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Recall that:

• J♦ϕKρ = {σ ∈ (2AP)ω | ∃i, σ � i ∈ JϕKρ}

• J�ϕKρ = {σ ∈ (2AP)ω | ∀i, σ � i ∈ JϕKρ}

• Jϕ U ψKρ = {σ ∈ (2AP)ω | ∃i, σ � i ∈ JψKρ,∀j < i, σ �j ∈ JϕKρ}

• ϕW ψ := ¬(¬ψ U ¬(ϕ ∨ ψ))

Moreover, a state s of a transitition system satisfies a LTL formula ϕ with parameter ρ if and only
if Traces(s) ⊆ JϕKρ.

Fixpoints
Exercise 1.

Let L be a complete lattice and let f : L → L be a monotone function. Show that µ(f) =
∧
{a ∈

L | f(a) ≤ a} (resp. ν(f) =
∨
{a ∈ L | a ≤ f(a)}) is the least fixpoint (resp. greatest fixpoint) of f .

Exercise 2.
Given formulae ϕ,ψ with parameters ρ, show that Jϕ U ψKρ is the least fixpoint of Jψ∨(ϕ∧©X)Kρ(X).

Linear Time Logic

Exercise 3.
Show that:

1. ¬(ϕW ψ) ≡ ¬ψ U (¬ϕ ∧ ¬ψ)
2. ¬(ϕ U ψ) ≡ ¬ψ W (¬ϕ ∧ ¬ψ)
3. ©(ϕ U ψ) ≡ ©ϕ U©ψ
4. ϕW ψ ≡ (ϕ U ψ) ∨�ϕ

Exercise 4.
Show that:

1. J> U ϕKρ = {σ ∈ (2AP)ω | ∃i, σ � i ∈ JϕKρ}
2. JϕW ⊥Kρ = {σ ∈ (2AP)ω | ∀i, σ � i ∈ JϕKρ}

Exercise 5.
Consider the following transition system over the set of atomic propositions {a, b}:
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s4 {b}

s2

{a}
s1{a} s3 {a, b}

Indicate for each of the following LTL formulae the set of states for which these formulae are fulfilled:

A. ©a
B. ©©©b

C. �b

D. �♦a

E. �(b U a)
F. ♦(a U b)
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