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Bisimulations
Recall that for two TS0 and TS1 such that TSi = (Si,Act,→i, Ii,AP, Li), the relation R ⊆ S0 × S1 is
said to be a bisimulation iff for all (s0, s1) ∈ R, we have:

• L0(s0) = L1(s1), and

• for each i ∈ {0, 1} and each α ∈ Act if si
α−→ s′i, then there is s′1−i ∈ S1−i such that s1−i

α−→ s′1−i
and (s′0, s

′
1) ∈ R.

We write TS0 ≈ TS1 if there is bisimulation R such that for all si ∈ Si, there is s1−i ∈ S1−i satisfying
(s0, s1) ∈ R.

The bisimilarity relation ∼ is defined by s0 ∼ s1 iff there is a bisimulation R such that (s0, s1) ∈ R.

Exercise 1.
Given two transition systems TS0 and TS1, show that:
1. for all s ∈ S0, s ∼ s.
2. if R is a bisimulation, then R−1 = {(s1, s0) ∈ S1 × S0 | (s0, s1) ∈ R} is also a bisimulation.
3. Given a third transition system TS2, if R is a bisimulation between TS0 and TS1 and T is a

bisimulation between TS1 and TS2 then

T ◦ R = {(s0, s2) ∈ S0 × S2 | ∃s1 ∈ S1, (s0, s1) ∈ R and (s1, s2) ∈ T }

is also a bisimulation.
4. The bisimilarity relation between TS0 and TS1 is a bisimulation.
5. If R is a bisimulation between TS0 and TS1, then R ⊆∼.
6. The bisimilarity between TS0 and itself is an equivalence relation.

Exercise 2.
Given a transition system TS = (S,Act,→, I,AP, L), we define TS∼ = (S∼,Act,→∼, I∼,AP, L∼)
as follow:

• the states S∼ of TS∼ are the equivalence classes of ∼, i.e. S∼ = {[s]∼ | [s]∼ = {a ∈ S | s ∼ a}}
• I∼ = {[i]∼ | i ∈ I}
• [s]∼

α−→∼ [s′]∼ if s α−→ s′

• L∼([s∼]) = L(s)

Show that TS ≈ TS∼.

HML

We recall that for two sets AP and Act,
• A Kripke frame over Act is given by a set of states S together with a relation →⊆ S×Act×S.
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• A Kripke model over Act and AP is given by a Kripke frame (S,Act,→) together with a state
labelling L : S → 2AP.

• The formulae of HML are defined by ϕ,ψ := > | ⊥ | a | ϕ ∧ ψ | ϕ ∨ ψ | ¬ϕ | [α]ϕ | 〈α〉ϕ with
α ∈ Act and a ∈ AP.

Moreoever, for a transition system TS = (S,Act,→, I,AP, L), we have

• JaK = {s ∈ S | a ∈ L(s)}
• J>K = S

• J⊥K = ∅
• Jϕ ∧ ψK = JϕK ∩ JψK

• Jϕ ∨ ψK = JϕK ∪ JψK

• J¬ϕK = S\JϕK

• J[α]ϕK = {s ∈ S | ∀s′, if s α−→ s′ then s′ ∈ JϕK}

• J〈α〉ϕK = {s ∈ S | ∃s′, s α−→ s′ and s′ ∈ JϕK}

Finally we say that φ ≡ ψ if JφK = JψK for every TS.

Exercise 3.
Let AP be a set. We fix Act = {•}. We define the Kripke model M((2AP)ω) = ((2AP)ω,Act,→
,AP, L) on streams where

• α •−→ β iff β = α�1

• L(α) = α(0)

1. Show that J〈•〉ϕK = J[•]ϕK = {σ | σ�1 ∈ JϕK}
2. Show that for all P ⊆ (2AP)ω, the following are equivalent:

• There is a HML–formula ϕ such that P = JϕK
• There is a LML–formula ϕ such that P = JϕK

3. Show that for all α, β ∈ (2AP)ω, α = β iff α ∼ β.

Exercise 4.
Show the following equivalences:

1. 〈α〉ϕ ≡ ¬[α]¬ϕ
2. [α]ϕ ≡ ¬〈α〉¬ϕ
3. 〈α〉(ϕ ∨ ψ) ≡ (〈α〉ϕ) ∨ (〈α〉ψ)
4. [α](ϕ ∧ ψ) ≡ ([α]ϕ) ∧ ([α]ψ)

5. 〈α〉⊥ ≡ ⊥
6. [α]> ≡ >
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