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Asymptotics of Multiple Binomial Sums
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I. Univariate Rational Functions,
Linear Recurrent Sequences



Linear Recurrent Sequences

Integers < 2" l :
divisible by 5 xpl\ ________ | S -
m
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BRI "t\ . ))F 'L 10 e . of bounded height
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Upii = doly, + - + a1, with initial conditions U, ..., 44
very well understood

(u,) 1s a LRS < its generating series U(z) := Z u,z" is rational
n=0

Ex. Fibonacci: F,.,=F _+F, Fy=F =1

Z Qp—1)/5 Q¢-1)/5
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Fibonacci Numbers

As n increases, the smallest
singularities dominate.
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Conway’s sequence

,11,21,1211,111221,... 9
: : X = >(><>4< X X
Generating function for lengths: . *x X s X X
X .
f(2) = P(2)/ Q(z) Balkd ,
with deg Q = 72. "~ X X
XX »
Smallest singularity X "% X
p ~ 0.7671198507 X e
x>< Bate
I/ﬂn 210_” X § X
_ X A 3-Step Method:
i 1Res(f,z - ’D)j X >S( . Locate dgmsit\il[r)lt sir?éug(rjities
algebraic v % . Compute .Iocal behavio.ur
w X : (T(r;anslate ;ln:)o asyrgpt(t).tlcs S
. . oes we €eyonda rational 1cns
remainder exponentially small Xy
X

= :
How many digits do we need: 48

[Conway 1987]



Certified Roots of Polynomials

Def. Separation Def. Height
. d
sep(P) '_Pm)flf)l(%ho,m_m' H(Z“ixl) = max | ;|
a#p i=0 l

Mahler’s thm. If P € Z[X] has degree d, explicit

Sep(P) >\ — fur;?t;lon

not known to be tight
Isolating disks of radius € for all roots can be (except for d = 3)
computed in time O(d> + d*log H(P) — d loge). worst known fam”y gives
—(2d - 1)/3.

[Mahler 64; BugeaudDujella 14; Mehlhorn Sagraloff 15-16] 5/28



Il. Absolute Separation



Absolute Separation

Detf.
abssep(P) = min al — :
p(P) =, min _ |lal-1]
la| # | B

P=10X"=-3X?-2X+3
1l —la|l ~5-107* not the same as before

Thm: abssep(P) >

e(d) < (d—1)d=2d-3)2=d’2=3d*+--- (d=>6).

No good lower
bound known

Sufficient to separate roots by absolute - i
value in polynomial complexity e(d) < d” would be nice

[Gourdon-S. 96; Dubicka-Sha 15; Sha 19; Bugeaud-Dujella-Fang-Pejkovic-S. 19] 4,25



Auxiliary Polynomials

d d
From P(X) = Z a.X' = adH(X — a) € Z[X] of height H(P)
construct =0 =1

and lower bound
— ,2(d-1) _ — 0.)?
M(X) = a; H(X (@ — @)7) € ZIX] s honzero roots.
i<j

Prop. 2 [Symmetric fcns]
Prop. 1 [Cauchy] If a # 0, G e Z[X,,...,X;] symmetric

1 with degy G < k for all i
1+ H®P) | |=adGay,....a) € Zlay, ...,a,]
of total degree <k.

Pla)=0= |al| >

. . 5 (d—1 Recovers
Application to M — |a; — a;|” > kH~24"D . INHIEE

exponent
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A Bigger Polynomial

d—1)(d-2)(d-3
a(F-D-2 )H(Xm—(aﬂj—ak%))
i <J;
k<7,
(i.j}n{k6} =

2 2 —(d—1)(d=2)(d-
= (Jal” = | pI*) > -2

gives exponent for the general case
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Other Useful Polynomials

ac?(d_l)H (X —(a; + aj)z)

<J a;, o real = ‘ Ja; | — oy ] ‘ > kH~
optimal

2(d—1)(d-2 2
ad( ! )H (X - (ak o aiaj)) 4 is optimal

i<j ke {i.j} when d = 3

a, real = ‘ ;| — | o] ‘ > kH a2

Application: if 0 < r; < -+ < 1, are the real :
Used in the

combinatorial case later

positive roots of P, all roots of modulus exactly the
r; can be computed in time O(d?log H(P)) .

[Bugeaud-Duijella-Pejkovic-S. 17;Bugeaud-Dujella-Fang-Pejkovic-S. 19] 9/28



[1l. Multiple Binomial Sums,
Diagonals and Multiple Integrals




Diagonals

m this talk

G(z
If F(z) = HE ; is a multlvarlate.functlon with Taylor expansmn
Z ;

¥ x
F(z) = C X X X X X
_lENn X X X X X
its diagonal is DiangZCk,_._ka i i i i ;
k>0
2k : ! :@+x+y+@ty+az2+y2+-~+@ﬂ?2?/2+”'
k l—xz—vy

1 2k 1—2
i(}): T Bt

1
Aperys U - 1=t +2)(1+y) 1+ 2)(1 +y+ 2 + yz + zyz) (- Ayt +--

S ()
o \K k 10/28



Multiple Binomial Sums

over a field K

Sequences constructed from
n
the binomial sequence (n, k) — (k>;
geometric sequences n — C", C € K;
Kronecker's o : n +— 0,

using algebra operations and

affine changes of indices (u,) = (1(,);

m
indefinite summation (u,, ;) — (Z un’k> .

=0
11/28



Diagonals & Multiple Binomial Sums
32 ()0

Thm. Diagonals = binomial sums with 1 free index.

> BinomSums[sumtores](S,u): (.)

1
I + t(l + l/tl)(l + Mz)(l — M1M3)(1 — M2M3)

has for diagonal the generating function of §,

[Bostan-Lairez-S.17] 12/28



From Sum to Residue to Diagonal

@2“2""”

XK1+ x)" = Py (1+ x)nxii

1 . _dxidx,
o) S)(l + x)"(1 + x,) ]

1 ) 1= 1/
i) S)(l + x)"(1 + x,) P b, dx,

1 f|;< ] . ] ) dx,dx,
2 I\ —z(L+x)(1 +x) 1=z +x)A+x) /) 1 —xx

1 1 1
Diag << + ) >
1 - Z(l + Xl)(l + Xz) 1 — ZX1X2(1 + xl)(l + X2) 1 — X1X>

Can be turned into a general algorithm
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V. Analytic Combinatorics in
several variables

ANALYTIC COMBINATORICS
A MULTIDIMENSIONAL APPROACH

-3z ()0 (1)) ()

Analytic
Combinatorics
in Several
Variables S(z) = ). 5,z" = Diag

n>0

+ 1(1 + u)(1 + up)(1 — wyusz)(1 — uyus)

Stéphen Melczet

An Invitation
to Analytic
Combinatorics

var

—1)89@) + - +2@B0z+ DIS) =0

2013 5, = 167"




Coefficients of Diagonals

Fla) = fl(é)) ek (2m> / Hg I --zi)‘““

Critical points: extrema of |z;-+--z,|on 7:= {z | H(z) = 0} .

oH oH

B e Dz, : OH OH
rank (8(Z1Z1Zn) 8(21’.2..2”/)) S 1 l.€. 2187 — = Zna7

8,21 te 8zn 1 n

Minimal ones: on the boundary of the domain of convergence.

A 3-step method

1a. locate the critical points (algebraic condition);

1b. find the minimal ones (semi-algebraic condition);
2. translate (easy in simple cases).
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AN
Ex.: Central Binomial Coefficients .

05 1\
2 1
(:): [ —@+x+y+@wy+x +y° + @I2y2+
(1). Critical points:1 —x —y=0,x =y =z =y = 1/2.
. In general, this is
(2). Minimal ones. Easy. the difficult step.
(3). Analysis close to the minimal critical point: /@

(xy)rtl o (x(1 — x))k+l

// dx dy 1 dx K//
A — >
(274)? l—xz—vy |

4k—|—1

. /exp(4(k +1)(z —1/2)%) dz ~

271

saddle-point approx

Y
Y




More Generally, Smooth Minimal Critical Point

¢ smooth:
Wiog 0H/0z,(0) # 0

Satisfied generically

TR A A A
mptlﬁflei)rlzerrlftlon g s.t. H(Za g(Z)) — Oa <= (Zla X n—l)

n—1 A
, 1 G(Z, 82 02 . .
0= (35) $omtD B @) =2y

0,H(Z, g(2)) w2+
Step 2. Saddle-point analysis BfeEeglile:t /He55|an matrix

w(2) =8, Hop = D) + <z—5>‘<z—z:>+0<\z—5\>

Thm. Under mild conditions, T
(1—n)/2 -G )
¢, = é» kk ( (27) . @) n O(k_l))

[PemantleWilson13;GaoRichmond92] e 608



Locating the Critical Points

Algebraic part: “compute” the solutions of the system

OH _ . _ oH
Zl@zl_ _Znﬁzn

deg H = d, max | coeff(H) | < 2h,

Prop. Under genericity assumptions, a probabilistic algorithm finds

Kronecker
representation
P'u)z, — Q,(w) =0

in O(D>(d + h)) bit ops. System reduced to

a univariate polynomial

H(z) =0

P(u) =0
P'(u)z; — Q;(u) =0 > deg < nD,
: height = O(D(d + h))

History and Background:

see Castro, Pardo, Hagele,
and Morais (2001)

[Giusti-Lecerf-S.01;Schost02;SafeySchost16] 17/28



Example (Lattice Path Model)

4_

The number of walks from the origin taking steps
{NW,NE,SE,SW} and staying in the first quadrant is

(1 +x)(1 +y) -
1 —1(1 +x% 4+ y? + x2 + y?) :

(8]
L 1 L

Diag

() ........

P(u) = Au* + 5203 — 4339u° + 0338 —|— 403920

Kronecker
representation @ (1) = 336u” + 344u — 105898
(u) =
(u) =

U
of the critical O —160u? + 2824 — 48982
points: Qi (u) = 4u® + 39u? — 4339u/2 + 4669 /2

u

<

ie, they are given by:

— Qa (1) y = Qy(u) P Q:(u)
P'(u)’ P'(u)’ P'(u)

Next: which one(s) of these 4 is minimal?

P(u) =0,

18/28



V. Certified Solutions of
Polynomial Systems



Numerical Kronecker Representation

P(u) =0 : : : .
s aol R
P'(u)z, — Qn(u) =0 roots of P
degree 9, height # O(D(D + X))
all z; at precision 275 O(D> + n(D>H + D))

(Technical) bounds on the complexity to

: : Complexity uses
- decide whether a polynomial Q(z) i
. vanishes at some of the solutions, absolute separation

.is >0 or <1 at some of the real solutions;
- oroup solutions that have the same |z;|,i=1,...,n.

Also in a multi-degree and/or a straight-line program setting.
[Melczer-S.21] 19/28



VI. Minimal Critical Points in the

Combinatorial Case
Semi-Algebraic Problem



Combinatorial Generating Functions

Def. F(z;, ...,2,) is combinatorial if every coefficient is > 0.

Prop. [PemantleWilson] In the combinatorial case, one of the
minimal critical points has positive real coordinates.

1. Use this criterion to find minimal critical points

2. Find all minimal critical points with the same |z;|, ..., |z,|
3. Add asymptotic contributions from each of them

20/28



Testing Minimality

y 1

oL 1
H (1—2—9)(20 -z —40y) — 1 ~

Critical point equation x%—g = y%—lj ; 0 s 0 15

r(2x + 41y — 21) = y(41x + 80y — 60)

— 4 critical points, 2 of which are real:
(1, yp) = (9.9971,0.2528),  (x,, y,) = (0.54823,0.30998)

Add H(ix,1y) = 0 and compute a Kronecker representation:

P(U) — O, L = P/<(u))7 y - P’(’U,) y t T P/Eug

Solve numerically and keep the real positive sols:
(0.55,0.31,0.99), (0.55,0.31,1.71), (9.99,0.250.09), (9.99,0.25,0.99)

(z1,y1) is not minimal, (22, ¥y2) is.

21/28



Algorithm and Complexity

Thm. If F(z) is combinatorial, then under regularity conditions, the
points contributing to dominant diagonal asymptotics can be

determined in O(D*(d + h)) bit operations. Each contribution has
the form

Ay = (T‘kk(Qw)(l_”)/Q) (C +O(1/k))
@can be found tO/éecision 27%in O(Dd>h’ + Dk) bit ops.

/ \

This result covers the easiest cases.
All conditions hold generically and can be checked

within the same complexity, except combinatoriality.
[Melczer-S. 21]
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Example: Apéry's sequence

1
REETCRI T u T T rarr—— O UM C £ G

Kronecker representation of the critical points:

P(u) = u® — 366u — 17711
~ 2u — 1006 320 ~ 164u + 7108

A 270 R A =7 0 K R = 0

There are two real critical points, and one is positive. After
testing minimality, one has proved asymptotics

> A, U := DiagonalAsymptotics(numer(F),denom(F),[t,x,y,2], u, k):

> evala(allvalues (subs(u=U[1],RA)));
— K '
(17+122) V2 /24 +172

8 /«:3 T

23/28



Example: Restricted Words in Factors

. I — x3y6 + x3y4 + x2y4 + x2y3
[x"y]
1 — x —y + x2y3 — x3y3 — x4y4 — x3y6 + x40

= #words over {0,1} with i 0 and j 1 and without 10101101 or 1110101

U:=DiagonalAsymptotics (numer (F),denom(F), indets(F),u, k, true, u-T,T):

> A,
> A
f 20 R ) - 17 - 15 15 14 o 12 - 11 n 17 ¥ B 7 ] 2 mwe 4 3 2 .
840" + 240" — 285" — 184847 — 21234" — 149084" + 2550 + 756" +25000"F + 2858 — g0% ™ 4202007 + 122305 — 176017 + 9240 — 49247 — 67537 + 63247 — 249:° + 24u + 16
) 7 4 o 3 - ) 2 _ . | . 7 ) ) 5 s 1 - - &
126 1 306" 1 258" 150007 1 460d'T 102k 3780 154 214207 ssout 22220"7 16aae’ 1 286000 1848 123048 1 208007 268641 | 149487 22840 320w | R4
5 ] 34+ 2a0u” —2850" — 15a80” — 21050 — 1a0sa” —355u™ + 7500 + 250047 + 28504 +ovsu' — e’ +12334° — 17000’ — v24u° — 2920 — 6754" + 032" — 2490’ ~ 2au + 16
\ -~ - . 1 3 ) . ¥ 7 3 AnA 2 -
J 162 — 6120 — 002" — 51647 — 2540 + 5480 +2054 o' + 2156 0" + 80847 — 226847 + 24624° — 20880’ — 13124° — 52047 — 14100 + 118847 — 29047 + 32
/I
' : ! ! T 5 . - 13 2 ac : 7 , e S .y N3 2 ' oy 2
(126 + 364" — 214" 17047 = 255" — 1904 — 19" + 46" + 461" — 6284 — 133" + 37407 — 161" — 3340" +1264° — 13827 — 2850’ — 404" + 917 —30u+32) | /(204 [x (3407
I/
+2400" — 285017 — 15482 — 21250 — 1408 " + 255 0" + 7560 + 25000 = zesa ! — 605" 420200 — 12334° — 176047 4+ 92447 — 4920 — 6750 + 63247 — 24947 + 240+ 16))
EXT
[Rewiojla 2412 7% —15 2% —86 2 =125 27 —88 7%+ 17 2P 454 My103 2423 245 My F-1r A0 A4 F -0 A-n3s P48 - A2 7
+16 Z—4,023571184) |
> evalf(subs(u=U[l].,A)):;
1602945993 2101932
3
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VII. Minimal Critical Points

General Case
Semi-Algebraic Problem



Minimal Critical Points

The connected components of the
complement of amoebas are convex

amoeba(H) := {(log|z|,...,log|z,|) | z€ C", H(z) =0}

| arznoéba of
l—x—-y

Consequence: With & the domain of convergence of F,
u€ I = dre (0,1),z € 0Y s.t. \zj\ = t\ujl,j =1,....n.

—> Criterion in the non-combinatorial case

25/28



Split into Real & Imaginary Parts

f(z) € Clz] splits into flx +iy) = fO(x, y) + ifV(x, y)
fE, P in Rlx, y]

—> 2n + 2 critical point equations in 2n + 2 real unknowns

Cauchy-Riemann

@, (0H®10%)(@,b) + b (0H®10y, ) @b) = &g =0, j=1....m

H®(a,b) = H"(a,b) =0
a; <0H(1)/6xj>(g,£9) + bj <0H(1)/ayj>(g,£9) - =0, j=1,....n

26/28



Minimal Critical Points

Needed: no real zero of H(x + iy) with
|x; +iy;| =t|la;+ib|, j=1,....n
with 0 <1< 1.

H™(tx, ty) = H"(1x, ty) =0, n+ 2 egnsin
xj2 + yj2 = t(aj2 + bjz), j=1,...,n 2n + 1 unknowns

And setup a (structured) system for the critical points of

4n + 4 egns in

Tty - (g,@,gc,_y, ’IR’ /11’ f) > 1. 4dn + 4 unknowns

Bit complexity for min crit pt selection: O(2°"D°d’h) .
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Conclusion



Comparison of Approaches

Multiple binomial sum

[

Diagonal/Integral representation

Griffiths-Dwork

; Same ideal
reduction

analytic
hi : Kronecker
Ananara Linear differential comuinatorics puleere
O(d") equation e n I\?aiieavbelreil arith. size

(smooth case) 0d’)
analytic combinatorics

arbitrary algebraic num.

d, half-integer
only numerically S, =p"n“C (1 +— 4 - explicit

full asymptotic expansion leading term



