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Shared and Local assertions 

We extend our assertion language: 
𝑝, 𝑞 ∷= 𝑝 ∗ 𝑞  ∃𝑥. 𝑝  𝑝 ∨ 𝑞  𝑃   𝑃 

Assertions  

 𝑠, 𝑙, ℎ ⊨ 𝑝 ∗ 𝑞   

             ⇔ ∃𝑙1, 𝑙2.  𝑠, 𝑙1, ℎ ⊨ 𝑝 
                                     ∧ 𝑠, 𝑙2, ℎ ⊨ 𝑞 ∧  𝑙1 ∗ 𝑙2 = 𝑙 

Global heap 

Local heap 

Global heap 

Local heap 



What do the following mean? 

𝑥 ↦ 5 ∗ 𝑦 ↦ 5 
𝑥 ↦ 5 ∗ 𝑥 ↦ 5 
𝑥 ↦ 5 ∗ 𝑥 ↦ 5 

𝑥 ↦ 5 ∨ 𝑒𝑚𝑝    ∗ 𝑥 ↦ 5 



Axioms 

𝑃  ∗   𝑃  ⟺      𝑃 ∧ 𝑃  

 
𝑃 ∗ 𝑃′ ⟹ false

𝑃 ∗ 𝑃′ ⟹ false
 



We use 
𝑃 → 𝑄 

to express heap changes.  

Semantically means: 
𝑠, ℎ ∗ ℎ′′ ,

𝑠, ℎ′ ∗ ℎ′′

𝑠, ℎ ⊨ 𝑃 ∧
𝑠, ℎ′ ⊨ 𝑄

 

 

Relations 

Anything not 
mentioned is 
unchanged 



Stable 

 

 

 p 𝑠𝑡𝑎𝑏𝑙𝑒 𝑤𝑟𝑡 𝑅 

 ⇔ ∀𝑠, 𝑙, ℎ, 𝑠′, ℎ′. 

                          𝑠, 𝑙, ℎ ⊨ 𝑝 ∧  𝑠, ℎ , 𝑠′, ℎ′ ∈ 𝑅 
⟹ 𝑠′, 𝑙, ℎ′ ⊨ 𝑝  



Ownership transfer 

What is the meaning of:  

A)    𝑥 ↦ 0 ∗ 𝑦 ↦ _  →    𝑥 ↦ 1 

B)    𝑥 ↦ 0 ∗ 𝑦 ↦  _  →     𝑥 ↦ 0  

C)    𝑥 ↦ 0   →    𝑥 ↦ 1 ∗ 𝑦 ↦ 0 

D)    𝑥 ↦ 𝑖   →    𝑥 ↦ 𝑖 + 1 

 



Examples 

Given interference 

A)    𝑥 ↦ 0 ∗ 𝑦 ↦ _  →    𝑥 ↦ 1 

B)    𝑥 ↦ 0 ∗ 𝑦 ↦  _  →     𝑥 ↦ 0  

C)    𝑥 ↦ 0   →    𝑥 ↦ 1 ∗ 𝑦 ↦ 0 

are the following assertions stable 

1)    𝑥 ↦ 0 ∗ 𝑦 ↦ _  

2)    𝑥 ↦ 0 ∗ 𝑡𝑟𝑢𝑒 ∗ 𝑦 ↦  _ 

3)    𝑥 ↦ 0 ∗ 𝑡𝑟𝑢𝑒  



Proof rule for parallel 

 
𝑅1, 𝐺1 ⊢ 𝑝1  𝐶1 *𝑞1+

𝑅2, 𝐺2 ⊢ 𝑝2  𝐶2 *𝑞2+

𝑚𝑜𝑑𝑠 𝐶1 ∩𝑚𝑜𝑑𝑠(𝐶2) = ∅
𝐺1 ⊆ 𝑅2
𝐺2 ⊆ 𝑅1

𝑅1 ∪ 𝑅2, 𝐺1 ∩ 𝐺2 ⊢  𝑝1 ∗ p2 𝐶1 || 𝐶2*𝑞1 ∗ 𝑞2+
 



Proof rule for atomic commands 

 
𝑃 → ∃𝑥 . 𝑄 ⊆ 𝐺

⊢𝑆𝐿  𝑃 ∗ 𝑃′  𝐶 *𝑄 ∗ 𝑄′+

𝑚𝑜𝑑𝑠 𝐶 = 𝑥 

𝑅, 𝐺 ⊢   𝑃 ∗ 𝑃′  < 𝐶 >  * 𝑄 ∗ 𝑄′+
 



Proof rule for atomic commands 

 
𝑃 → ∃𝑥 . 𝑄 ⊆ 𝐺

⊢𝑆𝐿  𝑃 ∗ 𝑃′  𝐶 *𝑄 ∗ 𝑄′+

𝑚𝑜𝑑𝑠 𝐶 = 𝑥 

𝑅, 𝐺 ⊢   𝑃 ∗ 𝐹 ∗ 𝑃′  < 𝐶 >  * 𝑄 ∗ 𝐹 ∗ 𝑄′+
 



Proof rule for atomic commands 

 
𝑃 → ∃𝑥 . 𝑄 ⊆ 𝐺

⊢𝑆𝐿  𝑃 ∗ 𝑃′  𝐶 *𝑄 ∗ 𝑄′+

𝑚𝑜𝑑𝑠 𝐶 = 𝑥 
𝑃′′ ⇒ 𝑃 ∗ 𝐹
𝑄 ∗ 𝐹 ⇒ 𝑄′′

𝑅, 𝐺 ⊢   𝑃′′ ∗ 𝑃′  < 𝐶 >  * 𝑄′′ ∗ 𝑄′+
 



Examples 

     while(b) { <b := 0==[x]>; };  [y] := 1 

||   

     [y] := 1; < [x] := 1 > 

 

 



Examples 

lock() { 

 b = true 

 while(b) { b := CAS(x,0,1); }  

} 

unlock() { 

 [x] := 0  

} 



Exercise 

Append only list 

n := new(); 
n.tl := null;  
x := head;  
while(!CAS(x.tl, null, n)) 

    while(x.tl != null) 
        x := x.tl 

Verify this keeps the shared state looking like a 
list. 



Treiber Stack 

Treat Top as  
in the heap. 



Proof 

Push: 

  𝑇𝑜𝑝 ↦ 𝑥  →    Top ↦ 𝑦 ∗ 𝑦 ↦ 𝑥 
Pop:  

 𝑇𝑜𝑝 ↦ 𝑦 ∗ 𝑦 ↦ 𝑥  →    Top ↦ 𝑥 ∗ 𝑦 ↦ 𝑥 

Stable assertion 

       ∃𝑥. 𝑇𝑜𝑝 ↦ 𝑥 ∗ 
  ∃ 𝑦. 𝑙𝑠 t, 𝑦 ∗ 𝑙𝑠 𝑥, 𝑦 ∗ 𝑙𝑠 𝑦, 0 ∗ 𝑡𝑟𝑢𝑒 

           ∨ 𝑙𝑠 𝑥, t ∗ 𝑙𝑠(t, 0) 

 



Proof 

Push: 

  𝑇𝑜𝑝 ↦ 𝑥  →    Top ↦ 𝑦 ∗ 𝑦 ↦ 𝑥 

Pop:  

 𝑇𝑜𝑝 ↦ 𝑦 ∗ 𝑦 ↦ 𝑥  →    Top ↦ 𝑥 ∗ 𝑦 ↦ 𝑥 

Stable assertion 

       ∃𝑥. 𝑇𝑜𝑝 ↦ 𝑥 ∗ 𝑙𝑠(𝑥, 0)  

 


