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We devise a version of Linear Temporal Logic (LTL) on a denotational domain
of streams. We investigate this logic in terms of domain theory, (point-free)
topology and geometric logic. This yields the first steps toward an extension of
the “Domain Theory in Logical Form” paradigm to temporal liveness properties.

We show that the negation-free formulae of LTL induce sober subspaces of
streams, but that this is in general not the case in presence of negation. We
propose a direct, inductive, translation of negation-free LTL to geometric logic.
This translation reflects the approximations used to compute the usual fixpoint
representations of LTL modalities.

As a motivating example, we handle a natural input-output specification for
the usual filter function on streams.

1. Introduction

We are interested in input-output properties of higher-order programs that handle infinite
data, such as streams or non-wellfounded trees. Consider for instance the usual filter function

filter : (A — Bool) — StrA — Strd
filter p (a =) = if (p a) then a :: (filter p z) else (filter p x)

where StrA stands for the type of streams on A. Assume p: A — Bool is a total function
that tests for a property P. If x is a stream on A, then (filter p x) retains those elements of
2 which satisfy P. The stream produced by (filter p x) is thus only partially defined, unless
x has infinitely many elements satisfying P.

Logics like LTL, CTL or the modal p-calculus are widely used to formulate, on infinite
objects, safety and liveness properties (see e.g. [HR07, BS07]). Safety properties state that
some “bad” event will not occur, while liveness properties specify that “something good”
will happen (see e.g. [BKO0§|). One typically uses temporal modalities like O (always) or
(eventually) to write properties of streams and specifications of programs over such data.

A possible specification for filter asserts that (filter p x) is a totally defined stream whenever
x is a totally defined stream with infinitely many elements satisfying P. We express this
with the temporal modalities [1 and <}. Let A be finite, and assume given, for each a of
type A, a formula ®, which holds on b : A exactly when b equals a.! Then [/ . Pq selects
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those streams on A which are totally defined. The formula [0 P expresses that a stream
has infinitely many elements satisfying P. We can thus state that for all streams x : StrA,

x satisfies O\, ®, and OOP = (filter p x) satisfies O/, @, (1)

The question we address in this paper is the following. Having in mind that a stream (as
opposed to e.g. an integer) is inherently an infinite object, what do we mean exactly by “the
stream x satisfies QP77 In our view, the above specification for filter should hold for any
stream whatsoever, and not only for those definable in a given programming language.

This leads us to investigate temporal properties on infinite datatypes at the level of
denotational semantics. Logics on top of domains are known since quite a long time.
Our reference is the paradigm of “Domain Theory in Logical Form” (DTLF) [Abr91] (see
also [Zha91]), which allows one to systematically generate a logic from a domain representing
a type. These logics are actually obtained by Stone duality, which is at the core of a rich
interplay between domain theory, logic and (point-free) topology. This area is presented
under various perspectives in a number of sources. We refer to [Abr91, AC98] and (e.g.)
[Joh82, Vic89, Vic07, GL13, GvG23|. Some key ideas are put at work in [CZ00].

However, logics on domains given by Stone duality are usually restricted to safety properties.
To our knowledge, there is no systematic investigation of liveness properties, such as the
ones used in the specification for filter above.

This paper reports on preliminary works, mostly based on an internship of the second
author during summer 2023. We devise a version of the logic LTL on a domain of streams
[StrA] determined by the recursive type equation StrA = A x StrA. Each formula ® of LTL
yields a subset [®] C [StrA]. We investigate such LTL-definable subsets in terms of domain
theory, of (point-free) topology and of a logic called geometric logic.

Our first step is to view domains as topological spaces, so as to benefit from the rich
notion of subspace. For instance, (with A finite) the set of w-words A =[OV, ®,] turns
out to be a discrete sub-poset of [StrA]. But as a subspace of [StrA], it becomes equipped
with its usual product topology (in the sense of e.g. [PP04]). We observe that LTL formulae
without negation induce subspaces of [StrA] which are sober, but that this may fail in
presence of negation. The notion of sobriety originates from point-free topology, and has
become quite important for the general (point-set) topology of domains (see e.g. [GL13]).

We then turn to geometric logic. The idea is roughly the following. DTLF rests on the fact
that finite approximations in a domain can be represented in a propositional logic generated
from the topology of the domain. But this is too weak to handle infinitary properties
such as those definable with the modalities (] and <. On the other hand, the sobriety
of [®] means that we can reason using an abstract notion of approximation induced by
the subspace topology. Geometric logic is an infinitary propositional logic which allows
for concrete representations of topologies. We provide a direct, inductive, translation of
negation-free LTL to a geometric logic based on the domain [StrA]. This translation reflects
the approximations used to compute the usual fixpoint representations of [J, <. This shows
that for the negation-free fragment, the semantics of LTL can be concretely represented by
approximations which live in a natural extension of DTLF for the domain [StrA].

We also check that our translation of negation-free LTL indeed conveys the good approxi-
mations to prove that the denotation of filter meets the specification (1) above.

Let us finally mention the scientific context of this work. It is undecidable whether a
given higher-order program satisfies a given input-output temporal property written with
formulae of the modal p-calculus [KTU10]. A previous work with the first author provided
a refinement type system for proving such properties [JR21]. This type system handles the
alternation-free modal p-calculus on (finitary) polynomial types, which includes LTL. But it
is based on guarded recursion and does not allow for non-productive functions such as filter.
We ultimately target a similar refinement type systems for a language based on FPC (which
extends Plotkin’s seminal PCF [Plo77] with recursive types, see e.g. [Pie02]). We think that
the present work is a significant step in this direction. On the one hand, DTLF allows for
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reasoning on denotations using (finitary) type systems [Abr91]. On the other hand, it has
been advocated in [KT14] that a form of oracle is needed to handle liveness properties in
type systems. And indeed, [JR21] incorporates such oracles in a notion of “iteration term”,
which in fact makes the system infinitary.?2 We think that our representation of negation-free
LTL in geometric logic can lead to an infinitary type system which extends [Abr91], and
whose infinitary part can be simulated using iteration terms.

Organization of the paper. The preliminary §2 introduces background on domain
theory, and the logic LTL on [StrA]. The (point-free) topological approach is presented
in §3, and §4 is devoted to geometric logic. Section 5 deals with a deduction system for
geometric logic, in connection with the notion of spatiality. The specification of filter is
discussed in §6. We conclude in §7. Proofs are available in the Appendices.

2. A Linear Temporal Logic on a Domain of Streams

Let A be a set. A (finite) word on A is an element of A*. A¥ is the set of w-words on A, i.e.
the set of all functions 0: N — A. We write u C v when u € A* is a prefix of v € A* U A%,
The concatenation of u € A* with v € A* U A is denoted u - v or wv. Given o € A% and
k €N, we let o]k € A¥ be the w-word with (ok)(n) = o(k +n) for all n € N. For instance,
o]0 is o, while 0|1 =0(1) - 0(2)---o(n+1)--- is o deprived from its first letter.

2.1. Domains

The basic idea of domain theory is to represent a type by partial order (X, <x) thought
about as an “information order”. The intuition is that x <x y means that y has “more
information” than x, or that z is “less defined” than y. Domains are often required to have
a least element (representing plain divergence), and are always asked to be stable under
certain supremums (so that infinite objects can be thought about as limits of their finite
approximations). Our presentation mostly follows [AC98, §1]. See also [Abr91, GL13].

Dcpos and Cpos. Let (X, <) be a partial order (or poset). An upper bound of a subset
S C X is an element = € X such that (Vs € S)(s < x). A least upper bound (or supremum,
sup) of S is an upper bound ¢ of S such that ¢ < z for every upper bound x of S. The sup
of S is unique whenever it exists, and is usually denoted \/ S. The notion of greatest lower
bound (or infimum, inf) is defined dually. A subset D C X is directed if D is non-empty
and for every z,y € D, there is some z € D such that z < z and y < z.

We say that (X, <) is a dcpo if every directed D C X has asup \/D € X. A cpo is
a dcpo with a least element (usually denoted 1). Note that each set A is a dcpo for the
discrete order (in which x is comparable with y if, and only if, = y). However, such a
dcpo A is not a cpo unless A is a singleton.
Example 1 (Flat Domains). Given a set A, the flat domain [A] is the disjoint union {L}+ A
equipped with the partial order <pay, where x <payy iff z =y or (x = L and y € A).

It is easy to see that ([A], <p47) is a cpo whose directed subsets have at most one element
from A. For instance, the domain [Bool] can be represented by the following Hasse diagram.

tt ff
\ . /

2 Actually, as well as e.g. [NUKT18, SU23|, despite a fundamentally different approach (see §7).
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Scott-Continuous Functions. Let X = (X, <x) and Y = (Y, <y) be dcpos. A function
f: X = Y is Scott-continuous if f is monotone (z <x 2’ implies f(x) <y f(z’)) and if
moreover f preserves directed sups, in the sense that for each directed D C X, we have

fVD) = V{f(d)|dec D}

We write CPO (resp. DCPO) for the category with cpos (resp. dcpos) as objects and
with Scott-continuous functions as morphisms. We say that f € CPO[X,Y] is strict if
f(Lx) = Lly. A non-strict monotone map between flat domains is necessarily constant.

Given dcpos X = (X,<x) and Y = (Y,<y), the set of Scott-continuous functions
DCPO[X,Y] is itself a dcpo w.r.t. the pointwise order

f <pcpoix,y) 9 iff Vze X, f(x) <y g(x)

If YV is actually a cpo, then DCPO[X,Y] is a cpo whose least element is the constant
function z € X — Ly € Y, where Ly is the least element of Y.

Ezample 2 (Streams). Let A be a set. We let [StrA], the cpo of streams over A, be
DCPOIN, [A]] with N discrete. We unfold this important example. Since N is discrete,
[StrA] actually consists of the set [A]“ equipped with the partial order

r<[seea)y it VneN, z(n) <pap y(n)

A set D C [StrA] is directed if, and only if, D is non-empty and each D(n) = {z(n) | z € D}
has at most one element from A. Then \/ D € [StrA] takes n € N to the largest element of
D(n). The least element of [StrA] is the stream L of constant value L € [A].

Note that [StrA] has “partially defined” elements. Besides the least element 1“, we have
e.g. the stream u - L“ (which agrees with u € A* and then is L at all sufficiently large
positions) or (a - L)“ (which is a at all even positions, and is L everywhere else). The
w-words on A are precisely those streams = € [StrA] which never take the value L. Such
streams are called total. Note that if x is total, then

zr = V{u-1Y|ue A* and u C z}
Remark 1. The cpo [StrA] is the usual solution in the category CPO of the domain equation
X = [4)xX

(where [A] x X is equipped with the pointwise order), see e.g. [AC98, Theorem 7.1.10 and
Proposition 7.1.13]. In particular, the constructor (— :: —) of the type StrA is interpreted as
the isomorphism taking (a,x) € [A] x [StrA] to a -z € [StrA], with inverse z — (z(0), z[1).
Note that [StrA] differs from the usual Kahn domain A* U A% (see e.g. [Vic89, Definition
3.7.5 and Example 5.4.4] or [DST19, §7.4], see also [VVKO5]).

Remark 2. Each f: X —cpo X has a least fizpoint Y(f) ==/, cn f*(L) € X. In particular,
filter is interpreted as the Scott-continuous function [filter] taking p: [A] —cpo [Bool] to
the least fixpoint of the following function f,, where X is the cpo [StrA] —cpo [StrA].

fp = Ag.Az.if p(z(0)) then z(0) - g(z[1) else g(zf1) : X —cpo X

Algebraicity. Among the many good properties of [StrA], algebraicity is the crucial one
in this work. This property is not used right away, but will be the main assumption of
various statements later on.

Let (X, <) be a decpo. We say that # € X is finite? if for every directed D C X such that
x < \/ D, there is some d € D such that x < d. We say that X is algebraic if for every
x € X, the set {d € X | d finite and d < x} is directed and has sup z. Each discrete or flat
dcpo is algebraic.

3TFinite elements are called compact in [AC98].
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Ezample 3 (Streams). The cpo [StrA] is algebraic, and its finite elements admit a particularly
simple description. The support of x € [StrA] is the set supp(z) of “defined letters” of a:

supp(z) = {neNlxz(n)# L}

We say that a stream x has finite support when supp(z) is a finite set. For instance, given a
finite word u € A* and n € N, the stream 1™ - u - 1“ has finite support. On the other hand,
total streams, as well as e.g. (a - L)“, do not have finite support.

For each z € [StrA], the set {d | d of finite support and d <[sy 4] «} is directed and has
sup z. Moreover, the finite elements of [StrA] are exactly those of finite support.

2.2. Linear Temporal Logic (LTL)
Syntax and Semantics. Let A be a set. The formulae of LTL = LTL(A) are given by

O,V = q | True | False | @AY | VY | =@ | O | PUT | PW T

where a € A. Hence, besides pure propositional logic, LTL(A) has atomic formulae a € A,
and modalities O® (read “next ®”), ® U ¥ (read “® until ¥”) and ® W ¥ (read “® weak
until ¥” or “® unless ¥”).

The LTL formulae over A are usually interpreted on w-words over A, see e.g. [BKO0S8, §5].
The interpretation of modalities actually implicitly relies on the bijection AY = A x A“.
We similarly rely on the isomorphism [StrA] 2cpo [A] x [StrA] for interpreting LTL(A)
formulae in [StrA]. We define [®] C [StrA] by induction on ®. The propositional connectives
of LTL are interpreted using the usual Boolean algebra structure of the powerset P([StrA]).
For a € A, we let [a] = {z € [StrA] | (0) = a}. The modalities are interpreted as follows.

[O®] = {xe][StrA] |zl € [P]}
[UT] = {ze[Str4]| T €N, z]0,...,z[(t —1) € [®] and z]i € [¥]}
[PW U] = {ze[Strd] |VieN, zli e [P]} U[P U ¥]

We say that = € [StrA] satisfies a formula ® (notation z IF @) when z € [®]. It is often
convenient to decompose [O®] as [O]([®]), where [O] : P([StrA]) — P([StrA]) takes S
to {z € [StrA] | z[1 € S}. The modalities U and W may not be easy to grasp. Given LTL
formulae ® and ¥, we let

“eventually U7 QU = TrueU ¥ ([O¥] = {z e [StrA] | Ji € N, z|i € [V]})
“always @ 0@ = ®WFalse ([OP] = {z € [StrA]|VieN, zli € [P]})

Ezample 4. Consider a stream z € [StrA].
(1) We have z IF Qa if, and only if, (1) = a. For instance, Lal¥ IF Oa but aL¥ I Oa.

(2) We have z IF $a if, and only if, (i) = a for some ¢ € N. For instance, L"al¥ I+ $a for
every n € N. But b¥ If $a if b # a.

(3) We have z I- Oa if, and only if, 2 = a*. If A is finite, then  is total iff = IF OV\/, . , a.
(4) We have z I+ O¢a if, and only if, x(7) = a for infinitely many ¢ € N. E.g. (La)* IF Oa.

(5) We have z I+ $Oa if, and only if, 2:(i) = a for “ultimately all i € N”. This means that
for some n € N, we have z(i) = a for all ¢ > n. For instance, L™a* IF $0a for all n € N.
But (La)* Iff $0a.

Say that ® and U are (logically) equivalent, notation ® = U, if [®] = [¥]. LTL has many
redundancies w.r.t. logical equivalence. Besides the usual De Morgan laws, we have e.g.

00 = O -OP = 09 PWVY = (U D) VvOD
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Remark 3. The modalities U and W are also “De Morgan” duals, in the following sense.
Given @ and U, it is well-known that [® U U] and [® W U] are respectively the least and
the greatest fixpoint of the (monotone) map on P([StrA]) taking S to [¥] U ([®] N [O](S)).
See e.g. [BK08, Lemmas 5.18 and 5.19]. But P([StrA]) is a complete atomic Boolean algebra,
and given a monotone endo-function f on such a Boolean algebra, the least and greatest
fixpoints of f are related by Up(f) = —gfp(b — —f(=b)) and gfp(f) = —lp(b +— —f(-b)).

Negation-Free LTL. Our main positive results only hold for the negation-free fragment
of LTL. An LTL formula is negation-free (n.-f.) if it contains no negation (—(—)). Hence,
the negation-free formulae of LTL are generated by the above grammar for LTL, but without
the production —®.

Ezxample 5. All formulae of Example 4 are negation-free. Moreover, the negation-free
fragment is closed under O(—) and $(—).

Assume A is finite. For any S C A, there is a negation-free formula Vg such that z IF ¥g
iff (0) € S. It follows that for any Scott-continuous p: [A] — [Bool], there is a negation-free
formula ¥, such that « IF OO, if, and only if, # has infinitely many elements satisfying p.

Most redundancies of LTL mentioned above disappear in the negation-free fragment. This
is why we have chosen this set of connectives from the start. In negation-free LTL(A), all
connectives have a De Morgan dual. But negated atomic formulae (—a for a € A) are not
available. Hence, in contrast with positive normal forms (see e.g. [BK08, Definition 5.20]),
negation is not definable in negation-free LTL. This positive character is reflected in the
following fundamental fact, proved by induction on formulae.

Lemma 1. If ® is n.-f. then [®] is upward-closed (if x € [®] and x <ysyeay y then y € [@]).

Corollary 1. Let ® be negation-free. Then [®] is closed in [StrA] under directed sups.
Moreover, the inclusion [®] — [StrA] is a Scott-continuous order-embedding.

Hence, [®] is a sub-dcpo of [StrA]] when @ is n.-f. But this may not give much information
on [®]. For instance, A* = [OV/, . 4 a] (Example 4(3), A finite) is a discrete dcpo. Building
on Lemma 1, we are going to exhibit much more structure on such inclusions [®] < [StrA].
But before, we note that Lemma 1 and Corollary 1 may fail in presence of negation.

Ezxample 6. Consider the formula —Ca. Note that a* | =Oa. But for every finite d <[s¢ra]
a®, we have d I =Ca. Hence [-0a] is not upward-closed. Moreover, {d finite | d <jsy.a) a”}
is a directed subset of [-0a] which has no sup in [-Oa]. Hence [-0Oa] is not a depo w.r.t.
the restriction of <jstraj-

3. The Topological Approach

We shall now look at inclusions [®] — [StrA] from a topological perspective. We recall
in §3.1 that the categories (D)CPO can be embedded in the category Top of topological
spaces and continuous functions. The highlight is that Top has a much richer notion of
substructures (called subspaces) than (D)CPO.

Actually, when looking at (d)cpos as topological spaces, the notion of sobriety from
point-free (or “element-free”) topology comes to the front. Ample mathematical justifications
for the importance of sober spaces in domain theory are gathered in [GL13]. We shall
content ourselves with more informal motivations in §3.2. In §3.3, we abstractly prove that
[®] induces a sober subspace of [StrA] when ® is negation-free. This will be refined to
concrete representations in §4 and §5, using geometric logic.

3.1. Topological Spaces

A topological space is a pair (X, Q(X)) of a set X and a collection @ = Q(X) of subsets of
X, called open sets. €2 is called a topology on X, and is asked to be stable under arbitrary
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unions and under finite intersections. In particular, (§ and X are open in X (respectively as
the empty union and the empty intersection).

A set C C X is closed if its complement X \ C' is open. Closed sets are stable under finite
unions and arbitrary intersections. Hence, any S C X is contained in a least closed set
S C X. Each space (X, ) is equipped with a specialization (pre)order <q on X, defined as

z<qy ff VUeQ)(zelU = yel)

Given x € X, we have {z} = |z = {y € X | y <q z} (see e.g. [GL13, Lemma 4.2.7]). A
topology Q is To when <, is a partial order (see e.g. [GL13, Proposition 4.2.3|).

Given spaces (X, (X)) and (Y, Q(Y)), a function f: X — Y is continuous when its inverse
image f~1: P(Y) — P(X) restricts to a function Q(Y) — Q(X), i.e. when f~1(V) € Q(X)
for all V € Q(Y). We write Top for the category of topological spaces and continuous
functions. An homeomorphism is an isomorphism in Top.

The Scott Topology. The following is well-known. See e.g. [AC98, §1.2] or [GL13, §4].

Let (X,<x) be a dcpo. A subset U C X is Scott-open if U is upward-closed, and if
moreover U is inaccessible by directed sups, in the sense that if \/ D € U with D C X
directed, then D N U # (. This equips X with a Ty topology, called the Scott topology,
whose specialization order coincides with <x. Note that C' C X is Scott-closed precisely
when C' is downward-closed and stable under directed sups.

Ezample 7. When (X, <) is algebraic, the sets td := {z € X | d < 2} with d finite form a
sub-basis for the Scott topology. For instance, the Scott-open subsets of [StrA] are arbitrary
unions of sets of the form

td = {x € [Strd] | Vi € supp(d), z(i) = d(i)}

with supp(d) finite. In particular, given € U with U C [StrA] Scott-open, there is a finite
set {i1,...,ik} € N such that {y | y(i1) = x(i1),...,y(ix) = x(ix)} C U.

Beware that [®] may not be an open nor a closed subset of [StrA], even when ® is
negation-free. Consider for instance A = [0/, 4 a] (with A non-empty and finite), which
contains a“ but no finite d <ysy 4y a®.

A function f: X — Y between dcpos is Scott-continuous precisely when f is continuous
w.r.t. the Scott-topologies on X and Y. It follows that DCPO and CPO are full subcate-
gories of Top. From now on, we shall mostly look at (D)CPO in this way. Unless stated
otherwise, dcpos will always be equipped with their Scott topology.

Subspaces. Our motivation for moving from (D)CPO to Top is that Top has a rich
notion of subspace. We refer to [BBT20, §1.2]. Given a space (X,Q2) and a subset P C X,
the subspace topology on P is

QP = {UNP|UEeQ}

The subspace topology on P makes the inclusion function ¢: P < X continuous. It is the
“best possible” topology on P in the following sense: given a space (Y, Q(Y)), a function
f:Y — P is continuous if, and only if, the composition to f: Y — X is continuous.

P
f .
Y/+>J£\X

Ezample 8. Generalizing Example 4(3) and Lemma 1, A% is a discrete sub-dcpo of [StrA].

On the other hand, the subspace topology Q([StrA])[A“ is the usual product topology
on A (see e.g. [PP04, §III] or [Kec95]). The sets of the form A“ N*1d (with d finite) form
a sub-basis for the subspace topology. In fact, its opens are unions of sets of the form
{o € AY | o(i1) = a1,...,0(ix) = ax}, where i1,...,ix € Nand aq,...,a € A with & > 0.
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3.2. The Element-Free Setting

The topological setting comes with an intrinsic notion of approximation.

Consider for instance w-words o € A“ (Example 8). Similarly as with streams in
Example 7, given an w-word ¢ and an open U, if o belongs to U, then this fact is witnessed
by the knowledge of a finite number of elements of o.* We view the opens U such that o € U
as approximations of o.

Given a space (X, (), we are interested in describing the elements of X by their approxi-
mations, represented as suitable sets of opens F C €. This is the realm of element-free (or
point-free) topology. Its central objects, called frames (or locales), abstract away from the
elements of spaces, and only retain the lattice structure of open sets. Besides [GL13|, we
refer to [Joh82, Joh83, Vic89, PP12, PP21].

Frames. A complete lattice is a poset having all sups and all infs. But recall (from
e.g. [DP02, Theorem 2.31]) that a poset has all sups if, and only if, it has all infs. Hence,
we can see complete lattices indifferently as posets with all sups or as posets with all infs.

A frame is a poset L with all sups (and thus all infs), and which satisfies the following
frame distributive law: for all S C L and all a € L,

an\/S = V{ans|seS}

Not every complete lattice is a frame.® But every (P(X),C) is a frame, and so is the
two-elements poset 2 := {0 < 1}.

Given frames L and K, a frame morphism f: L — K is a function which preserves all
sups and all finite infs. Note that frame morphisms are automatically monotone. We write
Frm for the category of frames and frame morphisms.

Ezample 9. Let (X, Q(X)) be a space. Then Q(X) has all sups and they are given by unions.
Hence Q(X) is a complete lattice. Beware that the inf in Q(X) of an arbitrary S C Q(X) is
in general not its intersection (.S, but the interior of (]S (the largest open set contained
in (S). However, finite infs in (X)) are given by intersections, and Q(X) is a frame. In
fact, the topologies on a given set X correspond exactly to the sub-frames of P(X).

Moreover, if f: X — Y is continuous, then its inverse image f~! restricts to a function
Q(Y) — Q(X). This function is actually a frame morphism Q(f) € Frm[Q(Y), Q(X)]. In
other words, the operation (X,Q(X)) — Q(X) extends to a functor € from the category
Top to Frm°®P, the opposite of Frm. The category Frm®? is the category of locales.

The Space of Points. We see a frame L as a collection of formal approximations. Suitable
subsets of L describe “converging” sets of formal approximations, and constitute the elements
of a space, the space of points of L. The idea is as follows. Given a space X and z € X, let

Fo = {UeQX)|zeU}

Note the following properties of F, w.r.t. the frame structure of Q(X). First, F, is stable
under finite intersections (z € X, and x € UNV iff x € U and « € V). Second, given
S CQX) with | S € Fy, we have U € F, for some U € S (if z € |J S then = € U for some
U € S). Hence, the characteristic function of F,, C Q(X) is a frame morphism Q(X) — 2.

A point of a frame L is an element of pt(L) := Frm[L,2]. We shall always identify a
point F € Frm[L, 2] with the set {a € L | F(a) = 1}. Given a € L, let

ext(a) = {Fept(lL)|aeF}

The function ext: L — P(pt(L)) is a frame morphism (see e.g. [Joh82, Lemma I1.1.6]). In
particular, its image is a sub-frame of P(pt(L)), and is thus a topology Q(pt(L)) on pt(L).
The space of points of L is (pt(L), Q(pt(L)).

4Dually, the knowledge of the whole w-word o may be needed to testify that o ¢ U.
5Consider e.g. a finite (and thus complete) non-distributive lattice, see [DP02, Example 4.6(6)].
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The operation L — pt(L) extends to a functor pt: Frm°® — Top which is right adjoint
to Q (see e.g. [Joh82, Theorem II.1.4]). The action of pt: Frm°® — Top on a frame
morphism f: L — K is the continuous function pt(K) — pt(L) which takes F € Frm[K, 2]
to Fo f € Frm[L,2]. The unit at X € Top of the adjunction Q - pt is the continuous
function nx: X — pt(2(X)) taking = to F, (see e.g. [Joh82, §I1.1.6]).

Sober Spaces. The function nx: X — pt(Q2(X)) continuously maps the space X to its
space of “converging formal approximations” pt(©2(X)). But pt(£2(X)) may not correctly
represent X. A space X is sober if nx is a bijection (in which case nx is automatically an
homeomorphism, see [Joh82, §I1.1.6]).

Given a frame L, the space of points pt(L) is always sober (|[Joh82, Lemma II.1.7]). Hence
(by functoriality of © and pt), if X is homeomorphic to pt(L), then X is sober as well. It
follows from [Joh82, Lemma I1.1.6(ii)| that A“ is sober for its product topology.® But not
every dcpo is sober ([Joh82, I1.1.9]). For the following, see e.g. [Joh82, Theorem VII.2.6].

Proposition 1. Algebraic dcpos are sober.

Remark 4. In fact, a sober space is always Ty, and is moreover a dcpo w.r.t. its specialization
order ([Joh82, Lemmas I1.1.6(i) and I1.1.9]). This provides a functor Frm®® — DCPO
which is actually right adjoint to the composite DCPO — Top — Frm°P, yielding the
Scott adjunction of [DL22].

In particular, a sober dcpo is completely determined by the specialization order of its
space of points. On the other hand, beware that the composite Frm® —- DCPO — Frm*®?
may loose a lot of structure (e.g. it takes the product topology on A“ to the discrete (Scott)

topology).

3.3. Sobriety of Subspaces

Proposition 1 and Remark 4 imply that for an algebraic dcpo X, the topological notion of
approximation coincides with the domain-theoretic one. But we are interested in subspaces
of the algebraic cpo [StrA]. Discussing the sobriety of such subspaces involves going further
into the point-free setting. While the main results of this §3.3 are important for this paper,
the technical developments are used again only in §5.

Let (X, Q) be a space, and consider some P C X. The subspace inclusion ¢: (P,Q[P) —
(X, Q) induces the surjective frame morphism * := Q(¢): Q — Q[P which takes U € ) to
(UNP) € Q[P. The following is a handy reformulation of sobriety for (P, Q[P).

Lemma 2. Assume that (X,Q) is sober. Then the following are equivalent.
(i) (P,Q|P) is sober.
(ii) For each x € X, we have x € P if, and only if, F, = G o* for some G € pt(Q]P).

o v QP
Fad o L/’/g/

Let L be a frame. A quotient frame of L is an isomorphism-class of surjective frame
morphisms L — K. We are going to discuss an abstract but mathematically powerful
representation of the quotient frame Q — Q[P. We use tools from [Joh82, §II.2] and [PP12,
§VI.1] on the dual notion of sub-locale.

Everything starts from Galois connections and related adjointness properties, for which
we refer to [DP02, 7.23-7.34]. Fix a frame morphism f: L — K. Since f: L — K preserves
all sups, it has an upper adjoint f,: K — L. This means that for all a € L and all b € K,

f(a) <g b if,and only if,  a < f.(b)

6 Actually, [Joh82, Lemma II.1.6(ii)] states that each T% space is sober.
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The pair (f, f,) thus forms a Galois connection, and f, is (uniquely) determined by

fi) = Vp{al f(a) <k b}

The function f; is in general not a frame morphism, but it always preserves all infs.

The composition j := f, o f: L — L is a nucleus in the sense of [Joh82, §112.2]: we have
(i) jlana’) =jla) Aj(d), (ii) a < j(a) and (iii), j(j(a)) < j(a). Nuclei are monotone and
idempotent. If j: L — L is a nucleus, then the set L; .= {a € L | j(a) = a} of j-fixpoints is
a frame and j: L — L; is a frame morphism ([Joh82, Lemma II.2.2]). Note that the finite
infs in L; are those of L. But the sup of S C L; in L; is j(\/, 5).

Consider now a subspace inclusion ¢: (P, Q[P) — (X, Q). Following [PP12, §VI.1.1], we
write P for the frame of j-fixpoints, where j := ¢, o t* and ¢, is the upper adjoint of ¢+*.

Q———» QP —=—Q

We rely on the following description of the nucleus j (from which [PP12, §VI.1.1] gives an
explicit representation of j-fixpoints that we shall not use directly).

Remark 5. Given an open U € Q) of X, we have
)y = U{veQ|VnP=UnNP~P}

The proof of [Joh82, Theorem I1.2.3] gives Lemma 3 below. Recall that order-isomorphisms
preserve all existing sups and infs ([DP02, Lemma 2.27(ii)]).

Lemma 3. The function t,: Q[P — ) co-restricts to a frame isomorphism v,: QP — P.

We use j = 1,7 : Q — P to represent the quotient frame induced by the subspace inclusion
t: (P,QIP) — (X,Q). The frame P turns out to be a good tool for studying the sobriety of
(P,QP). Following [PP12, VI.1.3|, given z € X we let 7 := X \ {#} = X \ lz. We shall

now see that it is useful to characterize when & € P (i.e. when j(Z) = ).
Remark 6. Given x € X and U € Q, we have U C 7 if, and only if, x ¢ U.

Lemma 4. Let z € X and F,, = {U € P |z € U}. Then F, € pt(P) if and only if ¥ € P.
Proposition 2. Let P C X with (X,Q) sober. Then the following are equivalent.

(i) (P,Q|P) is sober.

(i) For each x € X, we have x € P if, and only if, T € P.

In condition (ii) above, we actually always have Z € P when z € P (see [PP12, VI.1.3.1]).

Proposition 2 will yield a general sufficient condition for the sobriety of (P, Q[ P) (Theorem 1
below), from which we will obtain the case of negation-free LTL (Corollary 3).

One further step into the point-free setting gives us sharper results. A space (X, ) is
Tp when for each x € X, there is some open U € 2 such that z € U and (U \ {z}) € Q.
See [PP12, §1.2]. It is shown in [PP12, Proposition VI.1.3.1] that if X is a (possibly not
sober) T'p space, then condition (ii) of Proposition 2 holds for any P C X. It follows that if
X is sober and Tp, then each P C X induces a sober subspace.

Consider now the case of a sober space (X, () which is not Tp. Hence, there is some
x € X such that for all open U with x € U, the set U \ {z} is not open.

Lemma 5. Let x € X as above and set P = X \ {z}. Then (P,Q[P) is not sober.

It follows from [PP12, §1.2.1] that A% is Tp for the product topology.” But [StrA] is not
Tp, unless A = (. Consider a* € [StrA]. Then any Scott-open U containing a* contains
also some finite d <ps¢ 4 a*. Hence U \ {a“} is not upward-closed and thus not Scott-open.

7 Actually, each T} space is Tp ([PP12, §1.2.1]).

10
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Corollary 2. [-Oa] = [StrA] \ {a“} is not a sober subspace of [StrA].

Let (X, ) be sober, and let P C X be upward-closed for <q. Assume = ¢ P. Then
P\ lx =P, and thus PNZ = P. Hence j(z) =J{V € Q| VNP=P} soj(x)=X and
Z ¢ P. It follows that « € P precisely when z € P, and Proposition 2 gives the following.

Theorem 1. If (X, Q) is sober and P C X is upward-closed for <q, then (P, P) is sober.

Corollary 3. If (X,Q) is a sober dcpo and if P C X is upward-closed, then (P,Q]P) is
sober. In particular, if ® is negation-free, then [®] is a sober subspace of [StrA].

The importance we give to the negation-free fragment of LTL ultimately rests on Corollar-
ies 2 and 3. But the frame P seems too abstract to be used concretely.

4. Geometric Logic

Geometric logic is an infinitary propositional logic which describes frames. Very roughly,
the idea is that if a theory Th in geometric logic represents a frame L, then the models of
Th can be organized in a space which is homeomorphic to pt(L), the space of points of L.

We will represent the (sober) space [StrA] by a theory T[StrA] in geometric logic. Further,
for each negation-free formula ® of LTL, we shall (inductively) devise a theory T[®] such
that T[StrA] U T[®] represents the (sober) subspace induced by [®] < [StrA]. This will
provide a concrete presentation of the corresponding quotient frame.

Our approach to geometric logic here is not the usual one, as presented in e.g. [Vic07]
(see also [Joh02, §D]). The relations between the two approaches are discussed in §5.

4.1. Geometric Theories

Formulae and Valuations. Let At be a set of atomic propositions. The conjunctive and
the geometric formulae over At are respectively defined as

v,7 € Conj(At) == p | true | YAY and 0, 1,0 € Geom(At) == \/S

where p € At and S C Conj(At). A waluation of At is a function v: At — 2. Given
X € Conj(At) U Geom(At), the satisfaction relation v = x is defined by

v = true vEyAy it vE~yandvEy
viEDp ifft v(p)=1 vEVS iff there exists v € S such that v = v

We let false be the geometric formula \/ ). We may write v for the geometric formula
V{~}. Given conjunctive formulae (v; | i € I), we write \/,.; v; for the geometric formula
V{vi|i € I}. Note that \/;.;vi = V;¢;7; if there is a bijection f: I — J with v; = 7}(1‘)'
Remark 7. There is no primitive notion of conjunction or disjunction on geometric formulae,
but they can be defined. Given (p; | i € I) with @; = \/{vi; | j € Ji}, we define \/,_; ¢; to
be the geometric formula \/ {v;; | i € I and j € J;}. We then have v = \/,.; @i iff v = ¢;
for some ¢ € 1.

Similarly, given ¢ = \/,c; v and ¢ =/, ; 7, we define o Ap = \/{viA7yj | (4,5) € I x J}.
Then v Ep AP iff vE @ and v E 9.

Sequents and Theories. A sequent over At is a pair ¥ F ¢ of geometric formulae
v, € Geom(At). A valuation v of At is a model of ¢ - ¢ if v |= ¢ implies v = ¢. Note
that v is a model of the sequent ¢ - false if, and only if, v [~ .
A geometric theory over At is a set T of sequents over At. A valuation v of At is a model
of T if v is a model of all the sequents of T. We write Mod(T) for the set of models of T.
An antecedent-free sequent has the form true - ¢, and is denoted - ¢ (or even ) for
short. An antecedent-free theory consists of antecedent-free sequents only.

11
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Algebraic Dcpos. Algebraic dcpos have a natural representation by geometric theories.
This relies on the following well-known facts, for which we refer to [AC98, §1.1].

An ideal on a poset (P, <) is a subset J C P which is downward-closed and directed. The
set Id1(P) of ideals on P is an algebraic dcpo for inclusion. The operation P +— Id1(P) is left
adjoint to the forgetful functor from DCPO to the category of posets and monotone maps.

Let X be a dcpo, and let Fin(X) be its sub-poset of finite elements. Given an ideal
J € Idl(Fin(X)), since J is directed we have \/ J € X. For the following, see e.g. [AC9S,
Proof of Proposition 1.1.21(2)].

Lemma 6. Let X be an algebraic dcpo. The function J € IA(Fin(X)) — \/ J € X is an
order-isomorphism. Its inverse X — Id(Fin(X)) takes x to {d € Fin(X) | d < z}.

We represent an algebraic dcpo X = (X, <x) by a geometric theory T(X) over At =
Fin(X). The theory T(X) consists of - \/ Fin(X) together with all the sequents

dbd (if d <x d) dAd -V {d" €Fin(X)|d<x d’ and d <x d"}

where d,d’ € Fin(X). Note that J C Fin(X) is an ideal if, and only if, its characteristic
function Fin(X) — 2 is a model of T(X'). Combined with Lemma 6, this yields Proposition 3
below. If x € X, let v(x): At — 2 be the characteristic function of {d € Fin(X) | d <x z}.

Proposition 3. The map x — v(z) is a bijection X — Mod(T(X)).

When X is actually an algebraic cpo, let T, (X) be the theory obtained from T(X) by
replacing the antecedent-free sequent  \/ Fin(X) with - Lx (where Lx € Fin(X) is the
least element of X). The theories T(X) and T, (X) have exactly the same models. Hence
Proposition 3 also holds with T, (X)) in place of T(X).

Ezample 10 (Streams). We further simplify the theory representing the cpo [StrA].
Consider z,y € [StrA] such that tz Nty # 0 (i.e. such that x,y <[sya) 2z for some
z € [StrA]). Then, since [A] is a flat cpo, we have x(n) = y(n) for all n € supp(z) Nsupp(y).
It follows that the set {x,y} has a sup  Vsy 4y ¥ in [StrA]. Note that @ V[sy a7 ¥ is finite
whenever so are x and y.
We can thus represent [StrA] with the following theory T[StrA], where d,d’ € Fin([StrA]).

d+d (if d' <[strA] d) dANd  false @if tdntd = @)
bl dNd & dVisgay d  (ftdNtd # 0)

Remark 8. Note that the theory T([StrA]) of Example 10 only involves finite geometric
formulae. Actually, this amounts to the fact that [StrA] is spectral in its Scott topology
(see [GvG23, Corollary 7.48 and Definition 6.2]).8 Roughly, being a spectral space means
that the topology can be generated from a distributive lattice (as opposed to a frame). See
e.g. [GvG23, Proposition 3.26 and Theorem 6.1] for details.

Spectral cpos include those known as “SFP” domains (see e.g. [Abr91, §2.2]). SFP domains
are also called “bifinite” domains (see e.g. [AC98, Definition 5.2.2 and Theorem 5.2.7]). They
are stable under most common domain operations and have solutions for recursive type
equations (see e.g. [Abr91, §2.2]).

In the paradigm of “Domain Theory in Logical Form”, spectral domains are particularly
important because the logic of the underlying distributive lattice can be incorporated into
finitary type systems [Abr91] (see also [AC98, §10.5] for a simple instance).”?

8Note that [StrA] is always compact, since any Scott-open containing 1“ contains the whole of [StrA].
This contrasts with the product topology on A, which is compact iff A is finite (see e.g. [PP04, §I11.3.5]).

9In the terminology of §5, this is because frames induced by distributive lattices are always spatial (see
e.g. [Joh82, Theorem I1.3.4]).

12
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4.2. The Sober Space of Models

Given a geometric theory T over At, we will now equip Mod(T) with a sober topology induced
by a quotient of Geom(At). In particular, this will extend the bijection of Proposition 3 to
an homeomorphism between an algebraic dcpo X and the space of models Mod(T(X)).

In view of Example 10, we may have Mod(T) = Mod(U) for different theories T and U
over At. The topology on M = Mod(T) depends on M (and At), but not on the theory T
such that M = Mod(T). Fix a set of atomic propositions At and let M be a set of the form
Mod(T) for some theory T over At. Define

mody; : Geom(At) - P(M), ¢—{rveM|v ¢}
Let Q(M) C P(M) be the image of mod,;. We have mod,;(true) = M, and (via Remark 7),

modas (¢ A h) = modas (@) Nmody(v)  and  modas (V,ep i) = Uzer modas(s)

It follows that (Q2(M), C) is stable under the sups and the finite infs of (P(M), C). Hence
(Q(M), Q) is a sub-frame of (P(M),C), and (M, Q(M)) is a topological space.

Given a theory T, we write Mod(T) for (Mod(T),2(Mod(T))), the space of models of T.
Since the space Mod(T) only depends on the models of T, the following directly applies to
the theory T[StrA] of Example 10.

Proposition 4. Let X be an algebraic depo. The bijection x — v(x) of Proposition 3
extends to an homeomorphism from X to Mod(T(X)).

Spaces of models are always sober. To this end, given M as above, we quotient Geom(At)
under the preorder =<;; with ¢ <ps ¢ iff mody(¢) € modys(¢0). The relation ~p; of
M -equivalence on Geom(At) is defined as ¢ ~ps 9 iff ¢ <ps 1 and ¥ <ps @ (i.e. mody(p) =
modys(v0)). We let [¢]p be the ~p-class of ¢, and Geom(At)/M be the set of ~jr-classes
of geometric formulae. We write <, for the partial order on Geom(At)/M induced by the
preorder <, (see e.g. [GL13, §2.3.1]).

The function mody; yields an order-isomorphism (Geom(At)/M, <pr) — (2(M), C). Since
order-isomorphisms preserve all existing sups and infs ([DP02, Lemma 2.27(ii)]), we obtain

Lemma 7. (Geom(At)/M,<j) is a frame with greatest element [true|ys, and

Vier vl ANV eVl = IV{viAdjliel andje J}u
VietlVjes, Vgl = NV{vjli€l andje€ Ji}u

Theorem 2. Let T be a geometric theory over At. The function taking v € Mod(T) to
{l¢lmod(r) | v & @} is an homeomorphism from Mod(T) to pt(Geom(At)/Mod(T)).

Corollary 4. Let T be a geometric theory. The space Mod(T) is sober.

Subspaces. Consider a (sober) space (X, §2). Assume that X is represented by a geometric
theory T over At, in the sense that X is homeomorphic to the space Mod(T). Given a
subset P C X, there might be a theory U over At such that the bijection X = Mod(T)
restricts to a bijection P = Mod(T UU). In this case, Proposition 5 below implies that the
subspace (P, Q[ P) is homeomorphic to the space Mod(T UU), so that (P, [ P) is sober and
QP is isomorphic to Geom(At)/Mod(T UU). In such situations, we write Modz(U) for the
space Mod(T UU).

Proposition 5. Given geometric theories T and U on At, the space Modz(U) is equal to
the subspace induced by the inclusion Mod(T UU) C Mod(T).

13
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Ezxample 11. Let X be an algebraic dcpo, and let P := Ty for some fixed y € X. Given
x € X, we have & € P precisely when v(z) is a model of U(y) := {F d | d <x y}. Hence, the
subspace induced by P C X is homeomorphic to Modz(x)(U(y)).

Assume now X = [StrA], and let a € A. Since the subspace induced by the LTL formula
—0a is not sober (Corollary 2), it follows from Proposition 5 and Corollary 4 that there is
no geometric theory T over Fin([StrA]) such that for all z € [StrA], we have z € [-0a] iff
v(xz) € Mod(T).

4.3. Operations on Theories

We shall now see that for each negation-free formula ® of LTL, there is a geometric theory
T[®] such that for all streams z, we have x € [®] iff v(x) € Mod(T[®]) (where v(zx) is as
in Propositions 3 and 4). This may not be possible if ® contains negations (Example 11).

To this end, we devise operations on theories which represent unions and intersections of
sets of models. Given theories (T; | i € I) over At, we let \,.; Ti = U;c; Ti- Then we have

Mod (AiGI Ti) = niel MOd(T’L)

Intersections of sets of models can thus be represented by unions of theories. It is more
difficult to devise an operation on theories for unions of sets of models. A solution is
provided by the following crucial construction. Let (T; | ¢ € T) be theories, all over At, with

Ti ={is b iy d € i}
(1) If I is finite, we let Y, ; T; == {/\z’eI Viriy F Vier @iy | £ € Tlier Ji}'
(2) If I is infinite, and all T;’s are antecedent-free, Y,.; T; == {F V;c; @i.si) | f € [Lier Ji }-

Note that if (T; | 7 € I) consists of countably many countable (antecedent-free) theories,
then A,.;T; is always countable while Y, _; T; may be uncountable.

Proposition 6. In both cases above, we have (using the Axiom of Choice when I is infinite)
Mod (Yie[ Ti) = Uie[ MOd(TZ‘)

Ezxample 12. Let X be an algebraic dcpo, and let P C X be upward-closed. Then P =
UyEP ty. Hence, given z € X, we have z € P exactly when v(z) is a model of erp U(y),
where U(y) is as in Example 11.

4.3.1. Translation of Negation-Free LTL Formulae

Recall from Lemma 1 that if @ is a negation-free formula of LTL(A), then [®] is upward-
closed in [StrA]. Example 12 thus provides a geometric theory over Fin([StrA]) for [®].1°
But we shall get more information by explicitly defining a geometric theory T[®] by induction
on ®. Actually, it is even better to work with a stratified presentation of negation-free LTL.

Our stratification of negation-free LTL formulae is based on the following expected fact.
Recall from §2.2 the map [O] taking S € P([Strd]) to {z | 1 € S} € P([StrA4]).

Lemma 8. Fiz set A.

(1) The function [O]: P([StrA]) — P([StrA]) preserves all unions and all intersections.

(2) Given LTL formulae ®,9, let He w take S € P([StrA]) to [L]U ([@] N [O](S)). Then
we have [® U V] = U, ey Hy g ([False]) and [@ W V] =, cy Hg o ([True]).

Figure 1 presents a stratified grammar for negation-free LTL(A4). We let G = G(A) be
the set of all formulae @1, ¥; from the second layer in Figure 1. G5 = G5(A) consists of
formulae @5, ¥y from the third layer. The negation-free LTL(A) formulae are the those from
the last layer.

10Tn fact, we shall see in Remark 13 (§5) that when A is countable, if P C [StrA] induces a sober subspace,
then this subspace is homeomorphic to Modq[st 4] (U) for some (abstractly given) theory U.

14
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®g, ¥y == False | True | a
| V¥ | ATy | OPo

G(A) = (pl, \Ifl = (I)O
| & VU | AT, | OP | & U,

G5<A) 3Py, Uy, = Py € G(A)
| PV Uy | DaATy | OPy | PoW Ty

nef LTL(A) 3 @5, W5 == ®, € Gy(A)
| @3V | &3AT3 | OP3 | @3U V5 | &3 W U3

Figure 1. Stratified grammar for negation-free LTL(A), where a € A.

Ezample 13. Recall from §2.2 that $W = (True U ¥) and 0P = (& W False). Hence, G is
closed under {(—) and G is closed under O(—). But G5 is (crucially) not closed under
O(—). In particular, we have Qa, $a € G and Oa,0a € Gs. On the other hand, the
negation-free formula $a is not a G formula.

When looking at $¥ and O® via Lemma 8(2), it is convenient to simplify the functions
Htew and Hg paise to respectively [P] U [O](-) and [®] N [O](-). This amounts to
restate Lemma 8(2) as [OV] = ,,cn[¥] U [O¥]U--- U [O™¥], and similarly for [C®].
Remark 9. The interpretations of formulae from G or G5 have the expected topological
complexity. Namely, if ®; € G, then [®4] is Scott-open in [StrA]. If &5 € G5, then [Po] is
a countable intersection of Scott-opens (i.e. a G subset of [StrA]).

This stratification of negation-free LTL allows for a stratified translation to geometric
theories. In fact, each LTL formula ®; € G can be translated to a single geometric formula
F[®,], with F[®o] finite when ® is from the first layer. Formulae ® from the last two layers
will be translated to antecedent-free theories T[®], with T[®5] countable when &5 € Gs.

Fix a set A and let At := Fin([StrA]). We devise operations on geometric formulae and
theories which mimic the action of [O] (=) on P([StrA]). We begin with geometric formulae.
The idea is that given x € [StrA] and d € Fin([StrA]), we have d <psyray /1 exactly when
(L -d) <[straj . The geometric formula O is then defined by propagating the stream
operation d — L -d in 9. We set Od = L -d and

Otrue := true O Ay = (Oy) A OY) OViervi = Vier Ovi

Given a theory Th over At, we let OTh := {O¢v F Q¢ | (¥ F ¢) € Th}. Note that (OTh is
antecedent-free whenever so is Th. Recall the map = — v(z) of Propositions 3 and 4.

Lemma 9. Let z € [StrA].
(1) We have v(z) = O if, and only if, v(z[1) = ¢.
(2) We have v(xz) € Mod((OTh) if, and only if, v(x[1) € Mod(Th).

We now define a geometric formula F[®;] over At by induction on ®; € G:

Fla] = a-1¥

F[True] = true F[®1 A W4] = F[®1] AF[T4]

F[False] = false F[®, VvV ¥,] = F[®1] VF[T4]

F[O®1] = QF[®4] F[©1 U W] =V, enBije,) o, (false)

where Hy, (0) =9 V (¢ A (O(0)). (We silently included the case of @ from the first layer.)
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Lemma 10. Let &1 € G. Given x € [StrA], we have x € [®1] if, and only if, v(z) = F[P4].

Finally, the antecedent-free theory T[®3] is defined by induction on ®3 as follows:

T[®1] = {FF[®.]} T[O®:] = OT[®s]
T[®s A ¥s] = T([®s]) A T([¥s]) T[®3 W W3] = A, en THYjg,) 1pw,) ({F true})
T[®3 V W3] = T([®3]) ¥ T([¥3]) T[®3 U Ws] = Y ,cn THyjg, ) 1pw,) ({F false})

where THr y(V) :==U Y (T A OV). (We silently included the case of ®5 € Gj.)

Theorem 3. Let ® be negation-free. For x € [StrA], we have x € [®] if, and only if,
v(z) € Mod(T[®]).

Remark 10. A direct inspection reveals that F[®¢] is indeed a finite geometric formula when
D is from the first layer. Similarly, the geometric theory T[®2] contains only countably-many
sequents when ®5 € Gj.

Remark 11. Recall that LTL formulae ®, ¥ are equivalent, notation ® = ¥, when [®] = [¥].
The following standard equivalences are obtained similarly as in [BK0S8, §5.1.4].

OevQOv O@uUw) = (02U (V)
OeAQVY O@wWY) = (O2)W(OVY)

Hence, up to equivalence, we can push the ()’s to atoms a € A. In particular, we may
assume that () occurs only in first layer’s formulae of the form ()"a.

(OFalse
OTrue

False O@ vy
True O(@AT)

Example 14. Let ®¢ be an LTL formula from the first layer in Figure 1. Up to equivalence
(Remark 11), we can assume that ®q is in disjunctive normal form, and actually that ®g is a
disjunction of conjunctions of formulae of the form ()"a. Then F[®;] is simply a disjunction
of conjunctions of atomic propositions of the form (L™ -a - L1%) € Fin([StrA]).

Counsider the formula ®; := $Py € G. Recall that $Pg = (True U @), and note that
Hirve,»(0) = ¢ V (true A (OF). Up to the replacement of true A O8 by (Of, we get that
F[®1] is the geometric formula \/, .y (F[®o] V OF[®o] V - -- V O™F[®o]). This mirrors the
formulation of Lemma 8(2) in Example 13.

We turn to the formula @5 := 00Dy € G5. We have P, = (P W False) and we simplify
Hy ta1se(0) to @ A OF. The theory T[®>] then consists of all the sequents

F Anen Vinen O"F[20] V O F[@0] V -+ V O™ F[ @]

where N ranges over N. This mirrors the fact that [JO®g] is the set of those streams
x € [StrA] such that for each n € N, there is some m € N with [(n +m) € [®o].

Ezxample 15. Continuing Example 14, we now consider the case of ®3 := {$a with a € A.
For this more involved example, we allow ourselves some simplifications that we deliberately
avoided in Example 14. Namely, for T[O®] and T[] we take respectively A, oy O"T[®]
and Y, oy O™T[¥]. Then we have

T[Oa] = {O"F[a] [ n € N}
T[0Od) = {V,ewn O™/ ™F[d] | f: N — N}

The uncountable theory T[{Oa] relies on the (classical) choice principle behind Proposition 6.
It expresses that given a stream x € [StrA], we have © ¢ [$Ua] if, and only if, there exists
a function f: N — N such that z(m + f(m)) # a for all m € N. In particular, if z ¢ [$0a],
then the function g: m — m + f(m) finds arbitrary large n = g(m) such that x(n) # a.

Consider a negation-free ® € LTL(A). We see the subset [®] C [StrA] as a subspace
rather than as a sub-dcpo (cf. Example 8). This subspace [®] = ([®], Q([StrA]) I[P]) is
always sober (Corollary 3). With geometric logic, we gained a description of the subspace
[®] as the space of models of the theory T[®]. Namely, the subspace [®] is homeomorphic

16



Liveness Properties in Geometric Logic for Domain-Theoretic Streams Riba and Stern

k6 0

(TH) v (if (o F 1) €T) (AX) Fro (Cur) o v
0 l_T [%2) 0 }_T 1/1
L) — L) ————— }
(A 1)<p/\1/)|_T<P (A 2)¢A1/)I—Tw ("-R) Obr oAy
- oy foralliel, pibry Ry
(true-R) @ Fr true (V-1) Vierpibr ¢ (V-R) vibr Vier vi

Figure 2. Deduction rules for geometric logic over a theory T.

to Mods 4] (T[®]) (Theorem 3 and Proposition 5), while the frame Q([StrA])[[®] is iso-
morphic to Geom(At)/Mod[s a1 (T[®]) (Theorem 2). Note that in the latter, two geometric
formulae are equivalent exactly when they have the same T[®]-models. Hence geometric
formulae generate the frame Q([StrA])[[®]. Moreover, we have seen in Examples 14 and 15
concrete cases in which the theory T[®] explicitly represents approximations of [®].

However, a limitation of this approach is that the frame Geom(At)/Mod[se ) (T[®]) is
defined by purely semantic means. We discuss this in 5 below, which gives a complete
deduction system for T[®] in the G5 case. We now comment on potential extensions to LTL
with negation.

Remark 12. Say that an LTL formula ® is an F' formula if ® is the negation of a G formula.
The F, formulae are the negations of the G5 ones. For instance, ~a (with a € A) is a simple
non-trivial F' formula, while =Oa = {—a is an F, formula. It follows from Remark 9 that
F formulae induce Scott-closed subsets of [StrA], and that the F, ones induce countable
unions of Scott-closed sets (i.e. F, sets).

Now, if & = =®; with ®; € G, then the subspace [®] is represented by the geometric
theory {F[®:] I false}. Hence Theorem 3 extends to F formulae (so that Proposition 5
and Theorem 2 can be applied in this case). But beware that this does not hold in general
for F, formulae, since the subspace [-Oa]] = [$—a] is not representable in geometric
logic (in the sense of Example 11). In particular, there is no geometric theory T such that
Mod(T) = U,,cy Mod{(O™F[a] - false}, and Proposition 6 does not extend to infinitely
many arbitrary theories.

5. Free Frames and Spatiality

Our approach to geometric logic in §4 focuses on spaces of models. However, the literature
rather considers geometric logic as a formal way to present frames by generators and
relations. A customary tool for this is the notion of congruence preorder (see [Vic89, §4
and §6.1-2] and [Hecl5, §3]). It is folklore that congruence preorders can be presented
using an (infinitary) deduction system for geometric logic (in the spirit of e.g. [Vic07, §2.2]
and [Joh02, D1.1.7(m) and §D1.3]).

Let T be a geometric theory over At. The deduction relation b1 on Geom(At) is defined
by the rules in Figure 2, using the constructs of Remark 7. The relation Fr is a preorder.
Similarly as in §4.2, we quotient Geom(At) under the relation ~¢ of T-equivalence defined as
@ ~pp iff @ b9 and ¢ Fr . We write [¢]r for the ~r-class of ¢ and Geom(At)/T for the
set of ~p-classes. We let <r be the partial order on Geom(At)/T induced by Fr. In contrast
with [Joh02, §D1.3 and D1.4.14] (see also [Vic07, §2.2]), we do not need to enforce frame
distributivity in Figure 2, since it is hardwired in the constructs of Remark 7.

Lemma 11. (Geom(At)/T,<r) is a frame.
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Spatiality. How does Geom(At)/T relate to the frame Geom(At)/Mod(T) of §4.27 To
answer this question, we compare the preorders Fr and <npoq(r). First, an easy induction
on derivations proves the following soundness property:

Yhre = Y XMod(m) ¥

The converse implication is a form of completeness: if every model of T is a model of
the sequent 9 F ¢, then 9 Fr ¢ is derivable. This may fail in geometric logic, by lack of
spatiality. A frame L is said to be spatial when given a € b in L, there is a point F € pt(L)
such that a € F and b ¢ F. A frame is spatial precisely when it is isomorphic to Q(X) for
some space X, but not every frame is spatial ([Joh82, §IL.1.5]).

Assume now that Geom(At)/T is spatial, and let ¢ t/r ¢. Hence [¢]r 1 [p]r and there is
a point F of Geom(At)/T such that [¢)]r € F and [¢]r ¢ F. Let v: At — 2 take p € At to 1

Lemma 12. Let F and v as above. Then for every 6 € Geom(At), we have v = 0 if, and
only if, [0]r € F. In particular, v is a model of T with v = and v [~ .

Hence, when Geom(At)/T is spatial, the preorders -r and <ngoq(t) coincide, and Geom(At)/T
is thus isomorphic to Geom(At)/Mod(T). Since Geom(At)/Mod(T) is always isomorphic to
the frame of opens of the space Mod(T) (Theorem 2), we have the following.

Theorem 4. Let T be a geometric theory over At. Then the following are equivalent.
(i) The frame Geom(At)/T is spatial.

(it) Deduction in 1 is complete (Y Fr o if, and only if, ¥ Smoa(r) ¥)-

(i1i) The frame Geom(At)/T is isomorphic to Geom(At)/Mod(T).

Free Frames and Congruence Preorders. In view of Theorem 4, it is interesting to
know when a frame Geom(At)/T is spatial. We discuss this using the following notions. Write
E for the empty theory.

Let U: Frm — Set be the forgetful functor. A free frame on At is the data of a frame
L(At) and of a function n4,: At — UL(At) such that for each frame L and each function
f+ At — UL, there is a unique frame morphism f*: L(At) — L making the following
diagram to commute.

At f

— UL
urL(ay 9"

nNAt

Proposition 7. (Geom(At)/E, <g) (with the function p € At — [p|r) is a free frame on At.

The operation At — Geom(At)/E thus yields a left adjoint to U: Frm — Set (see e.g. [ML98,
Theorem IV.1.2]). Actually, the set of Scott-opens of the cpo P(At) is also a free frame
on At. See [Joh82, Lemma VIIL.4.9] (see also [Hecl5, Theorem 3.1] and [Joh02, C1.1.4
and C4.1.6]). Since free frames are unique up to isomorphism, it follows that the frame
Geom(At)/E is spatial.

It is customary to present a frame by quotienting a free frame under a congruence preorder.
We refer to [Hecl5, §3.4]. A congruence preorder on a frame (L, <) is a preorder < on L such
that < C < and such that for each arbitrary (resp. finite) S C L, we have \/ .S < b whenever
a =bforalla €S (resp. b = AS whenever b < a for all a € §). Given a congruence
preorder < on L, let a ~ b iff a < b and b < a.

Each binary relation R on L is contained in a least congruence preorder R on L.

Proposition 8. Given geometric theories T,U over At, let R = {([¢]r, [¥]1) | (¢ - ¥) €
TUU}. Then Geom(At)/(TUU) is isomorphic to the quotient of Geom(At)/T by ~7.
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In particular, Geom(At)/T is isomorphic to the quotient of the free frame Geom(At)/E
under ~4, where R = {([¢]g, [V']e) | (¢ F¢) € T}.

Ezample 16 ([Joh02, D1.1.7(m) and D1.4.14]). Each frame (L, <p) is isomorphic to the
frame Geom(At)/T(L), where T(L) is the following theory over At :={a|a € L}.

Fb (if a <1, b) FTr
FV{alaeS} (ifSCL) aNbbF anpbd

02

Vi

Hence, any frame is a quotient of a free frame by a geometric theory. It then follows
from [Joh82, §I1.1.5] that Geom(At)/T may not be spatial. On the positive side, we have

Theorem 5 ([Hecl5, Corollary 3.15]). Let R be a countable binary relation on a free frame
L(At). Then the quotient of L(At) under ~% is a spatial frame.

Corollary 5. Let T be a geometric theory over At. If T is countable, then the frame
Geom(At)/T is spatial. In particular, if ® is a Gs formula of LTL(A), then Geom(At)/T[®]
is spatial, where At = Fin([StrA]).

Hence, when ® is a G5 formula of LTL, deduction in Fgjp) completely axiomatizes
Mod(T[¥]), and the frame Geom(At)/T[®] is isomorphic to Geom(At)/Mod(T[®]).

We must warn the reader on the following subtle points, which actually motivate the
explicit constructions of §4.3.1.

Remark 13. Consider a space (X, ). It follows from Example 16 that there is a theory Tgq
over Atg = {U | U € Q} such that 2 is isomorphic to Geom(Atq)/Tq (so that Geom(Atq)/Tq
is spatial). But beware that when X is an algebraic dcpo, the theory T := T(X) of §4.1 is
over the set of atomic propositions At := Fin(X), which differs from Atg. In particular,
the theories T and Tq differ, and there is a priori no reason for €2 to be isomorphic to
Geom(At)/T.

An algebraic depo X is said to be w-algebraic when Fin(X) is (at most) countable. For
instance, [StrA] is w-algebraic precisely when A is (at most) countable.

Assume X is w-algebraic. Set At := Fin(X) and T := T(X) as above. The theory T
is countable, and Corollary 5 applies. Hence, the frame Geom(At)/T is spatial and thus
isomorphic to the frame Q (Theorem 4, Theorem 2 and Proposition 4).

Consider now a subset P C X. Recall from §3.3 that the quotient frame 2 — Q[P can
be represented as the frame of j-fixpoints for a nucleus j on €. It is then a consequence
of Proposition 8 and [Hecl5, §3.4] that the frame Q[P is isomorphic to Geom(At)/(T UU),
where

U = {oFv¢|plr <rji([¥)}

In particular, the frame Geom(At)/(TUU) spatial and thus isomorphic to Geom(At)/Modz(U).
But beware that this does not imply that the space (P, Q] P) is represented by the space of
models Modz(U), unless (P, Q[ P) is sober, since in this case we have

(P,QIP) = pt(QP) = pt(Geom(A4t)/(TUU)) = pt(Geom(At)/Modr(U)) = Modz(U)

In the case of streams [StrA] (with A countable), it follows that for any P C [StrA]
there is a geometric theory U on At which represents the frame Q[P. For instance, with
P := [-0a], the isomorphism Q[P 2= Geom(At)/(T UU) lifts to homeomorphisms

pt(QIP) = pt(Geom(At)/(TUU)) = pt(Geom(At)/Modr(U)) = Modr(U)

But we have (P,Q[P) % Mod:(U) since (P,Q[P) % pt(QP) as (P,Q[P) is not sober
(Corollary 2).
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6. A Specification for the Denotation of Filter

The core of this paper consists of the results presented above concerning LTL on streams.
However, the long term goal of this work is to reason on input-output (negation-free) LTL
properties of functions. We now briefly sketch how our results can help to handle our
motivating example, namely the filter function on streams. This is mostly preliminary; we
leave as future work the elaboration of a general solution.

We work with the function [filter] of Remark 2. Fix a finite set A and a Scott-continuous
function p: [A] — [Bool]. Assume that for all a € A, we have p(a) # Ligooy. Let ¥ =V,
as in Example 5 and set ® :=\/_. , a. The specification (1) for filter leads to the following
specification for [filter]:

Va € [StrA], x total, zFOOY = ([filter] p z) IF OP (2)

where we refrained from writing x I+ O® for the assumption that x is total.

We use the notations of Remark 2. In particular, [filter]p is the least fixpoint of the
Scott-continuous function f,: X — X, where X := CPO[[StrA], [StrA]]. In symbols, we
have [filter]p = Y(fp) = V,en fo (Lx)-

The standard method to reason on such fixpoints is the rule of fixpoint induction (see
e.g. [AC98, §6.2]). This rule asserts that given a subset S of a cpo X, and a morphism
f: X —cpo X, we have Y(f) € S provided (i) Lx € S, (ii) S is stable under sups
of w-chains, and (iii) f(z) € S whenever x € S. In our case, the subset of interest is
S ={f]x total and z I OQ¥ = f(z)IF OP}. But fixpoint induction cannot be applied
since Lx ¢ S (as Ly takes any x € [StrA] to L¥ | O®).

We can proceed as follows, with the help of §4.3.1. Given k,n € N with k < n, let

Ui = V{Arejen OVFIPL [0 < iy <o < iy <
ok = Amer O"F[9]

Note that v(x) € Mod (T[O¢W]) if, and only if, (Vk € N)(In > k)(v(x) | nk). It follows
that condition (2) can be obtained from the following.

Vo € [StrA], x total, Vk e N, Vn >k, v(z) Ev,r = v([filter] p2)E=pr (3)

Condition (3) is a consequence of Lemma 13 below. The main inductive argument is
encapsulated in item (1).

Lemma 13. Write g, for f;(Lx): [StrA] —cpo [StrA]. Let x € [StrA] be a total stream.
(1) Assume k <n. If v(z) = ¥k, then v(g,(2)) E vk.
(2) Let n,k € N. If v(gn(x)) = i, then v([filter] p x) = ¢

7. Conclusion

In this paper, we conducted a semantic study of a logic LTL on a domain of streams [StrA].
We showed that the negation-free formulae of LTL induce sober subspaces of [StrA], and that
this may fail in presence of negation. We proposed an inductive translation of negation-free
LTL to geometric logic. This translation reflects the semantics of LTL, and we use it to prove
that the denotation of filter satisfies the specification (1).

Further Works. First, the logic LTL on [StrA] deserves further studies, in particular
regarding decidability and possible axiomatizations.

We think an important next step would be to propose a refinement type system in the
spirit of [JR21], but for an extension of PCF with streams. More precisely, the system
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of [JR21] crucially relies on controlled unfoldings of (formula level) fixpoints. We think
that our translation to geometric logic could provide a domain-theoretic analogue for that,
yielding a system grounded on DTLF (in the form of [Abr91, §4.3] or e.g. [AC98, §10.5]).
This may rely on a deduction system for either LTL or geometric logic.In any case, we expect
to need an analogue of the iteration terms of [JR21]|, which actually could simulate (enough
of) the infinitary aspects of geometric logic. Also, an important task in this direction would
be to formulate sufficiently general reasoning principles for program-level fixpoints.

Further, we expect to handle alternation-free modal p-properties'® on (finitary) polynomial
types, thus targeting a system which as a whole would be based on FPC. But polynomial
types involve sums, and sums are not universal in CPO, in contrast with DCPO and with
the category CPO_ of strict functions. We think of working with Call-By-Push-Value
(CBPV) [Lev03, Lev22] for the usual adjunction between DCPO and CPO, . On the long
run, it would be nice if this basis could extend to enriched models of CBPV, so as to handle
further computational effects. Print and global store are particularly relevant, as an important
trend in proving temporal properties considers programs generating streams of events. Major
works in this line include [SSVHO08, HC14, HL17, NUKT18, KT14, UST18, NUKT18, SU23|.
In contrast with ours, these approaches are based on trace semantics of syntactic expressions
rather than denotational domains.!?

In a different direction, we think our approach based on geometric logic could extend to
linear types [HJKO0], for instance targeting systems like [NW03, Win04], and relying on the
categorical study of [BF06].

Acknowledgements. This work was partially supported by the ANR-21-CE48-0019 —
RECIPROG and by the LABEX MILYON (ANR-10-LABX-0070) of Université de Lyon.
It started as a spin-off of ongoing work with Guilhem Jaber and Kenji Maillard. G. Jaber
proposed the filter function as a motivating example. Thomas Streicher pointed to us the
reference [Hecl5].

1 This corresponds to “alternation depth 1” in [BW18, §2.2]. See also [BS07, §7] and [SV10].
123ee e.g. [NUKT18, Theorem 4.1 (and Figure 6)] or [SU23, Theorem 1 (and Definition 20 from the full
version)].
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A. Proofs of §2 (A Linear Temporal Logic on a Domain
of Streams)

A.1. Proofs of §2.1 (Domains)

A.1.1. Proof of Remark 1

We first discuss Remark 1. Consider the cpo [StrA] equipped with the isomorphism
[A] x [StrA] —cpo [Strd], (a,z) —a-x

(where (=) x (—) is equipped with the pointwise order), with inverse  — (2(0),2[1). It is
thus clear that [StrA] is a solution in CPO of the recursive domain equation

X =@ [AlxX

But in Remark 1, we claimed that [StrA] is actually the solution of X = [A] x X in the
usual sense. By this, we mean the following. In presence of general recursive types, one has

to solve equations
FX,X) ¢ X (4)

where
F : CPO®* xCPO — CPO

is a functor of mixed variance. The usual solution, as presented in e.g. [AC98, §7.1], is
to replace CPO with the category CPO™ of injection-projection pairs ([AC98, Definition
7.1.8]), and to replace F with a covariant functor F'*: CPO™ x CPO™ — CPO™. Then
instead of (4) one solves the following

FP(X, X) = X (5)

in CPO™. In turn, equation (5) is usually solved using colimits of w-chains ([AC9S,
Proposition 7.1.3]). But by [AC98, Theorem 7.1.10], colimits of w-chains in CPO™ can
actually be computed from limits of w°P-chains in CPO.

We return to the case of streams, and consider the functor

F = [A]x(-) : CPO — CPO

Then by [AC98, Definition 7.1.17 and Proof of Theorem 7.1.10], we have to consider the
limit of the w®P-chain

F()

1 <'— F(l) PRI F2(1) e F"(l) Fr ()

FrHi(1) ¢-mmmeee

where 1 is the terminal cpo {_L}. Now, by [AC98, Proposition 7.1.13], the limit of the above
w°P-chain is given by

{a €luen F" (1) | a(n) = F*(N)(a(n + 1))}

It is easy to see that [StrA] is isomorphic to this limit. The key is to define for each n € N
an isomorphism ¢, : [A]™ — F™(1) with o =id1: 1 — 1 and

lnt1 [A]"HY —  FmL(1) = [A] x F*(1)
(ar,a2,...,an1) —> (a1,in(ag,...,ant41))

and to observe that the following commutes
[A]"+! intt, Frti(1)

(a1,.4.,a717an+1)>—>(a1,...,an)l lF"(!)

L

[A]* —'=— Fn(1)
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A.1.2. Proof of Example 3

Let A be a set. We show that the cpo [StrA] is algebraic, and that its finite elements are
precisely those of finite support.

Lemma 14. Given = € [StrA], the set {d | d of finite support and d <[s 4] 17} is directed.

Proof. First, the set is non-empty since e.g. 2(0) - L“ has finite (possibly empty) support
and is <[sy 4] -

Let d,d" <[s¢ra) =, with d and d’ of finite support. Since [A] is flat, for all n € supp(d) N
supp(d’), we have d(n) = d’'(n). It follows that for each n € N, the set {d(n),d'(n)} has a
greatest element, so that d(n)\/4) d'(n) exists in [A]. We can thus define

d" : neN +— dn)Vpyd(n)
Then d” has finite support. Moreover, we have d” <syay = and d, d’ <fsyray d”. O

Lemma 15. Given z € [StrA], we have
z =V {d | d of finite support and d <[st ] x}

Proof. Tt is clear that z is an upper bound of {d | d of finite support and d <fsra] x}

Let now y € [StrA] such that d <ysy 4y y for all d of finite support such that d <gseay .
We show that # <[sgray y. Let n € Nand d := L" - x(n) - L¥. Then d is of finite support
and d <[syap v Hence d <ysyeap y and z(n) <pay y(n). It follows that for all n € N we have
x(n) <pa) y(n), and by definition we get x <[s¢ra] ¥- O

Lemma 16. z € [StrA] is finite if, and only if, x has finite support.

Proof. Assume first that x is finite. Since
z < \{d|d of finite support and d <jsy a] =}

where the set in the r.-h.s. is directed, there is some d of finite support such that d <gsea) =
and z <[s¢ra] d- Hence x = d has finite support.

Conversely, assume d has finite support, and let D C [StrA] be directed with d <gsy a7V D.
Let n € supp(d). The set D(n) = {x(n) | € D} is directed, and since [A] is flat, this set
a greatest element. Hence d(n) <pa) z,(n) for some z,, € D. Since supp(d) is finite and
(again) since D is directed, we obtain that d <fsy 4y « for some z € D. O

A.2. Proofs of §2.2 (Linear Temporal Logic (LTL))

Lemma 17 (Remark 3). Given a complete lattice L and a (monotone) function f: L — L,
we write Up(f) and gfp(f) for the least and the greatest fixpoint of f, respectively.

(1) Given LTL formulae ®,%¥, let He w: P([StrA]) — P([StrA]) take S to [¥] U ([®] N
[O](S)). Then

[[(I) U \I/H = lfp(H‘i;’\p) and [[(I) W \I/]] = gfp(H@,q/)

(2) Given a complete atomic Boolean algebra and a monotone f: B — B, we have
Iip(f) = —efp(b—=> =f(=b))  and  gfp(f) = —lip(b— ~f(=b))

Proof.
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(1) The proof mimics that of [BK08, Lemmas 5.18 and 5.19]. First note that we have

PWY = (PUT)VOP

and [& U O] C [ W ¥].
We show that [® U U] and [® W ¥] are indeed fixpoints of Hg v, that is

[eUV] = [v]u([e]N[O][® U ¥])
[ewv] = [v]u([e]n[O][e W v])

The case of [® U U] is a trivial unfolding of the definition: given x € [StrA], we have

ze€[®UT] iff thereisi >0 with z]0,...,z[(i — 1) € [?] and z]i € [¥]
ifft z € [¥] or (thereisi > 1 with z[0,...,2[(i — 1) € [®] and =i € [¥])
ifft z€[¥]or (xe€[P]and there is i > 1 with z[1,...,2[(i — 1) € [®] and z[i € [¥])
ifft ze€[¥]or (zre[®P]andxllec[PUT])
it ze[v]u([®]n[O][® U Y]

We now turn to [® W ¥]. Since [® U ¥] C [® W ¥], and since [O] is monotone (for
inclusion), we have

[eUv] < [Y]u(e]n[O][® W o)
Let z € [® W U]\ [® U ¥], i.e. z € [OP]. Since [OP] C [ W T], we get
z € [e]n[ONOe] < [¥Ju([e]N[OI[e W ¥])

It follows that
[ewY] < [Y]u([]n[O][e W ¥])

For the converse inclusion, if x € [¥], then we have z € [® U U] C [® W ¥]. Assume
now z € [@]N[O][@ W ¥]. If z € [O][® U ], then we obtain z € [® U ¥] C [& W T].
Otherwise, we have © € [OQ][O®], and since x € [®], this gives x € [OP] C [ W T].

Hence [® U ¥] and [® W ¥] are indeed fixpoints of Hg w.

We show that [® U U] is the least fixpoint of He w. Let P € P([StrA]) such that
P = Hg g(P). We have to show that [® U ¥] C P. But if z € [® U U], there is some
i > 0 such that [0,...,2[(i — 1) € [®] and x[i € [¥]. Since P is a fixpoint of Hg v,
we get z[i € P. Again since P is a fixpoint of Hg v, we obtain z[(i — 1),...,z[0 € P.
Hence x = z[0 € P and we are done.

It remains to show that [® W ¥] is the greatest fixpoint of Hg v. Let Q € P([StrA])
such that

Q = [Yju(eln[OlQ)

We have to show that @ C [® W ¥]. Let z € Q. If x € [O®] then we are done.
Otherwise, there is a least i > 0 such that z[i ¢ [®]. Hence z[0,...z[(i — 1) € [®].
Since x € Q = Ho,w(Q), it follows that z|1,...z]i € Q. Hence z[i € [¥] since
zli ¢ [®]. It follows that z € [ U ¥] C [& W T].

(2) Let f: B — B be monotone with B a complete atomic Boolean algebra. By the
Knaster-Tarski Fixpoint Theorem (see e.g. [DP02, 2.35]), we have

lip(f) = VH{aeB]|f(a) <a}
gfp(f) = A{aeBla<f(a)}
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Let g be the monotone function B — B which takes a to —f(—a). We show
gfp(f) = -lip(g)

The other equation is then obtained by duality. Since B is complete and atomic, it
follows from e.g. [DP02, Theorem 10.24] that =\/ S = A{-s | s € S} for every S C B.
We then compute

~V{alg(a) < a}

A{-alg(a) <a}
AN{—a|=f(ma) <a
A{—a|—-a < f(—a)
A{bIb< f(b)}
= gfp(f)

—lfp(g)

}
}

O

Lemma 18 (Lemma 1). If @ is negation-free then [®] is upward-closed in [StrA] (if x € [®P]
and x <[sgray y then y € [®]).

Proof. We reason by induction ®. Since upward-closed sets are stable under (arbitrary)
unions and intersections, we just have to consider the cases of atomic formulae a € A and of
modalities.

Concerning atomic formulae, if z € [a], then z(0) = a. Since [A4] is a flat cpo, we have
y(0) = a for all y >[s¢ra7 . Hence [a] is upward-closed.

The cases of modalities O®, (& U ¥) and (& W ¥) follow from the induction hypothesis
and the fact that x <y 4] y implies x[i <yserap yli for all i € N. O

B. Proofs of §3 (The Topological Approach)

B.1. Proofs of §3.3 (Sobriety of Subspaces)

Let (X, ) be a topological space, and fix P C X. Write ¢: (P,Q[P) — (X,Q) for the
subspace inclusion, and let * = Q(:): Q — Q[P be the induced surjective frame morphism.
The following simple observation is used repeatedly below.

Lemma 19. Givenx € P, we have F,, = FPor* where FIP .= {(UNP) € Q[P |z € UN P}.

Proof. Given U € Q, if U € F then x € U, so that x € UN P and *(U) = (UN P) € FHF
Conversely, if 1*(U) € F2!P then in particular x € U so that U € F,. O

Lemma 20 (Lemma 2). Assume that (X,Q) is sober. Then the following are equivalent.
(i) (P,Q|P) is sober.

(i) For each x € X, we have x € P if, and only if, there is some G € pt(Q[P) such that

Fo=Gou.
Q—“~ QP
PR

Proof. Let (X,Q) be sober, and fix some P C X. In view of Lemma 19, we just have to
show that the following are equivalent.

(i) The space (P,2|P) is sober.

(ii) For each z € X, we have x € P whenever there is some G € pt(Q2]P) such that
=Go*.
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We discuss each implication separately.

(i) = (ii). Assume that (P,Q[P) is sober, and let © € X. Let G € pt(QP) such that
= G o*. We have to show that € P. Since (P, 2] P) is sober, we have G = .7-'3”3
for some unique y € P. But we have seen above that F, = .7-'5”13 ov*. Hence F, = F,

and x = y since X is sober.

(i) = (i). Assume condition (ii) and let G € pt(©2[P). We have to show that G = FI7 for
a unique z € P.
Since X is sober, there is some = € X such that 7, = G o(*. Condition (ii) implies
that x € P, so that F, = F3!P o *. But since ¢* is a surjective frame morphism, it is
in particular an epimorphism in Frm. Hence G o 1* = F3P o 1* implies G = FP
Moreover, if G = F;¥ for some y € P, then since F, = F,''F 0 .*, we have F, = F,.
Hence y = x since X is sober. O

Write j: {2 — € for the nucleus induced by the surjective frame morphism ¢*: Q — Q[P
and write P for the frame of j-fixpoints (P = {U € Q| j(U) = U}).

Lemma 21 (Remark 5). Given an open U € Q of X, we have
jUu)y = U{veQ|VnP=UnNP~P}
Proof. Fix U € (). By definition, we have

j(U) = Uy (L*(U))
= U{veal(Vv) )}
= U{veQ|vnPcCUNP}

Hence, if V' € Q is such that VN P = U N P, then in particular VN P C U N P and thus
V Cj(U). It follows that U{V € Q| VNP =UnNP} Cj{U).

It remains to show that j(U) C|J{V € Q| VNP =UnN P}. Since j(U) € Q, we are done
if we show that j(U)NP =UNP. But we have j(U)NP=J{VNP|VNPCUNP}
so that j(U) NP CUNP. Since U C j(U), we obtain j(U) NP = U N P, as required. [

Recall that given z € Q, we set = X \ {z} = X \ |z, where y € |z iff y <q 2, with <q
the specialization (pre)order of (X, ).

Lemma 22 (Remark 6). Given x € X and U € Q, we have U C T if, and only if, x ¢ U.

Proof. If U C Z, then we obviously have x ¢ U since x ¢ Z. Assume conversely that U  Z.
Hence there is some y € U such that y ¢ Z. This implies y <o x with y € U, so that
zel. O

Lemma 23 (Lemma 4). Given z € X, let F, = {U € P |z € U}. Then F, € pt(P) if,
and only if, T € P.

Proof. Assume first that = € P. Tt is clear that F, is upward-closed and stable under finite
intersections. Let S C P such that for all U € S, we have U C Z. Then |JS C Z and
J(US) Cj(&) =7 (since ¥ € P). Hence, if z € j(JS), we have j(|JS) € #, and there is
some U € S such that U € 7, i.e. z € U.

Assume conversely that F, € pt(P). Let S :={V € P |V C #}. Then for all V € S, we
have z ¢ V and thus V ¢ F,. Hence j(JS) ¢ F, so that ¢ j(JS) and j(JS) C Z. But
this implies j(Z) C  since |J S = 7. O

It is well-known that z € P implies Z € P ([PP12, Remark VI.1.3.1]).

Proposition 9 (Proposition 2). Assume that (X,Q) is sober. Then the following are
equivalent.
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(i) (P,Q|P) is sober.
(i) For each x € X, we have x € P if, and only if, T € P.
Proof. We prove each implication separately.

(ii) = (i). We show that (P, Q] P) is sober whenever Z € P implies z € P for all z € X. By
Lemma 19 and Lemma 20 (i.e. Lemma 2), it is sufficient to show that given z € X,
we have z € P whenever there is some G € pt(Q]P) such that F, = G o (*.

Assume that for all x € X, we have x € P whenever x € P. Let 2 € X such that
Fr = Go* for some G € pt(Q2[P). We have to show z € P. Assume toward a
contradiction that = ¢ P. By our assumption, this implies that = ¢ P. Hence there is
some y € j(Z) \ . In turn, there is some V € Q such that ye Vand VNP =7znNP.
Since y ¢ T = X \ |, we have y <q z, and since y € V, we get x € V. It follows that
V € F,, so that *(V) = (VN P)e€G. But since VNP =2zNP =*Z), we thus get
T € Fy, a contradiction since = ¢ 7.

(i) = (ii). Assume that (P, Q] P) is sober, and let # € X such that & € P. We have to show
that « € P. We apply Lemma 20 (i.e. Lemma 2). Actually, we are going to construct
a point Fe pt(]g) such that F, = F o j. Since j = t4 o t* (where ¢, is the upper
adjoint of ¢*), Lemma 3 then gives the result.

Let F = F, be the set of all U € P such that = € U. Since 7 € f’, we have F, € pt(ﬁ)
by Lemma 23 (i.e. Lemma 4). In order to obtain « € P, it thus remains to show that

Fo = Fuoj

But given U € F,, we have 2 € U C j(U), so that j(U) € F,. Conversely, let U € Q
such that U ¢ F,. We have « ¢ U and thus U C Z. But then j(U) C j(z) = Z. Hence

z ¢ j(U) and j(U) ¢ F,. O

Lemma 24 (Lemma 5). Assume that (X, Q) is sober and let x € X such that for all U € Q
with x € U, we have U\ {z} ¢ Q. Set P := X \ {z}. Then (P,Q[P) is not sober.

Proof. Let v: (P,Q[P) — (X, Q) be the subspace inclusion. Since z ¢ P, by By Lemma 19

and Lemma 20 (i.e. Lemma 2), it is sufficient to show that 7, = Go.* for some G € pt(Q[P).

We appeal to Lemma 3, and instead provide a Fe pt(Q[P) such that F, = Fo j where

7: Q0 — Q is the nucleus induced by ¢. Let F = F, be the set of all U € P such that z € U.
Note that for each U € Q, we have

i0) = U{VeQ[V\{z} =U\{z}}

We first show that Z € P. This amounts to showing that j(Z) C 7, i.e. that = ¢ j(%).
Assume toward a contradiction that x € j(z). Hence there is some V' € Q such that z € V
and V\{z} = (X \ {z})\ {z}. But (X \{z})\ {z} = X \ {z} is open, while V' \ {2} is not,
a contradiction.

We thus get F, € pt(P) by Lemma 23 (i.e. Lemma 4). We are left with proving

Fo = Fuoj
Given U € F,, we have z € U C j(U) and thus j(U) € F,. Conversely, let U € Q such

that « € j(U). Hence there is some V € Q such that € V and V' \ {z} = U \ {z}. Since
(V\{z}) ¢ Q, we have (U \ {z}) ¢ Q. Hence x € U and U € F,. O
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C. Proofs of §4 (Geometric Logic)

C.1. Proofs of §4.1 (Geometric Theories)

Lemma 25 (Remark 7).

(1) Given (@i | i € I) with o; = \/{vij | j € Ji}, let ;e 06 .=\ {vj | i €1 and j € J;}.

Then
vEVerpi iff there exists i € I such that v |= ¢;

(2) Given o =V ;crvi and v =\ ;e ;7 let o ANV =N ; 5y erye Vi A7y Then

vEeAY iff v andy Y

Proof.
(1) Since
vE Ve iff there are i € I and j € J; such that v |= v ;
iff there is ¢ € I such that v = ¢;
(2) Since

viE@AY iff thereis (i,5) € I x J such that v = y; A}
iff there is (i,5) € I x J such that v |=; and v =7}
iff (there is ¢ € I such that v |= ;) and (there is j € J such that v = v})

ifft vEgpandvEy

O

C.2. Proofs of §4.2 (The Sober Space of Models)

Let X = (X, <x) be an algebraic dcpo. Recall the geometric theory T(X) over At = Fin(X),
namely

d-d (ifd <x d) - \/ Fin(X) dAd -V {d" € Fin(X)|d<x d’ and d <x d"}

where d,d’ € Fin(X).
Recall also that given x € X, v(x): At — 2 is the characteristic function of {d € Fin(X) |
d SX J)}

Proposition 10 (Proposition 4). Let X be an algebraic depo. The bijection x — v(x) of
Proposition 3 extends to an homeomorphism from X to Mod(T(X)).

Proof. By [AC98, Proposition 1.21(1)], the finite elements of Idl(Fin(X)) are the principal
ideals (i.e. those of the form |pi,(x)d = {d' € Fin(X) | d" <x d}). Hence, the order-
isomorphism X = Idl(Fin(X)) of Lemma 6 takes a basic Scott-open 1d € (X)) to the basic
Scott-open ({pin(x)d) € QIdL(Fin(X))), where

t (bpinnyd) = {J € TAUFIX)) | dpingyd € T}

Now, writing v: At — 2 for the characteristic function of J € Idl(Fin(X)), we have
Irin(x)d € J if, and only if, v E d. In other words, under Lemma 6, the basic opens
of X correspond exactly to the modyea(r(x))(d), for d an atomic proposition over At =
Fin(X). This directly extends to Scott-opens U € ©(X) on the one hand, and opens
modniod(r(x)) () € 2(Mod(T(X))) on the other. O
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C.2.1. Proof of Theorem 2
We shall now prove Theorem 2.

Theorem 6 (Theorem 2). Let T be a geometric theory over At. The function taking v €
Mod(T) to {[¢]moa(r) | ¥ = @} is an homeomorphism from Mod(T) to pt(Geom(At)/Mod(T)).

Fix a geometric theory T over A¢. For notational simplicity, we let M := Mod(T) and
L := Geom(At)/M. But beware that the proof of Theorem 6 (i.e. Theorem 2) relies on the
theory T.

Define
f o (At—>2) — P(L)

v o— Aol v}
Note that f is injective since f(v) = f(v') implies that for all p € At we have v |= p if, and
only if, v' = p.
Lemma 26. Given v: At — 2, we have v € M if, and only if, f(v) € pt(L).

Proof. Assume first that v € M. We show that f(v) € pt(L). First, if [ply <um [¢]mr
and [p]y € f(v), then v |= ¢. Hence v = ¢ since modp;(¢) C mody(¢0) and v € M. It
follows that [¢]a € f(v). Second, assume [p]ar, [¢]pm € f(v). Then v | ¢ and v | 9.
It follows that v = ¢ A ¢, and by Lemma 7 we get [¢|am A [¢¥]pr € f(v). Finally, assume
Vierleilar € f(v). By Lemma 7 we get that v |=\/,.; ;. Hence for some i € I we have

v = ¢;, and thus [p;]m € f(v).

Conversely, assume that f(v) € pt(L). We show that v € M. Let ¢ b 1 be a sequent
of T. Since ¢ <jps 9, we have [¢]y € f(v) whenever [¢]y € f(v). Hence, we have v |= 9
whenever v = . O

Given F € pt(L), let vz be the valuation which takes p € At to 1 iff [p]as € F.
Lemma 27. For each ¢ € Geom(At), we have [p]yr € F if, and only if, vy | .

Proof. We first show by induction on y € Conj(At) that vr |= v exactly when [\/{y}|; € F
(thus making explicit that \/{~} is the conjunctive formula v € Conj(A¢) seen as a geometric
formula).

Case of p € At. Since by definition of vz, we have vr = p if, and only if, [p]a = [V{p} M €
F.

Case of true. On the one hand, we have vr |= true. On the other hand, we have
[\/{true}]ys € F by Lemma 7.

Case of 71 A y2. We have vr =71 Ay iff vr =41 and vz | 2. By induction hypothesis,
for i = 1,2 we have vr = v; iff [V{v:}]s € F. On the other hand, by Lemma 7 we

have
Vv ANV M = VivAYHu

Hence [\/{y A} € F if, and only if, [\/{v}ar, [V{¥'}m € F. It follows that
vr E v Ay i [V{y Ay Ym e F.

We now consider the case of ¢ = \/,.; vi. Note that for every v of At, we have

viE e iff thereisi € I such that v =
iff there is ¢ € I such that v = \/{v;}

iff v \/ieI Vit

where \/,.; \/{7:} is the operation on geometric formulae of Lemma 25 (i.e. Remark 7).
Hence by Lemma 7 we have

el = Ve V{vitlm
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We finally conclude with the following, which relies on the above inductive property on
conjunctive formulae:

vr =@ iff thereisi € I such that vr =7;
iff there is ¢ € I such that [\/{v:}]m € F
iff [(p] M EF

Hence, given F € pt(L) we have

fwr) = A{lvlm | ve = e}
= ;MM | [plm € F}

It follows that we have a bijection

f : M — pt(L)
v — Alelu v =}

We can now prove Theorem 6 (i.e. Theorem 2).

Proof Theorem 6. It remains to prove that f: M — pt(Geom(At)/M) is an homeomorphism.
Write g for the frame isomorphism (Geom(At)/M, <pr) — (Q(M), C) induced by mod,, : Geom(At) —
Q(M). Note that

gelm) = modu(p) = {reMl|vEyp}

Recall from §3.2 the unit at (M, Q(M)) of the adjunction © - pt, namely

e 2 Mo — pt(UM))
v — {UeQM)|veU}

Since g is an isomorphism, we have

nmu(v) = {gllelar) | v e glwlm)}
= {g(lelm) [ v | o}

The underlying function of 1y, thus factors as the composite pt(g) o f, where pt(g) stands
for the underlying bijection of the homeomorphism pt(g): pt(Q2(M)) — pt(Geom(At)/M)
(recall the contravariant action of pt: Frm® — Top). It follows that the underlying
function of 7, is a bijection as a composition of two bijections. But by [Joh82, §II.1.6],
Ny is then automatically an homeomorphism. It follows that f = pt(g)~! o ny is an
homeomorphism. O

C.2.2. Proof of Proposition 5

We now turn to Proposition 5.

Proposition 11 (Proposition 5). Given geometric theories T and U on At, the space
Modz(U) is equal to the subspace induced by the inclusion Mod(T UU) C Mod(T).

Proof. Write Q for the topology 2(Mod(T)) and let P be the subset Mod(TUU) of Mod(T).
We just have to check that 2(Modz(U)) is the subspace topology Q[ P. We have

QP = {(VNP|VeQ)
= {modmoar) (@) NP | ¢ € Geom(At)}
modnod(r) () N Mod(TUU) | ¢ € Geom(At)}
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On the other hand, for each ¢ € Geom(At),

modnioa(r) () "Mod(TUU) = {v € Mod(T) | v = ¢} N Mod(TUU)
= {veMod(TUU) | v = ¢}
= mOdMod(TUU)(‘P)

It follows that

QP = %modMod(T)(gp) NMod(TUU) | ¢ € Geom(At)}
= {modniod(tu) (@) | ¥ € Geom(At)}
= Q(Mod:(V))

C.3. Proofs of §4.3 (Operations on Theories)
Let (T; | ¢ € I) be theories, all over At, with T, = {¢; ; F @i ; | j € Ji}.

(1) If I is finite, we let Y, T; = {/\iel Vitiy - Vier eisay | f € Mier Ji}'
(2) If I is infinite, and all T;’s are antecedent-free, welet Yo, T; = {F V,c; @ity | f € [ies i}

Proposition 12 (Proposition 6). In both cases above, we have (using the Axiom of Choice
when I is infinite)
Mod (YzeI ) = U,er Mod(T;)

Proof. We discuss each case separately.

(1) Assume that I is a finite set.

We first show that J,.; Mod(T;) is included in Mod(Y,.; T;). Let v € Mod(T}) for
some k € I. Thus, given f € [[,c; Ji, if v = A;c; i @), then in particular v |= 9y, #(r).-
Hence v [= ¢, () since v € Mod(Tg). It follows that v = \/,c; i rai)-

We now show the converse inclusion. Let v such that v ¢ (J;,.; Mod(T;). Hence, for all
i € I we have v ¢ Mod(T;). It follows that for all ¢ € I there is some j € J; such that v
is not a model of the sequent 1; ; - ¢; ;. Since I is finite, this yields some f € [[;c; /.

such that for all ¢ € I, v is not a model of the sequent v; ;) = ©; r(i) (see e.g. [JecO6
§5]). This implies that v is not a model of the sequent A, ; v sy = V,er i, f(iy- Hence

v & Mod(Y e, Ti).

(2) The case when [ is infinite (and all T;’s are antecedent-free) is proven similarly, excepted
that now, for the inclusion Mod(YZe 1 Ti) € U,y Mod(T;) we use the full Axiom of
Choice to obtain a suitable f € [] J;i (see e.g. [Jec06, §5]). O

el

C.3.1. Proofs of §4.3.1 (Translation of Negation-Free LTL Formulae)
Lemma 28 (Lemma 8). Fliz set A.

(1) The map [O]: P([StrA]) — P([StrA]) preserves all unions and all intersections.

(2) Given LTL formulae ®,%¥, let He w: P([StrA]) — P([StrA]) take S to [¥] U ([®] N
[ON(S)). Then

[®U V] = Uen Hyw([False]) and [®W W] = Men Haw([True])

Proof. Recall that [O] takes S € P([StrA]) to {z | z[1 € S}.
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(1) Let (S; | i € I) be a set of subsets of [StrA]. Given z € [StrA], we have

T € [[O]] (UiEI Sz) iff x[1e Uie[ S;
iff there is ¢ € I such that z[1 € S;
iff there is ¢ € I such that z € [O]S;

iff ze€ UzeI[[O]]51

Preservation of intersections is similar.

(2) Fix LTL formulae ® and ¥. We have seen in Remark 3 that [® U ¥] and [® W U] are
respectively the least and the greatest fixpoints of Hg w: P([StrA]) — P([StrA]).

Now, it follows from item (1) that Hg ¢ preserves all unions and all intersections. In
particular, Hg g is Scott-continuous ((P([StrA]), C) is a complete lattice and thus in
particular a cpo), and [DP02, Theorem 8.15] gives

[@UW] = U,y Ha y([False])
The case of [® W U] is obtained dually (since Hg w preserves all intersections, it is a
Scott-continuous endo-function on the cpo ([StrA], D)). O

Remark 14. Note that given d € Fin([StrA]), we have (L -d) <[syrap = if, and only if,
d <fstraj «[1. Hence [O](1d) = (L - d).

Now, recall from Example 7 that Scott-opens U C [StrA] are unions of sets of the form
1d for d € Fin([StrA]). Hence, it follows from Lemma 28(1) that [O](U) is Scott-open
whenever so is U.

A second application of Lemma 28(1) implies that [O](S) is a countable intersection of
Scott-opens whenever so is S.

Lemma 29 (Remark 9). Fiz a set A.
(1) If ®1 € G, then [®1] is Scott-open in [StrA].

(2) If @2 € G5, then [P2] is a countable intersection of Scott-opens (i.e. a Gs subset of
[StrA]).

Proof. We handle each case separately.

(1) We reason by induction on ®; € G. In the case of the atomic formula a € A, note
that [a] is the basic open set with 1(a - L“). For the propositional connectives, use the
induction hypothesis and the stability of open sets under (finite) unions and intersections.
The case of () follows from Remark 14.

It remains to deal with ®; U ¥;. Assume [®;] and [¥;] Scott-open. By Lemma 28(2),
we have

[®UV] = U,enHe u([False])

where Hg w: P([StrA]) — P([StrA]) takes S to [¥] U ([®] N [O](S)). Note that
Hg g (U) is Scott-open whenever so is U. Since [False] = @) is Scott-open, it follows by
induction on n € N that each Hg y ([False]) is Scott-open. Hence [® U W] is Scott-open.

(2) We reason by induction on ®5 € G5. The argument is similar to that of item (1) using
that an open set is (trivially) an countable intersection of opens, and that countable
intersections of opens are stable under finite unions and intersections.

In the case of &3 W ¥y, by Lemma 28(2) we have
[@W] = ,enHew([True])

Reasoning similarly as for item (1), since [True] = [StrA] is open, we get that
Hg ([True]) is a countable intersection of opens for all n € N. But a countable
intersection of countable intersections is a countable intersection. Hence [® W ¥] is a
countable intersection of opens. O
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Lemma 30 (Remark 11). Recall that ® = U means [®] = [¥]. Given LTL formulae ® and
U, we have

(OFalse = False O@ve) =02vOv O@UT) = (O2)U (OY)
OTrue = True O@AT) = O2A0OT O@WT) = (O2)W (QV9)
Proof. First, Lemma 28(1) directly yields the laws
(OFalse = False O@ve) = O02vOv
OTrue = True O@AT) = O2A0T
We discuss

O@UuVw) = (O2) U (Ov) and O@wWvw) = (0O2)W(OV)

It follows from Lemma 28(1) that [O]He,w(S) = Hos,ow([O]S). Then, by induction on
n € N we obtain

[O1Hz o ([False]) = H2g g (IOFalse]) = H2g oy ([False])
(O o ([Truel) = Hig oy ([OTruel) = HAy oy ([Truel)

Hence, using Lemma 28(1) and Lemma 28(2), we conclude that

[O@U )] = [OlUnen He w([Falsel) = U,en Hoe oul([False]) = [(O®) U (OP)]
[O@ewWw)] = [OlM.enHew([Tree]) = Npen Hoa,ou([Truel) = [(O2) W (OW)]

O

D. Proofs of §5 (Free Frames and Spatiality)

Lemma 31 (Lemma 11). (Geom(At)/T,<r) is a frame.

Proof. The argument is mostly a direct inspection of Figure 2.
First, we have that [\/, ¢;]r is an upper bound of ([¢;]1); since ¢; F\/, ¢; for all i (rule
(V-R)). It is a least upper bound since \/, ¢; - ¢ whenever ¢; 1 for all i (rule (\/-L)).
Similarly, [¢ A 97 is a lower bound of [¢]r and [¢]r since p A @ and p At ) (rules
(A-Ly) and (A-Lg)). It is a greatest lower bound since 8 - ¢ A ¢ whenever 6 F ¢ and 6 -
(rule (A-R)).
Moreover, the rule (true-R) yields that [p]r <t [true]r for all ¢.
Hence, (Geom(At)/T,<r) is a complete lattice whose sups and binary infs are respectively
given by
([pilr)e — Vilpie = [Viwil
(o, W — (el A [l = [pAYr
It remains to prove frame distributivity, namely

Vier (Wl Alpiln) = [l A Vieslpiln
We reason on the syntax of geometric formulae. Assume ¢ = \/{v}, | k € K} and ¢; =
V{7 | j € J;} for each i € I. Then, unfolding the notations of Remark 7 (i.e. Lemma 25),
we have

VAVierei = (V{nlke KP)AN{riylielandje i}
V{nAv,jlkeK,ielandjeJ;}

On the other hand

YA, = V{7 Av,;|keKandjeJ}
Viet WAwi)) = V{wAvijli€l, ke KandjeJ}
It follows that
Vier W ANwi) = AV

and we are done. O
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For some proofs in this §D, we make explicit that \/{~} is the conjunctive formula 7 seen
as a conjunctive formula. The following observation will be useful several times.

Remark 15. Given a theory T and given ¢ = \/,.; 7:, we have

[Plr = ViesV{vitlr

Proof. Note that given S C Conj(At), making explicit the \/{7}’s in the rules (\/-L) and
(V-R) leads to the following instances

forally e S, \/{v} Fr o
VS Viri ke VS

Hence by Lemma 31 (i.e. Lemma 11) we have

[plr = \/iel[\/{’Yi}]T

(ifyeS)

The following simple property is mentioned in the text of §5.

Lemma 32. Let T be a geometric theory over At and let M = Mod(T). Then for all
©, Y € Geom(At), we have

Yhre = Y=y
Proof. The proof is a simple induction on ¥ Fr ¢, using Remark 7 (i.e. Lemma 25) for
the logical rules. The case of the rule (TH) follows from the fact that (¢ F ¢) € T implies

1 < . The cases of (AX) and (CuT) follow from the fact that both Fr and <, are
preorders. O

We now turn Lemma 12. Let T be a theory over At. Let F be a point of Geom(At)/T such
that [¢]r € F and [p]r ¢ F. Let v: At — 2 take p € At to 1 iff [p]r € F.

Lemma 33 (Lemma 12). Let F and v as above. Then for every 6 € Geom(At), we have
v E 0 if, and only if, [0]r € F.
In particular, v is a model of T with v =1 and v [~ ¢.

Proof. We first show that for every 6 € Geom(At), we have v |= 6 if, and only if, [0]; € F.
The proof is similar to that of Lemma 27 (§C.2). We first show by induction on y € Conj(At)
that v | v if, and only if [\/{7}]r € F (thus making explicit that \/{v} is the conjunctive
formula v € Conj(At) seen as a geometric formula).

Case of p € At. Since by definition of v, we have v = p if, and only if [p]r = [V {p}]r € F.

Case of true. On the one hand, we have v = true. On the other hand, we have
[V{true}]r € F by Lemma 31 (i.e. Lemma 11).

Case of v; Ay2. We have v =71 Ay iff v = 71 and v = 2. By induction hypothesis,
for i = 1,2 we have v = ; iff [\V/{7:}]r € F. On the other hand, by Lemma 31 (i.e.
Lemma 11) we have

Vi AV He = [Viy A e

Hence [\/{yAY'}]r € Fif, and only if, [\ {7}z, [V{¥'}z € F. It follows that v = 41 A2
iff V{y A+ }r € F.
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We now consider the case of ¢ = \/,.; 7. By Remark 15 we have

[l = Ve [V{vith

Then, using the above inductive property on conjunctive formulae, we get

viE e iff thereisi € I such that v =
iff there is ¢ € I such that [\/{v;}]r € F
iff [(P]T e F

For the second part of the statement, given (61 b 63) € T we have [01]r <1 [f2]r. Hence, if
v |= 61, then [61]r € F, so that [62]r € F and v = 6;. It follows that v is a model of T.

Finally, we get v =1 and v [~ ¢ since [¢p]r € F and [p]r ¢ F by assumption. O
D.1. Proof of Proposition 7

Proposition 13 (Proposition 7). (Geom(At)/E, <g) (together with the function p € At —
[p]r) is a free frame on At.

Fix a set At. Consider a frame L and a function f: At — UL. We have to show that
there is a unique frame morphism f*: Geom(At)/E — L such that the following commutes.

f

At — UL
TR -7
U(Geom(At)/E)
We first extend f to the function

go : Conj(At) — UL

defined by induction on v € Conj(At) as follows:

9(p) = [f(p)
go(true) = Tp
go(YAY) = go(7) AL go(?')

We then extend go to a function
g : Geom(At) — UL

with
g(VS) = V{9 [veS}
where S C Conj(At).

Lemma 34. With the notation of Remark 7 (i.e. Lemma 25), we have
(i) g(true) =Tp

(ii) g Ab) = g(p) AL g(¢)

(iii) g(V{wi | i€ 1}) =V {9(wi) [ i € I}

Proof. We discuss each case separately.

(i) Recall that we write true for the geometric formula \/{true}. Then we are done since

g(V{true}) =V {go(true)} = Tr.
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(i) Write ¢ = V,c;vi and ¢ =V, ;7;. We have

= V{go(w) i€}
9@) = Viie())lieJ}

)

—~

S
|

and
pAY = \/{%/\'yﬂielandjeJ}
gl Ay) = Vp{go()ALgo(j)lieland je J}

Hence, using frame distributivity in L twice we get
gleny) = g(p) AL g(¥)
(iii) For each i € I, write ¢; = \/{v;; | i € I and j € J;}. Then we are done since

9(pi) Vi {90(vij) | € Ji}
9 Viervi) = Vi{go(viy)lielandjeJ;}

Using Lemma 34, a straightforward induction on derivations in g shows that

vhep = g(¥) <1 9(p)
It follows that [p]g = [¢]g implies g(¢) = g(v). This yields our function
f* . Geom(At)/E — L
[ble — g(v)

Lemma 34 implies that f* is a frame morphism. Moreover, given p € At we have

f(ple) g(p)
g(V{pr})

= go(p)
= f(p)

We can now conclude the proof of Proposition 13 (i.e. Proposition 7).

Proof of Proposition 13. It remains to show that f* is the unique frame morphism such
that f*([plg) = f(p) for all p € At. Let h: Geom(At)/E — L be a frame morphism such that
h([ple) = f(p) for all p € At.

We show that h = f. We make explicit that \/{~} is the conjunctive formula v € Conj(At)
seen as a geometric formula.

We first show by induction on v € Conj(At) that

MIVirHe) = 9(7)
Case of p € At. Since h([\V{p}]e) = f(p) by assumption on h.
Case of true. Since h([\/{true}|g) = T as h is a frame morphism.
Case of v A v/. Note that we have
VAVt = Vivady
Hence, the result follows from the induction hypothesis and the fact that A is a frame

morphism.
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Now, given ¢ = \/, v;, since h is a frame morphism, it follows from Remark 15 that

h(lele) = hA(V{[V{vitleli€I})
= Vp{h(V{7itle) | i € I}

Vi {go(vi) i€}

g ()

= f([‘P]E)

D.2. Proof of Proposition 8

Proposition 14 (Proposition 8). Given geometric theories T, U over At, let R := {([¢]r, [¢]1) |
(p 1) € TUU}. Then Geom(At)/(TUU) is isomorphic to the quotient of Geom(At)/T by

~7.

R

Fix geometric theories T and U over At, and let R be as in the statement. Consider

R = {([¢lr, W) | ¢ Frov ¥}

We are going to show that R= R, i.e. that R is the least congruence preorder containing
R. It is trivial that R C R.

Lemma 35. R is a congruence preorder on Geom(At)/T.

Proof. We first check that Risa preorder. Its reflexive since ¢ Fruy . We now prove that
R is transitive. Let C' R D and D R E. Hence there are ¢, 6 such that C = [¢]r, D = [0]r
and ¢ by 0. Similarly, there are ', such that D = [0, E = [¢]r and ' b1y ¥. Since
6] = [¢']1, we get (say) 0 g 6. Hence 6 Fqy ¢ and thus C' R E.

Moreover, if [¢]y <t [¢)]r, then ¢ Fr 1), so that ¢ Fruy 9 and [glr R [¢]r.

Let v and (p;)iecr such that for all ¢ € I, we have

[pilr R [Y]r

Since Fr C Fryy, this implies that for all ¢ € I, we have @; Fry 1. Hence using the rule
(V-L), we get \/,c; @i Fruv ¢, and it follows that

Viej[%]T R (Y]

Note that for every ¢, we have ¢ -1 true, and thus

[¢]lr R [true]r
Finally, assume B
0l R ¢l and 0l R [Y]r

Again since b1 C by, this implies 6 Fruy ¢ and 6 Fruy ¢. Hence with the rule (A-R) we
get 0 Fruy ¢ A9 and thus

0lr R [elr A[¢]r
O

Lemma 36. Let Q be a congruence preorder on Geom(At)/T such that R C Q. Then RC Q.

Proof. We show that if ¢ Fruy 9 then ([¢]1, [¢]r) € Q. We reason by induction on the
derivation of ¢ Fy .

Case of (Th). Since R C Q.
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Cases of (Ax) and (Cut) Since @ is a preorder.

Case of (true-R). Since @ is a preorder containing <r.

Case of (A-L;) and (A-Ly). Since [¢1 A pa]r <1 [@;i]r while Q contains <.
Case of (\/-L). Similar.
(

Case of (A-R). Since @ is a congruence preorder, we have
[0l Q [elr A [l

whenever

0lr Q [olr and 0l Q@ [Y]r
Then conclude with the induction hypothesis.
Case of (\/-L). Similar.

Case of (Dist). Since by frame distributivity in Geom(At)/T, we have

[¥ A \/7;6[ ilr = [Vie[(w A i)l
O]

Hence R = R, the least congruence preorder containing R. We can now conclude the
proof of Proposition 14, (i.e. Proposition 8).

Proof of Proposition 14. Let ~ be the equivalence relation induced by R. We have to show
that Geom(At)/(T UU) is isomorphic to the quotient of Geom(At)/T by ~.

Recall that Fr C Fruy. Note that given ¢, € Geom(At), we have [p]r ~ [1)]r precisely
when ¢ Fruy ¢ and ¥ Frug . In other words, for all ¢, 1 € Geom(At), we have

[¢lr ~ [¢lr if, and only if, [¢]ruy = [¢lruu

and we are done. O

E. Proofs of §6 (A Specification for the Denotation of
Filter)

Fix a finite set A and a Scott-continuous p: [A] — [Bool] with p(a) # L[goor if a € A. Let
U = ¥, as in Example 5 and let ® :=\/ ., a.
Recall from Remark 2 that [filter]p = Y(f,) =V, ey f5 (Lx) where

fp = AgAz. if p(z(0)) then 2(0) - g(x[1) else g(z[1) : X —cpo X

and where X is the cpo [StrA] —cpo [Stra].
Recall also the geometric formulae
Vi = V{Aigyer OUFIRI [0 i1 <o < <}
and or = N OF[P]

where k < n.
We begin with the following property, which is stated in the text of §6. Let = € [StrA].

Lemma 37. We have v(z) € Mod (T[OQW]) if, and only if, (VE € N)(Tn > k)(v(z) =
"/)n,k)-
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Proof. Let x € [StrA] and write v for v(z). Recall from Example 14 that

TO0¥] = {F Aucw Vinen O"FI¥1 V O"F[¥] V - v Q"™ F[¥] | N € N}
Assume first v € Mod (T[JGW]) and let k € N. Since
v Ve FI¥]V OF[W] v - - v O"F ]
we get some i; > 0 such that v = Q“F[¥]. Since
v Ve OFFIFE] V O 2F[E] V- v O[]

we get some iy > i1 such that v = O2F[¥]. Iterating this up to iy > --- > iy > i yields
the result with n = 4 + 1.

For the converse, using the simplifications mentioned in Example 15, it is sufficient to
show that v is a model of

{I— \/ OYF[®]v O[] v --- v ONTF[T] | N € N}

Let N € N. Given k > N, by assumption there is some n > k such that v |= 1, ;. Hence,
there are 0 < i; < --- < i < n such that v = Q%F[¥] for all j = 1,...,k. In particular,
we have v = Q%*F[V¥]. But since 0 < i; < --- < i), we necessarily have i, > k — 1, and
since k > N we get £k — 1 > N. It follows that i, > N, and we are done. O

Let us now explain how
Vo € [StrA], z total, zIF0O0Y = [filter] p z IF O (2)

can be obtained from

Vx € [StrA], =z total, VE €N, Vn >k, v(z) Ev,r = v([filter] pz)E=vr (3)
First, it follows from Lemma 10 and Theorem 3 that condition (2) amounts to

Vx € [Strd], z total, v(z) € Mod(T[OOY]) = (Vk € N) (v([filter] p z) = ¢x)

that is

Vo € [StrA], z total, Vk € N, v(z) € Mod(T[OOY]) = v([filter] p ) = &

Now, if v(z) € Mod(T[O$P]), then by Lemma 37, for all k € N we have (In > k)(v(z) =
n,k). Hence, condition (2) follows from

Vx € [StrA], z total, Vk € N, Gn>k)(v(z) Evnr) = v([filter] p x) E @&

and the latter is equivalent to condition (3). Condition (3) is a direct consequence of the
following.

Lemma 38 (Lemma 13). Write g, for f'(Lx): [StrA] —cpo [StrA]. Let x € [StrA] be
a total stream.

(1) Assume k <n. If v(z) = ¢k, then v(g,(2)) E ¢k.

(2) Let n,k € N. If v(gn(x)) = ok, then v([filter] p x) = ¢
Proof.
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(1) We show by induction on n € N that for all x € [StrA] and all k£ < n, we have

v(e) oy = v(gn(2)) I ok

Base case n = 0. In this case we have also kK = 0. But ¢y = true and we are done.

Induction step. Note that
gnt1(x) = if p(x(0)) then x(0) - g, (z[1) else g, (x]1)

Let k < n+1 and assume v(x) = ¢pn4+1,5. Hence thereare 0 <4y < -+ < i < n+1
such that v(z) | O¥F[V¥] for all j =1,..., k.

If 41 = 0, then we have p(z(0)) = tt and g,,+1(z) = z(0) - g»(x]1). Moreover, since
2[1 |= tp k-1, the induction hypothesis gives v(g,(x[1)) = pr_1. Since z[1 |= P,
we obtain v(z(0) - g,(«[1)) = ¢ and we are done.

Otherwise, we have i; > 0. Hence v(z[1) = ¢, k, so that v(g,(x[1)) E @i by
induction hypothesis.

Then if p(x(0)) = tt, we have g,+1(x) = 2(0) - gn(2]1). Since 2|1 = @, we obtain
gn+1(2) E @r+1. In particular, v(gn+1(z)) | ¢r and we are done.

If p(x(0)) = ff, then g,41(z) = gn(x[1) and we are done.

Note that the case of p(2(0)) = L{goo cannot happen since x is total and since
we assumed p(a) # Lpooy for all a € A.

(2) Recall that [filter]p is the sup of the chain Ly <x f,(Llx) <x -~ <x fi'(lx) <---,
so that g, = f (Lx) <x [filter]p. Hence gn(z) <[stray [filter] p =.

On the other hand, it follows from Proposition 4 (i.e. Proposition 10) that the set
of all x € [StrA] such that v(z) |= ¢ is Scott-open and thus upward-closed. Hence
v([filter] p x) is a model of ¢}, whenever so is v(g,(z)). O
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