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Duality

Recall that:

e for two Boolean algebras B and B’ and a function f : B — B’, the dual of f is the function
f°: B — B’ defined by f°(b) = =/ f(=b).

e for a set Act and a € Act, the functions [a] : £(HML) — £(HML) and (a) : £(HML) — £(HML)
are defined by
— [0](¢) = [a]o
= (@)(¢) = ()¢
e for T'S = (S, Act,—, I, AP, L), the functions [[«]] and [(«}] are defined by
— [[a]](A) ={s € S| Vs € Succ®(s),s’ € A}
— [(a)](A) ={s € S|3s" € Succ®(s),s € A}
Exercise 1.
1. Consider a transition system T'S = (S, Act,—,I, AP, L) and « € Act. Show that:
o [[e]] = [(x)]°
o [{e)] = [[]l’
2. Let a € Act. Show that:
o [a] = (@)
o (a)=la]

Exercise 2.
Let B and B’ be two Boolean algebras and f : B — B’. Show that:

I
2. If f is map of join (resp. meet) semilattices, then f? is map of meet (resp. join) semilattices.
3. If f is a map of lattices, then f° = f.
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Ultrafilter extension

Recall that:

e for a BAO BT = (B, (fa)acAct), the ultrafilter frame L f(B™) is defined as

— the states are the ultrafilter over B, and
— given F,H two ultrafilters, F = H iff Vb € B,b € H = f.(b) € F.

e For a set X, we define the function 7 : X — Uf(X) by n(z) = {A € P(X) | z € A}. 7 is a bijection
between X and Uf(X).

e for a TS = (S, Act,—,I, AP, L), the ultrafilter extension {f(7TS) is the transition system where
— the states are the ultrafilters {(f(S) on S
- F 5 Hiff [(a)](A) € F whenever A € H
—acL(F)if {seS|aecL(s)}eF
— the inital states are {m(s) | s € I}

Exercise 3.
Consider a BAO BT = (B, (fa)acAct). Sho that in the ultrafilter frame $(f(B™), we have

FALHifvbeB, fSb)e F=beH

Exercise 4.
Consider a T'S = (S, Act, —, I, AP, L). Show that:

1. Given s € Sand a € AP, a € L(s) in TS iff a € L(n(s)) in f(T'S).

2. Show that
F L HIfF[[(A) e F=AcH

3. Given 5,5’ € S and a € Act, s = 5" in TS iff 7(s) = w(s’) in Uf(TS).
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