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Notes.
» We assume an infinite set of variables x, y, z, ...
» We have one numeral n for each n € N.
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The Syntax of PCF
Motivation.

» A simple functional language with general recursion.
The Language of PCF.

T,0 = nat | o—oT
tu == x | M:ot | tu | YO | t41 | t-1 n
| if tthen uelse v
Notes.
» We assume an infinite set of variables x, y, z, ...
» We have one numeral n for each n € N.
> Y is the fixpoint combinator.
Typing Rules.
» Adaptation of System T with
—— (neN
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Operational Semantics
Weak Head Reduction.
» Usual (weak) call-by-name evaluation.

Basic Rules.
(M oty > tu/x] n+l > n41 n+1-1 > n 0-1 > 0
ifOthenuelseVv > U ifn+1thenuelsev > V Yt > t(Yt)
Congruence Rules.
t > u t > u t > u
tv > uv t+1 > u+l t-1 > u-1
t > u

iftthenvelsew > if Uthen Vv elsew
Substitution.
> flx:ockFt:7andlT+u:othenl - tu/x]: 7.
Subject Reduction.
» [fr-t:7andt>uthenT Hu: T,
Normal Forms of Type nat.
» If - t: nat with t in normal form w.r.t. >, then t = n for some n € N.
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Examples
(>* is the reflexive transitive closure of > and 1 is the transitive closure of ©>.)

Conditionals at all types.

» For each type o we have
F1:nat Nlu:o lFv:o

M- (if tthenuelse V), : o

where

(if tthenuelse V)or = AXx:o0.(if tthen ux else vX),

Divergence.
» For each type o we let
Q° = Y°(\x:o0x)
sothatQ>" Q.. ..
Addition.
> We let
add = Yadd_rec
where add_rec = Af.AX.Ay.if X then y else (f(x-1)y)+1
> Note that .

addQu > u
addn+1u " (add n+1-1 u)+1
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Sets with Divergence.

» Because of Q™%, we let
[nat] = NuU{l}

» We can give an interpretation of +1, -1 and the conditional
if — then — else —.

A Set-Theoretic Partial Interpretation.
» We can get for each type 7 a set [] with
o= = [el=I[1 = [

> Abstractions and applications can be interpreted as in System T.

Difficulty:
Y1 = (el =1lel) — I[ol
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> For each type o, a natural candidate for [Q27] is L., where
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Definition (The Information Order)

Define C. by induction on 7:
» aln. biffa=Lora=b.
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we need
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(b) to satisfy equation
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Consequences.

(a) It seems reasonableto askfor L C f(L)C...Cf(L)C...
which follows from requiring functions to be monotone.

(b) We will moreover require a form of continuity.
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