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Fig. 1. A (crossed) arrow from C to C′ represents the (non) existence of an encoding from C
into C′ preserving and reflecting failures equivalence. Convergence is/isn’t decidable for each
C in/outside the inner rectangle. Divergence is/isn’t decidable for each C in/outside the outer
rectangle.

2 The Calculi

CCS processes can perform actions or synchronize on them. These actions can be either
offering port names for communication, or the so-called silent action τ. We presuppose
a countable set N of port names, ranged over by a, b, x, y . . . and their primed versions.
We then introduce a set of co-names N = {a | a ∈ N} disjoint from N . The set
of labels, ranged over by l and l′, is L = N ∪ N . The set of actions Act , ranged
over by α and β, extends L with a new symbol τ. Actions a and a are thought of as
complementary, so we decree that a = a. We also decree that τ = τ .

The CCS! processes [7] are defined as in CCS except that recursive expressions are
replaced by replication expression of the form !P .

Definition 1. Processes in CCS! are built from names by the following syntax:

P, Q . . . := 0 | α.P | P + Q | P | Q | (νa)P | !P (1)

Convention 1. We use Σi∈IPi where I = {i1 . . . in}, to denote Pi1 + . . . + Pin ., the
order of the summands being insignificant. We use Πi∈IPi, where I = {i1 . . . in}, to
denote Pi1 | . . . | Pin . Both Σi∈IPi and Πi∈IPi are assumed to be 0 if I = ∅. The
names a and ā in P are said to be bound in (νa)P . The bound names of P , bn(P ),
are those with a bound occurrence in P , and the free names of P , fn(P ), are those
with an not bound occurrence in P . The set of names of P , n(P ), is then given by
fn(P ) ∪ bn(P ). We use (νa1 . . . an)P as an abbreviation of (νa1)(νa2) . . . (νan)P.

Process expressions are endowed with meaning by using the labeled transitions of the
form P

α−→ Q which intuitively says that P may perform α and evolve into Q. Sim-
ilarly, P

s=⇒ Q, where s ∈ L∗, means that P can evolve into Q after zero or more
transitions labeled with the elements of s without considering τ moves. Formally,

Definition 2. The labeled transition relation ·−→ is given by the rules in Table 1. Define
s=⇒, with s = α1. . . . αn ∈ L∗, as ( τ−→)∗ α1−→ ( τ−→)∗ . . . ( τ−→)∗ αn−→ ( τ−→)∗. For the

empty sequence s = ε, s=⇒ is defined as ( τ−→)∗.



General principle 
u Consider: 

n  two process calculi A and B 
n  a property c for A, and a property d for B 

u  If c is undecidable while d is decidable 
n  there exists no computable encoding  

from A into B that maps c into d 

u When:  
n  A and B are variants of the same process calculus  
n  and c=d  

 an expressiveness gap is proved between them 
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Example 

u The case of CCS! and CCSrec           [BGZ04] 

u In CCSrec termination (of all 
computations) is undecidable  
while it is decidable for CCS!    
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Table 1. The transition system for finite core CCS (symmetric rules of omitted).

PRE : α.P
α−→ P PAR :

P
α−→ P ′

P |Q α−→ P ′|Q
SUM :

P
α−→ P ′

P + Q
α−→ P ′

RES :
P

α−→ P ′

(νx)P α−→ (νx)P ′
x #∈ n(α) COM :

P
α−→ P ′ Q

α−→ Q′

P |Q τ−→ P ′|Q′

similar to the one described above for the calculus with recursion. Interestingly,
we have that even if weak bisimulation is undecidable under replication, barb
turns out to be decidable. This is proved by resorting to the theory of well
structured transition systems [FS01].

For the calculus with process iteration we have that all the properties are
decidable. This is a consequence of the fact that the processes of this calculus are
finite state. Intuitively, this follows from the fact that each iteration activates
one copy at a time (thus only a predefined number of processes can be active at
the same time) and all the copies share the same finite set of possible states.

2 The Calculi

We start considering the finite fragment of the core of CCS (that we sometimes
call simply CCS for brevity). After we present the three infinite extensions.

Definition 1. (finite core CCS) Let Name, ranged over by x, y, . . ., be a
denumerable set of channel names. The class of finite core CCS processes is
described by the following grammar:

P ::= 0 | α.P | P + P | P |P | (νx)P α ::= τ | x | x

The term 0 denotes the empty process while the term α.P has the ability to
perform the action α (which is either the unobservable τ action or a synchro-
nization on a channel x) and then behaves like P . Two forms of synchronization
are available, the output x or the input x. The sum construct + is used to make
choice among the summands while parallel composition | is used to run parallel
programs. Restriction (νx)P makes the name x local in P . We denote the pro-
cess α.0 simply with α, and the process (νx1)(νx2) . . . (νxn)P with (νx̃)P where
x̃ is the sequence of names x1, x2, . . . , xn.

For input and output actions, we write α for the complementary of α; that
is, if α = x then α = x, if α = x then α = x. We write fn(P ), bn(P ) for the free
names and the bound names of P . The names of P , written n(P ), is the union
of the free and bound names of P . The names in a label α, written n(α) is the
set of names in α, i.e. the empty set if α = τ or the singleton {x} if α is either
x or x. Table 1 contains the set of the transition rules for finite CCS.
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Some intuitions about the 
decidability proof 

u Processes of CCS! can be seen as trees: 
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Some intuitions about the 
decidability proof 

u Processes of CCS! can be seen as trees: 
n  intermediary nodes are labeled with T  

or a restriction 
n  leaves are labeled with sequential 

processes (top operator is neither  
parallel nor restriction) 

n  a sequential process is son of  
its enclosing restriction (or T)  
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Well Quasi Ordering 

u The set of trees  
n  on a finite set of labels 
n  with bounded depth  
has nice properties: it is a wqo for the 
rooted tree embedding ordering [Higman52] 

u Well Quasi Ordering (wqo):  
n  a reflexive and transitive relation (S,≤) is a 

wqo if given an infinite sequence x1,x2,… of 
elements in S, there exist i<j s.t. xi≤xj 
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Well-Structured Transition 
Systems 

u (S,à,≤) is a WSTS if 
n  (S,à) is a finitely branching  

transition system 
n  (S,≤) is a wqo 
n  Compatibility: 

 for every s1às2 and s1≤t1 
 there exists t1à..àt2 s.t. s2≤t2 
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Infinite computations in WSTS 

u  s0 has an infinite computation iff 
there exist si≤sj  s.t. s0às1à…àsià…àsj 
n  only if : follows from wqo 
n  if : follows from compatibility  

u WSTS are finitely branching:  
n  so the existence of such si and sj can be 

detected via a breadth-first search 
u Conclusion: termination is decidable in WSTS 

(def: terminates iff no infinite computation) 
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Another example: HOf     [DPZ09] 

u Variant of HOCORE, an asynchronous 
higher-order calculus (no restriction) 
n  A process can be passed as it was received 

(without modifications) 
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or not. The latter consists of the communication of source code that is made difficult to
understand for, e.g., security/copyright reasons, while preserving its functionality.

The main contribution of the paper is the study of the expressiveness of HO−f in
terms of decidability of termination and convergence. Our main results are:

1. Similarly as HOCORE, HO−f is Turing complete (Section 3). The calculus thus
retains a significant expressive power despite of the limited forwarding capability.
This result is obtained by exhibiting an encoding of Minsky machines.

2. In sharp contrast with HOCORE, termination in HO−f is decidable (Section 4). This
result is obtained by appealing to the theory of well-structured transition systems
[8], following the approach used in [9].

As for (1), it is worth commenting that the encoding is not faithful in the sense that,
unlike the encoding of Minsky machines in HOCORE, it may introduce computations
which do not correspond to the expected behavior of the modeled machine. Such com-
putations are forced to be infinite and thus regarded as non-halting computations which
are therefore ignored. Only the finite computations correspond to those of the encoded
Minsky machine. This way, we prove that a Minsky machine terminates if and only if
its encoding in HO−f converges. Consequently, convergence in HO−f is undecidable.

As for (2), the use of the theory of well-structured transition systems is certainly not
a new approach to obtain expressiveness results. However, to the best of our knowledge,
this is the first time it is applied in the higher-order setting. This is significant because
the adaptation to the HO−f case is far from trivial. Indeed, as we shall discuss, this ap-
proach relies on approximating an upper bound on the depth of the (set of) derivatives
of a process. By depth of a process we mean its maximal nesting of input/output actions.
Notice that, even with the limitation on forwarding enforced by HO−f , because of the
“term copying” feature of higher-order calculi, variable instantiation might lead to a po-
tentially larger process. Hence, finding suitable ways of bounding the set of derivatives
of a process is rather challenging and needs care.

We comment further on the consequences of our results in Section 5. In this presen-
tation we omit most proofs; these can be found in the extended version [10].

2 The Calculus

We now introduce the syntax and semantics of HO−f . We use a, b, c to range over
names, and x, y, z to range over variables; the sets of names and variables are disjoint.

P, Q ::= a〈x1 ‖ · · · ‖ xk ‖ P 〉 (with k ≥ 0, fv(P ) = ∅) output
| a(x).P input prefix
| P ‖ Q parallel composition
| x process variable
| 0 nil

An input a(x). P binds the free occurrences of x in P . We write fv(P ) and bv(P )
for the set of free and bound variables in P , respectively. A process is closed if it does
not have free variables. We abbreviate a(x). P , with x !∈ fv(P ), as a. P , a〈0〉 as a, and
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u As processes 
can only be 
forwarded, 
tree depth 
cannot grow 
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What about HOCORE? 

u In HOCORE processes of unbunded  
length can be reached 

 
n  Hence, it is not always guaranteed that the 

corresponding trees have bounded depth 
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Trees with unbounded depth 

u Treee embedding is a wqo for trees  
with unbounded depth    [Kruskal60] 

u  Problem: this ordering breaks compatibility! 
n  one process could be embedded in a ‘different’ one  
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Another example: 
CCSΔ and CCStc             [BZ09] 

u CCS without restriction extended with 
operators for process interruption: 
n  From CSP: Δ  

 
 
n  From usual programming lang.: try-catch  
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Expressiveness gap 
u In CCStc termination is undecidable 
u It is decidable in CCSΔ because tree 

embedding preserves compatibility: 
    (P2|(P4ΔQ2))ΔQ1 ≤ 
    P1 | (P2|P3|(P6|(P4ΔQ2) ΔQ3)|(P5ΔQ3))ΔQ1 
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P1 

P2,P3,ΔQ1 

P6,ΔQ3  P5,ΔQ3 
 

ε 

P2,ΔQ1 

P4,ΔQ2  

P4,ΔQ2  



Conclusion 
u WSTS revealed as an interesting meta-model 

for capturing interesting (topological) 
properties of process calculi 
n  e.g. in more recent works on wireless process 

calculi we considered orderings on graphs 
(induced subgraph ordering   [Ding92] ) 

u  In many cases, WSTS allowed us to prove 
decidability of termination in calculi where an 
existential version of termination (at least one 
computation terminates) is undecidable 
n  this holds for both CCS!, Hof, and CCSΔ 
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Example: nondeterministic 
RAM encoding in HOf 
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160 C. Di Giusto, J.A. Pérez, and G. Zavattaro

Table 2. Encoding of Minsky machines

REGISTER rj [[rj = m]]M =
Qm

1 uj

INSTRUCTIONS (i : Ii)
[[(i : INC(rj))]]M = !pi. (uj ‖ setj(x). setj〈x ‖ INCj〉 ‖ pi+1)
[[(i : DECJ(rj , s))]]M = !pi. mi

‖ !mi. (loop ‖ uj . loop. setj(x). setj〈x ‖ DECj〉 ‖ pi+1)
‖ !mi. setj(x). (x ‖ setj〈0〉 ‖ ps))

where
INCj = loop ‖ checkj . loop DECj = checkj

where Qc = c(x). (x ‖ c〈x〉), P contains no replications (nested replications are
forbidden), and [[·]]i! is an homomorphism on the other process constructs in HO−f .

Encoding Minsky machines into HO−f . The encoding of Minsky machines into
HO−f is denoted by [[·]]M and presented in Table 2. We begin by defining the encoding
of the configurations of a Minsky machine; we then discuss the encodings of registers
and instructions.

Definition 5 (Encoding of Configurations). Let N be a Minsky machine with registers
r0, r1 and instructions (1 : I1), . . . , (n : In). For j ∈ {0, 1}, suppose fresh, pairwise
different names rj , p1, . . . , pn, setj , loop, checkj . Also, let DIV be a divergent process
(e.g. w ‖ !w. w). Given the encodings in Table 2, we have:

1. The initial configuration (1, 0, 0) of N is encoded as:

[[(1, 0, 0)]]M ::= p1 ‖
n∏

i=1

[[(i : Ii)]]M ‖ loop. DIV ‖ set0〈0〉 ‖ set1〈0〉 .

2. A configuration (i, m0, m1) of N , after kj increments and lj decrements of register
rj , is encoded as:

[[(i, m0, m1)]]M = pi ‖ [[r0 = m0]]M ‖ [[r1 = m1]]M ‖
n∏

i=1

[[(i : Ii)]]M ‖

loop. DIV ‖ set0〈LOG0[k0, l0]〉 ‖ set1〈LOG1[k1, l1]〉 .

A register rj that stores the number m is encoded as the parallel composition of m
copies of the unit process uj . To implement the test for zero it is necessary to record
how many increments and decrements have been performed on the register rj . This is
done by using a special process LOGj , which is communicated back and forth on name
setj . More precisely, every time an increment instruction occurs, a new copy of the
process uj is created, and the process LOGj is updated by adding the process INCj in
parallel. Similarly for decrements: a copy of uj is consumed and the process DECj is
added to LOGj . As a result, after k increments and l decrements on register rj , we have
that LOGj =

∏
k INCj ‖

∏
l DECj , which we abbreviate as LOGj [k, l].

Each instruction (i : Ii) is a replicated process guarded by pi, which represents the
program counter when p = i. Once pi is consumed, the instruction is active and an in-
teraction with a register occurs. We already described the behavior of increments. Let us
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Example: nondeterministic 
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– (i : DecJump(rj , s)): if the contents of register rj is not zero, then decreases
it by 1 and go to the next instruction, otherwise jumps to instruction s.

Our encoding is nondeterministic because it introduces computations which do
not follow the expected behavior of the modeled RAM. However, all these com-
putations are infinite. This ensures that, given a RAM, its modeling has a ter-
minating computation if and only if the RAM terminates. This proves that
convergence is undecidable.

In this section and in the next one devoted to the proof of the undecidability
results, we reason up to a structural congruence ≡ in order to rearrange the
order of parallel composed processes and to abstract away from the terminated
processes 0. We define ≡ as the least congruence relation satisfying the usual
axioms P |Q ≡ Q|P , P |(Q|R) ≡ (P |Q)|R, and P |0 ≡ P .

Let R be a RAM with registers r1, . . . , rn, and instructions (1 : I1), . . . , (m :
Im). We model separately registers and instructions.

The program counter is modeled with a message pi indicating that the i-th
instruction is the next to be executed. For each 1 ≤ i ≤ m, we model the i-th
instruction (i : Ii) of R with a process which is guarded by an input operation
pi. Once activated, the instruction performs its operation on the registers and
then updates the program counter by producing pi+1 (or ps in case of jump).

Formally, for any 1 ≤ i ≤ m, the instruction (i : Ii) is modeled by [[(i : Ii)]]
which is a shorthand notation for the following processes:

[[(i : Ii)]] : !pi.(incj .loop | pi+1) if Ii = Succ(rj)

[[(i : Ii)]] : !pi.
�

τ.(loop | decj .loop.loop.pi+1) +
τ.zeroj .ack.ps

�
if Ii = DecJump(rj , s)

It is worth noting that every time an increment operation is performed, a process
loop is spawned. This process will be removed by a corresponding decrement
operation. The modeling of the DecJump(rj , s) instruction internally decides
whether to decrement or to test for zero the register.

In case of decrement, if the register is empty the instruction deadlocks be-
cause the register cannot be actually decremented. Nevertheless, before trying
to decrement the register a process loop is generated. As we will discuss in the
following, the presence of this process prevents the encoding from converging.
If the decrement operation is actually executed, two instances of process loop
are removed, one instance corresponding to the one produced before the execu-
tion of the decrement, and one instance corresponding to a previous increment
operation.

In case of test for zero, the corresponding register will have to be modified as
we will discuss below. As this modification on the register requires the execution
of several actions, the instruction waits for an acknowledgment before producing
the new program counter ps.

We now show how to model the registers using either the interruption or
the try-catch operators. In both cases we exploit the following idea. Every time
the register rj is incremented, a decj process is spawned which permits the

subsequent execution of a corresponding decrement operation. In case of test for
zero on the register rj , we will exploit either the interruption or the try-catch
operators in order to remove all the active processes decj , thus resetting the
register. If the register is not empty when it is reset, the computation of the
encoding does not reproduce the RAM computation any longer. Nevertheless,
such “wrong” computation surely does not terminate, thus we can conclude that
we faithfully model at least the terminating computations. Divergence in case
of “wrong” reset is guaranteed by the fact that if the register is not empty,
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will never be removed.
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from converging. This is guaranteed by considering, e.g., the following divergent
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We are now able to define formally our encoding of RAMs as well as its
properties.
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the encoding of the RAM R in either CCS
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! (taking Γ = � or
Γ = tc, respectively). The processes [[(i : Ii)]], LOOP , and [[rj = cj ]]Γ are as
defined above.
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