 20v/1 — 4x

F(x),H(x) by Newton iteration (once)
[Duchon, Flajolet, Louchard, Schaeffer 2002-04] 34/53



Proof & Complexity

2]

€T
Proba(t)= with T'(x Z 2/t = ZT x"
T(x) teT

Generate(heA) =
if #=1 return 1;
if =% return Z;
if HA=FxE% {

Generate(feff); ml(fag” B $|f|+|g| B $|f| $|g|
Generate(ge¥); H(:B) o F(w)G(CU) o F(:E) G(:L‘)
return (f£,qg9); }
H=F+E {
b:=Bernoulli(F(x)/H(X)); C F(x) gt .
if b=1 return Generate(fe%); Al < H () ﬁ(x), it he F
else return Generate(ge¥); — Y G(z) z!* :

if #H=Set(F) { H(x) { H(z) G(x)’ ifheg.

Complexity: number of arith. ops linear in [t|.
[Duchon, Flajolet, Louchard, Schaeffer 2002-04] 35/53



Example: XML-trees

Grammar File size

Iss 9.5k
Relax NG 124k
XSLT 168k

XHTML Basic 284k

SVG 6.3M
OpenDocument RSl

DocBook 11M

Time for x s.t. E(size)=10,000

|IDarrasse2010]

#eq.

16
114
122

96

232
814

977

Newton
0.02s.

0.10s.
0.12s.

0.32s.
0.23s.
0.34s.

238S.

1.51

0.5

005 0 005 010 015 020 025
V4

Combstruct 36/53




Targeting an Approximate Size

2t
Proba(t)= with T'(z) = Z 2t
T(w) teT

Expected size and standard deviation:

_ 2T (x) 2 _IQT//($)+37T/(5E) — JEI12] — E[1#12
Bl = oy Bl = 50 o = VEtT— Et]
~ Eft]] £0/4
Binary trees 1
B=1+FXBXAB

Pointed binary trees

EXAB’




Rejection

1. Find (once) x s.t. E(|t]|)=n
2. Run Generate until |t|e(n(l-€),n(l+€)).

Nicest cases: standard deviation/expected size —> O
More common: ratio has a finite limit
Otherwise: use pointing.

For all constructible structures, approximate
size n can be reached in O(n) arith op.

Choice of strategy relies on singularity analysis (after the break).
38/53



V. Algorithms for
Asymptotic Analysis




Singularity Analysis

/_\
counts the num/bh‘ ((l ) — A(Z) . A 2" captures some

of objects of size n structure
n >0

1 A(z)
A 3-Step Method: = 7

- 2m [ oant 1

;Wc

% n—>oo F(—@)
full asymptotic expansion available
[FlajoletOdlyzko1990]  Next: computation of p, cv, m, ¢

1. Locate dominant singularities

2. Compute local behaviour

3. Translate into asymptotics

A(z) ~ c( —%)alogml_l

Z—p

39/53



Pringsheim’s Theorem

A

(an) — A(z) = Z an 2" (

Useful property [Pringsheim Borel
a, > 0 for all n = real positive dominant singularity.

A couple of years after the publication of my Thesis, Edmund Landau wrote to me to
say that the German mathematician Pringsheim thought he had discovered the
theorem [...] “But”, he added, “of course, this result is yours”. [...] what would
have happened if | had not been alive to receive his letter? He would not have been
undeceived and the discovery would have been thought to be mine—until other
readers would have restored it, not to Pringsheim but to E. Borel.

J. Hadamard (1954)

40/53



IV. 1. Rational Generating
Functions

Linear Recurrences with Constant Coefficients



Fibonacci Numbers

- F, = +
As n increases, the smallest 1126 1190
singularities dominate.

41/53



Conway’s sequence

1,11,21,1211,111221,...

X . + X
Generating function for lengths: e : "X sex X
f(2)=P)/Q(2) )
with deg Q=72. 8 X x
XX X
X
Smallest singularity: " X
p=0.7671198507 = @§“
X XX X
—— ‘ —— X X
| " I AN, | X Fast univz;ﬁétexresolution:
Sagralofi:Mehlhorn16
c=p1Res(f,p) ) XX X o X XX X
algebraic X |

remainder exponentially’small

[Conway 1987]

42/53



Singularity Analysis for Rational Functions

—— e —

Ex;%ﬁﬁﬁfka+8
3 /’f' 2.4

\\\

Ve
| \,
|
SRSy pson—ys ol
| in 14 azon ne n4 na I
|
/
)

5\ A 3-Step Method:

1. Locate dominant singularities
a. singularities; b. dominant ones |

\.'._\‘ - .}(‘:‘"’ . 5
N y S dist 10

2. Compute local behaviour

- ——

1. Numerical resolution
| aiRiare R asy T | with sufficient precision
+ algebraic manipulations

2. Local expansion (easy).

3. Easy.

Demo
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IV. 2. Algebraic Generating
Functions

Unambiguous Context-Free Languages



Qr
j"ﬁfsj%
& L E{;}(‘ﬁ
o Bk s 7 R - :
A fag: 1 + 2B(z)?2 A 3-Step Method
Ol e 5 3 1. Locate dominant singularities;
=1+ 242274952+ -+ | 2. Compute local behaviour;

3. Translate into asymptotics.
1 —+/1— 4z ymp

1. sing.en z=1/4 Probability that a leaf
2 local behaviour: is a child of the root?
. | "2zB(z)
— 2 _9(1—42)1/2 4 ... 2"
B(x) = 2-20-49""+ )
. 1 3 1
3. translation: — §+4—+0<—2>
Ny —3/2 9 " n
B ~ 4"n (1 I )
VT 8n Demo.
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Algebraic Generating Functions

P(z,y(z)) =0

1a. Location of possible singularities —

| licit F : Th . liiNunﬁéricaIresolu_tion
mplicit Function Iheorem: with sufficient precision

oP + algebraic manipulations

P(z,y(z)) = a—y(z,y(z)) =0 (discriminant) —

%*

1h. Analytic continuation ///‘ \\\
finds the dominant ones '@\?\
2. Local behaviour (Puiseux): (1 — z/p)?, (&g @T\Q\\
3. Translation: easy: RN >
—a—1 AN 4/
0 Cp_nn N
"5 P T(—a) A o
with ¢, p algebraic, o rational. P




T
U = 2G3+T+2U° = T = 2(1+B)°,B =

G3+BQ+Z 1
(1-U)3

1+ B

define power series U(z), G3(2),T(z), B(z).
The aim is to compute the asymptotic behaviour of [z™]|B(z).

1. Eliminating U, T,Gs gives P = 16B°2% + - - 4 2%(2° + 112 — 1).

2. The discriminant has degree 20, but only one root in (0,1]:
p = .102 root of 54z° + 3242* — 42652 + 432.

3. Atz = p, P has only 1 (double) real positive root: B(p)

4. Computing more terms gives

B(z) = B(p) + ¢1 (1 - %) ic(l - 2)3 2+-~ with an explicit ¢

5 Conclusion' Analytic continuation
. . 3¢ ~5/2 —n exploiting

[Zn]B(Z>N 4ﬁn f . the combinatorial origin.

46/53



V. 3. More General Implicit
Generating Functions

Often behave like algebraic ones



Locates Singularities :

0.2

T =FXSET(T) E

T(z) = zexp(1'(2))

\ hae &«&«‘_Alg.m
AR Wk, AW
fients frdatin w o

. e <2 | Singularities may only occur when 9/9T = 0

s ' fomsnn L@ =

&"_.”\_} — “""*‘“f "-C"Aﬂ.
)

1

l=zexp(T) =T=1z2=¢"

For a systemY = H(z,Y) the condition becomes

det(Id % =0  Jacobian matrix
__—
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Algebraic-Like Singular Behaviour:
Drmota-Lalley-Woods Theorem

T'(2) = zexp(T'(z))
z =Texp(—T) expansion at T=1

_1)2 _1)3 no linear
— 6_1 — 6_1 (T 1) | 6_1 (T 1) SRR (Eerm by
2 3 the IFT

T:1—\/20(1—ez).

Singularit lvsis — In & (aka Stirling’s formula)
ingularity analysis oL~ Jaansla

General Case [DLW] Under mild and common conditions, the
singularities of combinatorial systems behave like square roots.
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V. 4. Faster Growth &
Saddle-Point Method



Example: Set Partitions

Part=Set(Setso(ZF))
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Saddle-Point Method

(Functions with fast singular growth)

1 (2)
= omi foer ®
N——
exp(h(z))

1. Saddle-point equation h'(R,) =0
2. Change of variables h(z) = h(R,) — u?

3. Termwise integration

Fas f(Ry)
" R /27h"(R,)

4. Sufficient conditions: next slide




Hayman Admissibility

A set of easy-to-use sufficient conditions

f admissible = the formula of the previous slide holds

Thm. f,g admissible, P polynomial. Then,
1. exp(f), fg and f+P admissible;
2. lc(P)>0 = {P and P(f) admissible;

3. if eP has ultimately >0 coeffs, then it is admissible.

+z"/2 ), set partitions (exp(e® — 1) ).

Inv[{1,2,3}] = {ﬁ@@}@ﬂ&ﬂﬁé@ J}

[Hayman 1956; see also Wyman 1959] 51/53

Exs: sets (€*), involutions (e




Conclusions



If you can specify it, you can analyze it!

Permutations
Mappings
Words
Strings

Urns

Trees

_anguages

ntegers
Compositions
Partitions

EX.: # trees of various types — Kp”n_3/2 —— pathlength in 1

+ parameters

Limit Laws

Universality phenomena:

1/2
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Summary & Conclusion

What we have: Automated?
Q ting; v
| -« counting
Combllcnattorlal » o random generation; v
n
PPECITIEAHO \ ¢ asymptotic analysis. (not fully)
Ultimate (dream) g1 /h e E n d
Combinatorial Algorithm Automatic

specification complexrty analysis

Where to learn more:

Analytic
Combinatorics

On-line course by R. Sedgewick at
http://ac.cs.princeton.edu/online/ "
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