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1 Minima and Gram-Schmidt orthogonalisation

Let ~b1, . . . ,~bd be a basis of a lattice L. Let ~b∗1, . . . ,
~b∗d be the Gram-Schmidt

orthogonalisation of the ~bi’s and λ1, . . . , λd be the successive minima of L.

1. Show that it is not true in general that λd ≥ maxi ‖~b∗i ‖.

2. Show that for any j ≤ d, we have λj ≥ mini≥j ‖~b∗i ‖.

2 Recovering a basis

Let L be a d-dimensional lattice and ~b1, . . . ,~bd be linearly independent vectors
of L. Show that there exists a basis ~c1, . . . ,~cd of L such that

max
i

‖~ci‖ ≤
√

d · max
i

‖~bi‖.

We suggest the following steps.

1. Show that there exists a basis ~B1, . . . , ~Bd of L such that for any i, we
have Spanj≤i(

~bj) = Spanj≤i( ~Bj).

2. Let ~b∗1, . . . ,
~b∗d (resp. ~B∗

1 , . . . , ~B∗
d) be the Gram-Schmidt orthogonalisation

of the ~bi’s (resp. the ~Bi’s). Show that for any i, we have ‖ ~B∗
i ‖ ≤ ‖~b∗i ‖.

3. Derive the ~ci’s from the ~Bi’s.
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3 Thue’s theorem

Let p and m be two non-zero integers. Using a two-dimensional lattice, show
that there exists a non-zero pair of integers x1, x2 such that

x2 = mx1 mod p and |x1|, |x2| ≤
√

p.

4 HKZ-reduction

Let d grow to infinity. Show that for any Hermite-Korkine-Zolotarev-reduced

basis ~b1, . . . ,~bd, we have ‖~b∗d‖ ≥ exp
(

− 1+o(1)
4 ln2 d

)

‖~b1‖, where ~b∗1, . . . ,
~b∗d is the

Gram-Schmidt orthogonalisation of the ~bi’s. Hint: use Minkowski’s theorem.
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