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?A@CB DFEHGJILKMEHNPOFQ 1,2 RTS
U G�ILKVEWDXGZY[EWO]\ 2 RT^ EWD]_M`PabEdc�@bGT@Cae@ 3 R @CGf\ ^ EHDgKh@�iA@CjL@lk�@ 3
1 mon�p�qLr�s�thuwv�xzy|{1th}ey;~W��� vWy|�LtV{#vWy|���h�>vH}L� qCy�v�y|����y|�g�V�h�w��}5���ltVx|�z��y��#~W��qC�5�5}5tV�

n
qe���H�H���b�w���5��yzx�vH���gvb�
2 moth}eyzx|t��X~Hx��>�b��vW}L�hth��mo~H{1uL�by|�g}5���o������~Wx|��y|�L{1�<vH}L� m�xz�bu5y|~H�Hx�vWuL�e�e�
s�thuwv�xzy|{1th}ey�~H�)mo~H{1uL�by|�g}5�5�L� vH�h�C�LvWx|��t���}5�g��tVx|�z��y��e�Cn
qe���C�h�� C�Z���5��yzx�vH���gv

3 s�thuLvWxzy|{1th}ey�~W��� vWy|�5th{#vWy|���¡vW�¢vW}w� mo~H{1uL�by|�g}5�1qC�h��th}L�htV�h�Z£¢~H¤C�l~A¥�}5��y|��y|�5y|t�~W�
£¢tV�M�5}L~���~H�H�e�L¦lvHuLvH}

§©¨.ªh«h¬�w®H«�¯ ��t��bth�z�Vx|��°Zt�uL�5°L������¤ltM�±th}L�Vxz�buby|�g~H}±�z�M�5th{1th�³²<��y|�´�ztV�h�5x|��y��
ubx|~W�HvH°5���³°LvH�zt¡�µ~�} y|�5t
²;~Hx|��y��¡vH�zt¶�wv�x��5}5th�z��~W�2y|�Lt¶vHu5u5x|~¡·b�g{#v�y|t¶qb�5~Hxzy|th��y¸ th�Vy|~Wx
¹ºx|~�°L��th{'��}��z~H{1t���yzx|�5�Vy|�5x|th�»�gv�yzy|�g�Vth�h�T�¡vH����t¡�»�F�bt¡vH�º�gv�yzy|�g�Vth�h�T��}w�btVx
y|�5t�vW�z�z�L{1uby|�g~H}dy|�wv�yoy|�Lt<�gvWyzy|tMx;���otV·buZ~H}Lth}ey|�gvH�����1�wv�x��Ay|~��z~����lt>th�lth}d²<��y|�#v
�e�wvW}ey|�L{��h~�{1u5�5y|tVx¡��²;t�vH���L��th�lt�m;¹T�<�¼�zth�h�5x|��y½�1vH��vH��}L��y<�z�5°ZtV·buZ~�}5th}ey|�FvW�ZvWyz�
y�vW�M¤C�h�L²<��y|�¿¾[�e�wvW�z����À�~Hu5y|��{#vH�fvH���b{1uby|~Hy|���
uZtVxz�]~Wx|{#vH}5�ht�Áw��� n �g�<y|�Lt
�ztV�h�5x|��y��uLvWx�vH{1tMy|tVx¡�w°Z~Wy|�µ¤ltV�b��v�x|t�~W�)°L��yz�¼�gtV}L�Hy|� eO(n) vH}L�³y|�Lt�vH{1~Wxzy|��Âht¡�µ�h~���y|��~H�°Z~Wy|�1th}L�Vxz�buby|�g~H}#vH}L�1�5th�Vxz�buby|�g~H}1vWx|t eO(1) uZtVx�{1th�z�|vH�Ht�°5��y¡�CÃ��5x��h~H}L��yzx|�L�M�y|��~�}�vH�LvHuby|�>y|�5t
yzx�vHuP�5~e~Wx�~H}LtV�[²�vh� �X�L}5�Vy|��~�}µ~H�oÄ�th}eyzxz�¿ÅMÆ>Ç�ÈgÉ¢¾¼q5£<Ã
m�Ê ��Ë�ÀM�
°LvH�zt¡�³~H}�y|�5t
Ìft¡v�x|}L��}L���Í��y|� Îºxzx|~Hx|�<u5x|~H°L��th{ �ey|~d��yzx|�5�Vy|�5x|t¡�#�gvWyzy|���hth�h�ZÃ��5x
{#vW�g}�y|th���L}L���¡vW�)y|~e~H���Av�x|t#vH}¿vH�LvHuby�vWy|��~�}�~H�<�2Ï�y�vH�ÐÊ ��yzx�vHuP�5~e~Wx¶¤ltV�»��tV}LtVx�v��
y|��~�}�vW�g�H~Hx|��y|�L{:¾Ð¥zm;��Ìf¹<Ê  H lÀ�vW}w�»vdx|tV�¼��}Cy|tMx|u5x|tVy�v�y|�g~H}»~H��p�th�Hth�ZÊ ���e�wvW}Cy|�5{
x|t¡�b�L�Vy|��~H}Ñ°ZtMy�²;tVth}�y|�Lt�Òo~��5}w�bt¡��s�����y�vH}5�ht�s�th�h~C�5��}5��ubx|~�°5�gtV{:vW}w���|vH{d�
u5�g��}5�d�z�L~Wxzy��gv�yzy|�g�Vt¶��th�Vy|~Hx|�h�

Ó ÔLÕ>ÖZ×PØ
Ù�Ú¶Û¢ÖPÜ|Ø>Õ
Ý)@eKMKMD]Þ�EWß�àT@5_�E�\©ÞWáMâwãZK U jbáh@CãTNLâdNT@5_oàfEHEWG áV@bãPD]\ZOFâ#\PEWäbEHO U ãPDXGPj�DXG³KMNPE�O]@b_�K;Y[EWk´âbEH@báV_ R DFGZß_�ãPDXáVEH\1àwâdKMNTE�àPáVEH@baLKMNPá U `Pj5N1áME�_�`TOgK U Yfå<æzKV@CDwDXG!ç�èbè5édêFçWë R k
N U Þ U GT_|KVáM`fÞ¡KME�\#@ U GPE�ß�k�@lâY[`PGTÞ¡KVD U G#k
DFKMN�@lä5EWáh@Cj5E�ßzÞW@b_ME�_MEHÞW`PáVDgK|âAãPá U äl@bàPOXâ¶áVEWO]@eKME�\dK U KMNPE�k U áV_�K�ßzÞW@5_�E<Þ U B ãPOXE�ìZDgK|â
U YºNT@Cáh\ O]@eK�KVDXÞWE�ãPá U àPOXEWBµ_Hí5c�NPE�@eK�KVáV@5Þ¡KVDFä5EWGPE�_M_ U YºOX@CK�KMD]Þ�EWß�àf@b_MEH\ Þ�áVâwãZK U jbáh@CãPNwâ©_�KMEHB _Y[á U B�DFKV_»ãTá U äe@CàTOFE¿_MEHÞ�`TáMDFK|â±jb`f@Cáh@CGLKMEHEH_ R k�EWOXO¶_�KM`T\PDFE�\´KMNPE U áVE�KMD]ÞW@bO
`PGT\ZEHáMãTDFGPGTDFGPjL_ R_�DXB ãPOFD]Þ�DFK|âî@bGT\îã U KMEWGLKVDX@bO�E�ï»Þ�DXEWGTÞWâñð¼å<æzKV@bD½ò _ U GPE�ß�k�@lâ�Y[`PGfÞ¡KMD U GóD]_1@�B @CKMáVDgìwß�äbE�Þ¡K U áB©`POFKMDXãPOXDXÞH@eKMD U G U äbEHá1@!_MBµ@COXO;ôTGPDFKME ôTEHOX\Tõ R @CGf\Ñ@CO]_ U KVNPEµ@CãPãf@CáVEWGLKd_MEHÞW`PáVDgK|âJ@bj5@CDXGT_�K
ö `f@CGLKM`PB÷@eKMKV@5Þhaw_Hífc�NTE#Bµ@CDXGÑÞ U B³ãTOFEWìwDFK|â�@b_V_�`PB ãZKVD U G¿DX_�KMNPE�NT@Cáh\ZGPE�_M_ U Y>@CãTãPá U ìZDFßB @CKME�äbEWáh_MD U GT_ U YºKVNPEAIwN U áMKMEH_�K>ø�E�Þ¡K U á>ù<á U àTOFEHB÷ð SVP

õ¡íwc�NPE
GapSVPγ(n)

ãPá U àPOXEWBÞ U Gf_�D]_|Kh_
DXG R j5DFä5EWG¿@ OX@CK�KVDXÞWE U Y<\ZDXB EWGT_MD U G n
@bGT\¿@µ_VÞW@CO]@Cá

d R áVEWãPOXâwDFGTj ú�û�I�DFY;KMNPEHáMEE�ìZDX_�KV_�@�G U GZß�üHEWá U O]@eKMKMD]Þ�E
äbE�Þ¡K U á U YfG U áVB ≤ d
@CGf\�ýdþ7DFY.@bOFOwG U GZß�üHEWá U O]@eKMKMD]Þ�E�äbE�Þ¡K U áh_NT@läbE³G U áVB ≥ γ(n)d

í)c�NPE»Þ U B ãPOXE�ìZDFK|â U Y GapSVPγ(n)

DXGTÞ�áVEH@5_�E�_Ak
DgKVN
n R àT`ZK©\ZE�ßÞ�áVEH@b_MEH_>k
DgKVN

γ(n)
íZå¶OgKVN U `Pj5NµKMNTE�O]@eKMKMEWá�D]_>à¢EWOXDXEWäbE�\µK U à¢E�EWìwã U GTEWGLKMD]@CO¢DFG n

Y U á�@CGwâã U OFâwG U B³D]@CO γ(n) R B DXGPDXB³DXüWDXGPj©KMNPE¶\PEWjbáVEWE U Y γ(n)
DX_>äbEHáMâ�DFB ã U áMKV@CGLK>DXG»ãPáh@bÞ�KMD]Þ�E R K U@COXO U k�KVNPE1`T_ME U Y;@ ãPáV@5Þ¡KVDXÞH@COº\ZDXB³EHGT_MD U G n

Y U á�@³jbDXäbEHG�_MEHÞW`PáVDgK|âµOXEWä5EWO�í
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���������������������������������	 !���"�#��$��&%�c�NTE¿ôTáh_|K»ãPá U äe@CàPOXâñ_MEHÞW`PáME�O]@eKMKMD]Þ�E�ßàT@b_MEH\#ÞWáMâwãZK U _MâZ_|KVEWB k�@5_2ãPá U ã U _MEH\#àLâ1å<æzKV@CDZ@bGT\©?�k U áMa³ê 'eë R @bGT\1áVEWOXDFE�\ U G³@�äe@CáVD]@CGLK
U Y GapSVP

DXG�@báMàPDFKMáh@CáVâ OX@CK�KVDXÞWEH_1ð[DFK�D]_�G U k awG U k
G�K U @CO]_ U áVEWOXâ U G GapSVP
êXçHèCëÐõ�í

Iw`PàT_ME ö `PEHG5K»k U áVaZ_©ãTá U ã U _�E�\ñB U áVE�E�ï»Þ�DXEWGLK»@COFKMEHáMGf@eKMDXäbE�_�ê '(' R '() R è R�*!+ ë�í�c�NPEJÞW`PáMßáMEHG5Kµ_�KV@eKVE U Y�KMNTE�@bá�K�ê è R�*,+ ë�D]_ @î_VÞhNPEHB³E!k
DgKVN ãT`PàPOXDXÞ.-lãPáVDFäe@CKME�a5EWâÍOXEWGPjbKMN Õ(n2)@CGT\�EHGTÞ�áVâwãZKMD U G	-C\ZEHÞWáMâwãZKVD U G�KMNPá U `Pj5NPãP`ZK U Y Õ(n)
àPDFK U ã¢EWáh@eKVD U GT_
ã¢EWá�B³E�_M_V@Cj5E1àPDFKHí/�KV_¶_MEHÞW`PáVDgK|â�áMEHOFDXEH_ U G�KMNTE ö `T@CGLKV`PB�k U áh_�K�ßzÞW@b_MEANT@Cáh\ZGPE�_M_ U Y GapSVP eO(n1.5)

DXGJ@CáMß
àPDgKVáV@báMâ�OX@CK�KMD]Þ�E�_WíPc�NTE#_�E�Þ�`PáVDgK|â!ÞW@CG�à¢E©\ZE�ß ö `T@CGLKV`PB DFüHEH\�@eK�KMNPE©E�ìZãfEHGT_ME U Yoà U KVN�DFGZßÞ�áVEH@b_MDXGPj

γ(n)
@CGT\!\ZEHÞWáME�@b_MDFGPj©KMNPEdEWïµÞWDFEHGTÞ�â RwU á�áMEHOFâwDXGPj U G!@�GPEWk @CGT\�OFE�_M_�_�KM`T\PDFE�\ãPá U àPOXEWB�ê *,+ ë�í#/zGÍãf@Cáh@COXOFEHO;K U KMNTE»ãPá U äl@bàPOXâJ_�E�Þ�`PáVE»_MÞhNTEWB EH_ R KMNPEHáMEµNf@läbEµ@CO]_ U à¢EWEHGNPEW`PáVD]_|KVDXÞ�ãPá U ã U _M@bOX_»êFç5ç R ç * ë�í0/zG±ãT@bá�KVDXÞW`PO]@Cá R `PGPOXDXabE»KVNPE!@bà U ä5E�_VÞhNPEWB EH_©k
NPD]ÞhN±`T_ME`PGT_�KMáV`TÞ¡KV`PáME�\ñáh@CGf\ U B O]@eKMKMD]Þ�EH_ R KMNPE¿ý�c S21 EHGTÞ�áVâwãZKMD U G´_MÞhNTEWB EîêXç * ë
E�ìZãPO U DFKV_³KMNTEãPá U ãfEHá�KVDFE�_ U Y43658769:;589"7�<�=0O]@eKMKMD]Þ�E�_#K U @bÞhNTDFEHäbE»NPDXjbN E�ï»Þ�DXEWGfÞ�âók
DgKVNñáVEH_MãfE�Þ¡K�K U abEWâOFEHGPjCKVNÑð

Õ(n)
àPDFKV_hõ�@CGT\µEHGTÞ�áVâwãZKMD U G�-e\ZE�Þ�áVâLãPKMD U G»Þ U _|Kdð Õ(1)

àPDgK U ã¢EWáh@eKVD U GµãfEHá�B E�_|ß_M@bjbEdàPDFKhõ¡í 1 GZY U á�KV`PGT@CKMEWOXâ R DgKh_¶_MEHÞ�`TáMDFK|â»áVEWBµ@CDXGT_�NPEH`PáMD]_�KMD]Þ1@CGT\�DFK�k�@5_
@CG�DXB³ã U áMKV@bGLK
U ã¢EWG¿ÞhNT@COXOXEWGPj5E¶K U ãTá U äwD]\ZE1@�ãTá U äe@CàTOFâ»_MEHÞW`PáME1_VÞhNPEWB Edk
DFKMN¿Þ U B³ãf@Cáh@CàPOXE�EWï»Þ�DXEWGTÞWâbí>? �$	@!���	�A��B���	�0 #�CB��	D0��E?���GF� 	$�EIH����"����ÿ&�����#���	��(%KJ¿DXÞHÞ�D]@CGTÞWD U ê * )Cë�DFGLKVá U ß\Z`TÞ�E�\»KVNPE1Þ�O]@b_V_ U Yo_�KMáV`TÞ�KM`PáVEH\L:NM!:;OQPR:dO]@eKMKMD]Þ�EH_ R k
NPD]ÞhN!Þ U áVáME�_�ã U GT\»K U DX\PEH@CO]_�DFG�ã U OXâ5ßG U B D]@COAáMDXGPj5_ Z[x]/(xn − 1) R @bGT\�ãPáVEH_MEWGLKME�\7KMNTEîôfáV_�K!ãPá U äe@CàPOXâ7_�E�Þ�`PáVE U GPE�ß�k�@lâY[`PGTÞ¡KVD U G¿àT@b_MEH\ U G�KMNPE#k U áh_�K�ßzÞW@b_MEANT@Cáh\ZGPE�_M_ U Y�KVNPE#áVEH_�KMáVDXÞ�KMD U G U Y Poly(n)

ß
SVP

K UÞ�âZÞ�OXDXÞ#OX@CK�KMD]Þ�E�_Wíoð¼c�NPE©ãPá U àPOXEWB γ
ß
SVP

Þ U GT_MDX_�KV_¶DFGJÞ U B ãP`ZKVDFGPj!@ G U GZß�üWEHá U ä5EHÞ¡K U á U Y@¿jbDXäbEHGÍOX@CK�KMD]Þ�E R k
N U _�E�G U áVB D]_�G U B U áVE KMNT@bG γ
KVDFB E�_©O]@CáVjbEWá#KMNT@bGóKMNPE!G U áVB U Y@î_MN U áMKME�_|K G U GZß�üHEWá U O]@eKMKMD]Þ�E�äbE�Þ¡K U áHí�õ�å�K³KVNPE¿_M@bB E�KVDFB E R KVNT@CGTaw_�K U DFKV_µ@bOFj5EWàPáh@CD]Þ_|KVáM`TÞ�KM`PáVE R KMNPD]_ U GPEWß�k�@lâ#Y[`PGfÞ¡KMD U G�EWGeæ U âZ_<NTDFj5NµE�ï»Þ�DXEWGTÞWâµÞ U B ãT@báV@bàPOXE�K U KVNPE�ý�c SK1_MÞhNPEHB Eîð

Õ(n)
EHäe@COX`T@eKVD U GÍKMDXB E�@bGT\ñ_�K U áV@bjbE�Þ U _�Khõ¡í�Iw`Pàf_�E ö `TEWGLKMOXâ R Ý2âw`Pàf@b_MNPEWäZ_MaLâ@CGT\GJ¿D]ÞWÞWDX@bGTÞ�D U êXç.S�ë�@CGT\óDXGT\ZEHãfEHGT\ZEWGLKVOFâ0ù;EWDXabEWáMK�@bGT\ S
U _MEWG7ê * èCë�_�N U k�E�\îN U k K UB U \ZDFY[âTJJDXÞHÞ�D]@CGTÞWD U ò _�Y[`PGTÞ�KMD U G!K U Þ U GT_�KMáV`TÞ¡K�@CG�E�ï»ÞWDFEHG5K�@bGT\�ãTá U äe@CàTOFâµ_MEHÞ�`TáME1Þ U OFOXDFß_�D U G�áME�_�D]_�KV@CGLK�NT@b_MN!Y[`PGTÞ¡KVD U G2í�U U á�KMNTDX_ R KMNTEWâ�DXGLKMá U \Z`TÞ�E�\»KVNPE1B U áVEdjbEWGTEWáh@COºÞ�O]@b_V_ U YPR=!<AVWOCO]@eKMKMD]Þ�E�_ R k
NTDXÞhN»Þ U áVáME�_�ã U GT\#K U D]\ZE�@CO]_�DFG ã U OXâwG U B D]@COPáVDFGTj5_ Z[x]/f(x)

í5c�NTE¶Þ U OgßOFD]_�D U GµáVEH_MD]_|Kh@CGTÞWE
áMEHOFDXEH_ U G KMNTE�NT@Cáh\ZGPE�_M_ U YºKMNTE�áME�_|KVáMD]Þ¡KVD U G U Y Poly(n)
ß
SVP

K U D]\ZEH@bOOX@CK�KMD]Þ�E�_ ð¼ÞW@bOFOXEH\ Poly(n)
ß
Ideal-SVP

õ¡í2c�NPE @läbEHáV@bjbE�ßzÞW@5_�E1Þ U OXOFD]_�D U GPß½ôTGf\ZDFGTj!ãPá U àTOFEHBDX_�@AGT@CKM`Páh@COZÞ U B ãP`ZKV@CKMD U GT@bOwãPá U àPOXEWB ÞW@bOFOXEH\ Ideal-SIS R k
NTDXÞhN³NT@b_oà¢EWEHG _MN U k
G©K U àfE@b_�NT@Cáh\Ñ@5_�KVNPE k U áV_�K�ßzÞW@5_�E1DXGT_�KV@CGfÞ�EH_ U Y Ideal-SVP
í.ù<á U äe@CàPOXâJ_MEHÞ�`TáME�E�ï»Þ�DXEWGLK1_�DXjCßGT@eKV`PáMEµ_VÞhNPEWB E�_AY[á U B DX\PEH@CO�O]@eKMKMD]Þ�E�_1NT@läbE @CO]_ U à¢EWEHGîãTá U ã U _�E�\ñêXç +TR çYX R ç�é R ç�ZCë R àP`ZKÞ U Gf_|KVáM`TÞ�KMDXGPj�E�ï»Þ�DXEWGLK#ãPá U äe@CàPOXâJ_MEHÞ�`TáME ãP`PàTOFD]Þ abEHâJEWGTÞWáMâwãZKVD U GÑY[á U B DX\ZE�@CO�O]@eKMKMD]Þ�EH_k�@5_
@CG�DFGLKMEHáME�_|KVDFGTj U ãfEHG!ãTá U àPOFEHB�í[ �0 \ #����0�6�0�!%�]îE�\ZE�_MÞWáMDXàfE�KMNPE�ôTáh_�K�ãPá U äe@CàPOXâG^�ùºå�ß�_MEHÞW`PáME�ãP`PàTOFD]Þ�a5EWâóEWGfÞ�áVâLãPßKMD U G¿_MÞhNTEWB Edk
N U _MEA_MEHÞW`PáVDgK|â»áVEWOXDXEH_ U G!KMNTE1NT@Cáh\ZGPE�_M_ U Y�KMNPE1k U áh_�K�ßzÞW@b_ME¶DXGT_�KV@bGTÞ�E�_ U Y

Õ(n2)
ß
Ideal-SVP

@bj5@CDXGT_�K©_�`TàfEWìwã U GTEWGLKMD]@CO ö `f@CGLKM`PB @CK�KV@5ÞhaZ_Wí0/�K @bÞhNPDXEWä5EH_#@5_�âwB ãZß
K U KVDXÞH@COXOFâ U ãZKVDFBµ@CO�EWï»Þ�DXEWGTÞWâ	_2KMNPE ãP`PàTOFD]ÞY-eãPáMDXäe@eKVE³a5EWâJOXEWGTjCKMNóD]_ Õ(n)

àPDFKV_1@bGT\îKMNPE
@CB U áMKMDXüWE�\ EHGTÞ�áVâwãZKMD U G�-e\ZE�Þ�áVâLãPKMD U G7Þ U _�K»D]_ Õ(1)

àPDFK U ã¢EWáh@eKVD U GT_ ã¢EWá�B E�_M_V@Cj5E�àTDgKð[EWGfÞ�áVâLãPKMDXGPj
Ω̃(n)

àPDFKV_¿@CK U GTÞWE R @eKJ@ Õ(n)
Þ U _|K¡õ¡í�þ�`Pá¿_MEHÞW`PáMDFK|â�@b_V_M`PB ãZKMD U G DX_KMNT@CK

Õ(n2)
ß
Ideal-SVP

ÞW@bGPG U K³àfE�_ U OFä5EH\óàwâÍ@CGwâÍ_�`TàfEWìwã U GTEWGLKMD]@CO>KMDXB³E ö `T@CGLKV`PB@COXj U áVDFKMNPB R k
NPD]ÞhN!D]_
áVEH@5_ U GT@CàPOXEAjbDXäbEWG�KMNPE�_|Kh@eKMEWß U YÐß½KVNPE1@CáMK
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∆(D1, D2) = 1
2

∑
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ðÐKVNPE�àT@5_�D]_1à¢EWDXGPjJDXB ãPOFD]Þ�DFKhõ�í¢U U á�@CGwâÑO]@eKMßKMD]Þ�E
L
@bGT\Í@CGwâ

s > 0 R KMNPE!_�`PB ρs(L)
D]_dôTGPDFKME5í�]0E�\ZEWôTGPEµKVNPE»O]@eK�KVDXÞWET�d@C`f_M_MDX@bG

\ZDX_�KMáVDXàP`ZKMD U G!àwâ DL,s(b) = ρs(b)
ρs(L)

R Y U á�@CGwâ b ∈ L
í�/�Y

L
DX_�@#O]@eKMKMD]Þ�E R DFKV_�\Z`f@CO L̂ DX_�KMNTEOX@CK�KMD]Þ�E {b̂ ∈ Rn | ∀b ∈ L, 〈b̂, b〉 ∈ Z} í"]0E1k
DFOXO2`T_MEdKMNTEdY U OXO U k
DXGPj³áME�_�`POFKV_Hí

£&��¤¥¤¥�G¦�§N¨ª©�«0¬¢£&��¤¥¤��©0¡R¦	¦(®b�����¯¨ª©	°#¬¢£&��¤¥¤�L±�¡ª²�®t³W¡�´�nW7µVWf�M
x
Pgf¥VWf

n ¶=WPgx}<Nf3APRn,f	V,O�OqV,585·PR:A<
L
V,f	=

s ≥ 2
√

ln(10n)/π/λ∞
1 (L̂) ¸�¹ <�kVWºW< DL,s(x) ≤ 2−n+1 »



£&��¤¥¤¥�m©¼§N¨ª©	©#¬a£~��¤¤¥��©0¡R¦"½®t³.¡}¾KPgºW<Nf¿V,f
n ¶ =,Pgxµ<;f�36PRnWf�VWO2OqVW5·5·PR:�< L ¸?¹ <Àk�V,º.<

Prx∼DL,s [‖x‖ > s
√

n] ≤ 2−n+1 »
ÁN���������R���;���8�!�� (¡�/|\ZE�@COoOX@CK�KMD]Þ�E�_d@CáVE�@�_�`Pàf_�EWK U Y<OX@CK�KMD]Þ�E�_Ak
DgKVNÑKVNPE³Þ U B ãP`ZKh@eKVD U GT@COXOFâDFGLKMEHáME�_|KVDFGTj�ãPá U ã¢EWáMK|â U YTà¢EWDXGPjdáVEWO]@eKME�\1K U ã U OXâwG U B D]@CO]_)äwD]@�_�KMáV`TÞ¡KV`PáVEH\#Bµ@CKMáVDXÞWEH_Hílc�NTE
n
ß�\ZDXB EWGT_MD U GT@bO�äbEHÞ�K U á�ß�Bµ@eKMáVDFìJãPá U \Z`fÞ¡K�Þ U _�KV_ Õ(n)

@CáVDgKVNPB E�KMD]Þ U ã¢EWáh@eKVD U GT_dDXGT_|KVEH@5\
U Y O(n2)

íLÝ2E�K
f ∈ Z[x]

@1B U GTDXÞ
\ZEHjbáVEWE n
ã U OFâwG U B DX@bO½í!U U á>@bGwâ g ∈ Q[x] R KVNPEWáVE�D]_<@`PGPD ö `TE�ãT@bDFá (q, r)

k
DFKMN
deg(r) < n

@CGf\
g = qf + r

í"]îE1\ZEHG U KVE r
àLâ

g mod f
@CGT\

DX\ZEHGLKMDFY[â
r
k
DgKVN KMNPE¶äbEHÞ�K U á r ∈ Qn U Y.DgKh_>Þ U EWï»Þ�DXEWGLKV_Hí,]0E¶\ZE�ôfGPE rotf (r) ∈ Qn×n @5_KMNPE�B @CKMáVDgì k
N U _�E�á U k�_<@báME�KVNPE xir(x) mod f(x)

ò _ R Y U á 0 ≤ i < n
í!]0E¶EWìwKMEWGf\ KMNT@CK

G U Kh@eKMD U G»K U KVNPE¶Bµ@CKMáVDXÞWEH_ A U äbEHá Q[x]/f R àwâµ@CãPãTOFâwDXGPj rotf
Þ U B ã U GPEHG5KMß�k
D]_MEbí5ý U KVEKMNT@CK

rotf (g1)rotf (g2) = rotf (g1g2)
Y U á
@CGwâ g1, g2 ∈ Q[x]/f

íZc�NPEd_|KVáMEHGPjCKVNT_ U Y U `PáÞ�áVâLãPK U j5áV@bãPNPD]ÞdÞ U Gf_|KVáM`TÞ�KMD U GT_
\PEWã¢EWGT\ U G�KMNPE©ÞhN U D]Þ�E U Y f
í/�Kh_ ö `T@bOFDFK|â�D]_ ö `T@CGLKVDgôTE�\àLâ�DgKh_
E�ìZãT@bGT_�D U G!Y¼@bÞ�K U ádð¼k�E#@5\P@CãPK�KVNPE#\ZEWôTGPDFKMD U G U Y�êFçWS�ëºK U KVNPEdû<`TÞWOFD]\ZEH@bG�G U áVB»õ6_

EF(f, k) = max

{‖g mod f‖
‖g‖ | g ∈ Z[x] \ {0} @bGT\

deg(g) ≤ k (deg(f) − 1)

}
,

k
NPEWáVE�k�E�DX\ZEHGLKMDFôTEH\#KMNPE�ã U OXâLG U B DX@bO g mod f
ð[áVEH_Mã2í

g
õ)k
DFKMN�KMNPE
Þ U EWïµÞWDFEHGLKV_�äbEHÞ�K U áHíý U KVE KMNT@CK©DFY deg(g) < n R KMNPEHG ‖rotf (g)‖ ≤ EF(f, 2) · ‖g‖ í#]0E»k
DXOFO>Þ U GTÞWEWGLKMáh@eKVEU G�KMNTE#ã U OFâwG U B DX@bOX_ x2k

+ 1 R @COFKMN U `Pj5N�B U _|K U Y U `Pá�áME�_�`POFKV_¶@CáVE#B U áVE1jbEWGTEWáh@CO�í�]îEáME�ÞW@COXO2_ U B EdàT@b_MDXÞAãPá U ã¢EWáMKMDXEH_ U Y x2k

+ 1
ð½_�EHEµêÂSlëºY U á�KMNTE1OX@5_|K U GTE�õ¡í

£&��¤¥¤¥�Ã±�¡|d�<;5
k ≥ 0

VWf�=
n = 2k »�Ä k<Nf f(x) = xn + 1

Pª3�Pg767o<A=W9:;PRÅNOÆ<}Pgf
Q[x] »Ç6583G<�ÈNs�V,f�36PRnWf�ÉNV!:;5tn,7GPª3 ≤

√
2 »�Ê OÂ3;n ¸ ÉNn,7ËVWf�M g =

∑
i<n gix

i ∈ Q[x]/f ¸À¹ <k�VWºW<
rotf (g)T = rotf (ḡ) ¹ k<N7�< ḡ = g0 −∑1≤i<n gn−ix

i » ´09"765gk<N76x}nW7o< ¸ P É q
Pª3Vcs�76Pgxµ<m369:AkÌ5gkVW5

2n|(q − 1) ¸ 5gk<Nf f
k�VW3

n
OÍPgf	<AVW7�ÉNV!:;5tn,7A3mPgf

Zq [x] » ´&Pgf	VWOgOÍM ¸P É
k ≥ 2

V,f	=
q
Pª3pV|s	76Pgx}< ¹ Pg5�k q ≡ 3 mod 8 ¸ 5�k�<;f f = f1f2 mod q ¹ k�<;7o<µ<AV!:Ak fiPª3|Pg767�<�=,9:NPRÅ;Oq<pPgf
Zq [x]

V,f	=T:�V,fLÅA< ¹ 76Pg585r<Nf fi = xn/2 + tix
n/4 − 1 ¹ Pg5gk ti ∈ Zq

»
Ý2E�K

I
àfE�@CGµD]\ZEH@bO U Y Z[x]/f R D�í E5í R @1_�`Pàf_�EWK U Y Z[x]/f

ÞWO U _�E�\³`PGT\ZEHá�@b\T\ZDgKVD U Gµ@CGT\B©`POFKMDXãPOXDXÞH@eKMD U GÍàwâ0@CGwâÑEHOFEHB³EHGLK U Y Z[x]/f
í�/�K�Þ U áVáME�_�ã U GT\T_¶K U @¿_M`PàPO]@eK�KVDXÞWE U Y Zn íå�G

f
ß�PR=(<AVWO0OqV,585·PR:A<#D]_
@ _�`TàPOX@CK�KVDXÞWE U Y Zn KVNT@eK¶Þ U áVáME�_�ã U GT\T_<K U @CG�DX\ZE�@CO I ⊆ Z[x]/f

í
Îc�"ÏW���R�"�����R�(��Ð�ÏWÑ�Ò��8��¤¥ !¡<c�NTE!B U _�K³Y¼@CB U `T_�O]@eK�KVDXÞWE!ãTá U àPOFEHB DX_

SVP
í��ADFä5EWGñ@

àT@b_MDX_ U Yo@ O]@eKMKMD]Þ�E L R DFK¶@CDXBµ_
@eK
ôTGT\PDFGPj»@ _MN U áMKME�_|K�äbE�Þ¡K U á
DXG L \ {0} í"/�K¶ÞH@CG�àfE1áVE�ßOX@CìwE�\©àwâ©@5_�awDXGPj�Y U á<@�G U GZß�üWEHá U äbE�Þ¡K U áoKMNT@CK�DX_�G U O U GTjbEWá�KMNf@CG γ(n)
KVDFB E�_<@d_ U OF`ZKVD U GK U SVP R Y U á�@�ãPáVEH_VÞ�áVDFà¢EH\�Y[`PGfÞ¡KMD U G γ(·) í.c�NPE�àfE�_|KAã U OFâwG U B³D]@CO)KMDXB E�@COXj U áMDFKMNTB ê Z R'(XlëZ_ U OXäbEH_ γ ß SVP U GPOXâdY U á;@¶_MOXDFj5N5KVOFâ1_M`Pà¢E�ìZã U GPEWGLKVDX@bO γ í�]�NTEWG γ

D]_oã U OFâwG U B³D]@COLDXG n RKMNPEHGÑKVNPEµB U _�KdEWï»Þ�DXEWGLK#@COXj U áVDFKMNPB4ê ZCë<NT@5_A@bGîEWìZã U GPEWGLKMD]@CO;k U áh_|KMß�ÞH@b_ME�Þ U B ãPOXE�ìZDgK|âà U KMNÑDXGJKVDFB E @CGT\Ñ_�ãT@5Þ�E5í�/�Y>k�E³áME�_|KVáMD]Þ¡K�KVNPE _�EWK U Y>DFGTãP`ZKdOX@CK�KMD]Þ�E�_�K U D]\ZE�@COoOX@CK�KMD]Þ�E�_ Rk�E U àZKV@bDFG±KMNPE!ãPá U àPOXEWB Ideal-SVP
ð¼áME�_�ã2í

γ
ß
Ideal-SVP

õ R k
NTDXÞhN±D]_#DXB ãPOXDXÞWDgKVOFâÍãT@CßáV@bB³EWKMEHáMDXüWE�\Ñàwâó@¿_�E ö `TEWGTÞWE U Y�ã U OFâwG U B³D]@CO]_ f U Y�jbá U k
DFGTj�\PEWjbáVEWE�_Wí2ý U @COXj U áMDFKMNPBDX_µawG U k
G´K U ãfEHá�Y U áMB G U GZß�GPEHjbOXDFj5DFàPOXâ±à¢E�KMKMEWá»Y U á Ideal-SVP
KMNT@bG Y U á SVP

í�/�K�D]_
àfEHOFDXEWä5EH\ÍKVNT@eK G U _�`Pà¢E�ìZã U GPEHGLKMD]@CO ö `f@CGLKM`PB @bOFj U áVDgKVNPB _ U OFä5EH_#KMNPE�Þ U B³ãT`ZKV@CKMD U GT@bOäl@báMD]@CGLKh_ U Y SVP U á Ideal-SVP

DXG!KVNPEdk U áV_�K
ÞW@b_MEbíPc�NTEH_MEAk U áh_�K�ßzÞW@b_ME¶ãTá U àPOFEHBµ_�ÞH@CGàfE1áVEH\Z`fÞ�EH\�K U KVNPEdY U OXO U k
DFGPj @läbEHáV@bjbEWß�ÞH@b_ME
ãPá U àPOXEWBµ_ R DXGLKMá U \Z`TÞ�E�\�DXGóêFçWë�@CGf\Ñê èeë�í



ÓT��Ôv���R���RÑ	�Õ¦�¡ Ä k�<�Ö	xµV,OgO�Ç6f�5t<th�<N7×Ö�nWOÍ9"58PRn,fes	7on(ÅNOq<;x ¹ Pg5�kØsVW7oV,xµ<;5r<N7A3 q(·) ¸ m(·) ¸
β(·) Ù SISq,m,β Ú Pª3mV.3�ÉNnWOgOÆn ¹ 3;ÛÀ¾KPgºW<Nf n

V,f	=ÜV¥x}VW5·76PÍÈ
G
3NV,xas�Oq<A=¥9"f�P ÉNnW76x�OQMPgf

Z
m(n)×n
q(n) ¸�Ý f	= e ∈ Zm(n) \ {0} 369:�kG5gkVW5 eT G = 0 mod q(n) Ù 5�k�<ØxµnY=W9"OQ9�3ØÅA< ¶Pgf�hL5rV�Þ(<Nfß:AnWx?s�n,f	<;f5 ¶r¹ Pª3N< Ú V,f	= ‖e‖ ≤ β(n) »�Ä k<ÀÇ;=(<AVWO~Ö�x}VWOgO¢Ç6f5r<th(<;7}Ö#nWOQ9"5·PRnWfs	7on(ÅNOq<;x ¹ Pg5�kàsVW7�VWx}<N5r<N7A3 q, m, β

VWf�=
f Ù Ideal-SISf

q,m,β Ú Pª3eVW3?ÉNnWOgOqn ¹ 3;Û�¾KPgºW<Nf nVWf	=
m
snWOQMWf�nWx�PRVWOÂ3

g1, . . . , gm
:�kn.3;<NfË9"fP ÉNn,76xpOQMuV,f	=àPgf�=!<rs�<;f	=(<Nf�58OQMcPgf

Zq [x]/f ¸Ý f	= e1, . . . , em ∈ Z[x]
f	nW5�VWOgO�áY<;7on�369:�kµ5gkVW5 ∑

i≤m eigi = 0
Pgf

Zq [x]/f
V,f	= ‖e‖ ≤

β ¸&¹ k�<;7o< e
Pª345gk<�ºW<A:N5rnW7×n(ÅN5rVWPgf�<A=ØÅ;MØ:�n,f	:AVW5r<;f	VW5·Pgf�hØ5�k�<�:�nY<8âÜ:;PR<Nf�5R3×nãÉ45gk<

ei ä 3 »
c�NPE�@Cà U äbE ãPá U àTOFEHB _©ÞW@CGÍà¢E»DXGLKMEWáVãPáVE�KVEH\Í@b_#OX@CK�KMD]Þ�E�ãPá U àPOXEWBµ_Wí�/�Y G ∈ Zm×n

q
RKMNPEHG KVNPE±_ME�K

G⊥ = {b ∈ Zm | bT G = 0 mod q} DX_¿@bG m
ß�\PDFB EWGf_�D U GT@bOdOX@CK�ßKMD]Þ�E»@CGf\î_ U OXäwDFGPj SIS

Þ U áMáVEH_Mã U GT\P_�K U ôfGT\ZDXGPjJ@�_�N U á�KdG U GZß�üHEWá U ä5EHÞ�K U ádDXGóDgK�í�IwDXB�ßDFO]@CáVOFâ R Ideal-SIS
Þ U GT_MDX_�KV_JDFG ôTGf\ZDFGTj @�_�Bµ@bOFO�G U GZß�üWEHá U EHOFEHB³EHGLKÑDFG KVNPE Z[x]/f

ß
B U \Z`TOFE M⊥(g) = {b ∈ (Z[x]/f)m | 〈b, g〉 = 0 mod q} R k
NPEHáME g = (g1, . . . , gm)

íW/�K
ÞW@CG�àfEA_�EHEWG�@5_>@1O]@eKMKMD]Þ�E¶ãTá U àPOFEHB àLâ @CãTãPOFâwDXGPj#KVNPE rotf

U ãfEHáV@CK U á�í5ý U KVE�KMNf@eK>KVNPE mU Y SIS
DX_

n
KMDXB EH_³OX@báMj5EWá1KVNT@CG±KMNPE

m U Y Ideal-SIS
í;Ý2âw`PàT@5_�NPEHäZ_�awâó@CGT\¥JJDXÞHÞ�D]@CGZß

Þ�D U êXç.Slë�áME�\Z`TÞ�E�\ Ideal-SVP
K U Ideal-SIS

í2c�NPEµ@CãTãPá U ìZDXBµ@eKMD U GJY¼@bÞ¡K U áh_ADFG7êXç.S�ë<@báMEjbDXäbEWG¿DXG�KMEHáMBµ_ U Y�KMNTE#DFGPôTGPDFK|â�G U áVB�í	U U á U `Tá�ãP`PáVã U _�E�_ R DgKADX_¶B U áVE1GT@eKV`PáV@bO2K U `T_MEKMNPE�û<`TÞ�OXD]\ZEH@bGÑG U áMB�ífc U @lä U D]\�O U _�DXGPj�@ √n
Y¼@bÞ¡K U á�àLâ¿_MDFB ãPOXâ¿@CãPãTOFâwDXGPjµKMNTE�G U áMBE ö `PDXäl@bOFEHGTÞ�E¶Y U áVB©`PO]@ R k�E�B U \PDgY[â KVNPE�ãTá UwU Y U Y<êFçWS�ë�í!]0EA@bOX_ U @5\P@CãZK�DgK�K U NT@CGf\ZOFE�KMNTEÞW@b_ME
k
NPEHáME�KVNPE

Ideal-SIS
_ U OXäbEHá�NT@b_�@1_�`Pà¢E�ìZã U GPEHGLKMD]@COXOFâ _�Bµ@bOFOT_M`TÞHÞ�EH_V_�ãPá U àf@CàPDXOFDFK|â R@eK�KMNPE#Þ U _�K U Y;@CG�@b\P\ZDFKMD U Gf@CO.Y¼@bÞ�K U á U Y Õ(

√
n)
DFG�KVNPE

SVP
@bãPãPá U ìwDXBµ@eKVD U GµY¼@bÞ�K U á�í

å�æ ��Ñ�ÏW��¤ç¦�¡pÖ�9Ys(s�nW3N<À5gkVW5
f
Pª3µPg767o<A=W9:;PRÅ;Oq<ànWºW<N7

Q » d�<;5 m = Poly(n)
V,f	=

q =

Ω̃(EF(f, 3)βm2n)
ÅA<�Pgf�5t<th�<N7A3 »�Ê snWOQMWf�nWx�PRVWO ¶ 5·Pgxµ< Ù 7�<63·s » 369ÅA<oÈNsnWf	<;f5·PRVWO ¶ 58Pgx}< Ú V,O ¶h(n,76Pg5gk"xè3;nWOÍº�Pgf�h

Ideal-SISf
q,m,β ¹ Pg5�kTs�7on!ÅAV(ÅNPgOQPg5·M 1/Poly(n) Ù 7o<63·s » 2−o(n) Ú :AVWfÜÅ�<9�3N<A=Ã5tnÃ3;nWOÍº.<

γ ¶ Ideal-SVP
PgfusnWOQMWf�nWx�PRVWO ¶ 5·Pgx}< Ù 7o<63·s » 369ÅA<oÈNsnWf	<;f5·PRVWO ¶ 58Pgx}< Ú ¹ Pg5�k

γ = Õ(EF2(f, 2)βmn1/2) Ù 7o<N3·s » γ = Õ(EF2(f, 2)βmn) Ú »
c�NPE#ãPá U àPOXEWB LWE

DX_A\Z`T@bO)K U SIS
DXGJKVNPE�_MEWGf_�E1KVNT@eKADgY

G ∈ Zm×n
q

DX_¶KMNTE
SIS
ß

B @CKMáVDgì R KVNPEWG LWE
DXGwä U OFä5EH_�KMNPE»\P`T@CO U Y>KVNPEµOX@CK�KVDXÞWE G⊥ í0]0EµNT@lä5E Ĝ⊥ = 1

q L(G)k
NPEWáVE
L(G) = {b ∈ Zm | ∃s ∈ Zn

q , Gs = b mod q} í
ÓT��Ôv���R���RÑ	�¿©#¡ Ä k�<�d�<AVW76f�Pgf�h¿iTPg5�kul2767on,7A3?s�7on!Å;Oq<;x ¹ Pg5�kØsVW7oV,xµ<;5r<N7A3 q, m

V,f	=ÃV=WPª365876PRÅ;9"5·PRnWf
χ
nWf

R/[0, q) Ù LWEq,m;χ Ú Pª3KVW3�ÉNnWOgOÆn ¹ 3;Û�¾KPgº.<;f n ¸ V?x}VW5·76PÍÈ G ∈ Zm×n
q3NV,xas�Oq<A=}9"f�P ÉNnW76x�OQMØVW5�7�VWf	=(nWx�VWf�=

Gs + e ∈ (R/[0, q))n ¸v¹ k<N7�< s ∈ Zn
q

Pª3�:�kn.3;<Nf9"fP ÉNnW76x�OQMÃV,5�7oV,f	=(nWxéVWf	=u5gk<Ø:AnYnW7o=,Pgf	VW5r<N3TnêÉ
e ∈ (R/[0, q))m V,7o<ØPgf	=!<rs<Nf�=!<;f5·OQM3NV,xas�Oq<A=4ÉA7on,x

χ ¸#Ý f	= s »�Ä k<�Ç;=(<�V,O�d�<AVW76f�Pgf�h�iePg5�kelK767onW7A3?s	7on(ÅNOq<;x ¹ Pg5�k}s�V,7oVWx}< ¶5t<;7A3
q, m ¸ VL=WPª365·76PRÅN9"5·PRnWf χ

n,f
R/[0, q)

VWf�=
f Ù Ideal-LWEf

m,q;χ Ú Pª3À5gk<}3;VWx}<àV.3V!ÅAnWºW< ¸ <oÈ�:A<ts�5~5�k�V,5 G = rotf (g) ¹ Pg5gk g
:�kn.3;<Nfm9"fP ÉNn,76xpOQMØPgf

(Zq [x]/f)m »
]îE1k
DXOFOº`f_�EdKVNPEdY U OXO U k
DXGPj³áME�_�`TOgKh_ U G!KMNPE LWE

@bGT\
Ideal-LWE

OX@CK�KVDXÞWEH_Hí
£&��¤¥¤¥�uë�¡|d�<;5

n, m
VWf	=

q
ÅA<�Pgf5r<th(<;7A3 ¹ Pg5�k q

s	76Pgx}< ¸ m ≥ 5n log q
VWf�=

n ≥ 10 »Ä k<Nf�ÉNn,7|V,OgO0ÅN9"5�VKÉA7oV(:N5·PRnWf ≤ q−n nêÉ�5gk< G ä 3�Pgf Zm×n
q ¸v¹ <ak�VWºW< λ∞

1 (L(G)) ≥ q/4VWf	=
λ1(L(G)) ≥ 0.07

√
mq »



£&��¤¥¤¥�m²0¡|d�<;5
n, m

VWf	=
q
ÅA<�Pgf5r<·h�<;7A3 ¹ Pg5gk q = 3 mod 4

s	76Pgx}<4VWf	=
m ≥ 41 log qVWf	=

n = 2k ≥ 32 »|Ä k�<;fØÉNnW7ØV,OgO&ÅN9"5�V�ÉA7oV!:;58PRn,f ≤ q−n nãÉp5�k�<
g ä 3µPgf (Zq [x]/f)m ¸¹ <�kVWºW< λ∞

1 (L(rotf (g))) ≥ q/4
VWf�=

λ1(L(rotf (g))) ≥ 0.017
√

mnq »
ì í Ü�Ù�Ü�Õa�¯�¯î³×��vï#Ù�Ø�Ø<×7Ü�Õ

Ideal-SIS

/zGóKMNPD]_©_MEHÞ�KMD U Gók�E»_MN U k N U k'K U NPD]\ZE�@�KVáV@bã¢\ ULU á1DFGóKVNPE»ãPá U àTOFEHB Ideal-SIS
íoå�æzß

KV@CD�ê * ë�_MN U k�EH\0N U k K U _MDXB©`POFKV@bGPE U `T_�OXâÑj5EWGPEHáV@CKME»@±ð SIS
õ#B @CKMáVDgì

A ∈ Zm×n
q

@bGT\
@ñðÐKVáV@bã¢\ ULU áhõ1àT@b_MDX_ S = (s1, . . . , sm) ∈ Zm×m U Y
KVNPE!O]@eKMKMD]Þ�E A⊥ = {b ∈ Zm :
bT A = 0 mod q} R k
DFKMN�KMNPEdY U OFO U k
DXGPj�ãTá U ãfEHá�KVDFE�_;_
çbí
c�NPE#\ZD]_|KVáMDXàP`ZKVD U G U Y A

D]_
Þ�O U _MEAK U KMNTE1`PGPDFY U áVB�\ZD]_|KVáMDXàP`ZKVD U G U äbEWá Zm×n
q

í
* í
c�NPE1àT@5_�D]_�äbE�Þ¡K U áV_ s1, . . . , sm

@báME1_MN U áMKHí
S EHÞWEWGLKMOXâ R å¶OFk�EWG¿@CGf\�ù;EWDXabEHá�K1êÂXlë2DXB ãPá U ä5EH\!å�æzKV@bD½ò _
Þ U GT_�KMáV`TÞ¡KVD U G!DXG�KVNPE#_MEWGT_MEAKMNT@CKKMNPEJÞWáME�@eKME�\ñàf@b_MDX_ NT@5_µ_�N U áMKMEWá ä5EHÞ¡K U áh_;_ ‖S‖ = Õ(n log q)

k
DgKVN
m = Ω(n log q)@CGT\ U äbEHáMk
NPEHOFB DXGPjÑãTá U àT@CàPDXOXDgK|â±@bGT\ ‖S‖ = O(

√
n log q)

k
DFKMN
m = Ω(n log2 q)

í]îE�B U \ZDFY[â�à U KVNµÞ U Gf_|KVáM`TÞ�KMD U GT_�K U1U àPKV@CDXGµ@AKMáh@Cã.\ UwU á�j5EWGPEHáV@CKMD U G @COXj U áVDFKMNPB�Y U á�KMNTEãPá U àPOXEWB Ideal-SIS R k
DFKMN @AáME�_�`POFKMDXGPj�àT@b_MDX_ok
N U _�E�G U áMB�D]_�@b_o_�Bµ@bOFOP@5_)KVNPE U GPE U Y�ê Xeë�í`�EWY U áVEJ\ZEH_VÞ�áVDXàPDFGTjóKMNPE0Þ U Gf_|KVáM`TÞ�KMD U G R k�EJG U KMD]Þ�EJKMNT@CK»KMNPE0Þ U GT_|KVáM`fÞ¡KMD U G U Y êÂXlëáMEHOFDXEH_ U GÑKVNPEÀð�EHáMB DFKME»ý U áMBµ@bOvU U áVB�ðRð�ý?U�õ R àP`ZK1KVNT@eK#NPEHáME³KVNPEWáVE DX_1G U ð¶EWáVB DgKVEý U áVBµ@CO&U U áVB Y U á1KMNTE�áVDFGPjL_1`PGT\PEWá�_VÞ U ãfE5í0]0E!Þ�DXáhÞ�`PB�äbEWGLK1KVNPDX_©DX_V_M`PE»àwâî_MN U k
DXGPjKMNT@CK�E�ìPÞ�EHãZK
DFG�GPEHjbOXDFj5DFàPOXâ»áh@CáVEAÞH@b_MEH_�k�EdB @lâ�`T_�E1@³Bµ@eKVáMDFì�k
NPD]ÞhN�DX_bð�ý?U�ß�OXDXabEbí
å�æ ��Ñ�ÏW��¤ñ©#¡ Ä k�<;7o<�<�È(Pª365R3aV~s	7�n!ÅAV!Å;PgOQPª3658PR:&snWOÍMWf	nWx�PRVWO�58Pgx}<?V,O h�nW76Pg5�k�x ¹ Pg5gk}5gk<0ÉNn,O ¶Oqn ¹ Pgf�hbs�7on�s<;7658PR<N3 » Ç65�5tVYÞ!<N3?V.3aPgf,s	9"583 n, σ, r ¸ VWfàn�=(=Ks�76Pgxµ< q ¸ V,f	=4Pgf�5t<th�<N7A3 m1, m2

»Ç65�V,OÂ3;nc5rV�Þ(<63}V.3µPgfWs	9"5�Vu=!<th!7o<A<
n
s�n,OQMWf	n,xpPRV,O

f ∈ Z[x]
V,f	=à7oV,f	=(nWx�snWOÍMWf	nWx�PRVWOQ3

a1 ∈ (Zq [x]/f)m1 » iµ<ØOÆ<N5 f =
∏

i≤t fi
ÅA<e5�k�<4ÉNV(:N5rnW76PqáYVW5·PRnWfÕnêÉ

f
nWºW<;7

Zq
» i�<

Oq<N5
κ = d1 + log qe ¸ ∆ =

(∏
i≤t

(
1 +

(
q
3r

)deg fi
)
− 1
)1/2 VWf	=

m = m1 + m2
»bÄ k�<VWO h�nW76Pg5�k�xò369:A:�<A<A=.3 ¹ Pg5�kØs	7on(ÅAV!Å;PgOQPg58M ≥ 1 − p

nWºW<N7
a1 ¸K¹ k<N7�< p = (1 −∏i≤t(1 −

q−deg fi))σ » iÀk�<;fGPg5?=!nY<N3 ¸ Pg5b7o<;589"76f3 a =
(

a1

a2

)
∈ (Zq [x]/f)m VWf�=cVcÅ�VW36Pª3

S
nãÉ

5gk<�OqV,585·PR:A<
rotf (a)⊥ ¸ 369:�kà5gkVW5rÛó »eÄ k�<µ=WPª365rVWf	:A<×5tnÀ9"fP ÉNn,76xpPg5·MØnêÉ a

Pª3×VW52xµnW3A5
p + m2∆

»ô »eÄ k�<µwN9V,OQPg5·MØnêÉ S
Pª3×V.3�ÉNn,OgOqn ¹ 3;Ûõ Ç�É m1 ≥ max{σ, κ, r} VWf	= m2 ≥ κ ¸ 5gk<Nf ‖S‖ ≤ EF(f, 2) ·

√
2κr1/2n3/2 »Ê =!=WPg5·PRnWf�VWOgOQM ¸ ‖S‖ ≤ EF(f, 2)

√
3aκr·n ¹ Pg5gkas�7on!ÅAV!Å;PgOQPg5·M 1−2−a+O(lognm1r)ÉNnW7�Vµ369Ys�<;7 ¶ Oqn�h(V,76Pg5gk"xpPR:2ÉA9"f�:N5·PRnWf a = a(n) = ω(log n) »õ Ç�É m1 ≥ max{σ, κ, r} VWf�= m2 ≥ κm1 ¸ 5gk<Nf ‖S‖ ≤ EF(f, 2)(4

√
nr + 3) »ö » Ç6fTsVW765·PR:N9"OqV,7 ¸ ÉNn,7 f = x2k

+ 1 ¹ Pg5�k k ≥ 2
VWf�=cV4s�76Pgxµ<

q ¹ Pg5gk q ≡ 3 mod 8 ¸5gk<&ÉNn,OgOqn ¹ Pgf�hÀk�n,Oq=.3;Ûõ i�<à:AVWfË3;<N5
σ = 1

V,f	=
r = d1 + log3 qe »�Ä k�<;f ¸ 5�k�<à<;767onW74s	7on(Å�V(ÅNPgOÍPg58M�Pª3

p = q−Ω(n) VWf�=À5�k�<bsVW7oV,xµ<;5t<;7 ∆
Pª3

2−Ω(n) »õ Ç�É m1, m2 ≥ κ ¸ 5gk<Nf ‖S‖ ≤
√

6aκr · n = O(
√

an log q) ¹ Pg5�kàs	7on(Å�V(ÅNPgOÍPg58M
1−2−a+O(log nm1r) ÉNnW7?V�3A9Ys<;7 ¶ Oqnoh�VW76Pg5�k�x�PR:�ÉA9"f	:;58PRn,f a = a(n) = ω(log n) »



õ Ç�É m1 ≥ κ
VWf�=

m2 ≥ κm1 ¸ 5�k�<;f ‖S‖ ≤
√

2(4
√

nr + 3) = O(
√

n log q) »
/zGÍKMNPE!áME�_|K U Y
KMNTDX_ _MEHÞ¡KVD U G R k�E U GPOXâ0\ZE�_MÞWáMDXà¢E»KMNTE!@CGf@CO U j U Y
KVNPE!_MEHÞ U GT\ñÞ U GPß_|KVáM`TÞ�KMD U G U Y�å�OXk�EHG�@bGT\�ù;EWDXabEWáMK R D�í Ebí R KMNPE1ÞH@b_ME m2 ≥ κm1

R \P`PEAK U O]@bÞha U Yo_MãT@bÞWEbí

±0¡8¦ ÷ò�;ÏW�"Ð&��Ñ0Ñ�ÏØøtÑÏ
Ideal-SIS

]îEdG U k Þ U GT_�KMáV`TÞ�K�KVNPEdKMáh@Cã.\ UwU á�Y U á Ideal-SIS
í�J U áVE¶ãPáVEHÞWDX_MEWOXâ R k�EAk�@CGLK�K U _�DXB©`TOgßKV@CGTE U `f_�OXâ�Þ U GT_�KMáV`TÞ�KA@µ`PGTDgY U áMB a ∈ Rm k
DFKMN R = Zq [x]/f R @bGT\¿@�_MBµ@COXO�àf@b_MDX_ SU Y<KVNPE OX@CK�KMD]Þ�E A⊥ k
NPEWáVE A = rotf (a)

í0U U á�KMNTDX_ R DgK1_M`Zï»Þ�EH_�K U ôTGf\Ñ@!àT@b_MDX_ U Y<KMNPEB U \Z`TOFE M⊥(a) = {y ∈ Rm
0 | 〈y, a〉 ≡ 0 mod q} R k
DFKMN R0 = Z[x]/f

í
å�æ ��Ð�ÏW�R���!�RÐ��8�ßÑ�øµ� æ �ß���� ��8ù��~¡�/zGÍKVNPE�Y U OFO U k
DXGPj R Y U á�K|k U Bµ@eKMáVD]Þ�EH_ X

@bGT\
Y R

[X |Y ]
\ZEHG U KVEH_�KVNPE#Þ U GTÞW@CKMEWGf@eKMD U G U Y�KMNPE1Þ U OF`TB³Gf_ U Y X Y U OXO U k�E�\»àwâ Y

@CGT\
[X ; Y ]\ZEWG U KME�_�KMNPE#Þ U GTÞH@eKMEHGT@eKVD U G U Y�KVNPE1á U k�_ U Y X @CGT\!KMNTE1á U k�_ U Y Y í]îEîB @bDFGTOFâ Y U OXO U k:KVNPEîå¶OFk�EWGZß�ù;EWDXabEHá�K!Þ U GT_�KMáV`TÞ�KMD U G2í�Ý2E�K m1 ≥ σ, r

í
Ý2EWK!`T_
@b_V_�`PB E�KMNT@CK³k�E!j5EWGPEHáV@CKME!áV@bGT\ U B�ã U OXâLG U B DX@bOX_ A1 = [a1, . . . , am1 ]

T ∈ Rm1×1 í]îE�k
DFOXO�Þ U GT_�KMáV`TÞ¡KA@µáV@bGT\ U B�Bµ@eKVáMDFì A2 ∈ Rm2×1 k
DFKMNÑ@»_�KMáV`TÞ�KM`PáVEH\�Bµ@eKVáMDFì S ∈
Rm×m

0

_M`TÞhN0KMNT@CK
SA = 0

@bGT\
S
D]_#@�àT@5_�D]_ U Y�KVNPE»B U \Z`POXE M⊥(a) R k
NPEWáVE A =

[A1; A2]
í�]0EdôTáh_|K¶Þ U GT_�KMáV`TÞ¡K�@bGàð�ý?U�ß�OFDXabE1àT@5_�D]_ F U YoKMNPE1B U \Z`POXE M⊥(a)

k
DgKVN
A
í

ý�E�ìwK R k�E�Þ U GT_�KMáV`TÞ¡K�@#`PGPDXB U \Z`PO]@Cá>Bµ@CKMáVDgì Q
_�`fÞhNµKMNT@CK

S = QF
D]_�@©_MN U áMK>àT@5_�D]_ U YKMNPE1B U \Z`POXEbíJ U áVEAãTáME�Þ�D]_�EHOFâ R S NT@5_�KMNPEdY U OFO U k
DXGPj©Y U áMBà_

S =

[
V P
D B

]
=

[
−Im1 P

0 B

]

︸ ︷︷ ︸
Q

·
[
H 0
U Im2

]

︸ ︷︷ ︸
F

.

ý U KVE KMNT@CK R àwâ0_�EWK�KMDXGPj B
O U k�EHádKMáVDX@bGPjb`TOX@báAk
DFKMNÍ\ZD]@Cj U GT@bO<Þ U E�ï»ÞWDFEHG5Kh_dE ö `T@bO�K U 1 RKMNPE1Bµ@eKVáMDFì

Q
DX_�`PGPDXB U \Z`TOX@báHí/zG�KVNPDX_¶\ZEH_MDFj5G!ãTáMDXGTÞ�DXãPOXE R k�Edk�@bGLK FA = 0

í�ð�EHGTÞ�E R k�Ed_MN U `POX\�_ME�K
HA1 = 0

@CGT\
A2 = −UA1.

ý U KVDXÞWE©KVNT@eK R DFG U áh\ZEWá�K U ãPá U äbE©KMNT@CK F
DX_d@»àf@b_MDX_ U Y A⊥ R DFKd_M`Zï»Þ�E�_�K U _�N U k KMNT@CK

H
D]_µ@Ñàf@b_MDX_ U Y A⊥

1

í<c�NTE!ôfáV_�KµE ö `T@eKVD U GñD]_µ_M@CKMD]_|ôfEH\±àwâñ_ME�KMKMDXGPj H
à¢E¿@CG�ð¶ý�U)ß

OFDXabE Bµ@eKVáMDFìñð¼_MEWE à¢EWO U k¶õ¡í0`�âÑ_ME�K�KVDFGTj U = G + R R k
DFKMN G
K U àfE»\ZEWôTGPE�\ÑO]@eKVEWá U G@CGT\

R
@µáh@CGT\ U B Bµ@eKVáMDFì R k�E#NT@lä5EdKMNT@CK A2

DX_�@COXB U _|K�`PGPDFY U áVB³OXâ�áV@bGT\ U B�DFG R àwâJ¿DXÞHÞ�D]@CGTÞWD U ò _�áVEWjb`TOX@báMDFK|â�OXEWB Bµ@îð½Ý2EHB³Bµ@�é5õ�í	J U áME�ãPáVEHÞ�D]_MEWOXâ R KMNPE i
ß½KVNÑá U k U Y R

DX_
ÞhN U _MEWG!Y[á U B ({−1, 0, 1}n)r × ({0}n)m1−r í
£&��¤¥¤¥�Ãúû§ã÷����"Ð�������ø·ÏWÑ�¤ ¨ª©�½0¬ å�æ ¡4ë�¡ª©�®t³W¡|d�<N5

F
ÅA<uV Ý f�Pg5t< Ý <NOÆ=GVWf	= f ∈

F[x]
ÅA<�x}nWfPR:VWf	=ßnãÉG=!<th,7�<�<

n > 0 » d�<;5 R
ÅA<�5�k�<�76Pgf�h

F[x]/f » d�<N5 D ⊆ FVWf	=
r > 0 » ´�nW7 a1, . . . , ar ∈ R ¸�¹ <c=(<Nf�nW5r<uÅNM H(a1, . . . , ar)

5gk<e7oVWf�=!n,xüº.V,76P ¶V!Å;Oq< ∑
i≤r biai ∈ R ¹ k�<;7o<Ë5gk< bi ä 3ËV,7o<�=!<th!7o<A< < n

snWOÍMWf	nWx�PRVWOQ3 ¹ Pg5�kC:AnY<Râ ¶:NPR<;f583G:Ak�nW3;<Nf¯Pgf	=!<rs<Nf�=!<;f5·OQMjVWf�=ß9"f�P ÉNnW76x�OQMßPgf
D » ÇRÉ U1, . . . , Ur

VW7o<¥Pgf	=(<ts<Nf ¶=!<;f5K9"fP ÉNn,76x�7oVWf�=!nWx�ºWVW76PRV(ÅNOÆ<63�Pgf
R ¸ 5�k�<;fL5gk<p3A5rVW5·Pª3658PR:AV,Ov=,Pª3A5rVWf�:A<�5tnØ9"fP ÉNn,76xpPg5·M



nêÉ
(U1, . . . , Ur, H(U1, . . . , Ur))

Pª3×ÅA<NOÆn ¹ Û

1

2

√√√√∏

i≤t

(
1 +

( |F|
|D|r

)deg fi
)

− 1,

¹ k�<;7o< f =
∏

i≤t fi
Pª3|5�k�<~ÉNV!:;5rnW76PqáYVW5·PRnWfGnêÉ

f
n,º.<;7

F »
]îEd_�N U k�àfEHO U k�N U k7K U ÞhN UwU _ME P

@CGf\
G
_M`TÞhN»KVNT@eK

PG = H − Im1

í�]�DgKVN�KVNPDX_
áMEHOX@CKMD U G R KMNPEA\ZEH_MDXjbG»ãPáVDXGTÞ�DXãPOXE¶Y U áMB U Y S KMNPEHáMEWY U áVE�DXB³ãTOFDXEH_�KMNf@eK V = −H + P (G +
R) = PR − Im1

R @bGT\ D = B(G + R)
í.þ�`Pá�Þ U GT_�KMáV`TÞ¡KVD U GT_�Y U á P, G, B

@bOX_ U EWGf_�`PáVEKMNT@CK
P R B @bGT\

BG
NT@läbEpý�_�Bµ@COXO½òZEHGLKMáVDFE�_
_ U KMNf@eK S

NT@b_�ý�_�Bµ@bOFO�òPEWGLKVáMDXEH_Hí
÷ü�!Ñ	�� ��;ÏW���,�Y�RÑ	�¿Ñ�ø

H þ ��� æ Ñ	���ÀÎcÿ��|¡#]0E�_�KV@bá�K�k
DFKMNJN U k K U Þ U GT_|KVáM`fÞ¡K H
Y U á

A1 = [a1, . . . , am1 ]
T ∈ Rm1×1 í�IwDXGTÞ�E m1 ≥ max{σ, κ, r} R k�E¿NT@lä5E ai∗ ∈ R∗Y U á#_ U B E�DXGT\ZEWì i∗
k
DgKVNóãPá U àT@CàTDFOXDgK|â¿@CKdOXEH@5_|K 1 − p R k
NPEHáME R∗ \PEWG U KMEH_AKVNPEµ_�EWK U YDFGwäbEHá�KVDFàTOFE³EWOXEWB EWGLKh_ U Y R í0U U ádG U k R k�E³_ME�K i∗ = 1

Y U á#_MDXB³ãTOFD]Þ�DFK|âbí 1 _�DXGPj!KMNPD]_ ai∗
Rk�EdÞW@bG!Þ U GT_�KMáV`TÞ¡K
@CGeð¶ý?U�ß�OFDXabEdBµ@eKVáMDFì H

_LKMNTE�ôfáV_�K�á U k�D]_ qe1
@CGT\»KMNPE

i
ß½KVN�á U k�DX_

hie1 + ei
Y U á i = 2, . . . , m1

R k
NPEHáME ei
D]_
@�á U k�ä5EHÞ¡K U á�DXG Rm1

0

_M`TÞhN»KVNT@eK
KVNPE
i
ß�KMNTE

EWOXEWB EWGLK�D]_
1
@CGT\ U KMNTEWáh_¶@CáVE 0 R @CGf\ hi = −ai · a−1

1 mod q
_M`TÞhN¿KMNf@eK

hi ∈ [0, q)n íÝ2E�K
hi
\ZEWG U KME�KVNPE i

ß½KVN³á U k U Y H í!`�â1KMNPE�\ZE�ôTGTDgKVD U G U Y H R H ·A1 ≡ 0 mod q
íbc�Nw`T_ REH@bÞhN�á U k7äbE�Þ¡K U á hi

D]_>DXG
M⊥(a1)

R k
NPEHáME a1 = A1
í�/�K�D]_ U àLäwD U `T_<KMNT@CK h1, . . . , hm1@CáVE�OFDXGPE�@CáVOFâ³DFGf\ZEWã¢EWGT\PEWGLK U ä5EWá R0

í�ð¶EWGTÞWE R k�E�GPEWE�\ K U�U GPOXâ _�N U k´KVNT@eK H
DX_�DXGT\ZEWE�\

KMNPE1àT@5_�D]_ U Y M⊥(a1)
R àP`ZK
KVNPD]_
DX_¶@�á U `PKMDXGPEdk U áMa.íý�E�ìwK R k�E�Þ U GT_MD]\ZEWá�KMNPE1ÞH@b_ME¶k
NPEHáME i∗ 6= 1

í�/zG»KVNPD]_
ÞW@b_ME R k�E�_Mk�@bã»á U k�_ 1
@bGT\

i∗U Y A1
_ U KVNT@eK a1 ∈ R∗ R @CGf\ÍÞW@COXO>DFK A′

1

íoå�ãPãTOFâwDXGPjJKVNPE»B E�KVN U \±@Cà U äbE R k�E�jbE�K³@àT@b_MDX_
H ′ U Y Λ⊥(A′

1)
í�`�âî_Mk�@bãPãPDXGPj¿Þ U OF`PB GT_ 1

@bGT\
i∗
@CGf\îá U k�_ 1

@CGf\
i∗ U Y H ′ Rk�E1j5E�K�@ àT@5_�D]_

H U Y Λ⊥(A1)
í/zG�KVNPE1Y U OXO U k
DFGPj R k�E#\ZEWG U KME#àwâ i∗

KMNPE©DFGT\PE�ì
i
_M`TÞhN

KMNT@CK
ai ∈ R∗ @bGT\ hi,i = q

íLý U KVE�KMNf@eK U `Pá�_|KVáV@CKMEWj5â©Y¼@bDFO]_�DgYºKVNPEWáVE¶D]_>G U DXGT\ZE�ì i
_�`fÞhN

KMNT@CK
ai ∈ R∗ _ZKMNTDX_
D]_�G U K¶@CG�DX_V_�`TE R @5_>KVNPD]_ U ÞWÞ�`TáV_ U GPOFâ�k
DgKVN�_MBµ@COXOºãPá U àT@bàPDFOXDFK|âbí

�|Ï.���8�R¤¥�8���"ÏW�8�� �Ñ�ø�� æ �Ø�!Ñ	�� ;��Ï.���,�Y�RÑ	�&¡�ð¶EWáVEH@CYÐKMEWá R k�E�_�EWK W = BG
í!]0E U YÐKMEWGµ`f_�EKMNPE Bµ@eKVáMDFì

Tκ = (ti,j) ∈ Rκ×κ
0

R k
NPEWáVE ti,i = 1 R ti+1,i = −2 R @CGf\Ñ@COXO U KVNPEWá ti,j
ò _

@CáVE
0
íPý U KMD]Þ�EAKMNT@CK
KMNPE i

ß�KMN�á U k U Y T−1
κ

D]_
(2i−1, 2i−2, . . . , 1, 0, . . . , 0) ∈ Rκ

0

í

±0¡g© ÷Ø�ß������8Ñ�ù	���c��Ñ�� æ �c Y���!Ñ	���ß÷T� þ �������?��������Ï.�µ�(Ñ��� ��;ÏW���!���8Ñ��
c�NPE<D]\ZEH@ U Y5KVNPE>_MEHÞ U GT\dÞ U GT_|KVáM`fÞ¡KMD U GdDXG ê Xeë5D]_.K U NT@lä5E G

Þ U GLKh@CDXG¶KVNPE<á U k
_ U Y H−Im1

í
c�NPDX_»NPEWOXãT_»\ZE�Þ�áVEH@5_�E!KMNPEÑG U áVBµ_ U YAKMNPE¿á U k�_ U Y P

@bGT\
V
í>c U \ U _ UTR k�EJ\ZE�ôTGTE

B = diag(Tκ, . . . , Tκ, Im2−m1κ)
íZý U KME�KMNf@eK B−1 = diag(T−1

κ , . . . , T−1
κ , Im2−m1κ)

í
Ý2E�K

h′
j

\ZEWG U KMEÑKMNPE j
ß½KVN�á U k U Y H − Im1

í�Ý)E�K
W = [W1; W2; . . . ; Wm1 ; 0] Rk
NPEWáVE

Wj = [wj,κ; . . . ; wj,1] ∈ Rκ×m1
0

í�]0E³Þ U B ãP`ZKVE#KVNPE wj,k
ò _A_�`TÞhNÑKMNT@CK

h′
j =∑

k 2k−1 ·wj,k
@CGf\#KVNPE�Þ U B³ã U GTEWGLKV_ U Y¢@COXO wj,k

ò _�@CáVE�ã U OXâwG U B D]@CO]_ok
DgKVN»Þ U E�ï»Þ�DXEWGLKh_DFG {0, 1} í�`�âñKVNPD]_�Þ U GT_�KMáV`TÞ¡KVD U G R T−1
κ · Wj

Þ U GLKV@CDXGT_ h′
j

DXG7KMNTEÑO]@b_�K�á U k1í�c�NPEWG R
G = B−1 ·W Þ U GLKV@CDXGT_�á U k�_ h′

j

Y U á j = 1, . . . , m1
íPc�NTEABµ@CKMáVDgì

P = [p1; . . . ; pm1 ]ãPDXÞhaZ_
@bOFOºá U k�_ h′
1, . . . , h

′
m1

DFG
G
àwâ�_�EWK�KVDFGPj

pj = eκj ∈ Rm2
0

í



c�NPE#G U áMB U Y S
D]_

max{‖S1‖, ‖S2‖} R k
NPEHáME S1 = [V |P ]
@CGT\

S2 = [D|B]
í�U U á_�DXB ãPOFD]Þ�DFK|â R k�E U GPOFâ!Þ U Gf_�D]\ZEWá�KVNPE©ÞH@b_MEAk
NTEWáVE f = xn + 1

í"/zG�KMNTE1jbEWGTEWáh@COºÞW@5_�E R KMNPEà U `PGT\ U G ‖S‖ DXGLä U OXäbE�_�@bG�EWìwKMáh@ EF(f, 2)
Y¼@5Þ¡K U áHí]îE NT@lä5E#KMNf@eK ‖BG‖2 = ‖W‖2 ≤ n R _MDFGTÞWE©KVNPEµEWGLKVáMDXEH_ U Y h′

j

@báME³@COXO
0
EWìPÞ�EWãPK

U GPEdk
NPD]ÞhN�DX_�EHDgKVNPEWá hi∗,j
U á q − 1

í�ð�EHGTÞ�E R k�E U àZKV@bDFG�KMNf@eK
‖S2‖2 ≤ ‖D‖2 + ‖B‖2 ≤ (3

√
nr +

√
n)2 + 5 ≤ (4

√
nr + 3)2.

/�K�DX_ U àLäwD U `T_�KVNT@eK ‖P‖ ≤ 1
íPå
\P\ZDFKMD U Gf@COXOFâ R k�EdNT@lä5E¶KVNT@eK ‖PR‖2 ≤ nr

ífc�NPEWáVE�Y U áME(_
‖S1‖2 ≤ ‖V ‖2 + ‖P‖2 ≤ (

√
nr + 1)2 + 1 ≤ (

√
nr + 2)2,

k
NPDXÞhN¿Þ U B ãPOXE�KME�_�KMNPE1ãTá UwU Y U Y;c�NPE U áMEHB * í ut

� 	
×TØ&�
LWE

ÖZØ
SIS

]îE0_�N U k:KVNT@eK�@CGwâñEWïµÞWDFEHGLK�@COXj U áMDFKMNTB _ U OXäwDFGPj LWE
k
DFKMN _ U B EJG U GZß�GPEWj5OFDXjbDXàPOXEãPá U àT@CàTDFOXDgK|âñB @lâñàfEJ`f_�E�\ àwâñ@ ö `T@bGLKM`PB B @5ÞhNPDXGPE�K U E�ï»ÞWDFEHG5KVOFâ´_ U OFä5E SIS

k
DgKVN
G U GZß�GPEHjbOXDFj5DFàPOXE
ãPá U àT@bàPDXOFDFK|âbíCå Þ�áV`TÞ�D]@COPãTá U ãfEHá�K|â U Y.KMNPE�áVEH\P`TÞ¡KVD U GµDX_;KVNT@eK>KMNPE�B @CKMáVDgì`PGT\ZEHáMOXâwDFGPj!KMNTE

SIS
@bGT\

LWE
DFGf_|Kh@CGTÞWEH_ADX_dãTáME�_�EHáMä5EH\ºí.c�NPD]_1@COXO U k�_�KMNTE³áVEH\P`TÞ¡KVD U GK U áMEHBµ@CDXG!äe@COXD]\!k
NTDFOXE1k U áMawDXGPj U G Ideal-SIS

@bGT\
Ideal-LWE

í
å�æ ��Ñ�ÏW��¤ ±0¡�d�<;5

q, m, n
ÅA<ÀPgf�5t<th�<N7A3 ¸ V,f	= α ∈ (0, 1) ¹ Pg5�k n ≥ 32 ¸ Poly(n) ≥

m ≥ 5n log q
VWf�=

α < min
(

1

10
√

ln(10m)
, 0.006

) » Ö�9Ys(s�nW3N<a5gkVW5�5gk<N7�<?<�È!Pª36583bV,feV,O h(n ¶76Pg5gk"x¯5�k�V,5�3;nWOÍº.<N3
LWEm,q;Ψαq

PgfØ5·Pgx}<
T
VWf�= ¹ Pg5�k�s�7on!ÅAV(ÅNPgOQPg5·M ε ≥ 4m exp

(
− π

4α2

) »Ä k<Nfà5�k�<;7o<4<�È!Pª36583�Vpw;9VWf�589"x�V,O h(n,76Pg5gk"x�5�k�VW5�3;nWOÍº.<N3
SIS

m,q;
√

m
2α

Pgfà58Pgx}< Poly(T, n)VWf	= ¹ Pg5gk�s	7�n!ÅAV!Å;PgOQPg5·M ε3

64 − O(ε5) − 2−Ω(n) »ØÄ k�<Ã7o<6369"OQ5×3658PgOgObk�nWOÆ=.3 ¹ k�<;fÌ7�<ts�OqV!: ¶Pgf�h
LWE

ÅNM
Ideal-LWEf VWf�= SIS

Å;M
Ideal-SISf ¸ ÉNnW7 f = xn+1 ¹ Pg5�k n = 2k ≥ 32 ¸

m ≥ 41 log q
V,f	=

q ≡ 3 mod 8 »
]�NPEWG

α = O(1/
√

n) R KMNPEîáME�\Z`TÞ�KMD U G @bãPãPOXDFE�_�EHäbEWG7K U @ _�`Pà¢E�ìZã U GPEHGLKMD]@COd@COFßj U áVDFKMNPB÷Y U á LWE
ð[k
DFKMNó_�`fÞWÞ�E�_M_dãTá U àT@CàPDXOXDgK|â ε = 2−o(n) õ R KVáV@bGT_�Y U áVB³DXGPj!DgK#DXGLK U @_�`Pà¢E�ìZã U GPEHGLKMD]@CO ö `T@CGLKM`TB @COXj U áVDFKMNPB Y U á SIS

ð[k
DFKMN _�`TÞHÞ�E�_M_�ãPá U àT@bàPDFOXDFK|â ε = 2−o(n) õ¡íc�NPE<áVEH\Z`TÞ�KMD U Gdk U áVaw_.@bOX_ U Y U á2O]@CáVjbEHá α = O(1/
√

log n) R àP`PK)DFGdKVNPD]_)ÞW@5_�E U GPOFâA@CãPãTOFDXEH_K U ã U OXâLG U B DX@bOP@COXj U áMDFKMNPBµ_oY U á LWE
ð[k
DFKMN»_M`TÞWÞWEH_V_;ãPá U àT@bàPDFOXDFK|â ε = Ω(1/Poly(n))

õ¡í
c�NPE�áVEH\Z`TÞ�KMD U GµD]_<Bµ@b\PE U YºK|k U Þ U B³ã U GTEWGLKV_Hí(UoDXáV_�K R k�E¶@báMj5`PE�KMNf@eK�@bG»@COXj U áMDFKMNPB_ U OFäwDXGPj LWE

ãPá U äwDX\ZE�_¶@bGÑ@COXj U áMDFKMNPB:KVNT@eK1_ U OFä5EH_�@�Þ�EHá�Kh@CDXGJà U `PGT\PEH\Ñ\PDX_�KV@bGTÞ�E³\ZE�ßÞ U \ZDXGPjdãPá U àPOXEWB R k
NPEHáME�KMNTE
EWáVá U áoä5EHÞ�K U á�D]_;G U áMBµ@COXOXâ©\ZD]_|KVáMDXàP`ZKVEH\ºí,/zGµ@1_MEHÞ U GT\³_|KVEWã Rk�E1_MN U k�KVNT@eK S EHjbEHä¢ò _ ö `T@CGLKM`TB�@COXj U áMDFKMNTB ê ' *ZR Ý2EHB B @µ'TíFç�ZCë)ÞW@bG!`f_�E1_M`TÞhN�@bG¿@COFßj U áVDFKMNPB K U Þ U Gf_|KVáM`TÞ�K�_�Bµ@COXO2_ U OX`ZKMD U GT_�K U SIS
í

ë�¡8¦ �0ÏWÑ	¤
LWE

��Ñ
BDD

å�G¿@COXj U áMDFKMNPB _ U OXäwDFGTj LWE
@bOFO U k�_�`T_�K U _ U OXäbE R Y U á�Þ�EHá�Kh@CDXG!O]@eKMKMD]Þ�EH_ R @³äe@CáVDX@CKMD U G U YKMNPEÀ` U `TGT\ZEH\0?�DX_�KV@bGTÞ�E»?�EHÞ U \PDFGPj¿ãTá U àPOFEHB�í#/zGîKVNT@eK1äe@CáVD]@eKMD U G U Y BDD R KMNTEµEWáVá U áäbEHÞ�K U á�D]_�_V@CB ãPOXEH\�@bÞHÞ U áh\ZDXGPj�K U @ _�ã¢EHÞWDgôTE�\�\ZDX_�KMáVDXàP`ZKMD U G)í



ÓT��Ôv���R���RÑ	�ß±0¡ Ä k�<�s�7on!Å;Oq<;x BDDχ ¹ Pg5�kbs�V,7oVWx}<;5t<;7K=,Pª365876PRÅ;9"58PRn,f χ(·) Pª32V.3�ÉNn,OgOqn ¹ 3;Û¾2PgºW<;fGV,f
n ¶ =WPgx}<Nf3APRn,f	V,O�OÆVW5·58PR:A< L

VWf	=àVTºW<�:;5rnW7
t = b + e ¹ k<N7�< b ∈ L

V,f	=
e
Pª3=WPª365876PRÅ;9"5r<�=LV!:A:AnW7�=WPgf�hG5tn

χ(n) ¸ 5�k�<µh(nYVWO2Pª3Ø5rn Ý f	= b » i�<Ø3;VWMu5�k�V,54Vm7oV,f	=(nWx�Pqá�<A=VWO h�nW76Pg5�k�x A 3;n,OQº.<N3
BDDχ

ÉNn,7ÃV¥OqV,585·PR:A<
L ¹ Pg5gkß369:�:A<N3A3×s�7on!ÅAV!Å;PgOQPg5·M ≥ ε

P É ¸ ÉNn,7EWäbEHáMâ
b ∈ L ¸ nWfàPgf,s	9"5 t = b +e ¸ V,O h(n,76Pg5gk"x A 7o<;589"76f3

b ¹ Pg5gk�s�7on!ÅAV!Å;PgOQPg5·M ≥ ε
n,º.<;75gk<p:Ak�n,PR:�<µnãÉ

e
VWf�=À5�k�<×7oVWf�=!n,xpf�<63A3×nêÉ A »

U U áAKVEHÞhNPGPD]ÞW@bO;áME�@b_ U GT_ RfU `PádáME�\Z`TÞ�KMD U GÑk
DXOXO�áME ö `TDFáVE³@!áh@CGT\ U B DFüHEH\ BDDχ
@COXj U ßáMDFKMNPB k
N U _ME�à¢EWNf@läLD U `TáAD]_dDXGT\ZEWã¢EWGf\ZEWGLK U Y�KMNPEµ_ U OX`ZKMD U G0äbE�Þ¡K U á b R EWä5EWG0k
NPEWGîKMNPEEWáVá U á�ä5EHÞ�K U á�D]_�ôPìZEH\ºífc�NPDX_�D]_
Bµ@b\PEAãTáME�Þ�D]_�Edà¢EWO U k1í

ÓT��Ôv���R���RÑ	��ë�¡ Ê 7oV,f	=!n,xpPqáY<A=¥V,O h(n,76Pg5gk"x A 3;nWOÍº�Pgf�h
BDDχ

ÉNn,7àOqVW5·58PR:A<
L
Pª3T3;VWPR=5tnàÅA<»_�KMá U GPj5OFâ�_ U OF`PKMD U GZß�DFGf\ZEWã¢EWGT\PEWGLK Ù Ö�Ö�Ç Ú P É ¸ ÉNn,7µ<;ºW<N76M Ý È�<A=T<;767on,7pºW<A:N5rnW7 e ¸ 5�k�<s	7on(Å�V(ÅNPgOÍPg58M Ù nWºW<N7�5�k�<�7oV,f	=!n,xpf�<63A3�nãÉ A Ú 5gkVW5 ¸ h!Pgº.<;fGPgfWs�9"5 t = b + e ¹ Pg5�k b ∈ L ¸VWO h�nW76Pg5�k�x A 7o<;5·9"76f�3

b
Pª34Pgf	=(<ts<Nf�=!<;f5bnêÉ

b »
]îEó_�N U k KMNT@CK�DFY�k�E0NT@läbE0@CG @bOFj U áVDgKVNPB KMNT@CK�_ U OXäbE�_ LWEm,q;Ψαq

R KMNPEHG k�EÞW@CG�Þ U GT_�KMáV`TÞ�K�@CG�@bOFj U áVDgKVNPB _ U OFäwDXGPj BDDναq

Y U á�_ U B³EÑOX@CK�KMD]Þ�E�_WíKJ U áME U äbEWá R KMNTEÞ U Gf_|KVáM`TÞ�KME�\ BDD
@COXj U áVDFKMNPB D]_�IPI�/¡í

£&��¤¥¤¥�m°0¡|d�<;5
q, m, n

ÅA<�Pgf5r<th(<;7A3mVWf�=
α ∈ (0, 1) ¸�¹ Pg5gk m, log q = Poly(n) »Ö�9Ys!sn.3;<×5gkVW5~5gk<N7o<p<oÈ(Pª365834V,fLVWO h(n,76Pg5gk"x A 5�k�V,5&3;nWOÍº.<N3

LWEm,q;Ψαq

PgfÃ5·Pgxµ<
T
VWf	=

¹ Pg5gkas�7on!ÅAV!Å;PgOQPg5·M ε ≥ 4m exp
(
− π

4α2

) »vÄ k�<;f}5gk<N7o<?<oÈ(Pª365R3 S ⊆ Zm×n
q

nêÉ�s	7�n�snW765·PRnWf ≥
ε/2

V,f	=uV,fGÖÖ"Ç}VWO h�nW76Pg5�k�x A′ 369:�km5�k�V,5?P É G ∈ S ¸ VWO h�nW76Pg5�k�x A′ 3;nWOQºW<N3 BDDναqÉNnW7
L(G)

Pgfu5·Pgx}<
T + Poly(n)

VWf�= ¹ Pg5�kps	7�n!ÅAV!Å;PgOQPg5·M ≥ ε/4 »

27onYnêÉ » /�Y G ∈ Zm×n

q

@bGT\
s ∈ Zn

q

@CáVE�_V@CB ãPOXEH\J`TGPDgY U áMB OXâÑ@CGf\JDFY>KMNTE Þ UwU áh\ZDFGf@eKME�_
U Y e @CáVE�_V@CB ãPOXEH\!@bÞWÞ U áh\ZDXGPj1K U Ψαq

R KVNPEWG A ôTGf\P_ s
k
DgKVN!ãPá U àf@CàPDXOFDFK|â ≥ ε U ä5EWá�KMNPEÞhN U D]Þ�E�_ U Y G, s

@bGT\
e
@CGf\¿@»_|KVáMDXGPj

w U Y<DXG5KVEWáVGT@CO)áV@bGT\ U B:àPDFKV_Hí¢c�NTDX_¶DFB ãPOXDFE�_�KVNT@eKKMNPEHáME1EWìwD]_�KV_
@ _�`TàT_�EWK S U Y�KMNPE G
ò _ U Y;ãPá U ã U áMKMD U G ≥ ε/2

_�`fÞhN!KVNT@eK
Y U á�@CGwâ G ∈ S R@COXj U áVDFKMNPB A _M`TÞWÞWEWE�\P_<k
DFKMN!ãPá U àT@CàPDXOXDgK|â ≥ ε/2 U äbEWá>KMNPEAÞhN U D]Þ�E�_ U Y s R e @bGT\ w
í"U U á@CGwâ

G ∈ S R k�EdNT@lä5E Prs,e,w[A(Gs + e, w) = s] ≥ ε/2
í

þ�GÑDXGPãP`ZK
t = b + e R @COXj U áMDFKMNTB A′ k U áVaZ_�@5_¶Y U OFO U k�_�_¢DFK#_M@bB ãPOFE�_ s

`PGPDFY U áVB³OXâDFG
Zn

q � DFKÑÞ U B ãP`PKMEH_ t′ = t + As R k
NPD]ÞhN D]_ U Y�KMNPE0Y U áVB t′ = Gs′ + qk + e Rk
NPEWáVE
k ∈ Zm � DFK»ÞW@COXO]_ A U G t′ mod q

@bGT\ÍôTGf\P_
s′ ð[k
DFKMN´ãPá U àT@CàTDFOXDgK|â ≥ ε/2

õ �DgKAKMNPEHGîÞ U B ãP`ZKVEH_ e′ = t′ − Gs′ mod q
@CGf\¿áMEWKM`PáVGT_

t − e′ í2Iw`PãPã U _ME©KVNT@eK A _M`TÞ�ß
Þ�EWE�\P_ R D�í Ebí R k�E³NT@läbE s = s′ íºc�NPEHG e′ = e mod q

í 1 _�DXGPj!KMNPEµ_�KV@CGf\P@Cáh\�KV@bDFO;à U `PGf\
U GîKMNPE»Þ U GLKMDXGw` U `T_4�d@b`T_M_MD]@CGî@bGT\ÑKMNPE O U k�EHáAà U `TGT\ U G ε

k�E U àPKV@CDXGîKMNT@CK e
NT@5_d@

Þ U B ã U GPEHGLK U YTBµ@CjbGTDgKV`T\ZE ≥ q/2
k
DgKVN�ãPá U àf@CàPDXOFDFK|â ≤ m exp(−π/(2α)2) ≤ ε/4

ílc�NPE
@COXj U áVDFKMNPB KVNL`f_�_�`fÞWÞ�EHEH\P_�k
DFKMN�ãPá U àf@CàPDXOFDFK|â ≥ ε/2− ε/4 = ε/4

í ut
]îEîG U k _�N U k:KVNT@eK�@CG @bOFj U áVDgKVNPB _ U OXäwDFGTj BDDναq

ÞH@CG�à¢EÑ`f_�E�\7K U _ U OFä5EJ@
ö `f@CGLKMDXüWE�\îä5EWáh_�D U G U Y�DFKHíoc�NPD]_ ö `T@CGLKVDFü�@eKMD U GóD]_1áVE ö `PDXáME�\ÑY U á#KVNPE ö `T@CGLKV`PB ãf@CáMK U Y
U `PádáVEH\Z`TÞ�KMD U G2í2c�NTE³DXGLKM`PDFKMD U G0à¢EWNPDXGT\îKMNPE ãPá UwU Y�DX_�KMNf@eK1KMNTE \PDX_VÞ�áVE�KVDFü�@eKMD U GîjbáVDX\ÑDX__ U ôTGPEµðÐKVNPEdãT@Cáh@CB EWKMEWá R

ÞH@CG�à¢E#ÞhN U _�EHG»E�ìwKMáVEWB EHOFâµO]@CáVjbElõ�KVNT@eK�@eK�KVNPEdOFEHäbEWO U Y)KMNTEjbáVDX\�KMNPE#\PDX_�KMáVDFàT`ZKMD U G νs
O UwU aw_�Þ U GT_�KV@bG5K�í



£&��¤¥¤¥���¡|d�<;5
s > 0

VWf	=
L
ÅA<µVWf

n ¶ =WPgx}<;f�36PRnWf�VWO » Ö�9Ys(s�nW3N<p5�k�V,525�k�<;7o<µ<�È!Pª36583pVWfÖÖ�Ç�VWO h�nW76Pg5�k�x A 5�k�VW5v3;n,OQº.<N3
BDDνs

ÉNn,7
L
PgfT5·Pgxµ<

T
VWf	= ¹ Pg5�k|s�7on!ÅAV(ÅNPgOQPg5·M ε »&Ä k<Nf5gk<N7o<µ<�È(Pª3A583pVWf

R ¸&¹ k�nW3;<}ÅNPg5 ¶ Oq<;f�h!5gkuPª3Ks�n,OQMWf	n,xpPRV,OvPgf T, n, | log s| VWf�=À5�k�<}Å;Pg5 ¶ 36PqáY<nêÉp5gk<�h!PgºW<NfÅAV.36Pª3�nãÉ
L ¸ VWf�=àVWfLÖÖ"ÇpV,O h(n,76Pg5gk"x A′ 5�k�V,5K3Nn,OQºW<63 BDDDL/R,s

¹ Pg5�k�PgfV}5·Pgxµ<bs�n,OQMWf	n,xpPRV,O�Pgf
log R

V,f	= ¹ Pg5gkµs	7on(ÅAV!Å;PgOQPg58M ≥ ε − 2−Ω(n) »
å�KºKMNPD]_2ã U DXGLK R k�E�NT@lä5E;@bG R U YLàPDFK�ß�OXEWGPjbKMN1ã U OXâLG U B DX@bOeDFG T, n, | logα| @bGT\1@CG#IPI"/@COXj U áVDFKMNPB B k
DFKMNóáV`PGZß�KMDXB³E ã U OXâwG U B D]@CO;DFG log R

KVNT@eK©_ U OXäbE�_ BDDDL(G)/R,αq

R Y U á
@CGwâ

G
DXG#@�_�`TàT_�EWK S ⊆ Zm×n

q
U YZãPá U ã U á�KVD U G ≥ ε/2 R k
DFKMN1ãTá U àT@CàPDXOXDgK|â ≥ ε/4−2−Ω(n)

U äbEWá;KVNPE
áh@CGT\ U B'ÞhN U DXÞWEH_ U Y e @CGf\³KMNPE
DXGLKMEWáVGT@bOPáV@bGT\ U B³GTEH_V_ w
í!/zG³KMNTE
Y U OXO U k
DXGPjdk�E@b_V_�`PB E¶KMNT@CK U G�DXGPãP`ZK t = b + e R @bOFj U áVDgKVNPB B U `PKMãP`ZKh_ e

k
NPEHG!DFK�_M`TÞHÞ�EWE�\P_ R áh@eKVNPEWáKMNT@bG
b
í,]0E�DXB³ãTOFEHB³EHGLK B ö `T@bGLKM`PB OXâ�@b_oY U OFO U k�_�_lKMNPE ö `T@bG5KV`PB'@bOFj U áVDgKVNPB BQ

Bµ@CãT_
KMNPE#_�KV@CKME |e〉 |b + e〉 |w〉 K U KMNPE#_�KV@CKME |e − B(b + e, w)〉 |b + e〉 |w〉 í

ë�¡g© ÷I��� þ �8������Ï.Ð�ÏW���������RÑ	�ßÑ	ø��Ø��ù	�����Æ ��#�������Y��¤ Ï.�������!���8Ñ��
]îE1ôfáV_�K�áME�ÞW@bOFO S EHjbEHä¢ò _ ö `T@CGLKV`PB�áVEH\P`TÞ¡KVD U Gîê ' *PR Ý2EHB³Bµ@}'TíFç�ZCë�í"/�K¶`T_MEH_
@ áh@CGT\ U B³ßDFüHEH\

BDD U áh@bÞ�OXE Bwc KMNT@CK�ôfGT\P_�KMNPE1ÞWO U _�E�_|K�äbEHÞ�K U á�DXG!@�jbDXäbEHG»OX@CK�KVDXÞWE L
K U @©j5DFä5EWGKV@CáVjbEWK�äbEHÞ�K U á R @5_�O U GPj1@b_;KVNPE�KV@báMj5E�K�D]_�k
DgKVNPDXG»@dãPáME�_MÞWáMDXà¢EH\³\ZDX_�KV@bGTÞ�E d < λ1(L)

2
U Y Lð¼@b_o@Cà U äbE R k�E�@5_M_M`PB E<KVNT@eK Bwc áVE�KV`PáMGf_2KVNPE�EHáMá U á)äbEHÞ�K U áhõ�í�/�K;áMEWKM`PáVGT_o@¶_V@CB ãPOXE<Y[á U BKMNPE©\PDX_�KMáVDFàT`ZKMD U G DbL,

√
n√
2d

í�]îE©DFB ãPOXEWB EWGLK U áV@5Þ�OXE Bwc @5_�@ ö `T@CGLKV`PB U áV@5Þ�OXE Bwc
Q

@5_
@Cà U äbEbí�]0E#@b_V_�`TB³E Bwc

Q

@bÞHÞ�EWãPKV_�áh@CGT\ U B DXGPãP`ZKh_ U YoOFEHGPjCKVN `
í

çbí�IwE�K
R
K U à¢E4@ O]@CáVjbE4Þ U GT_�KV@CGLK @CGT\ àP`PDXO]\�@ ö `T@bGLKM`PB _�KV@CKME4k
NPD]ÞhN

DX_�k
DFKMNPDXG
`2
\ZD]_�KV@CGfÞ�E

2−Ω(n) U Y KVNPE G U áVB @bOFDXüWE�\ _|Kh@eKVE Þ U áMáVEH_Mã U GT\ZDXGPjK U ∑
w∈{0,1}`

∑
x∈ L

R ,‖x‖<d ρ d√
n
(x) |x〉 |x mod L〉 |w〉 í* í
å�ãPãTOFâ�KVNPE BDD U áV@5Þ�OXE Bwc

Q

K U KMNTE³@bà U ä5E©_|Kh@eKVE#K U áMEHB U äbEdKMNTE�EHG5Kh@CGPj5OFEHB EWGLK@CGT\ U àZKV@bDFG @d_|Kh@eKME
k
NTDXÞhN D]_;k
DgKVNPDFG `2
\ZD]_�KV@CGfÞ�E

2−Ω(n) U YfKVNPE
G U áMBµ@COXDXüWEH\�_|Kh@eKVEÞ U áMáVEH_Mã U GT\ZDXGPj�K U ∑
x∈ L

R ,‖x‖<d ρ d√
n
(x) |0〉 |x mod L〉 |w〉 í'Pí
å�ãPãTOFâ´KMNTE ö `T@CGLKV`PB U U `TáMDXEWáµKVáV@bGT_�Y U áVB U äbEHá Zn

R

K U KMNPE0_�E�Þ U Gf\7áMEHjbD]_|KVEWáµK U
U àZKh@CDXG @´_|Kh@eKMEÑKMNT@CK�D]_!k
DgKVNPDFG `2

\PDX_�KV@bGTÞ�E
2−Ω(n) U Y#KVNPEîG U áVB @bOFDXüWE�\�_|Kh@eKVE

Þ U áMáVEH_Mã U GT\ZDXGPj�K U ∑
x∈bL,‖x‖< n

d
ρ√

n
d

(x)
∣∣∣x mod (R · L̂)

〉 í
ZTíbJ¿EH@5_�`TáME;KVNPE<O]@eK�KVEWáºK U�U àPKV@CDXG1@�äbE�Þ¡K U á b̂ mod R·L̂ í 1 _MDXGPja`�@CàT@bD½ò _2@COXj U áMDFKMNTB ê éCë RáME�Þ U ä5EWá b̂

@bGT\ U `ZKMãP`PK�DFKHí"/�Kh_�\PDX_�KMáVDFàT`ZKMD U G!DX_�k
DFKMNPDXG!_�KV@CKMD]_|KVDXÞH@COº\ZD]_|Kh@CGTÞWE 2−Ω(n)

U Y DbL,
√

n√
2d

í
]îE1G U k áMEHãPOX@5Þ�EAKMNTE1ãfEHá�Y[E�Þ¡K U áh@bÞWOFE Bwc

Q

àLâ!@CG�DFB ã¢EWáMY[EHÞ�K U GPE5í
£&��¤¥¤¥�Ã«�¡�Ö	9Ys!sn.3;< ¹ <ØVW7o<ph,PgºW<NfÜVWf n ¶ =WPgx}<;f�36PRnWf�VWO¢OqV,585·PR:A< L ¸ sVW7oV,xµ<;5t<;7A3 R >

22nλn(L)
VWf�=

s < λ1(L)

2
√

2n
¸ VWf�=4VWf�ÖÖ"Ç~V,O h(n,76Pg5gk"x B 5�k�VW5�3;n,OQº.<N3 BDDD L

R
,s
ÉNn,7

L ¹ Pg5gk769"f ¶ 5·Pgxµ< T
VWf	=À369:A:�<N3A3&s�7on!ÅAV(ÅNPgOQPg5·M

ε »aÄ k�<;fm5�k�<;7o<�<oÈ(Pª36583�VTwN9V,f5·9"x�V,O h(n,76Pg5gk"x R¹ k�PR:Akn,9"5Qs�9"5R3ÀVàºW<�:;5rnW7 b̂ ∈ L̂ ¹ k�n.3;<à=WPª365·76PRÅN9"5·PRnWfËPª3 ¹ Pg5�k�Pgfß=WPª365rVWf�:�< 1 − ε2/2 +
O(ε4) + 2−Ω(n) nêÉ DbL, 1

2s

» ÇN5 Ý fPª3ok�<N34PgfÃ5·Pgxµ<bs�n,OQMWf	n,xpPRV,O�Pgf T + log R »




27onYnêÉ » c�NPE ö `T@CGLKM`TB @COXj U áMDFKMNTB R D]_ S EHjbEHä¢ò _J@bOFj U áVDgKVNPB�@Cà U äbEók
DFKMN�ãT@báV@bB³EWßKMEWá
d =

√
2ns < λ1(L)

2
R k
NPEHáME Bwc

Q

D]_µáVEWãPO]@bÞWEH\´àwâ±KMNTE ö `T@CGLKM`TB�DXB³ãTOFEHB³EHGLKV@eß
KMD U G BQ

U Y B í0]0E#æ|`T_�K³_V@lk'KMNT@CK©DgY
KVNPE BDDDL/R,s
U áh@bÞ�OXEµk�@b_#_M`TÞWÞWEWE�\ZDFGTjJk
DgKVN

ãPá U àT@CàTDFOXDgK|â 1−2−Ω(n) R KMNTEWG1KVNPE U `ZKMãP`PK)äbE�Þ¡K U á b̂ k U `POX\�Y U OFO U kÍ@�\ZD]_|KVáMDXàP`ZKVD U G1k
N U _ME_|Kh@eKMD]_�KMD]ÞW@CO2\PDX_�KV@bGTÞ�EdK U DbL, 1
2s

k U `PO]\!à¢E 2−Ω(n) íTc U k U áMa»@bá U `PGT\�KMNPE1áVE ö `PDXáMEHB EWGLKKMNT@CK³KVNPE U áh@bÞWOFE�_�`TÞHÞ�EHEH\P_³k
DFKMN U äbEWáVk
NPEHOFB DXGPjÑãPá U àf@CàPDXOFDFK|â R k�E!`T_ME�KMNPE�G U KMD U G U YKMáh@bÞ�E
\ZD]_�KV@CGfÞ�E
à¢E�K|k�EWEWG K|k U ö `T@CGLKM`TB'_�KV@eKVEH_ R k
NPD]ÞhN DX_<@bGµ@b\P@bãZKV@CKMD U G U Y¢KMNPE�_|Kh@eKMD]_�ßKMD]ÞW@CO2\PDX_�KV@bGTÞ�E ð¼_MEWE ê * X R ^�N2íPèCëÐõ�íPc�NPEAKMáh@bÞWEA\ZD]_�KV@CGfÞ�EAàfEWK|k�EHEWG!K|k U ð[ãP`TáMElõ ö `T@bGLKM`PB_|Kh@eKME�_ |t1〉 @CGT\ |t2〉 DX_ δ(|t1〉 , |t2〉) =
√

1 − | 〈t1|t2〉 |2
íW/�Kh_;B U _�K;DXB ã U á�Kh@CGLK;ãPá U ãfEHá�K|âDX_>KMNT@CK>Y U á�@CGwâ³jbEHGPEWáh@COXDFüHEH\³B EH@5_�`PáVEWB EHG5KAð[ù�þ�ø�JÑõ R DFY D1

ð¼áME�_�ã2í
D2
õ<DX_>KMNPE�áME�_�`TOgKMß

DFGPj¶ãPá U àT@CàTDFOXDgK|âd\ZD]_|KVáMDXàP`ZKVD U G#k
NPEHG#_|Kh@CáMKMDXGPj
Y[á U B |t1〉
ð¼áME�_�ã2í |t2〉 õºKMNPEHG ∆(D1, D2) ≤

δ(|t1〉 , |t2〉)
ífÝ2EWK |t1〉 \ZEHG U KVE1KMNTE©_|Kh@eKVE#@eK�KVNPE#EWGf\ U Y>ILKMEHã *³U Y S EHjbEWä.ò _
@COXj U áMDFKMNPBk
NPEWG k�E�`T_ME Bwc R @CGf\±OXE�K |t2〉 \PEWG U KME!KMNPE�_|Kh@eKVE�KVNT@eK k�E U àPKV@CDXG @CK©KVNPE�EWGT\ U YILKMEHã * k
NPEHG�k�Ed`T_ME B í�]0E1`PãPã¢EWá�à U `TGT\ δ(|t1〉 , |t2〉)

@5_�Y U OXO U k�_HíIwDFGfÞ�E Bwc(x mod L, w) = x
Y U á ‖x‖ < d R k�EÑNT@lä5E�KMNT@CK |t1〉

D]_!k
DgKVNPDFG
`2\ZDX_�KV@bGTÞ�Eµð½@CGT\�NPEHGTÞ�EdKVáV@5Þ�Ed\ZDX_�KV@bGTÞ�Elõ

2−Ω(n) U Y)KMNTE1G U áVBµ@COXDFüHEH\�_|Kh@eKME

|t′1〉 = 2−`/2
∑

w∈{0,1}`

∑

x∈ L
R

√
Dd

L/R,s(x) |0〉 |x mod L〉 |w〉 ,

k
NPEWáVE
Dd

L/R,s

\ZEWG U KME�_.KMNPE�G U áVBµ@COXDFüHEH\d\ZD]_|KVáMDXàP`ZKVD U G U àZKh@CDXGPEH\dàwâ�KMáV`PGTÞH@eKMDXGPj DL/R,sK U äbE�Þ¡K U áh_ U YoG U áVB < d
í¢þ�G�KMNPE U KMNPEHá
NT@CGf\ R Y U á�KVNPE1DXB³ã¢EWáMY[EHÞ�K U áh@bÞWOFE B R k�EdNT@lä5EKMNT@CK |t2〉 DX_
k
DFKMNTDFG�KMáh@bÞWE1\ZDX_�KV@bGTÞ�E 2−Ω(n) U Y)KVNPE1G U áMBµ@COXDXüWEH\�_�KV@eKVE

|t′2〉 = 2−`/2
∑

w∈{0,1}`

∑

x∈ L
R

√
Dd

L/R,s(x) |x − B(x mod L, w)〉 |x mod L〉 |w〉 .

Ý2E�K
SB = {(x, w) ∈ L

R × {0, 1}` | ‖x‖ < d
@CGf\ B(x mod L, w) = x} íý U KVDXÞWE KMNT@CK R DFY (x, w) 6∈ SB R KVNPE _�KV@eKVEH_ |x − B(x mod L, w)〉 |x mod L〉 |w〉@CGT\ |0〉 |x′ mod L〉 |w′〉 @CáVE U áMKMN U j U GT@COºY U áA@bOFO (x′, w′)
í�UT`PáMKMNPEHáMB U áVE R DFY (x, w) ∈

SB R KMNPE�_�KV@eKVEH_ |0〉 |x mod L〉 |w〉 @CGf\ |0〉 |x′ mod L〉 |w′〉 @CáVE U á�KVN U j U GT@bO�Y U á@COXO
(x′, w′) 6= (x, w)

k
DFKMN ‖x′‖ < d R àfE�ÞW@C`f_�E�KVNPE Bµ@bãPãPDXGPj x 7→ x mod
L
D]_'çWßVç U äbEWá x U Y±G U áMB < d < λ1(L)/2

íT/�K Y U OXO U k�_ KMNf@eK | 〈t′1|t′2〉 | =∑
(x,w)∈SB

2−`Dd
L/R,s(x)

íjð�EHGTÞ�E R | 〈t′1|t′2〉 |
D]_ E ö `f@CO�K U KMNPE�ãPá U àT@CàTDFOXDgK|â pKMNT@CK B(x mod L, w) = x R�U äbEWá³KVNPE¿ÞhN U D]Þ�E�_ U Y x

Y[á U B KMNPE¿\ZD]_�KMáVDFàP`PKMD U G Dd
L/R,s@CGT\

w
`PGPDFY U áVB³OXâ�áh@CGf\ U B DXG {0, 1}` í�`�â!Ý2EWB Bµ@ *ZR `f_�DXGPj³KMNPEdY¼@5Þ¡K�KMNf@eK d >

√
ns Rk�E
NT@lä5E

p ≥ p̂−2−Ω(n) R k
NTEWáVE p̂
DX_;KVNPE�Þ U áMáVEH_Mã U GT\ZDXGPjAãPá U àT@bàPDFOXDgK|â©k
NPEWG x

DX_>_M@bB�ß
ãPOFE�\µY[á U B DL/R,s

í�UoDXGT@COXOXâ R k�E�NT@läbE p̂ =
∑

x DL/R,s(x) Prw[B(x mod L, w) = x]
í`�â�KVNPE�_�KMá U GPj!_ U OF`ZKVD U GZß�DFGT\PEWã¢EWGT\ZEHGTÞ�E U Y B R k�E#NT@lä5E Prw[B(x mod L, w) = x] =

Prw[B(b + x, w) = x]
Y U áA@CGwâ�ôTìwE�\ b ∈ L

í.c�NPEHáMEWY U áVE R p̂ DX_�KMNPE³_�`TÞHÞ�E�_M_¶ãPá U àT@CàTDFOFßDgK|â U Y B DXGñ_ U OFäwDXGPj BDDDL/R,s

R _ U p̂ ≥ ε
àwâó@b_V_�`TB³ãPKMD U G2íoþ�ä5EWáh@COXO R k�E»Þ U GTÞ�OX`T\ZE

KMNT@CK
δ(|t1〉 , |t2〉) ≤

√
1 − ε2 + 2−Ω(n) R @bGT\¿NPEHGTÞ�E©KMNPE U `ZKVãP`ZK U Y R DX_�k
DFKMNPDXGî_�KV@Cß

KMD]_|KVDXÞH@CO)\ZD]_�KV@CGfÞ�E
1 − ε2/2 + O(ε4) + 2−Ω(n) U Y DbL, 1

2s

R @5_
Þ�O]@CDXB³E�\ºí ut
c U ãPá U äbE
c�NPE U áVEWB¼' R k�E�@CãPãTOFâ Ý2EHB³Bµ@1èAK U KMNPE¶OX@CK�KMD]Þ�E�_ L(G)

Y U á G ∈ S R k
DFKMN@COXj U áVDFKMNPB B í	U U áAKMNT@CK R k�E�GPEHEH\ÑK U EWGT_M`PáVE#KVNT@eKdKMNTE�Nwâwã U KMNPE�_�D]_ αq < λ1(L(G))

2
√

2m

DX_



_M@CKMD]_|ôTE�\ºí�UTá U B Ý)EWB Bµ@bZ©ð¼áME�_�ã2í�Ý2EHB³Bµ@?X
DFG1KVNPE�ÞH@b_ME U Y Ideal-LWE
õ R k�E<awG U k0KVNT@eKk
DgKVN©ãPá U àT@bàPDXOFDFK|â 1−2−Ω(n) U äbEHá2KVNPE�ÞhN U D]Þ�E U Y G DXG Zm×n

q
R k�E�Nf@läbE λ∞

1 (L(G)) ≥ q
4@CGT\

λ1(L(G)) ≥ 0.07
√

mq
í�U U á�_�`TÞhNmý j UwU \ºò G ò _ R KMNTE1NLâwã U KVNPEH_MDX_ αq < λ1(L(G))

2
√

2m

DX_
_M@CKMD]_|ôTE�\ R _MDFGTÞWE α < 0.006

íwc�NPE1_�EWK S ′ U Y)KVNPE G
ò _�DXG S Y U á
k
NPDXÞhN!KMNf@eK�Þ U GT\ZDFKMD U G�DX__M@CKMD]_|ôTE�\©áVEWãTáME�_�EHG5Kh_;@�ãTá U ã U á�KVD U G ≥ ε/2−2−Ω(n) U Y Zm×n

q

íbIw`PãPã U _ME
G U k±KVNT@eK G ∈
S ′ í2Ý2EWB Bµ@�è�_MN U k�_¶KMNT@CK1k�EµÞW@bGJôTGf\0@!äbE�Þ¡K U á s ∈ G⊥ = qL̂(G)

KVNT@eKdY U OFO U k�_�@\ZDX_�KMáVDXàP`ZKMD U G�k
N U _�Ed\ZD]_|Kh@CGTÞWE¶K U DG⊥, 1
2α

DX_
∆ = 1− ε2

32 + O(ε4) + 2−Ω(n) íPc�NT@bGPaZ_
K U Ý2EHB³Bµ@5_�ç�@bGT\ * ð½_�DXGTÞWE G ∈ S @CGT\ α ≤ 1/(10

√
ln(10m)) R KMNPE¿Nwâwã U KMNTEH_MDX_U Y¶Ý2EHB B @ñç�D]_�_V@eKVDX_�ôTE�\Tõ R k�E»NT@läbE�KMNT@CK�k
DFKMN ãPá U àT@CàTDFOXDgK|â ≥ 1 − 2−Ω(n) − ∆ =

ε2

32 − O(ε4) − 2−Ω(n) R KVNPE�áMEWKM`PáVGPEH\ s
D]_µ@ÑG U GZß�üHEWá U ä5EHÞ¡K U á U Y G⊥ k
N U _ME!G U áMB

DX_ ≤ √
m

2α

í	J¿`TOgKVDFãPOXâwDFGTj�àwâ�KVNPE©ãTá U àT@CàPDXOXDgK|â ≥ ε/2 − 2−Ω(n) KMNT@CK G ∈ S ′ jbDXäbE�_
KMNTEÞ�O]@CDXB³E�\!_M`TÞHÞ�EH_V_�ãPá U àT@bàPDXOFDFK|â�@CGf\!Þ U B ãPOXE�KME�_�KMNPE1ãTá UwU Y U Y�c�NPE U áMEHB�ZTí ut

� �î×��Kï¶ÖZØ��<×��vï���Ü�Û���ï?ï��MÜ�Û��oÖPÜ|Ø>Õ��
]îE�G U k `T_�E#KMNPE�áME�_�`POFKV_ U Y>IwE�Þ¡KMD U Gf_?'»@bGT\àZµK U Þ U GT_|KVáM`fÞ¡K¶EWïµÞWDFEHGLK�Þ�áVâwãZK U jbáh@CãPNPD]ÞãPáMDXB DgKVDFä5EH_�àT@b_MEH\ U G»D]\ZEH@bOfO]@eKMKMD]Þ�E�_Wíwc�NPD]_>DXGTÞ�OX`T\ZE�_<KVNPE�ôTáV_�K�ãTá U äe@CàTOFâ _�E�Þ�`PáVE�O]@eKMKMD]Þ�E�ßàT@b_MEH\�ãP`PàPOXD]Þ¡ß�abEWâ1EHGTÞ�áVâwãZKMD U G _VÞhNPEWB E�k
DgKVN @5_�âwB ãZK U KMD]ÞW@bOFOXâ U ãPKMDXB @bOZEWGTÞWáMâwãZKVD U G�@bGT\\ZEHÞWáMâwãZKVD U G�Þ U B ãP`ZKh@eKMD U G�Þ U _|Kh_ U Y Õ(1)

àTDgK U ãfEHáV@CKMD U GT_�ã¢EWá�B EH_V_V@CjbEAàPDFKHí

²#¡8¦ ���¥�!�R�����µÐv��Òv�R�8��� �	�"!Ë�����!Ï#!#Ð��Y�RÑ	�ß �� æ ��¤�
þ�`PáÑ_VÞhNPEWB EÍD]_JÞ U GT_|KVáM`fÞ¡KME�\ DFG K|k U _|KVEWãT_Hí�UoDXáV_�KMOXâ R k�EÍ`T_MEóKMNPE LWE

Bµ@CãPãTDFGPj
(s, e) 7→ G · s + e mod q

@5_�@bGÍDFGCæ|EHÞ¡KVDFä5E�KVáV@bã¢\ ULU á U GTE�ß�k�@lâÑY[`PGTÞ¡KVD U G R k
DgKVN±KVNPEKMáh@Cã.\ UwU á<à¢EWDXGPj#KVNPE�Y[`TOFOFß�\PDFB EWGf_�D U GT@bOf_ME�K U YºäbEHÞ�K U áV_�DXG G⊥ Y[á U B IwE�Þ¡KMD U GÀ' R @bGT\ KMNTE
U GPEWß�k�@lâwGPEH_V_¶à¢EWDXGPj¿@b_dNf@Cáh\Ñ@b_ Ideal-SIS

ð½@CGT\îNPEWGfÞ�E
Ideal-SVP

õAàwâÑc�NTE U áVEWB�'Tí
c�NPDX_AD]_d@CGÑEWï»Þ�DXEWGLKAD]\ZE�@CO;OX@CK�KVDXÞWE³@bGT@CO U j5`PE U Y�_ U B³E�KMáh@Cã.\ UwU á¶Y[`PGTÞ�KMD U GT_dãPáVEH_MEWGLKVEH\DFGîê è R�*,+ ëTY U á�@báMàTDgKVáV@báMâ�OX@CK�KMD]Þ�E�_WíPIwE�Þ U GT\ZOXâ R k�EA@CãPãTOFâ³KMNTE4� U OX\PáMEHDXÞhNZßzÝ2EHäwDFGµNT@báV\TÞ U áVEY[`PGTÞ¡KVD U G�àT@b_MEH\ U G�c U EWãTOFDFKMüdBµ@eKVáMD]Þ�E�_�êXç�) R IwEHÞbí * íÂXlëºK U U `Pá�KMáh@Cã.\ UwU á�Y[`PGTÞ�KMD U G R @bGT\i�þ S KVNPE
B EH_V_M@bjbE�k
DFKMN KMNTE
NT@Cáh\PÞ U áME�àPDFKV_�K U1U àPKV@CDXGµ@1_�EHBµ@CGLKMD]ÞW@bOFOXâ©_MEHÞ�`TáME�EWGfÞ�áVâLãPßKMD U G2íwc U©U àZKh@CDXG KMNPE Õ(1)

@CB U áMKMDXüWE�\³àPDgK
Þ U B ãPOFEWìZDgK|â³ãfEHá>B EH_V_V@CjbE
àTDgK R k�E�`T_ME Ω̃(n)NT@Cáh\PÞ U áMEAàPDFKV_ R k
NPD]ÞhN!DXGT\Z`fÞ�EH_¶@³_M`Pà¢E�ìZã U GPEHG5KVDX@bOºO U _M_�DXG�KMNPE#_MEHÞW`PáVDgK|âµáVEH\Z`fÞ¡KMD U G)íþ�`PáµKMáh@Cã.\ UwU á»Y[`PGTÞ¡KVD U G�Y¼@CB DXOFâ Id
ß
Trap

D]_�\PE�ôTGPE�\7DFGjU�DXjb`TáMEÍç5í~U U á!_MEHÞW`PáMDFK|âãT@Cáh@CB E�KVEWá
n = 2k R k�EAôPì f(x) = xn + 1

@CGT\
q = Poly(n)

@©ãPáVDXB³E1_V@eKVDX_�Y[âwDFGPj
q ≡

3 mod 8
í�UPá U B÷Ý2EHB³Bµ@T' R DgK�Y U OXO U k�_�KMNT@CK f

_�ãTOFDFKV_�B U \P`PO U q
DXG5K U K|k U DXáMáVEH\Z`fÞ�DXàPOFEY¼@bÞ¡K U áh_ U YP\ZEHjbáVEWE n/2

í6]0E>_ME�K
σ = 1 R r = 1+log3 q = Õ(1)

@bGT\
m = (dlog qe+1)σ+

r = Õ(1)
í�]0Ed\PE�ôTGPE R = Zq [x]/f

íPc�NPEAY U OXO U k
DFGPj³OXEWB Bµ@�EHGT_M`PáME�_�KMNPE#Þ U áVáME�Þ¡KMGTEH_V_
U YoKMNPE©_VÞhNPEHB³Eµð[KMNPD]_�D]_
EH_V_MEWGLKMD]@COXOFâ�DX\ZEHGLKMD]ÞW@CO2K U ê *,+PR IZEHÞCíZTíXç�ë[õ�@CGT\�@b_V_MEWáMKV_�KMNT@CK�KMNTEEWäe@COX`T@eKVD U G�@bGT\!DFGwäbEHáV_MD U G»Y[`TGTÞ¡KVD U GT_�ÞW@bG!à¢E1DXB³ãTOFEHB³EHGLKMEH\�EWïµÞWDFEHGLKMOXâbí
£&��¤¥¤¥�G¦"½�¡|d�<N5

q > 2
√

mnL
VWf�=

α = o(1/(L
√

log n)) »pÄ k�<;fcÉNnW7cVWf�M s ∈ RVWf	=?ÉNnW7
e
3;V,xas�Oq<A=aÉA7on,x

Ψαq ¸ 5�k�<�PgfºW<N7A36PRnWfGVWO h(n,76Pg5gk"x�7�<�:An,º.<;7A3
(s, e) ¹ Pg5�kps�7on!ÅAV ¶ÅNPgOQPg5·M

1−n−ω(1) n,º.<;7�5gk<�:�knWPR:A<×nãÉ e » ´09"765gk<N76x}nW7o< ¸ 5gk<4<NºWVWOQ9V,58PRn,fÃVWf�=�PgfºW<N7A36PRnWfVWO h�nW76Pg5�k�xp3&ÉNnW7
hg

:AV,fmÅA<�Pgx?s	Oq<;x}<Nf�5t<A= ¹ Pg5gkc769"f ¶ 5·Pgxµ< Õ(n) »



$&%('")*' ¬�5«,+ ).- 0/21 ) ®H«,+43 )65 +X«,7Í«V¬W"8:9;3�3w¬e¯ p��5}�y|�5t�vH����~Wx|��y|�5{ �Fx|~�{ £;�LtV~Hx|th{'�C�L�L���
��}5� f = xn + 1, n, q, r, σ, m vH����}Lu5�5y|�h�Lqb�5uLuZ~��zt���y<�z�L�h�htVt¡�5�h�b¥½y�x|tMy|�5x|}L� g ∈ (Zq[x]/f)m

¾]�X�L}5�Vy|��~�}���}w�btV·LÀ»vW}w��v0yzx�vWuP�5~e~Hx!�]�5�g���[x�vH}5¤ �ztMy S ~W�©�g��}5t¡vWx|���7��}L�5thuZth}L�5th}ey��lth�My|~Hx|�
��} rotf (g)⊥ ⊆ Zmn×mn

q
²<��y|� ‖S‖ ≤

√
2(4

√
nr + 3) =: L ¾]²;t
�wv¡�lt L = eO(

√
n) ÀM�$=< 1 ) ®�«,+>3 )?'A@ "BC1f5«,+43 ) ¯ Ä����lth}Í�]�5}L�Vy|��~�}±��}w�btV· g ��²ot��bt�Dw}5tµy|�Lt»yzx�vHuP�5~e~Wx �]�5}L�Vy|��~H}

hg : Zn
q × Zmn

q → Zmn
q
vH�<�]~H���g~¡²<�h�fÃ�}��g}5uL�by s �5}L���]~Wx|{1���©x�vH}L�5~H{��g} Zn

q
vH}L� e ∈ Zmn

q�|vW{1uL��t¡���Fx|~�{ Ψαq
¾[�5t�DL}Lt¡��vH�<y|�Lt�x|~��5}w�b�g}5�1~H� Ψαq

y|~dy|�Lt
�h��~��ztV��y���}ey|th��tVx��lth�My|~HxMÀM�b²;t
�V~�{1uL�by|t�vW}w��x|tVy|�bx|}fÁ c = hg(s, e) := rotf (g) · s + e mod q �$=< 1 ) ®�«,+>3 ) + )�@E' ¬Wª,+43 ) ¯ Ä����ltV} c = hg(s, e) vH}L�Ayzx�vHuP�5~e~Wx S �e�h~H{1uL�by|t d = ST ·c mod qvW}w� e′ = S−T ·d ¾Ð��} Q ÀM�emo~�{1u5�5y|t u = c−e′ mod q vW}w� s′ = (rotf (g1))

−1 ·u1 mod q �²<�5tVx|t u1
�V~�}L�z����y|�>~H�.y|�5tFDLx|��y n �h~e~Hx��b��}wvWy|tV��~W� u �5p�tMy|�5x|} (s′, e′) �

< + - ¯#GL¯ £;�5t�yzx�vHuP�b~e~Hx<�]�5}L�Vy|��~�}��ÐvH{1����� Id � Trap �
c�NPE U GTE�ß�k�@lâwGPE�_M_ U Y Id

ß
Trap

D]_�E ö `TDFäe@COXEWGLK»K U KVNPEÑNT@báV\PGPEH_V_ U Y LWEm,q;Ψαq

íUP`PáMKMNPEHáMB U áME R @bG#DFGf_|Kh@CGTÞWE U Y LWEm,q;Ψαq

ÞH@CG#à¢E�EWï»Þ�DXEWGLKMOXâ#Þ U GLä5EWáMKME�\dàLâ1á U `TGT\ZDXGPjK U @CG�DXGT_|Kh@CGTÞWE U Y LWEm,q;Ψαq

íTc�NPD]_
ãPá U äbE�_�Ý)EWB Bµ@�çbçbí
£&��¤¥¤¥�G¦	¦	¡ Ê fMÜVW5·5tV(:�Þ(<N7�V;h�VWPgf3A5Ø5gk<Ln,f	< ¶r¹ VWMWf�<63A3�nãÉ Id ¶ Trap Ùt¹ Pg5�kGs�V,7oVWx}< ¶5t<;7A3

m, α, q Ú ¹ Pg5gk�769"f ¶ 5·Pgxµ< T
V,f	=L369:A:A<63A3ps	7on(ÅAV!Å;PgOQPg58M

ε
s	7�nWºYPR=!<N3mVWfjV,O h(n,76Pg5gk"xÉNnW7

LWEm,q;Ψαq ¹ Pg5�kc769"f ¶ 58Pgx}< T
V,f	=µ369:A:A<63A32s	7�n!ÅAV!Å;PgOQPg5·M

ε »
`�â�Þ U B©àTDFGPDXGPj U `Pá!KMáh@Cã.\ UwU á!Y[`PGTÞ�KMD U G k
DgKVN KVNPEG�dÝ'Nf@Cáh\PÞ U áME¿Y[`TGTÞ¡KVD U G'êXç�) RIwEHÞbí * íÂXlëºk�E1jbE�K�KVNPE1EWGTÞWáMâwãZKVD U G�_VÞhNPEHB³E U Y�UoDFj5`PáVE * í

$=H�'JI&-K'�).' ¬�L«,+43 ) ¯�L ~Wx;�zth�h�bx|��y��1uLvWx�vH{1tMy|tVx n �ex|�L}1y|�5t��Hth}LtVx�v�y|��~�}�vH����~Wx|��y|�5{ ~W� Id � Trapy|~��HtVy<vH} hg
vH}L�©v�yzx�vWuP�5~e~Hx S �e��t<�¡vH}©�C�gtM²0y|�LtMDLx|��yo�h~�{1uZ~H}Lth}ey�~H�Ty|�Lt��5~H{#vH��}1~H� hgvW�
v#�z�L°L�ztMy�~H� Z`I

2
�]~Hx `I = O(n log q) = eO(n) �PÄ�th}LtVx�v�y|t r ∈ Z`I+`M

2
�5}L���]~Wx|{1���»vH}L�

�bt�Dw}5t¶y|�5td£¢~etVuL����y|Âd{#vWyzx|��· MGL ∈ Z`M×`i
2

¾[vW�g��~¡²<��}L�³�]vH��y�{��L��y|��uL�����¡vWy|��~�}N �H�POXÀ�²<�5~��zt
i y|�©x|~�² ��� [ri, . . . , r`I+i−1]

�w£;�5t
uL�5°L�����
¤ltV�#��� (g, r) vW}w�©y|�5t��zth�Vx|tMy�¤�tV�©�g� S �
$=QF) ®�¬ I 8¢«,+43 ) ¯ Ä��g��th} `M

�¼°L��y {1th�z�|vW��t M ²<��y|� `M = n/ log n = eΩ(n) vH}w�Íu5�L°L�����¤�tV� (g, r) �C�|vH{1u5�gt (s, e) ²<��y|� s ∈ Zn
q
�5}L���]~Wx|{�vH}L� e �|vW{1uL��t¡�1�Xx|~�{ Ψαq

�bvH}w�#th�HvH���wv�y|t
C1 = hg(s, e) �lmo~�{1uL�by|t C2 = M ⊕(MGL ·s) �W²<�LtMx|t<y|�5t�u5x|~C�b�L�Vy MGL ·s ���2�h~�{1u5�5y|t¡�~��ltMx Z2

�wvW}w� s ���<�b��tV²ot¡�³vW��v���yzx|�g}5�d~��ltVx Z`I
2

�Lp>tVy|�5x|}©y|�Lt��V�gu5�LtVxzy|tM·by (C1, C2)
�

$=RS' ®�¬ I 8¢«T+43 ) ¯ Ä����lth} �V�gu5�LtVxzy|tM·by (C1, C2)
vH}w�©�zth�Vx|tVy�¤ltV� (S, r) �L��}C�ltVxzy C1

y|~d�h~H{1uL�by|t
(s, e) �z�L����y|�LvWy hg(s, e) = C1

�LvH}L�©x|tVy|�bx|} M = C2 ⊕ (MGL · s) �
< + - ¯VUP¯ £;�Lt
�zth{#vW}Cy|���¡vW�������zth�h�bx|t
th}L�Mxz�5uby|��~�}³�z���LtV{1t Id � Enc �

å�æ ��Ñ�ÏW��¤ ë�¡ Ê fMpÇ WYX ¶,Z 
 Ê V,585rV!:AÞ!<;7pV�h(V,Pgf�365
Id ¶ Enc ¹ Pg5�ku769"f ¶ 58Pgx}< T

VWf�=À369: ¶:�<N3A3|s	7on(ÅAV!Å;PgOQPg58M
1/2 + ε

s	7on,º�PR=(<63cVWf¿VWO h(n,76Pg5gk"x�ÉNnW7
Ideal-LWEf

m,q;Ψαq
¹ Pg5�k769"f ¶58Pgx}<

O(23`M n3ε−3 · T )
VWf�=µ369:A:A<63A32s	7on(ÅAV!Å;PgOQPg58M

Ω(2−`M n−1 · ε) »

27onYnêÉ » c�NPEµ@eK�Kh@bÞha5EWádÞW@CG0à¢E»Þ U Gwä5EWáMKMEH\¿K U @c�dÝ Nf@Cáh\PÞ U áME©Y[`PGTÞ¡KVD U GÍ\ZDX_�KMDXGPj5`PDX_MNPEHáKMNT@CK R jbDXäbEHG C1 = hg(s, e) R MGL

R @CGf\ `M
àPDFK#_|KVáMDXGPj

z R Y U á s
_V@CB ãPOXEH\Ñ`PGPDFY U áVB³OXâDFG

Zn
q
R e

_V@CB ãPOXEH\�Y[á U B Ψαq
R @CGT\ MGL

Þ U GT_�KMáV`TÞ¡KVEH\�@b_!DXG�KMNPEîabEHâ´j5EWGPEHáV@CKMD U GãPá U ÞWEH\Z`PáVE R \ZD]_|KVDFGPj5`PD]_�NPE�_)k
NTE�KMNTEWá z D]_)`TGPDgY U áMB OXâdáV@bGT\ U B ð¼DFGT\PEWã¢EWGT\ZEHGLK U Y s @bGT\ e
õ

U á z = MGL ·s
í./�K;NT@b_�áV`PGZß�KMDXB³E

T
@CGf\#@b\Zäe@bG5Kh@Cj5E

ε
í�c�NPE�áVEH_M`POgK�Y U OXO U k�_)àwâ#@CãPãPOXâwDFGTjÝ2EWB Bµ@ * íÂXZí +PR ù<á U ã U _�DFKMD U G * íÂXZíQSµ@bGT\Jù<á U ã U _MDFKMD U G * í XPí '�DFG´êXç�)eë�í.ý U KVE³KMNT@CKAk�E³\ UG U K�GPEWE�\µK U jbDXäbE
KVNPEAäbEHÞ�K U á e

@5\P\ZDFKMD U GT@bOFOXâ�K U s
@5_>DXGPãP`ZK�K U KMNPE4�dÝ¿Y[`TGTÞ¡KVD U G R @b_ eDX_
`TGPD ö `PEHOFâ!\ZE�KVEWáVB³DXGPE�\ U GTÞ�E s

D]_�jbDXäbEHG0ð¼k
DgKVN U äbEWáVk
NPEHOFB DXGPj�ãTá U àT@CàPDXOXDgK|âPõ¡í ut



`�â�`T_�DXGPjµÝ2EHB B @�çY)³@bGT\�c�NPE U áMEHB _dç R ' @CGT\eZ R k�EdjbEWK U `Pá
Bµ@CDXG�áME�_�`POFKHí
[ Ñ�ÏWÑ��8�R�"Ï#!j¦�¡ Ê fMuÇ\W�X ¶,Z 
 Ê VW5·5rV!:AÞ!<;7ÃV;h�VWPgf3A5}<;f	:;76M�s	5·PRnWf¿3;:Ak�<;xµ<

Id ¶ Enc ¹ Pg5gk769"f ¶ 5·Pgxµ< 2o(n) VWf�=|369:A:�<N3A3�s�7on!ÅAV(ÅNPgOQPg5·M 1/2+2−o(n) s	7�nWºYPR=!<N3�V×w;9VWf�589"x¯V,O h�nW76Pg5�k�xÉNnW7
Õ(n2) ¶ Ideal-SVP ¹ Pg5gk f(x) = xn + 1

VWf�=
n = 2k ¸b¹ Pg5�kL769"f ¶ 5·Pgx}< 2o(n) VWf	=nWºW<N7 ¹ k<NOQx�Pgf�hT369:A:A<63A32s	7�n!ÅAV!Å;PgOQPg5·M » ´09"765gk<N76x}nW7�< ¸ 5�k�<×3;:Ak�<;xµ< Id ¶ Enc

<;f	:;76M�s	583�V,f	==!<A:N76M�s�5R3
Ω̃(n)

ÅNPg583 ¹ Pg5gk"Pgf Õ(n)
Å;Pg5KnAs�<;7oVW5·PRnWf3 ¸ VWf�=}Pg583?Þ(<;M.3?kVWºW< Õ(n)

ÅNPg583 »
²#¡g© ����Ï.� æ ��ÏT�"Ð�Ð��8�R�(�"���8Ñ��� 
þ�`Pá#áVEH_M`POgKh_1NT@lä5E»_�EHäbEWáh@CO U KMNPEHá©@CãTãPOFD]ÞW@CKMD U GT_ R @5\P@CãZKVDFGTj¿äl@báMD U `f_daLG U k
GóÞ U GT_�KMáV`TÞ�ßKMD U GT_�Y U á
`PGT_�KMáV`TÞ¡KV`PáME�\�OX@CK�KMD]Þ�E�_�K U D]\ZEH@bOºOX@CK�KVDXÞWEH_ R @b_
_M`PB B @báMD]_MEH\!àfEHO U k1í[][ ÷à©K�A ����!��ÏW�¯�����,Ï#!#Ð����RÑ	�~¡#ù;EWDXabEWáMKÍê *!+ ë�\PEWáVDFä5EH\ @Ì^b^�å * ßz_MEHÞ�`TáMEóEWGfÞ�áVâLãPKMD U G_MÞhNPEHB E�Y[á U B KMNPEdG U GZß�_�KMáV`TÞ�KM`PáVEH\�äl@báMD]@CGLK U Y�KMNPEdKVáV@bã¢\ ULU á>Y[`TGTÞ¡KVD U G!Y¼@bB DFOXâ Id

ß
TrapY[á U B UoDXjb`PáVE¶ç R `f_�DXGPj�KVNPE�Y[áV@bB³EHk U áMa U Y2ê 'Pç R '!ZCëbY U á�àT`PDFO]\ZDXGPj�@4^b^�å * ß�_MEHÞW`PáVE>_MÞhNTEWB EY[á U B�@µÞ U OFOXEHÞ�KMD U G U Y�DXGeæ|EHÞ�KMDXäbEdKVáV@bã¢\ UwU á
Y[`PGTÞ�KMD U GT_�KVNT@eK�DX_�_�E�Þ�`PáVEd`PGT\ZEHá�Þ U áMáVEWO]@eKVEH\ãPá U \Z`fÞ¡K�ð¼D½í Ebí RTU GPE�ß�k�@lâwGPE�_M_�D]_
ãPáVEH_MEWáVäbE�\�DFY>_�EHäbEHáV@bOfY[`TGTÞ¡KVD U GT_¶@báME1EHäl@bOF`f@eKME�\ U G�KMNTE_M@bB³E1DXGPãP`PKhõ¡í¢c�NPE#@CãTãPá U @bÞhN U Y�ê *!+ ë�ÞH@CG�àfE©@bãPãPOXDFE�\!K U Id

ß
Trap R `T_�DXGPj KVNPE#E ö `T@bOFDFK|âàfEWK|k�EHEWG

Ideal-LWEkm
@bGT\�KMNTE#ãPá U \P`TÞ¡K U Y k DXGT_�KV@CGfÞ�EH_ U Y Ideal-LWEm

R B©`POFKMDXãPOXENT@Cáh\PÞ U áME³àPDFKV_#@5_dDFG Id
ß
Enc R @CGT\0DXGT_|Kh@CGLKMD]@eKVDFGTj!KVNPEµáVE ö `PDXáME�\Ñ_�KMá U GPj5OFâ¿`PGPY U áVjbEH@bàPOXE_�DXjbGT@CKM`PáVE1k
DFKMN¿KVNPE

Ideal-SVP
ß�àf@b_MEH\�_MÞhNTEWB E U Y
êXç + ë�í	`�â�ÞhN UwU _MDXGPj k = Õ(n)

ð[KMNPE
àPDgKMß�OXEWGTjCKMN U Y�KMNPEAäbEHáMDFôfÞW@CKMD U G»a5EWâ DXGîêXç + ëÐõ>@CGT\ α = Õ(n−3/2) R k�E U àZKh@CDXG!@}^b^�å * ß_�E�Þ�`PáVE³_VÞhNPEHB³E�KMNf@eK1EWGTÞWáMâwãZKh_

Ω̃(n)
àTDgKh_dk
DgKVNPDFG

Õ(n2)
àPDFK U ã¢EWáh@eKVD U GT_�@bGT\îk
N U _ME_�E�Þ�`PáVDgK|â�áMEHOFDXEH_ U G�KVNPE1E�ìZã U GPEHG5KVDX@bO ö `T@CGLKM`TB NT@Cáh\ZGPE�_M_ U Y Õ(n4)

ß
Ideal-SVP

íå ÏW�"Ð&��Ñ0Ñ�Ï\ ��8ù����"����ÏW�� !¡×�AEHG5KVáMâû<N5àVWO » ê èeë³jbDXäbEÍ@�Þ U GT_|KVáM`fÞ¡KMD U G U Y @´KVáV@bã¢\ UwU á_�DXjbGT@CKM`PáVEóð[DXG KVNPE¿áh@CGT\ U B U áh@bÞWOFE�B U \PEWOÐõ�Y[á U B�@CGwâÍY¼@bB³DXOXâ U YdÞ U OXOXDX_MD U GZß�áME�_�D]_|Kh@CGLKãPáMEHDFBµ@bjbEÑ_V@CB ãPOXEH@bàPOFEJY[`PGTÞ¡KVD U GT_óð[ù�I�UT_hõ¡í�c�NPEHâ7_MN U k÷N U k÷K U _V@CB ãPOXEÑãPáVEWDXBµ@CjbE�_
U Y fG(x) = xT G R k
NPEWáVE G ∈ Zm×n

q
R `T_MDFGTjJ@�Y[`POXOgßz\ZDXB³EHGT_MD U GT@CO>_ME�K U Y
_�N U á�K#ä5EHÞ�ßK U áh_#DXG G⊥ ív`�âó@CãPãTOFâwDXGPjJKVNPDX_©K U G = rotf (g)

@CGT\ñ`T_�DXGPj¿KVNPE!KMáh@Cã.\ UwU á©j5EWGPEHáV@CßKMD U G�@COXj U áVDFKMNPB Y[á U B IwE�Þ¡KVD U Ge' R k�E U àZKh@CDXG�@�ù�I"Uñk
N U _MEdÞ U OXOXDX_MD U G�áVEH_MDX_�KV@bGTÞ�EAáVEWOXDFE�_
U G Ideal-SIS R @CGT\©NPEWGTÞWE Ideal-SVP R @CGT\#KMNw`T_;@A_|KVáM`TÞ�KM`PáVEH\©äe@CáVDX@bG5K U YPKVNPE�KMáh@Cã.\ UwU á_�DXjbGT@CKM`PáVEd_MÞhNPEHB E U Y�ê èeë R k
DFKMN Õ(n)

ä5EWáVDgôfÞH@eKVD U G»KMDXB E#@CGT\�_MDFj5GT@eKV`PáVE�OXEWGPjbKMN2íÁNÓ=��Ò�� ������8���������RÔ��(�"���8Ñ��~¡KUPá U B O]@eK�KVDXÞWE�ß�àT@b_MEH\ _�DXjbGf@eKM`TáME�_ R k�E�\PEWáVDFä5ET/|?¶ß�àf@b_MEH\DX\ZEHGLKMDFôfÞW@CKMD U Góð�/ê`2/�õ�@CGT\T/|?¶ß�àT@5_�E�\!_MDXjbGT@CKM`PáVE³ðR/ê`
IPõ¡íTå¶ãPãPOXâwDFGPj KVNPE#_�KV@CGf\P@Cáh\�_�KMáh@eKMßEWjbâ R k�E�Þ U GT_�KMáV`TÞ�K�O]@eK�KVDXÞWE�ß�àT@b_MEH\u/ê`~/�_MÞhNPEHB EH_¶@5_�Y U OFO U k�_�_¢c�NPE³Bµ@b_�KMEHá¶jbEHGPEWáh@eKVEH_�@abEWâµãf@CDXá U Y�@�OX@CK�KMD]Þ�EWß�àf@b_MEH\�_MDXjbGT@CKM`PáVE�_VÞhNPEWB E R _V@lâ (G, S) � û>@5ÞhN!`T_MEWá U àZKV@bDFGT_>Y[á U BKMNPE�Bµ@b_�KMEHá;@d_MN U áMK;äbEHÞ�K U á e
_M`TÞhN#KVNT@eK

eT G = H(id) R k
NPEHáME H
D]_�@AáV@bGT\ U B U áh@bÞ�OXE �c�NPE�ãTá U ä5EWá¶ãTá U ä5EH_
K U KVNPE³äbEWáVDFôTEWá¶KMNT@CKdNTE.-e_MNPE�NT@b_A@!_MN U á�KAäbEHÞ�K U á e

KVNPá U `Pj5NJKMNTEJ¿DXÞHÞ�D]@CGTÞWD U ß�ø<@5\ZNT@bG±ãPá U K U Þ U OAê * ZCë�í;c�NTDX_ Þ U B©àPDXGT@CKMD U GñâwDXEWO]\P_ Þ U GTÞ�`PáVáVEWGLKMOXâÍ_�E�Þ�`PáVE/ê`~/#_VÞhNPEHB³E�_#àT@5_�E�\ U G Õ(n2)
ß
SVP

@bGT\
Õ(n2)

ß
Ideal-SVP

DFG±KMNPE�áV@bGT\ U B U áV@5Þ�OXEB U \ZEHO½í;å¶_#KMNPEeJ¿ø ãPá U K U Þ U O>DX_©k
DgKVGPEH_V_©DXGT\ZD]_�KMDXGPjb`PD]_MNT@CàPOXE R k�E!ÞW@CGó`T_ME»KVNPEØUoD]@eK�ßIwNT@CB DXá
NPEW`TáMD]_|KVDXÞ³ê + ë�@bGT\�\ZEWáVDFä5EdOX@CK�KMD]Þ�EWß�àf@b_MEH\À/ê`
I�_VÞhNPEWB EH_HíÁNÓ=��Ò�� ����������!Ï^!#Ð����8Ñ���§ãÁ`_��|³W¡�/�K�D]_
_�N U k
G�DXGîê èeëºKVNT@eK�KMNTEA`TGT_|KVáM`fÞ¡KM`TáME�\�äe@CáVD]@CGLK
U Y>KVNPEµ@Cà U äbE©KMáh@Cã.\ UwU ád_�DXjbGT@CKM`PáVE ÞW@CGîàfE `T_MEH\î@b_�KMNTE³D]\ZEHG5KVDgK|âÑabEWâ¿EWìwKMáh@bÞ¡KVD U GJY U á@CGØ/ê`�û7_MÞhNTEWB EbíZc�NPD]_�áME ö `PDFáVEH_�@Øý \Z`f@CO�òZäbEWáh_MD U G U Y Id ß Enc R DFG�k
NPD]ÞhN�KVNPEdãP`PàPOXD]Þ�a5EWâ



DX_ U Y¶KMNPE�Y U áVB (g, u) R k
NPEHáME u = H(id)
DX_�KMNTE!NT@5_�NTEH\±D]\ZEHG5KVDgK|â R @CGT\±KMNPE¿_MEHÞ�áVE�KabEWâ!DX_�KMNPE³_�DXjbGf@eKM`TáME U Y id R D½í Ebí R @µ_�N U á�K�ãPáMEHDFBµ@bjbE U Y u

`TGT\ZEWá
fg(x) = xT rotf (g)

í]îEµÞ U GT_�KMáV`TÞ¡KAKMNPEeý�\Z`T@bO½òºEHGTÞ�áVâwãZKMD U G0@b_ (C1, C2)
k
NPEHáME

C1 = hg(s, e)
@bGT\

C2 =
T`(rotf (u)·s)+M R k
NTEWáVE M ∈ Z`

q

Þ U GLKV@bDFGf_¢KMNPE<B E�_M_V@Cj5E;@bGT\ T`(rotf (u)·s)
\ZEHG U KVEH_KMNPE³ôTáh_|K

`
Þ UwU áh\ZDFGf@eKME�_ U Y rotf (u) · s mod q

í0`�âJ@b\T@CãZKVDFGPj!KMNTE³áVEH_M`POFKV_ U Y¶êFçY'eë R k�E_�N U k KMNf@eK T`(rotf (u) ·s)
DX_�@CG E�ìZã U GPEHGLKMD]@COXOFâLßz_�E�Þ�`PáVE�jbEWGTEWáVDXÞ�NT@báV\PÞ U áVE�Y[`PGTÞ¡KVD U GµY U á`PGPDFY U áVB u ∈ Zn

q
R k
NPEWG ` = o(n)

í¢c�NPD]_¶@bOFO U k�_
`T_�K U ãTá U ä5E�KVNPE×/|ý�?�ßã^�ùºå _MEHÞW`PáMDFK|â
U YoKMNPE1áVEH_M`POFKMDXGPjp/ê`�û�_VÞhNPEWB EdàT@b_MEH\ U G�KVNPE1NT@Cáh\ZGPE�_M_ U Y Ideal-SVP

í
÷��^�0��Ñ þ �R����ù	��¤¥������ (¡]0EAKMNT@bGPaT^�NPáVDX_�ù;EWDXabEHá�K
@CGT\�þA\ZEH\ S EWj5EWä Y U á�NTEWOXãZY[`PO2\ZD]_|ßÞ�`T_V_�D U Gf_Wíwc�NPE�ôfáV_�K�@b`ZKMN U á>k�@b_�ãT@bá�KVOFâµ_M`PãPã U áMKMEH\»àLâ KVNPEdÝ)@ S EH\På å¶ý S jbáh@CGLK R KMNTE_�E�Þ U Gf\A@b`ZKMN U á2àwâ�@bJÑ@bÞ ö `T@báMDXE 1 GPDXäbEHáV_MDFK|â S E�_�E�@CáhÞhN�UTEWOXO U k�_MNPDXã ð8Jba S U�õº@bGT\1å S ^?¶D]_MÞ U äbEHáMâØ�Aáh@CGLK�?¶ù~)bè + S!S,',Z R @CGf\»KVNPEdY U `PáMKMN¿@b`ZKMN U á�àLâ ^ å ^ û>ý�ða/AçHèCßrX(X * )Tçbí
�Ü��c��)×��)Õ¶Û����
���¶�!�f�2Ï�y�vH�Ð�1Ä�th}LtVx�v�y|��}L�³�LvWx����g}5��y�vH}5�hth�
~H�;�Fv�yzy|���htdu5x|~H°L��th{1�d¾ÐtM·by|tV}w�5th�!vW°L��yzx�vH�MyMÀM�d¥�}dfehg,i Å|ÅhjVkml�nVo gqpsrutwvsxzy^{#{�| �5uwvW��th�� �  $ �h��Ëb�Z��m��!�T�¡ H ��C��C�¶�!�5�2Ï�y�vH�Ð��Ä�th}5tVx�vWy|��}5�d�wv�x�����}L��y�vW}L�hth��~W�.y|�Lt��z�L~Wxzy�°LvH�z����u5x|~H°L��th{ �º¥½} dfehg,i Å|ÅhjVkml�nVo gqp

}Px;~M�ud�y^{#{#{ �5�l~H�g�5{1tA�¡�P�^�1~W� �u��x�r �5uwvW��th��� $  b�PqCu5x|��}L�HtVx¡�T�¡ � H b�� �¶�!�w�)Ï½y�vH�.vW}w�µm��Ls�²;~Wx|¤Z�;�´u5�L°5�g���V�¼¤ltM���Mxz�5uby|~����b��y|th{ ²<��y|� ²;~Wx|��yz�¼�¡vH�zt�rWv¡�ltVx�vH�HtV�¼�¡vH�zt
th�C�5����vW�gtV}L�ht��2¥½} dfehg,i Å|ÅhjVkmlAnVo g2p�r;twvsxzyV{#{A� �5uwvW��th���HËP� $ �W  � �P�>m��!�¢�¡ H #�e��5�¶�!�5�2Ï�y�vH�Ð�5p¶�J�
�5{#vWx¡�bvH}L��sA�5qC����vW¤b�5{#vWx¡�.� �z��th�lt
vW����~Hx|��y|�5{ �]~Hx<y|�5t��z�L~Wxzy|th��y>�gvWyzy|���ht
��th�Vy|~Hx<ubx|~�°5�gtV{ �2¥�} dfehg,i Å|ÅhjVkml�nVo gqp�r;twvsx�J�#�#y �5uwvW��th�����C� $ �b�¡�C�P�>m��!�P�W���b�H�� ��¦b�.�>��²oth}�vW}w��m��.¹.th��¤ltMxzy¡�©Ä�th}LtMx�vWy|��}L� �z�5~Hxzy|tVx�°LvH�zth�
�X~Hx¶�wv�x���x�vH}L�5~H{ �gvWyzy|���hth�h�©¥�}dfehg,i Å|ÅhjVkml�nVo gqpsrutJ~Yx�r=�J�#�V{ �ZÌTn
m�qP�LqCu5x|��}L�HtVx¡�Z�W���H b��b��Ì2��Ò;vW°wvW�[��Ã�}ÍÌf~��J�H�zÂ�Êo�gvWyzy|���ht»x|t¡�5�5�Vy|��~�}ÍvW}w�îy|�5tµ}Lt¡v�x|th��y³�gv�yzy|�g�Vt!uZ~H�g}ey©u5x|~H°L��th{ �x�gP��� kmlwÇHÆ gVe k i ÇH�Z�CÁg� $ � � �.�h �Ë��C�

�C�
¥�� L �ºÒo�gvH¤�t��ºqZ�ºÄ�vW~5�.vH}w�!p¶�¢m��2�³�5���g��}T�³Îº·buL�����h��y��ÐvH�My|~Hx|��Â¡vWy|��~H}Ñ~W� x2
k

+ 1 ~��ltVx Fp²<��y|� ubx|��{1t p ≡ 3 mod 4 � ~w�^� É ~ È neÉ.k4l]�wl�neÉ�� x�gV��� É2ÇPlEj x�gV�F� ���5Á ËH  $  P�5�.�h � ��C�Ëb����� L �Fv�y;vW}w���¶��qb�LvH{1��x¡�"��~¡²Ñy|~�u5x|~��lto�e~H�5x|�zth��� $ u5x�vH�My|�g�hvH�L�z~H���5y|��~�}5�)y|~��g�bth}ey|��DL�¡vWy|��~H}vW}w�
�z����}LvWy|�5x|tou5x|~�°5��th{1�h�e¥�} dfehg,i Å|Å�jPkmlAnVo g2p�x�e\�\� Æ gYy^{^�A| �H�l~H�g�5{1t��H� � ~H� �;��x�r ��uwvW��th�
�hË�� $ �¡ P�5�TqCu5x|��}L�HtVx¡�T�¡ �ËH�b� b�¶m��ºÄ�th}eyzxz�e�¢m��2¹.th��¤ltVxzy¡�¢vH}L� ¸ � ¸ vW�g¤C�5}Cy�vW}wv�y|�wvH}T��£fx�vHuP�b~e~Hx|���]~Hx��wv�x����gvWyzy|���hth��vH}L�
}5tV² �Vxz�bu5y|~H�Hx�vHu5�L���1�h~H}L��yzx|�L�My|�g~H}L�h��¥�} dweqg,i Å|ÅhjVkml�nVo gqp�rutwvsx��J�#�V� �.uwvW��th�#�¡ ^� $ �H���C��>m��!�w�H�H��Ëb��h�b�¶Ã��eÄ�~��g�bx|tV�g���f�;� gP� lKjlÇHÆCk g l"o g2pYx�e\� � Æ g n e Ç ���A� �5�l~����L{1t�¥z¥ $ Ò;vW�z���
��u5uL�����¡vWy|��~�}5�h�¢m;vH{d�°bx|�g�5��t���}L���ltMx|�z��y½��¹2x|th�z�h�Z�H�H�b����H���¶Ã��CÄ�~��g�bx|th�����f�5qZ�bÄ�~��g�b²;vH�z�ztVx¡�5vW}w�©qP����vH��th�C�Ð�.¹2�L°5���g�M�½¤�tV�d�Vxz�buby|~����b��y|th{1�2�Xx|~�{ �gvWyzy|���ht
x|th�5�L�My|�g~H}µu5x|~H°L��th{1�h�<¥�} dweqg,i Å|ÅhjVkml�nVo gqp�x�e\� � Æ g=yV{#{A� �Z��~����L{1td�¡�H V�©~H� �;��x�r �ZuwvW��th�
�H��� $ � � ���TqCu5x|��}L�HtVx¡�T�¡ � ^�C��¡�C��¦b�w��~P�P��y|th��}f�;¦5��¹2��uL�LtMx¡�;vW}w�ó¦5�w���;qb�����ltVx|{#vH}T�ñn�£;p���Á�v�x|�g}5�¿°wvW�zt¡�óuL�5°L�����µ¤ltV�
�Mxz�5uby|~����b��y|th{ �f¥�} dweqg,i Å|ÅhjVkml�nVo gqp ~¡��tur]}h}h} �e��~����L{1t¶�T�e� � ~H� �u��x�r �buwvW��th���H�^� $ �HË�ËC�qCu5x|��}L�HtVx¡�P�¡ H �Ëb�� � ��£�����~H��th}L��y|th��}T�w���L� vW�5x|tVx¡�wvH}w�³¦5�Zq¡Ïq¢��5��}f�;mo~�{1u5�gtMy|t��h�gvH�z�z�£Dw�hvWy|��~�}»~H�2°5���g��}5t¡vWx��wv�x��b�
�V~Hx|t<�]�L}5�Vy|��~�}5�h�P¥�} dfehg,i Å|Å�jPkmlAnVo gqpYx�e\� � Æ g��J�#��¤ �l�l~����L{1t � � � ��~W� �;��x�r �luwvW��th��� � $  b�H�qCu5x|��}L�HtVx¡�L�H�H�V�5����5�����T��vh²�vW�M�5�Ð�,�d�¡£.vW}wvW¤�vC��vH}L�F�d�,¥�vW�lvh²�vC�Cmo~H}L�h�bxzx|th}ey|�����zth�h�bx|t��g�bth}ey|��DL�¡vWy|��~H}
�z�M�5th{1th�
°LvH�zt¡�ñ~�}ñy|�Lt�²o~Hx|��yz�¼�¡vH�ztJ�LvWx��5}5th�z�µ~H�d�Fv�yzy|���ht¿u5x|~H°L��th{1�h� ¥½} dfehg,i Å|ÅhjVkmlAnVo gqp¦~ o�kC§
Ç i�e �\� Æ �J�^�V� �w��~����L{1t �V�#� �d~H� �;��x�r �LuLvH��tV� � ��� $ � ËH b�fqCu5x|��}L�HtVx¡�L�H���HËb�



� � � ¸ �HÌT�b�L°LvH�z�LtV�b�z¤e�e�bÌfvWyzy|���htV�¼°wvW�zt¡�A�g�5tV}Cy|�£DL�¡vWy|��~�}��z�M�5th{1th�º�zth�V�5x|t��L}L�5tVx)vW�Vy|���lt�v�yzy�vH��¤b�h�
¥½} dfehg,i Å|ÅhjVkmlAnVo gqp¨d�©�x&�J�#�V� �l�l~H�g�5{1tf��  �  
~W� �u��x�r �HuwvW��th�<�¡��� $ �,�H C�bqbubx|�g}5��tVx¡�l�H�H��ËC��h�b� ¸ ��ÌP�5�5°wvW�z�Lth�C�z¤e�e� tEgVª Ç e jVo dwe Ç i ÆCk i Ç�È � ÇWÆÐÆCk i Å�§C«�ÇPohÅhj x�e\� � Æ g n e Ç ����� � ¹2�Ls y|�LtV�z�g�h�
��}L���ltVx|�z��y½�#~H��m;vH�����]~Wx|}L�gvb�Pq5vH}³s���th��~b�Z�W����ËC��,�C� ¸ �bÌT�b�L°LvH�z�5th�C�z¤C�1vH}w�#sA�L�³���h�h�gvH}5�h��~5�oÄ�th}5tVx�vH����Âht¡�©�h~�{1uLvH�Vy�¤C}LvHuL�|vW�M¤C�<v�x|t��h~��������z��~�}
x|tV�z�g��y�vW}ey¡��¥½} dweqg,i Å�ÅhjVk4lAnVo gqps}Px;~M�ud��J�^�#| ¬ �P�l~����5{1t��l� � �#~W� �u��x�r �ZuLvH��tV���T�V� $ � �^� �qCu5x|��}L�HtVx¡�L�H�H���b��hËb� ¸ �bÌT�b�L°LvH�z�5th�C�z¤C�1vH}w�©sA�L�³���h�h�gvH}5�h��~5�������b{1u5y|~Wy|���¡vH�����#t�1�h��th}ey<�gvWyzy|���htM�½°LvH�zt¡�³�5������y�vH�
�z���H}wvWy|�bx|th�h� ¥�} dfehg,i Å|Å�jPkmlAnVo gqp®twx�x¯�J�#�P� �<�l~����5{1t°�l V��Ëî~W� �;��x�r ��uwvW��th� � � $ � �b�qCu5x|��}L�HtVx¡�L�H�H��Ëb��h b� ¸ �HÌT�b�L°LvH�z�LtV�b�z¤e��vW}w�¶sA�e�³���h�V�FvW}L�h��~b�TÃ�}A°Z~H�L}w�bt¡�¶�5����y�vH}5�ht<�5th�V~C�5��}L�b���5}L�g�e�Lto�z�5~Hxzyz�
tV��y��lth�Vy|~Wx|�h�.vW}w��y|�5tA{1��}L��{��L{'�5����y�vH}5�ht1u5x|~H°L��th{ �d¥½} dfehg,i Å|ÅhjVkmlAnVo g2p]x�e �\� Æ g°�J�#�^{ �
��~����L{1t � �#�V�A~H� �;��x�r �LuLvH��tV�¡� � � $ �l�C���fqCu5x|��}L�HtVx¡�Z�W���H b��W�b�
s��f�³�g�V�h�gvH}L�V�g~b��Ä�th}LtMx�vH����Âht¡���h~H{1uwvW�Vy
¤C}wvWuL�|vH��¤C�h�T�V�b�h���g�A�Fv�yzy|���hth�h�ºvW}w�»t�1�h��th}ey�~H}LtV�
²;vh�©�X�L}5�Vy|��~�}L�h� x�gV� �K� Æ¼ÇHÆCk g lwÇ�È x�gP�F� ÈgÅh±Vk]Æ � �¢�h�5¾C�lÀMÁ � � � $ �5�H���¢�H�H�#�e��e���
s��Z�³���h�h�gvW}L�h��~©vH}L�µqP�wÄ�~��g�b²;vH�z�ztVx¡� x�gV�F� ÈgÅh±VkXÆ �]g2p È�ÇWÆÐÆCk i Å �Kehg^� ÈgÅ � oV²�Ç i�e\� � Æ g n e Ç ��� k i� Å e o � Å i ÆCkm³HÅM�w�
���e²;tVx>���¡vH�5th{1���
¹ºx|th�z�h�Z�H�����C��H�C�
s��>�³���h�h�gvH}5�h��~óvH}L�ñÃ��<p�th�Hth�Z� ��~Hx|��yz�¼�¡vH�zt�y|~Ñv���tVx�vH�HtV�¼�¡vH�zt�x|th�5�L�My|�g~H}L��°wvH�zth�ñ~H}
��vH�5�z�z�FvW}µ{1t¡vH�z�bx|th�h� rJ}h~¡´¶µ É x�gV�F�K� Æ½Ég� � �C¾���ÀMÁ �H�^� $ � �l�e�¢�H���^�C�� � �
s��Z�³���h�h�gvW}L�h��~�vH}w�»Ã��5p>th��th�Z� d�g o|Æ·§�¸ � ÇVlLÆ �A�¶x�e\�\� Æ g n e Ç �J�A� �T���wvWu5y|tVx�Ì¢v�yzy|�g�VtV�¼°wvH�zth�
m�xz�buby|~��Hx�vWuL�e�e�)qCu5x|��}L�HtVx¡�Z�W���HËb��`�5�
s��>�³���h�h�gvH}5�h��~ÍvH}L�´qZ� ¸ vH�5�LvH}f� qCy�vWy|����y|���¡vW�¶ÂVtVx|~H�¼¤C}L~¡²<��t¡�5�Ht�u5x|~e~W�]� ²<��y|�ñt�1�h��th}ey
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