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v Ai = 

FIGURE 12 

Par convention, on dira que le multi-ensemble sous-jacent g une G- 
arborescence de la sorte i est le multi-ensemble forme par ses feuilles. 

En dimension k il y a aussi k sortes de G-bouquets et de G-gerbes. Ces 
especes font appel a une numerotation qui satisfait les memes conditions 
que plus haut et qui affecte aussi les bourgeons (selon leur sorte). Les 

figures 13 et 14 definissent geometriquement les notions de G-bouquet et de 
G-gerbe de la sorte i (avec k = 3). Dans le cas d’une G-gerbe (de la sorte i), 
I’entier v 3 0 est tout-a-fait arbitraire et represente la longueur de la tige. 

Les entiers i, jl, j, ,..., j, qui apparaissent sur la tige sont compris entre 1 et 
k (par convention, lorsque v = 0, on pose j, = i). 

Nous pouvons maintenant enoncer un lemme tout-a-fait anaiogue au 

lemme 1.1 de la section precedente, permettant d’exprimer formellement ces 
deux especes multi-sortes. 

G-BOUQUET = 

ISORTE il 

FIGURE 13 

G -GERBE 

(SORTE il 

FIGURE 14 
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Combinatorics, Randomness and 
Analysis

From simple local rules, a global 
structure arises. 

A quest for universality in 
random discrete structures: 
➡ probabilistic complexity of 
structures and algorithms. 

Quantitative results using 
complex analysis.

Typical questions 
 
For a tree of size n, 
  
. probability that a 
leaf is a child of the 
root? 
. expected 
pathlength (sum of 
distances from 
nodes to the root)? 
. limiting 
distribution of it?
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Philippe Flajolet, 
the Father of Analytic Combinatorics

counting; 

random generation; 

asymptotic analysis.

2009

Planned complete works span  
7 volumes of approx 600 pp. each.

1948-2011

Combinatorial  
specification

Generating 
functions

If you can specify, you can analyze.
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Constructible Structures

Binary trees: 𝓑=1+𝒵x𝓑x𝓑 

Permutations: Perm=SET(CYC(𝒵)); 

Trees: 𝓣=𝒵xSET(𝓣); 

Functional graphs: 𝓕=SET(CYC(𝓣)); 

Series-parallel graphs:  
𝒢=𝒵+𝒮+𝒫, 𝒮=SEQ>1(𝒵+𝒫),𝒫=SET>1(𝒵+𝒮); 

...hundreds of examples in “the purple book”.

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  
and recursion.  
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Computer Algebra Helps

Nb of distinct series-parallel graphs with 19 vertices

Specification
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Bigger Specification: Planar Graphs

3-regular 2-connected Planar Graphs

U = 2G3+T+2U2 =
T

(1� U)3
, T = z(1+B)3, B =

G3 +B2

1 +B
+z

✓
B +

1

2
B2

◆

[Bodirsky et al. 2007;NoyRequiléRué2018]

A clever decomposition reduces them  
to interrelations between:

3-connected cores; 
planar triangulations (Tutte),

From there, many probabilistic properties follow

leading to

(e.g., proba being connected, nb triangles,…)

G3
<latexit sha1_base64="7LwuXJSViWMLxdFPH6+N7THE4Jw="></latexit><latexit sha1_base64="TP91r3SxZVuTnqITSSehhh1/Xes="></latexit><latexit sha1_base64="TP91r3SxZVuTnqITSSehhh1/Xes="></latexit><latexit sha1_base64="DBNcjV14MT5dsnzRpBIBcjMmK3c="></latexit>

T, U
<latexit sha1_base64="aypbWUtq6hydrG6pSM510MukjY8="></latexit><latexit sha1_base64="bDFRMnmDIoGuVRe4pHJAI2S01f0="></latexit><latexit sha1_base64="bDFRMnmDIoGuVRe4pHJAI2S01f0="></latexit><latexit sha1_base64="3B+k2cb65UAl8vOWlbnBs73CttM="></latexit>
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The grammar for        contains         equations. 

Bigger Specification II: 
Planar Eulerian Orientations

[BonichonBousquet-MélouDorbecPennarun2017]

60 N. Bonichon et al. / European Journal of Combinatorics 65 (2017) 59–91

Fig. 1. A rooted Eulerian map and a rooted Eulerian orientation.

degree) with n edges is [54]:

mn = 3 · 2n�1

(n + 1)(n + 2)

✓
2n
n

◆
. (1)

A bijective explanation involving plane trees can be found in [15]. The associated generating
function M(t) = P

n�0 mnt
n is known to be algebraic, that is, to satisfy a polynomial equation. More

precisely:

t
2 + 11t � 1 � (8t2 + 12t � 1)M(t) + 16t2M(t)2 = 0.

Beyond their enumerative implications, bijections involving maps have been applied to encode,
sample and draw maps efficiently [11,21,31,50]. More recently, they have played a key role in the
study of large random planar maps, culminating with the existence of a universal scaling limit known
as the Brownian map [42].

Planar maps equipped with an additional structure (e.g. a spanning tree [43], a proper colouring
[56,57], an Ising or Potts configuration [4,12,13,16,18,22,25,39]. . . ) are also much studied, both in
combinatorics and in theoretical physics, where maps are considered as a model for two-dimensional
quantumgravity [23]. However, formany of these structures, we are still in the early days of the study,
as even their enumeration remains elusive, not to mention bijections and asymptotic properties.

Recent progresses in this direction include the enumeration of planarmapsweighted by their Tutte
polynomial, or equivalently, maps equipped with a Potts configuration. The associated generating
function P(t) is known to be differentially algebraic. That is, there exists a polynomial equation relating
P(t) and its derivatives [6,7]. The Tutte polynomial hasmany interesting specializations (in particular,
it counts all structures cited above, like spanning trees and colourings) and several special cases had
been solved earlier. One key tool in the solution is that the Tutte polynomial of amap can be computed
inductively, by deleting and contracting edges.

Another solved example, which does not seem to belong to the Tutte/Potts realm, consists of maps
(in fact, triangulations) equipped with certain orientations called Schnyder orientations. The results
obtained there have analogies with those obtained for another class of orientations, called bipolar,
(which do belong to the Tutte realm). Indeed, for both classes of oriented maps:

• orientedmaps are counted by simple numbers, which are also known to count other combinatorial
objects (various lattice paths and permutations, among others);

• there exist nice bijections explaining these equi-enumeration results [9,10,28,33];
• for a fixed map M , the set of Schnyder/bipolar orientations of M has a lattice structure [51,27,45].

The above bijections, once specialized to maps equipped with their (unique) minimal orientation,
coincide with attractive bijections designed earlier for (unoriented) maps [5,10];

• specializing the bijections further to maps that have only one Schnyder/bipolar orientation also
yields interesting combinatorial results [5,10].

These observations led us to wonder about another natural class of orientations, namely those in
which every vertex has equal in- and out-degree, known as Eulerian orientations (Fig. 1). Clearly, a
map needs to be Eulerian to admit an Eulerian orientation. The condition is in fact sufficient (such
maps even admit an Eulerian circuit [37]). One analogy with the above two classes is that the set of
Eulerian orientations of a given planarmap can be equippedwith a lattice structure [51,27].Moreover,
Eulerian maps (equivalently, Eulerian maps equipped with their minimal Eulerian orientation) have
rich combinatorial properties: not only are they counted by simple numbers (see (1)), but they are

Exponential growth still unknown

Bonichon et alii construct an increasing family of languages

L(1) ⇢ L(2) ⇢ L(3) ⇢ · · ·
<latexit sha1_base64="uNGzG+y2LgJanCdMMLc+0XZFXHs="></latexit><latexit sha1_base64="Et1gMUS4XbD8Ejlmdu7XRWph0gI="></latexit><latexit sha1_base64="Et1gMUS4XbD8Ejlmdu7XRWph0gI="></latexit><latexit sha1_base64="z/sXnSZdK2bY/EkoAUNHYfAg4ds="></latexit>

converging to the planar Eulerian orientations.

L(k)
<latexit sha1_base64="PDNmlteuehyzOUvw1YOtQKon32Q="></latexit><latexit sha1_base64="hyJzoaGjiRy5mGIqyhyYrcA/APY="></latexit><latexit sha1_base64="hyJzoaGjiRy5mGIqyhyYrcA/APY="></latexit><latexit sha1_base64="EHX3GVlJa5Zo+HLe4QGSeD49muo="></latexit>

⇡ 4k
<latexit sha1_base64="uNfNYZEnyDIcrgKS56+GNA8jaos="></latexit><latexit sha1_base64="5GVc9sQxqUjKp57eGQdLGVd2xd4="></latexit><latexit sha1_base64="5GVc9sQxqUjKp57eGQdLGVd2xd4="></latexit><latexit sha1_base64="401S44ueXbrcCMNEHXa0Q3wioWE="></latexit>

Only k=1,2,3,4 can be dealt with exactly,  
even with a computer!
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WANTED

Counting 

Random Generation 

Asymptotics

Counting 

Random 
Generation 

Asymptotics
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Program

15:00-now Introduction 

  now-15:45 I.   Counting and Generating Functions 

15:45-16:15 II.  Newton Iteration and Fast Algorithms 

16:15-16:45 III. Algorithms for Random Generation 

16:45-17:15  BREAK 

17:15-18:00 IV. Algorithms for Asymptotic Estimates
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I. Counting and Generating Functions

F (z) =
1X

n=0

fnz
n



Example: Binary Trees

𝓑=1+𝒵x𝓑x𝓑

B(z) =
1X

n=0

Bnz
n number of binary 

trees with n nodes

B0 = B1 = 1 B2 = 2 B3 = 5

For n � 1, Bn =
n�1X

k=0

BkBn�k�1 ) Bnz
n =

n�1X

k=0

z(Bkz
k)(Bn�k�1z

n�k�1)

B(z) = 1 + zB(z)2 = 1 + z + 2z2 + 5z3 + 14z4 + 42z5 + · · ·
9/53

(Catalan)

Demo 
NewtonGF



What do we count?

Inv[{1, 2, 3}] = 1 2

3

1 2

3

1 2

3

1 2

3

, , ,{ }
4 involutions; 

3 of them permuted by 𝔖3→ 2 unlabelled structures.  

Exponential generating series (EGF):

Inv3(z) =
2

3
z3F (z) =

1X

n=0

fn
zn

n!
, fn = nb. labelled structs of size n.

Ordinary generating series (OGF):

fInv3(z) = 2z3F̃ (z) =
1X

n=0

f̃nz
n, f̃n = nb. unlabelled structs of size n.
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Product Translates into Product

Unlabelled

𝓒=𝓐x𝓑

Labelled

C̃(z) = Ã(z)⇥ B̃(z)
<latexit sha1_base64="xezuc7Di523vPKUwxJy006rXD6A="></latexit><latexit sha1_base64="JXxwXIauRHre1MEUt/gtJYaGcnQ="></latexit><latexit sha1_base64="JXxwXIauRHre1MEUt/gtJYaGcnQ="></latexit>

C̃(z) =
X

n�0

c̃nz
n

<latexit sha1_base64="sGWiZYx321Sg7kFdsmIOsE3bGkE="></latexit><latexit sha1_base64="gHBDSHW3xogiOkWxYNQpJfbRj+Q="></latexit><latexit sha1_base64="gHBDSHW3xogiOkWxYNQpJfbRj+Q="></latexit>

=
X

n�0

 
nX

k=0

ãk b̃n�k

!
zn

<latexit sha1_base64="Rv2yUPL2n/ZctBNTYg+DZBDTBk0="></latexit><latexit sha1_base64="9PuFF5F3rsktBfziITbMW070SiU="></latexit><latexit sha1_base64="9PuFF5F3rsktBfziITbMW070SiU="></latexit>

=
X

n�0

nX

k=0

(ãkz
k)(b̃n�kz

n�k)

<latexit sha1_base64="npm3dcHHMM+J/czJ6HegSHbvF6U="></latexit><latexit sha1_base64="0VQfPTYtva9uKz/cRYLQPQpx9XA="></latexit><latexit sha1_base64="0VQfPTYtva9uKz/cRYLQPQpx9XA="></latexit>

C(z) = A(z)⇥B(z)
<latexit sha1_base64="TJdep8j5M0JNDLYxT49SDu8BXSQ="></latexit><latexit sha1_base64="X3qufqk6ayM1Yx1BBA/36SnTAo4="></latexit><latexit sha1_base64="X3qufqk6ayM1Yx1BBA/36SnTAo4="></latexit>

C(z) =
X

n�0

cn
zn

n!
<latexit sha1_base64="2FEbBs2L/sLc4WIj2EbadGDe+3U="></latexit><latexit sha1_base64="xbWBlACrR7SCSw09IXCvOpHxh/o="></latexit><latexit sha1_base64="xbWBlACrR7SCSw09IXCvOpHxh/o="></latexit>

=
X

n�0

 
nX

k=0

✓
n

k

◆
akbn�k

!
zn

n!
<latexit sha1_base64="uJUq/C3agi1G5hMge2+MKS9W8wE="></latexit><latexit sha1_base64="4VOYevz9cCumfxqZJHcjeacLeYE="></latexit><latexit sha1_base64="4VOYevz9cCumfxqZJHcjeacLeYE="></latexit>

=
X

n�0

nX

k=0

⇣ak
k!

zk
⌘✓

bn�k

(n� k)!
zn�k

◆

<latexit sha1_base64="9AUMrCxYZa/pRtTMRPhY+PpYv/w="></latexit><latexit sha1_base64="7bSOlnTPPx2hG0TFrA8iO7rlrpU="></latexit><latexit sha1_base64="7bSOlnTPPx2hG0TFrA8iO7rlrpU="></latexit>

relabelling
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Cor.: Sequences Have no Symmetry

SEQ(𝓐)=1+𝓐+𝓐x𝓐+𝓐x𝓐x𝓐+…

translates as

1 +A(z) +A(z)2 +A(z)3 + · · · = 1

1�A(z)
<latexit sha1_base64="TEs0LSBmxFtIX8E+FTrm4p2rGD0="></latexit><latexit sha1_base64="HMeOYrSvyTyZkelu0asSbHIIaPk="></latexit><latexit sha1_base64="HMeOYrSvyTyZkelu0asSbHIIaPk="></latexit>

regardless of labelling.
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A Dictionary for Generating Series

Language: 1,𝒵, +, ⨉, SEQ, SET, CYC  and recursion.  

A(z) +B(z) Ã(z) + B̃(z)

A(z)⇥B(z) Ã(z)⇥ B̃(z)
1

1�A(z)

1

1� Ã(z)

exp(A(z)) exp(
X

Ã(zi)/i)

log
1

1�A(z)

X �(i)

i
log

1

1� Ã(zi)

Structure EGF OGF

𝓐+𝓑

𝓐x𝓑

SEQ(𝓐)

SET(𝓐)

CYC(𝓐)

describes constructible structures

13/53

internal 
symmetry 
matters �(i) := card{j 2 N⇤ | j  i and gcd(i, j) = 1}

<latexit sha1_base64="z0SWKW+LOB5hvJ2zI3NGvXbAPJw="></latexit><latexit sha1_base64="buoac8HiNdvrO95OXer4yx1qNFM="></latexit><latexit sha1_base64="buoac8HiNdvrO95OXer4yx1qNFM="></latexit>



Example: Involutions

Inv[{1, 2, 3}] = 1 2

3

1 2

3

1 2

3

1 2

3

, , ,{ }
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Unlabelled

Inv = Set(Cyc2(Z))
<latexit sha1_base64="+kDVqkClrPISFGrHKr0I8iWfonc="></latexit><latexit sha1_base64="GZzTh/nSB6qtBVb/uarbkX3eqH0="></latexit><latexit sha1_base64="GZzTh/nSB6qtBVb/uarbkX3eqH0="></latexit>

Labelled Inv(z) = exp

✓
z +

z2

2

◆

<latexit sha1_base64="8LzcD+hK0uYAP0sc+wlKAx6UrE8="></latexit><latexit sha1_base64="3TSqXJWTk0In+hD7ivTiXQo+u80="></latexit><latexit sha1_base64="3TSqXJWTk0In+hD7ivTiXQo+u80="></latexit>

= 1 + z + z2 +
2

3
z3 +

5

12
z4 + · · ·

<latexit sha1_base64="YhfPoiYA4h5Y1f8aANaWj4tsH8Q="></latexit><latexit sha1_base64="wmajyfLAPG9sS/2+oCPcWecubAw="></latexit><latexit sha1_base64="wmajyfLAPG9sS/2+oCPcWecubAw="></latexit>

Cyc2(Z) 7! z + z2
<latexit sha1_base64="GYd1SxGxMOpjSdFSp7FqXEyOrIg="></latexit><latexit sha1_base64="7gWQw6RP8bTwz5EkH2/ZCJ3W/l4="></latexit><latexit sha1_base64="7gWQw6RP8bTwz5EkH2/ZCJ3W/l4="></latexit>

fInv(z) = exp

✓
log

1

1� z
+ log

1

1� z2

◆
=

1

(1� z)(1� z2)
<latexit sha1_base64="oY8yI+9H2yorC1Gi/hERdnkURdE="></latexit><latexit sha1_base64="mFAhcMKncBkohqsNRQpPi0+RvWw="></latexit><latexit sha1_base64="mFAhcMKncBkohqsNRQpPi0+RvWw="></latexit>

= 1 + z + 2z2 + 2z3 + 3z4 + · · ·
<latexit sha1_base64="MoCeD5mPUJwMfPR05V/FKgHYorE="></latexit><latexit sha1_base64="1SSZVEDoAVmvf217E9UFOOA8C9M="></latexit><latexit sha1_base64="1SSZVEDoAVmvf217E9UFOOA8C9M="></latexit>



A program can do it for you

15/53

Inv[{1, 2, 3}] = 1 2

3

1 2

3

1 2

3

1 2

3

, , ,{ }



More Examples

Series-parallel graphs: 

G = Z + S + P,S = Seq>0(Z + P),P = Set>0(Z + S)

�!
⇢
G(z) = z + S(z) + P (z), S(z) =

1

1� z � P (z)
� 1, P (z) = ez+S(z) � 1

�

Binary trees: 𝓑=1+𝒵x𝓑x𝓑
�! B(z) = 1 + zB(z)2 = B̃(z)

Cayley trees:

�! T (z) = z exp(T (z));

�! T̃ (z) = z exp

✓
T̃ (z) +

1

2
T̃ (z2) +

1

3
T̃ (z3) + · · ·

◆

𝓣=𝒵xSET(𝓣)
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Next: what can we do with all these equations?



Ideas of Proofs for Sets & Cycles (labelled case)

k-tuples in                     have egf: A⇥ · · ·⇥A| {z }
k times

<latexit sha1_base64="eXbptKVUB2USK3XT8VJti3qSvVI="></latexit><latexit sha1_base64="RLSjoBM7MDvhb2B+4wfdx4k4uyg="></latexit><latexit sha1_base64="RLSjoBM7MDvhb2B+4wfdx4k4uyg="></latexit>

Ak(z) =
X

n�0

tn,k
zn

n!
<latexit sha1_base64="AWz34rFwxfJ/fzI5SFQTUBV6hwQ="></latexit><latexit sha1_base64="SXZjOR9mlRXhEQBzhzoQKw8oJmE="></latexit><latexit sha1_base64="SXZjOR9mlRXhEQBzhzoQKw8oJmE="></latexit>

nb. of such k-tuples 
with n atoms

Sets: forget the order in the k-tuple 7! tn,k
k!

7! Ak(z)

k!
<latexit sha1_base64="tMbgK6WCOAPSaiA9EKKznJhXYis="></latexit><latexit sha1_base64="dVpsYlA7bttY8RfR2xmh8Zfy1wo="></latexit><latexit sha1_base64="dVpsYlA7bttY8RfR2xmh8Zfy1wo="></latexit>

Cycles: forget the cyclic order in the k-tuple 7! tn,k
k

7! Ak(z)

k
<latexit sha1_base64="ZwRriMvpANtSdl601NIedgq8HQc="></latexit><latexit sha1_base64="64hqZFSZxT3NCkc2eJHXQiqSeQw="></latexit><latexit sha1_base64="64hqZFSZxT3NCkc2eJHXQiqSeQw="></latexit>
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Ideas of Proof for Sets (unlabelled case)

Cycles: inclusion-exclusion.

1.     has only 1 element, aA
<latexit sha1_base64="VietlAxSckT0acsqdur0xqWg5YA="></latexit><latexit sha1_base64="fE7QaSWYMuRdCZDPTjS7LfHAQww="></latexit><latexit sha1_base64="fE7QaSWYMuRdCZDPTjS7LfHAQww="></latexit><latexit sha1_base64="zMkUpsv7xwstap0BqtjK5+9r1rY="></latexit>

UnlabSet(A) ' Seq(a) 7! 1

1� z|a|
<latexit sha1_base64="SbJp3iCF82/MCn8uhYMP9OnkVeQ="></latexit><latexit sha1_base64="RhCKjJNvXtlpPiDpzyQ280nKHzI="></latexit><latexit sha1_base64="RhCKjJNvXtlpPiDpzyQ280nKHzI="></latexit><latexit sha1_base64="r/vR3wJKnIXpgtYQ7Qrxc3DzCns="></latexit>

2.     has 2 elements, a and bA
<latexit sha1_base64="VietlAxSckT0acsqdur0xqWg5YA="></latexit><latexit sha1_base64="fE7QaSWYMuRdCZDPTjS7LfHAQww="></latexit><latexit sha1_base64="fE7QaSWYMuRdCZDPTjS7LfHAQww="></latexit><latexit sha1_base64="zMkUpsv7xwstap0BqtjK5+9r1rY="></latexit>

UnlabSet(A) ' Seq(a)⇥ Seq(b) 7! 1

1� z|a|
⇥ 1

1� z|b|
<latexit sha1_base64="tMmdlLPF/eZ03WDoX/SN7ihl2pM="></latexit><latexit sha1_base64="FfYC6lEnlUSrGqO+M5zp5qRXNj8="></latexit><latexit sha1_base64="FfYC6lEnlUSrGqO+M5zp5qRXNj8="></latexit><latexit sha1_base64="JSP9RTLUBfRH4WAmwUxWc8vCEr0="></latexit>

3. General case
Y

a2A

1

1� z|a|
= exp

X

a2A
log

1

1� z|a|| {z }
z|a|+ 1

2 z
2|a|+ 1

3 z
3|a|+···

= exp

✓
A(z) +

1

2
A(z2) +

1

3
A(z3) + · · ·

◆

<latexit sha1_base64="wxV50IE9JO9+L/hsPwivUCI25Z8="></latexit><latexit sha1_base64="wxV50IE9JO9+L/hsPwivUCI25Z8="></latexit><latexit sha1_base64="wxV50IE9JO9+L/hsPwivUCI25Z8="></latexit><latexit sha1_base64="wxV50IE9JO9+L/hsPwivUCI25Z8="></latexit>
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Notation: 
|a|: size of a



Irreducible Polynomials over a Finite Field

MonicPol = Seq(Coe↵s) = Set(MonicIrred)
<latexit sha1_base64="NjQYnL5qOjYf29ug7u9jLF6pGgw="></latexit><latexit sha1_base64="NjQYnL5qOjYf29ug7u9jLF6pGgw="></latexit><latexit sha1_base64="NjQYnL5qOjYf29ug7u9jLF6pGgw="></latexit><latexit sha1_base64="NjQYnL5qOjYf29ug7u9jLF6pGgw="></latexit>

P (z) =
1

1� qz
= exp

✓
I(z) +

1

2
I(z2) +

1

3
I(z3) + · · ·

◆
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in = card{monic irred pol of deg n over Fq}
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I(z) =
X

n>0

inz
n
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I(z) =
X

k>0

µ(k)

k
log

1

1� qzk

= qz +
q(q � 1)

2
z2 +

q(q2 � 1)

3
z3 +

q2(q2 � 1)

4
z4 + · · ·
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→ proba irred:
in
qn

! 1

n
, n ! 1
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→ probabilistic analysis of factoring algorithms

[FlajoletGourdonPanario2001] 19/53

µ(k) =

(
0 if k has a square prime factor,
(�1)nb facts otherwise.
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Möbius 
inversion



Parameters

• Equations over combinatorial 
structures + parameters 

• Multivariate generating series  
 
 

• Complex analysis  
 

• Limiting distribution

Ex.: path length in 
binary trees

F (z, u) =
X

n,k

fn,ku
kzn

fn,k ⇠ · · · , n ! 1
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B(z, u) =
X

b2B
upl(b)z|b|

P (z) =
@B(z, u)

@u

����
u=1

Pn

nBn
⇠

p
⇡n

[Mishna2003]



II. Newton Iteration and  
Fast Enumeration

1671



Numerical Newton Iteration

Quadratic convergence

�(y) = 1 + zy2 � yTo solve               , iterate  
 
with                             

�(y) = 0

y[n+1] = y[n] + u[n],

�(y[n]) + �0(y[n])u[n] = 0.

z = 0.23 y[0] = 0,

y[1] = 1.0000000000000000,

y[2] ' 1.4259259259259259,

y[3] ' 1.5471933181836303,

y[4] ' 1.5589256602748822,

y[5] ' 1.5590375713926592,

y[6] ' 1.5590375815769151

21/53

y[n+1] = N (y[n]) = y[n] +
1 + zy[n]

2 � y[n]

1� 2zy[n]



Newton Iteration for Power Series
Same 

Newton 
Iteration

Expand(N) = {  
  res=Expand(N/2);  
  a=ɸ(res); b=ɸ’(res);  
  u=Solve(a+bx,x);  
  return res+u; }

Cost(N) ≤ ct ⨉ Cost(last step)

y[0] = 0

y[1] = 1

y[2] = 1 + z + 2z2 + 4z3 + 8z4 + 16z5 + 32z6 + 64z7 + · · ·
y[3] = 1 + z + 2z2 + 5z3 + 14z4 + 42z5 + 132z6 + 428z7 + · · ·

Proving numerical 
convergence requires 
control over the tails

22/53

y[n+1] = N (y[n]) = y[n] +
1 + zy[n]

2 � y[n]

1� 2zy[n]

On power series: y � y
[1] = O(zm) =) N (y)� y

[1] = O(z2m(+1))



Example: Newton Iteration for Inverses

To solve               , iterate  
 
with                             

�(y) = 0

y[n+1] = y[n] + u[n],

�(y[n]) + �0(y[n])u[n] = 0.

�(y) = a� 1/y

) 1/�0(y) = y2

) y[n+1] = y[n] � y[n](ay[n] � 1).
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Cost: a small number of multiplications. Works for:

numerical inversion; 
reciprocal of power series; 
inversion of matrices.

[Schulz1933;Sieveking1972;Kung1974] 23/53



Series-Parallel Graphs

𝒢=𝒵+𝒮+𝒫, 
𝒮=SEQ>1(𝒵+𝒫) 
𝒫=SET>1(𝒵+𝒮)

To solve               , iterate  
 
with                             

�(y) = 0

y[n+1] = y[n] + u[n],

�(y[n]) + �0(y[n])u[n] = 0.

Y =

0

@
G

S

P

1

A , �(Y ) = Y �H(Y ), H(Y ) =

0

@
z + S + P

1
1�z�P � 1� z � P

e
z+S � 1� z � S

1

A ,
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@H

@Y
=

0

@
0 1 1
0 0 1

(1�z�P )2 � 1

0 e
z+S � 1 0

1

A
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Y
[n+1] = Y

[n] +

✓
Id�@H

@Y

◆�1

· (H(Y [n])� Y
[n])
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fast matrix inverse 
by previous iteration

Next: fast exponential and logarithm (sets & cycles)
24/53
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From the Inverse to the Exponential

1. Logarithm of power series: log f =

Z
(f 0/f)
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e[n+1] = e[n] +
a� log e[n]

1/e[n]
,

= e[n] + e[n]
✓
a�

Z
e[n]

0
/e[n]

◆
.

<latexit sha1_base64="ZroxrFXQPeO7ES7vrjpYvv3EoQI="></latexit><latexit sha1_base64="ZroxrFXQPeO7ES7vrjpYvv3EoQI="></latexit><latexit sha1_base64="ZroxrFXQPeO7ES7vrjpYvv3EoQI="></latexit><latexit sha1_base64="ZroxrFXQPeO7ES7vrjpYvv3EoQI="></latexit>

1/e[n]
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is computed by Newton iteration too!

Extends to more general systems of differential equations.

[Brent1976;HanrotQuerciaZimmermann2004;Bostan et alii 2007] 25/53

�(y) = a� log y
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2. Exponential of power series:



Conclusion for Series-Parallel Graphs

𝒢=𝒵+𝒮+𝒫, 𝒮=SEQ>1(𝒵+𝒫), 𝒫=SET>1(𝒵+𝒮)

compiles into the Newton iteration:
8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

i[n+1] = i[n](e[n]i[n] � 1),

e[n+1] = e[n] + e[n](z + S[n] �
R
( d
dz e

[n])i[n]),

v[n+1] = v[n] � v[n]((1� z � P [n])v[n] � 1),

U [n+1] = U [n] + U [n] ·

0

B@

0

B@
0 1 1

0 0 v[n+1]2 � 1

0 e[n+1] � 1 0

1

CA · U [n] + Id�U [n]

1

CA ,

0

B@
G[n+1]

S[n+1]

P [n+1]

1

CA =

0

B@
G[n]

S[n]

P [n]

1

CA+ U [n+1] ·

0

B@
z + S[n] + P [n] �G[n]

v[n+1] � 1� z � P [n] � S[n]

e[n+1] � 1� z � S[n] � P [n]

1

CA mod z2
n+1

.
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Computation reduced to products and linear operations.
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Fast Enumeration

Thm. First N coefficients of GFs of all constructible structures:  

1. arithmetic complexity O(N log N) (both ogf & egf); 

2. bit complexity 

 O(N2log2NloglogN) (ogf);     O(N2log3NloglogN) (egf).

[Pivoteau-S-Soria 2012]

Ingredients: Newton iteration & FFT.

Demo 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Derivative of Combinatorial Structures

(𝓕+𝓖)’=𝓕’+𝓖’;(𝓕X𝓖)’=𝓕’X𝓖+𝓕X𝓖’; 

𝓕(𝓖)’=𝓕’(𝓖)X𝓖’; 

0’=1’=0; 𝒵’=1; 
SET’=SET; CYC’=SEQ; SEQ’=SEQXSEQ.

(origin: species theory)

𝓕 𝓕

28/53



Combinatorial Newton Iteration

[Décoste, Labelle, Leroux 1982]

Y [n+1] = Y [n] + Seq(Z · Y [n] · ?+ Z · ? · Y [n]) · ((1 + Z · Y [n] · Y [n]) \ Y [n]).

✓
Id�

@H

@Y
(Z,Y [n])

◆�1

Ccl: numerical convergence of the  
Newton iteration starting from 0.

Y = 1 + Z ⇥ Y ⇥ Y =: H(Z,Y)
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General Combinatorial Newton Iteration

Thm. [essentially Labelle] If 𝓐 coincides with the 

solution of 𝓨=𝓗(𝒵,𝓨) up to size k and 𝓐⊂𝓗(𝒵,𝓐), 
then  
         𝓝(𝓐):=𝓐+∑i≥0(∂𝓗/∂𝓨(𝒵,𝓐))i ᐧ (𝓗(𝒵,𝓐)\𝓐) 
coincides with the solution up to size 2k+1.

Proof. 𝓝(𝓐):=𝓐+𝓐+ with

𝓐+𝓐+

30/53



III. Random Generation



Why Random Generation?

Simulation in the discrete world; helps 

evaluate parameters; 

compare/refine models; 

test software.

31/53



Recursive Method

Binary trees: 

bk: nb binary trees with k nodes (Catalan)

B = Z + Z ⇥ B ⇥ B

DrawBinTree(n) = {
if n=1 return Z;
U:=Uniform([0,1]); k:=0; S:=0;
while (S<U) {k:=k+1;S:=S+bkbn-k-1/bn;}
return ZxDrawBinTree(k)xDrawBinTree(n-k-1); }

[Nijenhuis & Wilf 1978; Flajolet, Zimmermann & Van Cutsem 1993-4]

Requires b0,b1,...,bn.
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General Algorithm & Complexity

Main cost in this loop.  
Worst-case O(n2) 
reduces to O(n log n) 
by reorganization: 
(k=0,n,1,n-1,2,n-2,…).

RecGenerate(h∈𝓗;n∈ℕ) = {  
  if 𝓗=1 and n=0 return 1;  
  if 𝓗=𝒵 and n=1 return 𝒵;  
  if 𝓗=𝓕x𝓖 {
     U:=Uniform([0,1]); k:=0; S:=0;
     while (S<U) {k:=k+1;S:=S+fkgn-k/hn;}  
     RecGenerate(f∈𝓕,k);  
     RecGenerate(g∈𝓖,n-k);  
     return (f,g); }  
  if 𝓗=𝓕+𝓖 {  
     U:=Uniform([0,1]);  
     if u<fn/hn return RecGenerate(f∈𝓕,n);  
     else return RecGenerate(g∈𝓖,n); }  
  if 𝓗=Set(𝓕) {
     …

+ Precomputation  
enumeration sequences  

in ≈ n2 binary ops.

Demo 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Boltzmann Sampling

F(x),H(x) by Newton iteration (once)

x is a parameter of the algorithm

 [Duchon, Flajolet, Louchard, Schaeffer 2002-04]

Generate(h∈𝓗) = {  
  if 𝓗=1 return 1;  
  if 𝓗=𝒵 return 𝒵;  
  if 𝓗=𝓕x𝓖 {  
     Generate(f∈𝓕);  
     Generate(g∈𝓖);  
     return (f,g); }  
  if 𝓗=𝓕+𝓖 {  
     b:=Bernoulli(F(x)/H(x));  
     if b=1 return Generate(f∈𝓕);  
     else return Generate(g∈𝓖); }  
  if 𝓗=Set(𝓕) {
     …

with 1/B(.23)≃1/1.559≃.6414 
Coin: 0,0,1,0,1,1,1,1,0,1,… 

Example: binary trees
𝓑=1+𝒵x𝓑x𝓑

Exp. size

⇠ 1

2
p
1� 4x
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Proba(t)= 
x|t|

T (x)
with T (x) =

X

t2T
x|t|=

X

n

Tnx
n



Proof & Complexity

Generate(h∈𝓗) = {  
  if 𝓗=1 return 1;  
  if 𝓗=𝒵 return 𝒵;  
  if 𝓗=𝓕x𝓖 {  
     Generate(f∈𝓕);  
     Generate(g∈𝓖);  
     return (f,g); }  
  if 𝓗=𝓕+𝓖 {  
     b:=Bernoulli(F(x)/H(x));  
     if b=1 return Generate(f∈𝓕);  
     else return Generate(g∈𝓖);  
  if 𝓗=Set(𝓕) {
     …

Proba(t)= 
x|t|

T (x)
with T (x) =

X

t2T
x|t|=

X

n

Tnx
n

Complexity: number of arith. ops linear in |t|.

x
|(f,g)|

H(x)
=

x
|f |+|g|

F (x)G(x)
=

x
|f |

F (x)

x
|g|

G(x)
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x
|h|

H(x)
=

(
F (x)
H(x)

x
|h|

F (x) , if h 2 F
G(x)
H(x)

x
|h|

G(x) , if h 2 G.
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Example: XML-trees

Grammar File size #eq. Newton
rss 9.5k 16 0.02s.

Relax NG 124k 114 0.10s.

XSLT 168k 122 0.12s.

XHTML Basic 284k 96 0.32s.

SVG 6.3M 232 0.23s.

OpenDocument 2.8M 814 0.34s.

DocBook 11M 977 23s.

[Darrasse2010]

Time for x s.t. E(size)=10,000
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Targeting an Approximate Size

Proba(t)= 
x|t|

T (x)
with T (x) =

X

t2T
x|t|

E[|t|] = xT 0(x)

T (x)
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E[|t|2] = x2T 00(x) + xT 0(x)

T (x)
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� =
p

E[|t|2]� E[|t|]2
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Binary trees

𝓑=1+𝒵x𝓑x𝓑

E[|t|]± �/4
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Pointed binary trees

𝒵x𝓑’

Expected size and standard deviation:
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Rejection

1. Find (once) x s.t. E(|t|)=n
2. Run Generate until |t|∈(n(1-ε),n(1+ε)).

Nicest cases: standard deviation/expected size —> 0  
More common: ratio has a finite limit  
Otherwise: use pointing.

For all constructible structures, approximate 
size n can be reached in O(n) arith op.

Choice of strategy relies on singularity analysis (after the break).
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IV. Algorithms for  
Asymptotic Analysis

F (z) =
1X

n=0

fnz
n fn ⇠ · · · , n ! 1



Singularity Analysis

counts the number 
of objects of size n

captures some 
structure(an) 7! A(z) :=

X

n�0

anz
n

an =
1

2⇡i

I
A(z)

zn+1
dz

A(z) ⇠
z!⇢

c
⇣
1� z

⇢

⌘↵
logm 1

1� z
⇢

(↵ 62 N)

an ⇠
n!1

c ⇢�nn
�↵�1

�(�↵)
logm n

full asymptotic expansion available

1. Locate dominant singularities 

2. Compute local behaviour 

3. Translate into asymptotics

A 3-Step Method:

39/53Next: computation of ⇢,↵,m, c[FlajoletOdlyzko1990]



Pringsheim’s Theorem

an � 0 for all n ⟹ real positive dominant singularity.
Useful property [Pringsheim Borel]

(an) 7! A(z) :=
X

n�0

anz
n

A couple of years after the publication of my Thesis, Edmund Landau wrote to me to 
say that the German mathematician Pringsheim thought he had discovered the 
theorem […]  ``But’’, he added, ``of course, this result is yours“. […] what would 
have happened if I had not been alive to receive his letter? He would not have been 
undeceived and the discovery would have been thought to be mine—until other 
readers would have restored it, not to Pringsheim but to E. Borel.

J. Hadamard (1954)
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IV. 1. Rational Generating 
Functions

Linear Recurrences with Constant Coefficients



Fibonacci Numbers

= =

As n increases, the smallest 
singularities dominate.

an =
1

2⇡i

Z

�

f(z)

zn+1
dz

F1 = 1 =
1

2⇡i

I
1

1� z � z2
dz

z2

Fn =
��n�1

1 + 2�
+

�
�n�1

1 + 2�
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Conway’s sequence

Generating function for lengths: 
               f(z)=P(z)/Q(z) 
with deg Q=72.

Smallest singularity: 
𝜌≃0.7671198507

ℓn≃2.04216 ρ-n

c=𝜌-1 Res(f,𝜌)

remainder exponentially small

1,11,21,1211,111221,…

Fast univariate resolution: 
Sagraloff-Mehlhorn16
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algebraic

[Conway 1987]



Singularity Analysis for Rational Functions

1. Numerical resolution  
with sufficient precision  
+ algebraic manipulations
2. Local expansion (easy).

3. Easy.

43/53

A 3-Step Method:

a. singularities; b. dominant ones
1. Locate dominant singularities 

2. Compute local behaviour 

3. Translate into asymptotics

17z3 � 9z2 � 7z + 8Ex:

dist 10-5

Demo



IV. 2. Algebraic Generating 
Functions

Unambiguous Context-Free Languages



Basic Example: Binary Trees

A 3-Step Method:
1. Locate dominant singularities; 
2. Compute local behaviour; 
3. Translate into asymptotics.

B(z) = 1 + zB(z)2

= 1 + z + 2z2 + 5z3 + · · ·

=
1�

p
1� 4z

2z

1. sing. en z = 1/4

2. local behaviour:

3. translation:

B(z) =
z!1/4

2� 2(1� 4z)1/2 + · · ·

Bn ⇠ 4nn�3/2

p
⇡

✓
1� 9

8n
+ · · ·

◆

Probability that a leaf 
is a child of the root?
[zn]2zB(z)

Bn

=
1

2
+

3

4n
+O

✓
1

n2

◆

Demo.
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1a. Location of possible singularities  
Implicit Function Theorem:  
 

1b. Analytic continuation  
    finds the dominant ones  
2. Local behaviour (Puiseux):  
3. Translation: easy:

Algebraic Generating Functions
P (z, y(z)) = 0

P (z, y(z)) =
@P

@y
(z, y(z)) = 0

Numerical resolution 
with sufficient precision  
+ algebraic manipulations
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an ⇠
n!1

c ⇢�nn
�↵�1

�(�↵)

with c, ⇢ algebraic,↵ rational.

(discriminant)

(1� z/⇢)↵, (↵ 2 Q)



3-regular 2-connected Planar Graphs

U = 2G3+T+2U2 =
T

(1� U)3
, T = z(1+B)3, B =

G3 +B2

1 +B
+z

✓
B +

1

2
B2

◆

define power series U(z), G3(z), T (z), B(z).

The aim is to compute the asymptotic behaviour of [zn]B(z).

2. The discriminant has degree 20, but only one root in (0,1]:
⇢ ⇡ .102 root of 54z3 + 324z2 � 4265z + 432.

3. At z = ⇢, P has only 1 (double) real positive root: B(⇢)

1. Eliminating U,T,G3 gives P = 16B6z2 + · · ·+ z2(z2 + 11z � 1).

4. Computing more terms gives
with an explicit cB(z) = B(⇢) + c1

✓
1� z

⇢

◆
± c

✓
1� z

⇢

◆3/2

+ · · ·

5. Conclusion:
[zn]B(z) ⇠ 3c

4
p
⇡
n�5/2⇢�n.

Analytic continuation 
exploiting 

the combinatorial origin.
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IV. 3. More General Implicit 
Generating Functions

Often behave like algebraic ones



Implicit Function Theorem  
Locates Singularities

𝓣=𝒵xSET(𝓣)

Singularities may only occur when @/@T = 0
<latexit sha1_base64="3CKsDowMlyTrPjMNMe1mAHCtLyc="></latexit><latexit sha1_base64="g+pA3mxurKq4O53pZEZDY2tYKxc="></latexit><latexit sha1_base64="g+pA3mxurKq4O53pZEZDY2tYKxc="></latexit><latexit sha1_base64="1NgjfrOpFknydw2mVEIiojG7vQE="></latexit>

1 = z exp(T )
<latexit sha1_base64="r2E25MdAqilNFBLywAMUuusyr5k="></latexit><latexit sha1_base64="hozQ41HaVQJwZNv8CSsn4SK59uc="></latexit><latexit sha1_base64="hozQ41HaVQJwZNv8CSsn4SK59uc="></latexit><latexit sha1_base64="STD4zu6dIRVGqJSC/Ihsi+w1uNA="></latexit>

T (z) = z exp(T (z))
<latexit sha1_base64="L9sr4mxi6iaKQzIDkeC0Umgt3Sk="></latexit><latexit sha1_base64="in3Tp6BXbO3dh33/0MlNbko4CoA="></latexit><latexit sha1_base64="in3Tp6BXbO3dh33/0MlNbko4CoA="></latexit><latexit sha1_base64="Q0HxI+ncQlUjofOflrQh0pyxga4="></latexit>

) T = 1, z = e�1
<latexit sha1_base64="/spJNH0z7XXs0/xnmMTbeGKA7U4="></latexit><latexit sha1_base64="dnl8PduwK+iHIHf3U4DO1CwwDSA="></latexit><latexit sha1_base64="dnl8PduwK+iHIHf3U4DO1CwwDSA="></latexit><latexit sha1_base64="oFgomqSBgew3oqHXbFHsoTvw8Vg="></latexit>

For a system                      the condition becomesY = H(z, Y )
<latexit sha1_base64="qAEnHu8u+rI6Yxj4H9aqdu24cks="></latexit><latexit sha1_base64="8IJRj1167HhC2uskZEK1Iaejtg0="></latexit><latexit sha1_base64="8IJRj1167HhC2uskZEK1Iaejtg0="></latexit><latexit sha1_base64="ZknLYsPxIDckL00yG+50CPn+ePg="></latexit>

det

✓
Id�@H

@Y

◆
= 0

<latexit sha1_base64="zqjBM5TrPZ+Rw8elq+SxzuM7zD0="></latexit><latexit sha1_base64="uUU1TZazvhSKYZokXUeWkDeXbkI="></latexit><latexit sha1_base64="uUU1TZazvhSKYZokXUeWkDeXbkI="></latexit><latexit sha1_base64="wFNAPq5yrtMHDx8xsb6IxbrQ6eA="></latexit>

Jacobian matrix
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Algebraic-Like Singular Behaviour:  
Drmota-Lalley-Woods Theorem

T (z) = z exp(T (z))
<latexit sha1_base64="L9sr4mxi6iaKQzIDkeC0Umgt3Sk="></latexit><latexit sha1_base64="in3Tp6BXbO3dh33/0MlNbko4CoA="></latexit><latexit sha1_base64="in3Tp6BXbO3dh33/0MlNbko4CoA="></latexit><latexit sha1_base64="Q0HxI+ncQlUjofOflrQh0pyxga4="></latexit>

z = T exp(�T )

= e
�1 � e

�1 (T � 1)2

2
+ e

�1 (T � 1)3

3
+ · · ·

T = 1�
p
2
p
1� ez +O(1� ez).

<latexit sha1_base64="SRr+RE9q7GxDxbJxW3XPscc/V3o="></latexit><latexit sha1_base64="SRr+RE9q7GxDxbJxW3XPscc/V3o="></latexit><latexit sha1_base64="SRr+RE9q7GxDxbJxW3XPscc/V3o="></latexit><latexit sha1_base64="SRr+RE9q7GxDxbJxW3XPscc/V3o="></latexit>

expansion at T=1
no linear 
term by 
the IFT

Tn

n!
⇠ enp

2⇡n3/2
<latexit sha1_base64="GPG86qKkAxW5nvtqnpcawZGqzvs="></latexit><latexit sha1_base64="GPG86qKkAxW5nvtqnpcawZGqzvs="></latexit><latexit sha1_base64="GPG86qKkAxW5nvtqnpcawZGqzvs="></latexit><latexit sha1_base64="GPG86qKkAxW5nvtqnpcawZGqzvs="></latexit>

Singularity analysis → (aka Stirling’s formula)

General Case [DLW] Under mild and common conditions, the 
singularities of combinatorial systems behave like square roots.
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IV. 4. Faster Growth &  
Saddle-Point Method



Example: Set Partitions

Part=Set(Set>0(𝒵))

exp(ez � 1) = 1 + 1
z

1!
+ 2

z2

2!
+ 5

z3

3!
+ 15

z4

4!
+ · · ·

<latexit sha1_base64="ixUkPu2SFakziQNzRPczoNOCNS0="></latexit><latexit sha1_base64="ixUkPu2SFakziQNzRPczoNOCNS0="></latexit><latexit sha1_base64="ixUkPu2SFakziQNzRPczoNOCNS0="></latexit><latexit sha1_base64="ixUkPu2SFakziQNzRPczoNOCNS0="></latexit>
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Saddle-Point Method
(Functions with fast singular growth)

an =
1

2⇡i

I
f(z)

zn+1
| {z }

exp(h(z))

dz

<latexit sha1_base64="NI+q+r1T/VADiEayp06qlge+cYE="></latexit><latexit sha1_base64="NI+q+r1T/VADiEayp06qlge+cYE="></latexit><latexit sha1_base64="NI+q+r1T/VADiEayp06qlge+cYE="></latexit><latexit sha1_base64="NI+q+r1T/VADiEayp06qlge+cYE="></latexit>

1. Saddle-point equation h0(Rn) = 0
<latexit sha1_base64="0ssUbT94p8vcFkETSMxqtgbwOPc="></latexit><latexit sha1_base64="0ssUbT94p8vcFkETSMxqtgbwOPc="></latexit><latexit sha1_base64="0ssUbT94p8vcFkETSMxqtgbwOPc="></latexit><latexit sha1_base64="0ssUbT94p8vcFkETSMxqtgbwOPc="></latexit>

2. Change of variables h(z) = h(Rn)� u2
<latexit sha1_base64="CGqSP9GE9CF2an02PUdQgvUvDS0="></latexit><latexit sha1_base64="CGqSP9GE9CF2an02PUdQgvUvDS0="></latexit><latexit sha1_base64="CGqSP9GE9CF2an02PUdQgvUvDS0="></latexit><latexit sha1_base64="CGqSP9GE9CF2an02PUdQgvUvDS0="></latexit>

3. Termwise integration

fn ⇡ f(Rn)

Rn+1
n

p
2⇡h00(Rn)

<latexit sha1_base64="YgVuFVD7rF8R/NcJvVrVuVtm4wY="></latexit><latexit sha1_base64="YgVuFVD7rF8R/NcJvVrVuVtm4wY="></latexit><latexit sha1_base64="YgVuFVD7rF8R/NcJvVrVuVtm4wY="></latexit><latexit sha1_base64="YgVuFVD7rF8R/NcJvVrVuVtm4wY="></latexit>

4. Sufficient conditions: next slide

Ex: f=exp
h(z) = z � (n+ 1) log z

<latexit sha1_base64="MqQDMh5QNv5ZfpoO5udX7cU4Gm8="></latexit><latexit sha1_base64="MqQDMh5QNv5ZfpoO5udX7cU4Gm8="></latexit><latexit sha1_base64="MqQDMh5QNv5ZfpoO5udX7cU4Gm8="></latexit><latexit sha1_base64="MqQDMh5QNv5ZfpoO5udX7cU4Gm8="></latexit>

Rn = n+ 1
<latexit sha1_base64="z7nNunfM1vZOn6SyQRaByS50fc4="></latexit><latexit sha1_base64="6lUV3TJ2jr2C4vGW1EUkLpZomlI="></latexit><latexit sha1_base64="6lUV3TJ2jr2C4vGW1EUkLpZomlI="></latexit><latexit sha1_base64="ODB2+1/cQj5VgtaYFEIVHa1+EBI="></latexit>

1

n!
⇡ en+1

(n+ 1)n+1
q

2⇡
n+1

<latexit sha1_base64="vPY7QfUcCMLJoJiIvGvgqOr3/40="></latexit><latexit sha1_base64="8hhbEG9uAio8Ch+Yg16ihjT9h4c="></latexit><latexit sha1_base64="8hhbEG9uAio8Ch+Yg16ihjT9h4c="></latexit><latexit sha1_base64="sUzeJMBCMFUczd/rtoV3c1ZihrA="></latexit>

Stirling!
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Hayman Admissibility

A set of easy-to-use sufficient conditions

f admissible ⟹ the formula of the previous slide holds

Thm. f,g admissible, P polynomial. Then,  
1. exp(f), fg and f+P admissible;  
2. lc(P)>0 ⇒ fP and P(f) admissible;  
3. if eP has ultimately >0 coeffs, then it is admissible.

Exs: sets (   ), involutions (            ), set partitions (                   ).ez
<latexit sha1_base64="SuuwZWTMYIF9gULGR5xDXanFEbs="></latexit><latexit sha1_base64="CsWcrmrD/ELSqyn2ZVYLhStQpsY="></latexit><latexit sha1_base64="CsWcrmrD/ELSqyn2ZVYLhStQpsY="></latexit><latexit sha1_base64="styl5r/hv2kjTiTcs92UnKBWBZs="></latexit>

ez+z2/2
<latexit sha1_base64="6a8j4b8DqBFSoL7lGEF3B0liC9U="></latexit><latexit sha1_base64="6IDzBHAYSbDO+6+Uz0w601BG3U4="></latexit><latexit sha1_base64="6IDzBHAYSbDO+6+Uz0w601BG3U4="></latexit><latexit sha1_base64="quTmARTY3zcrw/yGKfWERnTsOwg="></latexit>

exp(ez � 1)
<latexit sha1_base64="otoZEC3AKZMqjn3mm4SHyjA8Roc="></latexit><latexit sha1_base64="e8VbNJP7m51hszJM+sfWBWmHS/4="></latexit><latexit sha1_base64="e8VbNJP7m51hszJM+sfWBWmHS/4="></latexit><latexit sha1_base64="ON3m+xjnglOdm+jYptdAJg4FBSc="></latexit>

Inv[{1, 2, 3}] = 1 2

3

1 2

3

1 2

3

1 2

3

, , ,{ }
[Hayman 1956; see also Wyman 1959] 51/53



Conclusions



If you can specify it, you can analyze it!

Permutations 
Mappings 
Words 
Strings 
Urns 
Trees 

Languages 
Integers 
Compositions 
Partitions 
…

+ parameters

Universality phenomena:

# trees of various types K⇢nn�3/2 n1/2pathlength in Ex.:
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Limit Laws



Summary & Conclusion

What we have:

counting; 
random generation; 
asymptotic analysis.

Combinatorial  
specification

Automated?

✓
✓
✗ (not fully)

Ultimate (dream) goal:

Combinatorial  
specification + Algorithm

Automatic 
complexity analysis

The End
Where to learn more:

On-line course by R. Sedgewick at 
http://ac.cs.princeton.edu/online/
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