Does a sparse ReLLU network training problem
always admit an optimum ?

Quoc-Tung Le Elisa Riccietti Rémi Gribonval

Univ. Lyon, Inria, CNRS, ENS de Lyon, UCB Lyon 1, LIP UMR 5668, F-69342 Lyon, France

Abstract

Given a training set, a loss function, and a neural network architecture, it is often
taken for granted that optimal network parameters exist, and a common practice
is to apply available optimization algorithms to search for them. In this work, we
show that the existence of an optimal solution is not always guaranteed, especially
in the context of sparse ReLU neural networks. In particular, we first show that
optimization problems involving deep networks with certain sparsity patterns do
not always have optimal parameters, and that optimization algorithms may then
diverge. Via a new topological relation between sparse ReLLU neural networks
and their linear counterparts, we derive —using existing tools from real algebraic
geometry— an algorithm to verify that a given sparsity pattern suffers from this issue.
Then, the existence of a global optimum is proved for every concrete optimization
problem involving a shallow sparse ReLU neural network of output dimension one.
Overall, the analysis is based on the investigation of two topological properties
of the space of functions implementable as sparse ReLU neural networks: a best
approximation property, and a closedness property, both in the uniform norm.
This is studied both for (finite) domains corresponding to practical training on
finite training sets, and for more general domains such as the unit cube. This
allows us to provide conditions for the guaranteed existence of an optimum given a
sparsity pattern. The results apply not only to several sparsity patterns proposed in
recent works on network pruning/sparsification, but also to classical dense neural
networks, including architectures not covered by existing results.

1 Introduction

The optimization phase in deep learning consists in minimizing an objective function w.r.t. the set of
parameters 6 of a neural network (NN). While it is arguably sufficient for optimization algorithms to
find local minima in practice, training is also expected to achieve the infimum in many situations (for
example, in overparameterized regimes networks are trained to zero learning error).

In this work, we take a step back and study a rather fundamental question: Given a deep learning
architecture possibly with sparsity constraints, does its corresponding optimization problem actually
admit an optimal 0* ? The question is important for at least two reasons:

1. Practical viewpoint: If the problem does not admit an optimal solution, optimized parameters
necessarily diverge to infinity to approximate the infimum (which always exists). This phenomenon
has been studied thoroughly in previous works in other contexts such as tensor decomposition [7]],
robust principal component analysis [24]], sparse matrix factorization [15] and also deep learning
itself [21) 118, [10] . It causes inherent numerical instability for optimization algorithms. Moreover,
the answer to this question depends on the architecture of the neural networks (specified by the
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number of layers, layers width, activation function, and so forth). A response to this question
might suggest a guideline for model and architecture selection.

2. Theoretical viewpoint: the existence of optimal solutions is crucial for the analysis of algo-
rithms and their properties (for example, the properties of convergence, or the characterization of
properties of the optimum, related to the notion of implicit bias).

One usual practical (and also theoretical) trick to bypass the question of the existence of optimal
solutions is to add a regularization term, which is usually coercive, e.g., the L? norm of the parameters.
The existence of optimal solutions then follows by a classical argument on the extrema of a continuous
function in a compact domain. Nevertheless, there are many settings where minimizing the regularized
version might result in a high value of the loss since the algorithm has to make a trade-off between
the loss and the regularizer. Such a scenario is discussed in Example[3.1] Therefore, studying the
existence of optimal solutions without (explicit) regularization is also a question of interest.

Given a training set {(z;,v;)}%_,, the problem of the existence of optimal solutions can be studied
from the point of view of the set of functions implementable by the considered network architecture
on the finite input domain = {;}£ ;. This is the case since the loss is usually of the form
0(fo(x;),y:;) where fy is the realization of the neural network with parameters . Therefore, the loss
involves directly the image of {z; }Z_; under the function fy. For theoretical purposes, we also study
the function space on the domain Q = [~ B, B]¢, B > 0. In particular, we investigate two topological
properties of these function spaces, both w.r.t. the infinity norm || - |»: the best approximation
property (BAP), which guarantees the existence of an optimal solution 6*, and the closedness, a
necessary property for the BAP. These properties are studied in Section [3|and Section [} respectively.

We particularly focus on analyzing the function space associated with (structured) sparse ReLU
neural networks, which is motivated by recent advances in machine learning witnessing a compelling
empirical success of sparsity based methods in NNs and deep learning techniques, such as pruning
[26,112], sparse designed NN [4} 5], or the lottery ticket hypothesis [8] to name a few. Our approach
exploits the notion of networks either with fixed sparsity level or with fixed sparsity pattern (or
support). This allows us to establish results covering both classical NNs (whose weights are not
contrained to be sparse) and sparse NNs architectures. Our main contributions are:

1. To study the BAP (i.e., the existence of optimal solutions) in practical problems (finite (2):
we provide a necessary condition and a sufficient one on the architecture (embodied by a sparsity
pattern) to guarantee such existence. As a particular consequence of our results, we show that:
a) for shallow NNs with a fixed sparsity level, the learning problem on a finite data set always
admits an optimal solution (cf. Theorem [3.4)and Corollary [3.1); b) however, practitioners should
be cautious since there also exist fixed sparsity patterns that do not guarantee the existence of
optimal solutions (cf. Theorem [3.1)and Example [3.T)). In the context of an emerging emphasis
on structured sparsity (e.g. for GPU-friendliness), this highlights the importance of choosing
adequate sparsity patterns.

2. To study the closedness of the function space on 2 = [—B, B]?. As in the finite case, we
provide a necessary condition and a sufficient one for the closedness of the function space of
ReLU NNs with a fixed sparsity pattern. In particular, our sufficient condition on shallow networks
generalizes the closedness results of [21, Theorem 3.8] on “dense’ shallow ReLU NNss to the case
of sparse ones, either with fixed sparsity pattern (cf. Theorem[.2] Corollary .T]and Corollary #.2)
or fixed sparsity level (Corollary [4.3). Moreover, our necessary condition (Theorem [4.1)), which is
also applicable to deep architectures, exhibits sparsity structures failing the closedness property.

Table [I] and Table 2] summarize our results and their positioning with respect to existing ones.
Somewhat surprisingly, the necessary conditions in both domains (€2 finite and 2 = [~ B, B]?) are
identical. Our necessary/sufficient conditions also suggest a relation between sparse ReLU neural
networks and their linear counterparts.

The rest of this paper is organized as follows: Section [2| discusses related works and introduces
notations; the two technical sections, Section E] and Section@ presents the results for the case 2 finite
set and Q = [~ B, B]? respectively.



Works Architecture Aetrvetmn Q Function space BAP
functions
Theorem (Sparse) feed-forward network ReLU finite set (RP>do || ||, arbitrary || - || v
CorollaryPEl
[T4y(130 Feed-forward network Heavyside [0,1]? (LP(), |l - llLp). ¥Vp € [1, 00) v
211 Feedforward network ReLU, pReLU [-B, B]* (@), | - lloo) X
Corollaryf4.1 Feed-forward network ReLU [-B, B¢ (), | - lloo) X
Corollaryfd.2 | (Sparse) feed-forward network ReLU [-B, B]* (), | - lloo) X
Corollary a3
Table 1: Closedness results. All results are established for shallow architectures with scalar-valued

output, except T (which is valid for shallow architectures with vector-valued output).

. . Activation L Assumptions are valid for any ...
Works Architecture functions Function space T Ni_1 NL
Feedforward . . X X
(0] edlon Sigmoid €@l | 20| s | o=
sigmoid, tanh, arctan, 0
ISRLU, ISRU (@), ]I ll)
Feedforward - -
211 twork sigmoid, tanh, arctan,
networ ISRLU, ISRU, ReLU, (L2 (), [l - lle)
pReLU X X
T p .
ELU, softsign (WVp(g)[T‘loc‘]le) v (Np—1>2) | (NL=1)
. Zp 7 .
(18] Ferelgtt;i)\;/srd ISRLU (w o (GQ)[l Hoo‘]l Lp)
ISRU, sigmoid, tanh, (Wkp(ﬂ) - llze)
arctan Vk,Vp € [1, 0]
(Sparse)
Theorem feedforward ReLU (00(9)7 I 1loo) v v v
network
(Sparse)
Theorem feedforward ReLU (RNLXP 1) v v v
network

Table 2: Non-closedness results ( notations in Section[2). Previous results consider 2 = [ B, B]|%;
ours cover: ¢ a finite Q; T a bounded €2 with non-empty interior (this includes Q = [~ B, B]9).

2 Related works

The fact that optimal solutions may not exist in tensor decomposition problems is well-documented
[7]. The cause of this phenomenon (also referred to as ill-posedness [7]) is the non-closedness of
the set of tensors of order at least three and of rank at least two. Similar phenomena were shown to
happen in various settings such as matrix completion [9, Example 2], robust principal component
analysis [24]] and sparse matrix factorization [[15, Remark A.1]. Our work indeed establishes bridges
between the phenomenon on sparse matrix factorization [[15] and on sparse ReLU NNs.

There is also an active line of research on the best approximation property and closedness of function
spaces of neural networks. Existing results can be classified into two categories: negative results,
which demonstrate the non-closedness and positive results for those showing the closedness or
best approximation property of function spaces of NNs. Negative results can notably be found in
[10} 21} [18]], showing that the set of functions implemented as conventional multilayer perceptrons
with various activation functions such as Inverse Square Root Linear Unit (ISRLU), Inverse Square
Root Unit (ISRU), parametric ReLLU (pReLU), Exponential Linear Unit (ELU) [21} Table 1] is not a
closed subset of classical function spaces (e.g., the Lebesgue spaces L?, the set of continuous functions
C° equipped with the sup-norm, or Sobolev spaces ¥ *P). Positive results are proved in [21} 14} [13],
which establish both the closedness and/or the BAP. The BAP implies closedness [[10, Proposition
3.1][21} Section 3] (but the converse is not true, see Appendix @ hence the BAP can be more
difficult to prove than closedness. So far, the only architecture proved to admit the best approximation
property (and thus, also closedness) is shallow neural networks with heavyside activation function



and scalar-valued output (i.e., output dimension equal to one) [13] in LP(£2),Vp € [1,00]. In all
other settings, to the best of our knowledge, the only property proved in the literature is closedness,
but the BAP remains elusive. We compare our results with existing works in Tables[T]and [2]

In machine learning, there is an ongoing endeavour to explore sparse deep neural networks, as a
prominent approach to reduce memory and computation overheads inherent in deep learning. One
of its most well-known methods is Iterative Magnitude Pruning (IMP), which iteratively trains and
prunes connections/neurons to achieve a certain level of sparsity. This method is employed in various
works [[12}26]], and is related to the so-called Lottery Ticket Hypothesis (LTH) [8]. The main issue
of IMP is its running time: one typically needs to perform many steps of pruning and retraining
to achieve a good trade-off between sparsity and performance. To address this issue, many works
attempt to identify the sparsity patterns of the network before training. Once they are found, it is
sufficient to train the sparse neural networks once. These pre-trained sparsity patterns can be found
through algorithms [23] 25 [16] or leveraging the sparse structure of well-known fast linear operators
such as the Discrete Fourier Transform [} 4} 117, 6l 3]]. Regardless of the approaches, these methods
are bound to train a neural network with fixed sparsity pattern at some points. This is a particular
motivation for our work and our study on the best approximation property of sparse ReLU neural
networks with fixed sparsity pattern.

Notations In this work, [n] := {1,...,n}. Foramatrix A € R™>™, AJi, j] denotes the coefficient
at the index (4, j); for subsets S, C [m], Se C [n], A[S,:] (resp. A[:, S.]) is a matrix of the same
size as A and agrees with A on rows in .S (resp. columns in S;.) of A while its remaining coefficients
are zero. The operator supp(A) := {({, k) | A[¢, k] # 0} returns the support of the matrix A. We
denote 1,,x,, (resp. 0,,x,) an all-one (resp. all-zero) matrix of size m X n.

An architecture with fixed sparsity pattern is specified vial = (Iy,,..., I1), a collection of binary
masks I; € {0, 1}Vi*Ni-1 1 < § < L, where the tuple (Ny, ..., Ny) denotes the dimensions of
the input layer Ny = d, hidden layers (N1_1,..., N1) and output layer (/N1), respectively. The
binary mask I; encodes the support constraints on the ith weight matrix W, i.e., I;[¢, k] = 0 implies
W[4, k] = 0. It is also convenient to think of I; as the set {(¢,k) | I;[¢,k] = 1}, a subset of
[V:] % [IVi—1]. We will use these two interpretations (binary mask and subset) interchangeably and
the meaning should be clear from context. We will even abuse notations by denoting I; C 1y, xn,_, -
Because the support constraint I can be thought as a binary matrix, the notation I[S,., :] (resp. I[:, S.])
represents the support constraint of I N .S, x [n] (resp. I N [n] x Se).

The space of parameters on the sparse architecture I is denoted N7, and for each 0 € Ni, Ry :
RNo — RN is the function implemented by the ReLU network with parameter #:

Ro:x € RN s Ry(z) := Wro(...0o(Wiz +by)...+ by 1)+ by € RVE (1)
where o(z) = max(0, ) is the ReLU activation. Finally, for a given architecture I, we define
L1 ={Xy...X; | supp(X;) C I;,i € [L]} € RNtxNo (2)

the set of matrices factorized into L factors respecting the support constraints I;,¢ € [L]. In fact, Ly
is the set of linear operators implementable as /inear neural networks (i.e., with ¢ = id instead of
the ReLU in (), and no biases) with parameters 6 € Af.

3 Analysis of fixed support ReLU neural networks for finite 2

The setting of a finite set Q@ = {z;}£; is common in many practical machine learning tasks:
models such as (sparse) neural networks are trained on often large (but finite) annotated dataset
D = {(xi,y:)} ;. The optimization/training problem usually takes the form:

Miniemize L) = Z (Ro(x:),yi), under sparsity constraints on 6 3)
i=1
where / is a loss function measuring the similarity between Ry (x;) and y;. A natural question that
we would like to address for this task is:

Question 3.1. Under which conditions on 1, the prescribed sparsity pattern for 0, does the training
problem of sparse neural networks admit an optimal solution for any finite data set D?



We investigate this question both for parameters 6 constrained to satisfy a fixed sparsity pattern I, and
in the case of a fixed sparsity level, see e.g. Corollary {i.3]

After showing in Section [3.1] that the answer to Question [3.1] is intimately connected with the
closedness of the function space of neural networks with architecture I, we establish in Section@]
that this closedness implies the closedness of the matrix set £y (a property that can be checked
using algorithms from real algebraic geometry, see Section [3.3). We also provide concrete examples
of support patterns I where closedness provably fails, and neural network training can diverge.
Section [3.4] presents sufficient conditions for closedness that enable us to show that an optimal
solution always exists on scalar-valued shallow networks under a constraint on the sparsity level of
each layer.

3.1 Equivalence between closedness and best approximation property

To answer Question|3.1} it is convenient to view € as the matrix [z1, ..., zp] € R?* and to consider
the function space implemented by neural networks with the given architecture I on the input domain
Q in dimension d = Ny, with output dimension Ny, defined as the set

F1(Q) == {Ry(Q) | 6 € N1} CRN2*F @)
where the matrix Rg(Q) := [Rg(x1), ..., Ro(zp)] € RV2*F is the image under Ry of €.
We study the closedness of F1(2) under the usual topology induced by any norm || - || of RVt *P,
This property is interesting because if F1((2) is closed for any Q = {z;}_,, then an optimal solution

is guaranteed to exist for any D under classical assumptions of £(-, ). The following result is not
difficult to prove, we nevertheless provide a proof in Appendix [B.T|for completeness.

Proposition 3.1. Assume that, for any fixed y € RN, 0(-,y) : RNL s R is continuous, coercive and
that y = argmin,, Ly, y). For any sparsity pattern I with input dimension Ny = d the following
properties are equivalent:

1. irrespective of the training set, problem (3) under the constraint 6 € Nt has an optimal solution;

2. for every P and every Q € R4*F | the function space F1(R) is a closed subspace of RNEX P,

The assumption on ¢ is natural and realistic in regression problems: any loss function based on any
norm on R? (e.g. £(y',y) = ||y’ — y||), such as the quadratic loss, satisfies this assumption.

In light of Proposition [3.1] we investigate next the closedness of F1(€2) for finite 2.

3.2 A necessary closedness condition for fixed support ReLU networks

Our next result reveals connections between the closedness of F1(€2) for finite {2 and the closedness
of Ly, the space of sparse matrix products with sparsity pattern I.

Theorem 3.1. If F1(Q2) is closed for every finite () then Ly is closed.

Theorem [3.1]is a direct consequence of (and in fact logically equivalent to) the following lemma:
Lemma 3.2. If Ly is not closed then there exists a set Q@ C R, d = Ny, of cardinality at most
P = (3N042itl1 Ni + 1)No such that F1(2) is not closed.

Sketch of the proof. Since Ly is not closed, there exists A € Ly \ L1 (L is the closure of the set
L). Considering f(x) := Az, we construct a set 2 = {z;}1; such that [f(x1),..., f(zp)] €

F1(2) \ F1(€2). Therefore, F1(£2) is not closed. O

The proof is in Appendix Besides showing a topological connection between F1 (NNs with
ReLU activation) and Ly (linear NNs), Theorem [3.1]leads to a simple example where F is not closed.

Example 3.1 (LU architecture). Consider I = (I3, 1;) € {0,1}4%9 x {0,1}4*% where I} = {(i, j) |
1<i<j<d}andIy={(i,§) | 1<j<i<d}. Any pair of matrices X5, X, € R>*% such that
supp(X;) C I;,i = 1,2 are respectively lower and upper triangular matrices. Therefore, Ly is the

set of matrices that admit an exact lower - upper (LU) factorization/decomposition. That explains its
name: LU architecture. This set is well known to a) contains an open and dense subset of R?9; b)



be strictly contained in RE%4 [[7]] Theorem 3.2.1] [20, Theorem 1]. As a concrete example, when
d = 2, matrices which do not have an exact LU decomposition are of the form:

0 a
(s 6) )

for a,b # 0 [20, Theorem 1]. Therefore, Ly is not closed and by the contraposition of Theorem[3.1]
we conclude that there exists a finite set Q) such that Fy () is not closed.
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Figure 1: Training an one-hidden-layer fixed support (LU architecture) neural network with/without
L? regularization. Subfigures a)-b) show two measures of approximation quality (the lower, the
better). Subfigure c) shows the norm of two weight matrices in two scenarios: with and without
regularization. The experiments are conducted 10 times to produce the error bars in all figures.

Let us illustrate the impact of the non-closedness in Example [3.1]| via the behavior during the training
of a fixed support shallow neural network with the LU support constraint I. This network is trained
to learn the linear function f(z) := Ax where A € R%*¢ is an anti-diagonal identity matrix. Using
the necessary and sufficient condition of LU decomposition existence [20, Theorem 1], we have that
A € L1\ Lj as in the sketch proof of Lemma Given network parameters 6 and a training set,
approximation quality can be measured by two quantities:

* The relative empirical loss: 5 (3> [|Ra(x:) — vill3/|vill3)-

* The relative Jacobian loss || A — WyW1||%/||A||%: To realize the linear function f, all neurons
need to be always activated (i.e., they do not become null due to the activation ReLU). If that is the
case, then the function Ry(z) = W2 (W1z + b1) + bo. Therefore, |A — WoW % /|| A||% is the
relative distance between the Jacobian matrices of two linear functions f and Ry.

Figure [I]illustrates the behavior of these quantities along epochs, using Stochastic Gradient Descent
(SGD) with batch size 3000, learning rate 0.1, momentum 0.9 and the standard weight decay (the
hyperparameter controlling the L? regularizer) 5 x 10~ for the regularized version (and zero for
the unregularized one). The P = 10° training samples (x;, ;) were generated independently as

z; ~U([~1,1]%) (d = 100) and y; == Ax;.

Example and Figure (1| also lead to two interesting remarks: while the L? regularizer (weight
decay) does prevent the parameter divergence phenomenon, both the empirical and the Jacobian
loss are improved when using the non-regularized version. This is the situation where adding a
regularization term might be detrimental, as stated earlier. More interestingly, the size of the dataset
is 10°, which is much smaller than the theoretical P in Lemma It is thus interesting to see if we
can reduce the theoretical value of P, which is currently exponential w.r.t to the input dimension.

3.3 The closedness of L is algorithmically decidable

Theorem [3.1] leads to a natural question: given I, how to check the closedness of Ly, a subset of
RNz XNo "To the best of our knowledge, there is not any study on the closedness of Ly in the literature.
It is, thus, not known whether deciding on the closedness of Ly for a given I is polynomially tractable.
In this work, we show it is at least decidable with a doubly-exponential algorithm. This algorithm is
an application of quantifier elimination, an algorithm from real algebraic geometry [2]].



Lemma 3.3. Given I = (I,...,I1), the closedness of Ly is decidable with an algorithm of
complexity O((4L)Ck71) where k = NNy + 1+ 2 ZiLzl |L;| and C a universal constant.

We prove Lemma [3.3]in Appendix Since the knowledge of I is usually available (either fixed
before training [16, 25, 4} [17, 3] or discovered by a procedure before re-training [} [12, 26]), the
algorithm in Lemma [3.3]is able to verify whether the training problem might not admit an optimum.
While such a doubly exponential algorithm in Lemma [3.3]is seemingly impractical in practice, small
toy examples (for example, Example with d = 2) can be verified using Z3Prove1ﬂ a software
implementing exactly the algorithm in Lemma [3.3] However, Z3Prover is already unable to terminate
when run on the LU architecture of Example ith d = 3. This calls for more efficient algorithms
to determine the closedness of Ly given I. The same algorithmic question can be also asked for Fi.
We leave these problems (in this general form) as open questions.

3.4 Best approximation property of scalar-valued shallow sparse networks

So far, we introduced a necessary condition for the closedness (and thus, by Proposition[3.1] the best
approximation property) of sparse ReLU networks, and we provided an example of an architecture
I whose training problem might not admit any optimal solution. One might wonder if there are
architectures I that avoid the issue caused by the non-closedness of Fi. Indeed, we show that for
shallow sparse ReLU neural networks with scalar output dimension (i.e., L = 2, Ny = 1), the
existence of optimal solutions is guaranteed, regardless of the sparsity pattern.

Theorem 3.4. Consider scalar-valued, one-hidden-layer ReLU neural networks (i.e., L = 2, No = 1).
For any support pairs I = (Iz, I) and any finite set Q := {x1,...,zp}, F1(Q) is closed.

The proof of Theorem [3.4]is deferred to Appendix [B.3] As a sanity check, observe that when L =
2, N5 = 1, the necessary condition in Theoremis satisfied. Indeed, since No = 1, £; C R1*No
can be thought as a subset of R™°. Any X € Ly can be written as a sum: X = ., W [i{]W[i, ],
a decomposition of the product Wo W1, where W[i] € R, W1[i,:] € RN, supp(W]i,:]) C
I1[i,:]. Define H := U;er, I1[i,:] C [No] the union of row supports of the first weight matrix. It is
easy to verify that £y is isomorphic to RI*!, which is closed. In fact, this argument only works for
scalar-valued output, Ny = 1. Thus, there is no conflict between Theorem@] and Theorem@

In practice, many approaches search for the best support I among a collection of possible supports,
for example, the approach of pruning and training [12} 26]] or the lottery ticket hypothesis [8]. Our
result for fixed support in Theorem [3.4]can be also applied in this case and is stated in Corollary [3.1}
In particular, we consider a set of supports such that the support sizes (or sparsity ratios) of the layers
are kept below a certain threshold K;,7 = 1,..., L. This constraint on the sparsity level of each
layer is widely used in many works on sparse neural networks.

Corollary 3.1. Consider scalar-valed, one-hidden-layer ReLU neural networks. For any finite data
seﬂD = (x4,y;)"_q, problem @) under the constraints ||W;||o < K;,i = 1,2 has a minimizer.

Proof. Denote Z the collection of sparsity patterns satisfying ||;||o < Kj,7 = 1,2, so that a set of
parameters satisfies the sparsity constraints |W;||o < Kj;,i = 1,2 if and only if the supports of the
weight matrices belong to Z. Therefore, to solve the optimization problem under sparsity constraints
[W;llo < K;,i = 1,2, it is sufficient to solve the same problem for every sparsity pattern in Z.

For each I € Z, we solve a training problem with architecture I on a given finite dataset D. Thanks to
Theorem [3.4]and Proposition [3.1] the infimum is attained. We take the optimal solution corresponding
to I that yields the smallest value of the loss function L. This is possible because the set Z has a finite
number of elements (the total number of possible sparsity patterns is finite). O

4 Analysis of fixed support ReLU networks on continuous domains

We now investigate closedness properties when the domain Q2 C R? is no longer finite. Denoting
Fi={Re : RN s RNz | § € N7} (with Ny = d) the functions that can be implemented on a

!The package is developed by Microsoft research and it can be found at https://github.com/Z3Prover/z3
Notice that D contains both input vectors x; and targets y;, unlike £ which only contains the inputs.
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given ReLU network architecture I, we are interested in F1(2) = { fio : f € F1}, the restriction of
elements of Fy to 2. This is a natural extension of the set F1(€2) studied in the case of finite €.

Specifically, we investigate the closedness of F1(£2) in (C°(€2), || - ||oo) (the set of continuous
functions on © equipped with the supremum norm || f|| o = sup,cq ||f(z)[/2). Contrary to the
previous section, we can no longer exploit Proposition [3.1]to deduce that the closedness property
and the BAP are equivalent. The results in this section can be seen as a continuation (and also
generalization) of the line of research on the topological property of function space of neural
networks [21} 10} (14,13, [18]]. In Section and Section we provide a necessary and a sufficient
condition on I for the closedness of F1(Q) in (C°(€, || - ||e) respectively. The condition of the
former is valid for any depth, while that of the latter is applicable for shallow networks (L = 2).
These results are established under various assumptions on €2 (such as 2 = [~ B, B], or {2 being
bounded with non-empty interior) that will be specified in each result.

4.1 A necessary condition for closedness of fixed support ReL.U network

Theorem 4.1]states our result on the necessary condition for the closedness. Interestingly, observe that
this result (which is proved in Appendix [C.I)) naturally generalizes Theorem[3.1] Again, closedness
of Ly in RN2*No js with respect to the usual topology defined by any norm.

Theorem 4.1. Consider Q@ C R? a bounded set with non-empty interior, and 1 a sparse architecture
with input dimension No = d. If F1(Q2) is closed in (C°(Q2), || - || ) then Ly is closed in RNz *No,

Theorem [.T]applies for any 2 which is bounded and has non-empty interior. Thus, it encompasses
not only the hypercubes [~ B, B]¢, B > 0 but also many other domains such as closed or open R?
balls and much more. Similar to Theorem Theorem is interesting in the sense that it allows
us to check the non-closedness of the function space Fi (a subset of the infinite-dimensional space
C°(£2)) by checking that of Ly C RV2*No (a finite-dimensional space). The latter can be checked
using the algorithm presented in Lemma([3.3] Moreover, the LU architecture presented in Example 3.1
is also an example of I whose function space is not closed in (C°(Q), || - || )-

4.2 A sufficient condition for closedness of fixed support ReLU network

The following theorem is the main result of this section. It provides a sufficient condition to verify
the closedness of F1(€2) for Q = [— B, B]? (in the whole paper we naturally assume B > 0) with
shallow sparse ReL.U neural networks.

Theorem 4.2. Consider Q = [~ B, B]%, Ny = d and a sparsity pattern I = (I3, I) such that:

1. There is no support constraint for the weight matrix of the second layer, Wa: I3 = 1n,x N,

2. For each non-empty set of hidden neurons, S C [N1], L1, is closed in RN2XN yphere 1 =
(I2[:, S], I1[S, :]) is the support constraint restricted to the sub-network with hidden neurons in S.

Then the set F1(9) is closed in (C° (), - ||loo)-

Both conditions in Theorem .2]can be verified algorithmically: while the first one is trivial to check,
the second one requires us to check the closedness of 21 sets Ly, which is still algorithmically
possible (although perhaps practically intractable) with the algorithm of Lemma[3.3] Apart from its
algorithmic aspect, we present two interesting corollaries of Theorem[.2] The first one, Corollary 4.1}
is about the closedness of the function space of “plain” (i.e., with no sparsity constraint) shallow
neural networks.

Corollary 4.1 (Closedness of “plain” shallow ReLLU networks of any output dimension). Given
I= (1n,xny s 1, x v, ), the set Fi is closed in (CO([—B, B]?), || - ||ls) where d = Nj.

Proof. The result follows from Theorem .2 once we check if its assumptions hold. The first one is
trivial. To check the second, observe that for every non-empty set of hidden neurons S C [N, ], the
set L1, € RN2>*No jg simply the set of matrices of rank at most | S|, which is closed for any S. [

Corollary .7 states the closedness of scalar-valued, one-hidden-layer sparse ReLU NNs. In a way, it
can be seen as the analog of Theoremfor Q) =[-B, B



Corollary 4.2 (Closedness of fixed support shallow ReLU networks with scalar output). Given any
input dimension d = Ny > 1, any number of hidden neurons N1 > 1, scalar output dimension
Ny = 1, and any prescribed supports 1 = (I3, I), the set Fy is closed in (C°([—B, B]?), || - ||lso)-

Sketch of the proof. If there exists a hidden neuron ¢ € [Ny ] such that I3[:] = 0 (i.e., ¢ ¢ I5: 4 is not
connected to the only output of the network), we have: Fr = Frr where I’ = Ig, S = [N] \ {i}.
By repeating this process, we can assume without loss of generality that I5[i] = 11y, . That is the
first condition of Theorem 4.2

Therefore, it is sufficient to verify the second condition of Theorem[d.2] Consider any non-empty
set of hidden neurons S C [NV;], and define H := U;csI[i,:] C [No] the union of row supports of
I,[S,:]. Itis easy to verify that Ly, is isomorphic to RI*|, which is closed. The result follows by
Theorem[@.2] For a more formal proof, readers can find an inductive one in Appendix[C.3] O

In fact, both Corollary and Corollary generalize [21, Theorem 3.8], which proves the
closedness of Fr([—B, B]*) when Iy = 1i1xn,,11 = 1n,xn, (classical “plain” shallow ReLU
networks with ouput dimension equal to one).

To conclude, let us consider the analog to Corollary [3.1} we study the function space implementable
as a sparse shallow network with constraints on the sparsity level of each layer (i.e., |[W;|jp <
K;i=1,2.

Corollary 4.3. Consider scalar-valued, one-hidden-layer ReLU networks (L = 2, No = 1, Ny, Np)
with (° constraints |W1l|lo < K1, ||Wallo < Ka for some constants K1, Ky € N. The function
space F([—B, B]%) associated with this architecture is closed in (C°([—B, B]N°), ||  |loo)-

P}"OOf: Denote 7 := {(IQ,Il) | .[2 - [[].H X [[NﬂLIl - [[Nl]] X [[No]], |I1| < Kl, |.[2| < KQ} the set
of sparsity patterns respecting the £° constraints, so that 7 ([— B, B]?) = ;o7 F1([—B, B]%). Since
Z is finite and VI € Z, Fy([- B, B]?) is closed (Corollary[4.2), the result is proved. O

5 Conclusion

In this paper, we study the somewhat overlooked question of the existence of an optimal solution
to sparse neural networks training problems. The study is accomplished by adopting the point of
view of topological properties of the function spaces of such networks on two types of domains: a
finite domain §2, or (typically) a hypercube. On the one hand, our investigation of the BAP and the
closedness of these function spaces reveals the existence of pathological sparsity patterns that fail
to have optimal solutions on some instances (cf Theorem 3.1 and Theorem [4.T) and thus possibly
cause instabilities in optimization algorithms (see Example [3.1] and Figure[I). On the other hand,
we also prove several positive results on the BAP and closedness, notably for sparse shallow ReLU
neural networks (cf. Theorem [3.4]and Theorem[4.2)). These results provide new instances of network
architectures where the BAP is proved (cf Theorem [3.4) and substantially generalize existing ones
(cf. Theorem 4.2)).

In the future, a particular theoretical challenge is to propose necessary and sufficient conditions for
the BAP and closedness of F1(€2), if possible covering in a single framework both types of domains
Q) considered here. The fact that the conditions established on these two types of domains are very
similar (cf the similarity between Theorem [3.T]and Theorem .1} as well as between Theorem [3.4]
and Corollary [4.2)) is encouraging. Another interesting algorithmic challenge is to substantially
reduce the complexity of the algorithm to decide the closedness of £y in Lemma which is
currently doubly exponential. It calls for a more efficient algorithm to make this check more practical.
Achieving a practically tractable algorithm would for instance allow to check if a support selected
e.g. by IMP is pathological or not. This would certainly consolidate the algorithmic robustness
and theoretical foundations of pruning techniques to sparsity deep neural networks. From a more
theoretical perspective, the existence of an optimum solution in the context of classical linear inverse
problems has been widely used to analyze the desirable properties of certain cost functions, e.g. /!
minimization for sparse recovery. Knowing that an optimal solution exists for a given sparse neural
network training problem is thus likely to open the door to further fruitful insights.
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A Additional notations

In this work, matrices are written in bold uppercase letters. Vectors are written in bold lowercase
letters only if they indicate network parameters (such as bias). For a matrix A € R"™*", we use
Ali,:] € R (resp. A[:,i] € R™*!) to denote the row (resp. column) vector corresponding the
ith row (resp. column) of A. To ease the notation, we write A[i,:]v to denote the scalar product
between A[i, :] and the vector v € R™. This notation will be used regularly when we decompose the
functions of one-hidden-neural networks into sum of functions corresponding to hidden neurons.

For a vector v € R?, v[I] € R/l is the vector v restricted to coefficients in I C [d]. If I = {i} a
singleton, v[i] € R is the ith coefficient of v. We also use 1,, and 0,, to denote an all-one (resp.
all-zero) vector of size m.

For a dense (plain) feedforward architecture, we denote N = (Np,..., Ny) the dimensions of
the input layer Ny = d, hidden layers (Nz_1, ..., N7) and output layer (N ), respectively. The
parameters space of the dense architecture N is denoted by NN: it is the set of all coefficients of the
weight matrices W; € RYixNi-1 and bias vectors b; € RY: i =1,..., L. Itis easy to verify that

N is isomorphic to RY where N = Zle Ni;_1N; + Zle N; is the total number of parameters
of the architecture.
Clearly, N1 C Ny since:

N = {0=((Wi,b;)),_, p:supp(W;) CI;,Vi=1,...,L.}. (6)
A special subset of A7 is the set of network parameters with zero biases,

NY = {0 = ((W;,0n,)) pisupp(W;) C I, Vi=1,...,L.}. (7)

i=1,..

Given an activation function v, the realization Ry of a neural network 6 € Ny is the function
RY:x e RY s RY(z) := Wrv(...v(Wiz4+by)...+br_1) + by e RNz (8)

We denote R” : § — R} the functional mapping from a set of parameters 6 to its realization. The
function space associated to a sparse architecture I and activation function v is the image of A7 under
RY:
Fy = RY(N). )
When v = o the ReLLU activation function, we recover the definition of realization in Equation @)
We use the shorthands
Rg = Rg
F 1= F fa

as in the main text. This allows us to define Ly (cf. Equation ) as L1 := RY(ANY) where v = Id is
the identity map, which is a subset of linear maps R0 — RVz

(10)

B Proofs for results in Section

B.1 Proof of Proposition (3.1

Proof. First, we remind the problem of the training of a sparse neural network on a finite data set

D = {(zi,yi)} 1
P
Miel?gi}}l/,ize L(0) := ;E(Rg(xi)wi), (1T)

which shares the same optimal value as the following optimization problem:
P
Minimize L(D) := L(Dl:,1],y; 12
inimize  £(D) ;([ J,v:) (12)

where Q = {z;},. This is simply a change of variables: from Ry(z;) to the ith column of
D = Ry (£2). We prove two implications as follows:

12



1. Assume the closedness of F1(2) for every finite ). Then an optimal solution of the optimization
problem () exists for every finite data set {(x;,y;)}1_,. Consider a training set {(x;,v;)}Z;
and Q == {z;}£,. Since D := 0pyn, € F1(f2) (by setting all parameters in 6 equal to zero),
the set F1(€2) is non-empty. The optimal value of (T2) is thus upper bounded by £(0). Since the
function £(-, y;) is coercive for every y; in the training set, there exists a constant C' (dependent
on the training set and the loss) such that minimizing on Fr(2) or on F1(Q2) N B(0,C)
(with B(0, C) the L? ball of radius C centered at zero) yields the same infimum. The function
L is continuous, since each £(-, y;) is continuous by assumption, and the set F1(2) N B(0, C) is
compact, since it is closed (as an intersection of two closed sets) and bounded (since B(0, C) is
bounded). As a result there exists a matrix D € F1(2) N B(0, C) yielding the optimal value for
(12). Thus, the parameters 6 such that R¢(€2) = D is an optimal solution of (TT).

2. Assume that an optimal solution of problemexists for every finite data set {(x;,y;)}_,. Then
F1(Q) is closed for every ) finite. We prove the contraposition of this claim. Assume there exists
a finite set Q = {x;}2 | such that 71(€2) is not closed. Then, there exists a matrix D € RNz

such that D € F(Q) \ F1(Q2). Consider the dataset {(z;,v;)}Z., where y; € RVZ is the ith

column of D. We prove that the infimum value of (TI) is V := Zil £(yi,y;). Indeed, since

D € F1(9), there exists a sequence {0 }ren such that limy_,o Ry, (€2) = D. Therefore, by
continuity of £(-, y;), we have:

P P
Jim L(0) = Z Jim URo, (i), y:) = Zg(ymyi) =V
=1 =1
Moreover, the infimum cannot be smaller than V because the ith summand is at least £(y;, y;)
(due to the assumption on ¢ in Proposition[3.I). Therefore, the infimum value is indeed V. Since
we assume that y is the only minimizer of ¢y’ — £(y’, y), this value can be achieved only if there
exists a parameter 6 € I such that Ry(2) = D. This is impossible due to our choice of D which

does not belong to F1(£2). We conclude that with our constructed data set D, an optimal solution
does not exist for (TT). O

B.2 Proof of Lemma[3.2]

The proof of Lemma [3.2] (and thus, as discussed in the main text, of Theorem [3.T) use four technical
lemmas. Lemma [B.T]is proved in Appendix [C.1]since it involves Theorem[4.1] The other lemmas are
proved right after the proof of Lemma 3.2}

Lemma B.1. If A € £;\L1 C RNeXNo then the function f : x — f(x) := Aux satisfies f €
F1(Q) \ Fi(Q) for every subset Q of RN° that is bounded with non-empty interior.
Lemma B.2. Consider Q) = {z;}f_, a finite subset of R%and )’ = [— B, B]* such that Q C Q. If

[ € F1(SY) (under the topology induced by || - ||oc), then D := [ f(x1) ... f(zp)] € F1(Q).

Lemma B.3. Consider Ry, the realization of a ReLU neural network with parameter 0 € 1. This
function is continuous and piecewise linear. On the interior of each piece, its Jacobian matrix is
constant and satisfies J € L.

Lemma B.4. For p, N € N, consider the following set of points (a discretized grid for [0, 1]V ):

Q:Qﬁ:{(?,...,?j) |O§ij§p,ij6N,V1§j§N}.

If H € N satisfies p > 3N H, then for any collection of H hyperplanes, there exists x € QZ],V such
that the elementary hypercube whose vertices are of the form

{:c—|— <“ZN> | 6{0,1}V1§j§N} coy
p p
lies entirely inside a polytope delimited by these hyperplanes.

We are now ready to prove Lemma[3.2]
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Proof of Lemma[3.2] Since Ly is not closed, there exists a matrix A € Ly \ Ly, and we consider
f(x) == Ax. Setting p == 3NdXi5" Vi we construct € as the grid:

Q:{(“,._.,ZNU) |0<i; <pi; N, V1§j§N0}7
p p

so that the cardinality of Q = {z;}1; is P := (p + 1)™°. Similar to the sketch proof, consider

D := [f(x1), f(z2),..., f(zp)]. Our goal is to prove that D € Fi(Q) \ F1(Q).

First, notice that D € F1(2) as an immediate consequence of Lemma and Lemma

It remains to show that D ¢ F(€2). We proceed by contradiction, assuming that there exists § € Np
such that Ry (£2) = D.

To show the contradiction, we start by showing that, as a consequence of Lemma [B.4] there exists
x € §2 such that the hypercube whose vertices are the 2™V points

{H(“,...,ZN“)Iz‘je{o,l},wgszvo}g& (13)
p p
lies entirely inside a linear region P of the continuous piecewise linear function Ry [1]. Denote

K = 2¥1 Vi a bound on the number of such linear regions, see e.g. [19 Each frontier between a
pair of linear regions can be completed into a hyperplane, leading to at most H = K? hyperplanes.
Since p = 3NyK? > 3Ny H, by Lemma there exists = € {2 such that the claimed hypercube lies
entirely inside a polytope delimited by these hyperplanes. As this polytope is itself included in some
linear region P of Ry, this establishes our intermediate claim.

Now, define vy := x and v; :== = + (1/p)e;, i € [Ny] where e; is the ith canonical vector. Denote
P € RN2XNo the matrix such that the restriction of Ry to the piece P is fp(z) = Px + b. Since P
is the Jacobian matrix of Ry in the linear region P, we deduce from Lemma@] that P € Ly. Since
the points v; belong to the hypercube which is both included in P and in {2 we have for each i:

P(vo —vi) = fp(vo) — fr(vi)
=Ro(vo) — Ro(v:)
= f(vo) — f(vi)

= A(UO — ”Ui).
where the third equality follows from the definition of D and the fact that we assume Ry (2) = D.
Since vg — v; = ¢;/p,i = 1,...,n are linearly independent, we conclude that P = A. This implies
A € Ly, hence the contradiction. This concludes the proof. O

We now prove the intermediate technical lemmas.

Proof of Lemma[B.2} Since f € Fy(€'), there exists a sequence {6y }xen such that:

lim sup ||f(z) — Re, ()] =0
k—00 gy

Denoting Dy, = [ng (1) ... Ry, (xr)], sincexz; € Q C Q, i =1,...,P, it follows that Dy,
converges to D. Since Dy, € F1(€2) by construction, we get that D € Fr(2). O

Proof of Lemma|B.3} For any 0 € I, Ry is a continuous piecewise linear function since it is the
realization of a ReLU neural network [1]]. Consider P a linear region of Ry with non-empty interior.
The Jacobian matrix of P has the following form [22, Lemma 9]:

J=W;D;,_ 1W;_ 1Dy 5..D/W;

where D, is a binary diagonal matrix (diagonal matrix whose coefficients are either one or zero).
Since supp(D; W;) C supp(W,;) C I;, we have: J = W, [[;"(D;W,) € L;. O

3Guido Monttifar, Razvan Pascanu, Kyunghyun Cho, and Yoshua Bengio. On the number of linear regions of
deep neural networks. In Proceedings of the 27th International Conference on Neural Information Processing
Systems - Volume 2, NIPS’ 14, page 2924-2932, Cambridge, MA, USA, 2014. MIT Press.
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Proof of Lemma Every edge of an elementary hypercube can be written as:

1
<x,x—|—ei> ,eréV
p

where e; is the ith canonical vector, 1 < ¢ < N. The points « and = + (1/p)e; are two endpoints.
Note that in this proof we use the notation (a, b) to denote the line segment whose endpoints are
a and b. By construction, Qé\’ contains p¥ such elementary hypercubes. Given a collection of H
hyperplanes, we say that an elementary hypercube is an intersecting hypercube if it does not lie
entirely inside a polytope generated by the hyperplanes, meaning that there exists a hyperplane that
intersects at least one of its edges. More specifically, an edge and a hyperplane intersect if they have
exactly one common point. We exclude the case where there are more than two common points since
that implies that the edge lies completely in the hyperplane. The edges that are intersected by at least
one hyperplane are called intersecting edges. Note that a hypercube can have intersecting edges, but
it may not be an intersecting one. A visual illustration of this idea is presented in Figure 2]

____  non-intersecting edge

— intersecting edge

\ hyperplane

Figure 2: Illustration of definitions in R?: a) an intersecting hypercube with two intersecting edges;
b) not an intersecting hypercube, but it has two intersecting edges; c) not an intersecting hypercube
and it only has two intersecting edges (not three according to our definitions: the bottom edge is not
intersecting).

Formally, a hyperplane {w "2 + b = 0} for w € R" and b € R intersects an edge (z, z + %ei) if:

(wTz +b) [wT(:L“ +e) +b <0
and (14
wTa:—l—b;éOoer(m—i—%ei)—f—b;éO

We further illustrate these notions in Figure [3] We emphasize that according to Equation (14)), {3 in
Figure [3|does not intersect any edge along its direction.

e -
| | | | | «!

177
|
€ e e R T‘J‘ T )
2 I o |, intersecting hypercube
S B B B I B R ==
| | | |
= *ﬂ*ﬂ*ﬂ
| |

I non-intersecting hypercube

|
|
|
|

intersecting edge

= | ! L _L_ J \ hyperplane

Figure 3: Illustration of intersecting hypercubes and hyperplanes in R2.

/
|

Clearly, the number of intersecting hypercubes is upper bounded by the number of intersecting edges.
The rest of the proof is devoted to showing that this number is strictly smaller than p~ if p > 3N H,
as this will imply the existence of at least one non-intersecting hypercube.
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To estimate the maximum number of intersecting edges, we analyze the maximum number of edges
that a given hyperplane can intersect. For a fixed index 1 < ¢ < N, we count the number of edges of
the form (z, z + %ei) intersected by a single hyperplane. The key observation is: if we fix all the

coordinates of = except the ith one, then the edges (z,z + %ei) form a line in the ambient space.
Among those edges, there are at most two intersecting edges with respect to the given hyperplane.
This happens only when the hyperplane intersects an edge at one of its endpoints (e.g., the hyperplane
{5 and the second vertical line in Figure[3). In total, for each 1 < i < N and each given hyperplane,
there are at most 2(p + 1)V ~! intersecting edges of the form (z,z + %ei). For a given hyperplane,

there are thus at most 2N (p + 1)V ~! intersecting edges in total (since i € [N]). Since the number
of hyperplanes is at most H, there are at most 2N H (p + 1)V ~! intersecting edges, and this quantity
also bounds the number of intersecting cubes as we have seen. With the assumption p > 3N H, we
conclude by proving that p > 2N H (p + 1)V ~1. Indeed, we have:

ONH(p+1)N-1  oNH N\Y"' onNH N\ onm 1\ V¥
e =ER () 2B <ER ()

pY p p P P P p
LH (G ] T2 e
=~ 3NH 3NH = A
where we used that (1 + 1/n)" < e & 2.71828, the Euler number. O
B.3 Proof of Theorem 3.4
Proof. We denote X = [z1,...,zp| € RNo*P the matrix representation of €2. Our proof has three

main steps:

Step 1:  We show that we can reduce the study of the closedness of F1(f2) to that of the closedness
of a union of subsets of RY, associated to the vectors W. To do this, we prove that for any element
f € F1(2), there exists a set of parameters 6 € A7 such that the matrix of the second layer Wy
belongs to {—1,0, 1}1XN1 (since we assume No = 1). This idea is reused from the proof of [1}
Theorem 4.1].

For § := {(W;,b;)?_,} € M, the function R(6) has the form:
N1
Re(l’) = WgO’(Wlfﬂ + bl) + b2 = ZWZiJ(Wl,ix + bl,i) + b2
i=1

where w1 ; = W [i,:] € R>*No wy; = Wy[i] € R, by ; = bli] € R. Moreover, if wy ; is different
from zero, we have:
W2 i

W ;0(W1,z +by) = o([wailwi iz + [wa i[b1 ;).

[wa i
In that case, one can assume that wy,; can be equal to either —1 or 1. Thus, we can assume
wa,; € {£1,0}. Fora vector v € {—1,0,1}*N1 we define:

FVZ{[Rg(fvl),...,Ro(l'p)] |9€./\/‘1’v} (15)

where i,y C A is the setof = {(W;, b;)?_; } with Wy = v € {0, 1}1*M ., in words, Fy is
the image of € through the function Ry, 6 € N y.

Define V := {v | supp(v) C Iy} N {0, £1}*N1. Clearly, for v € V, F,, C F7(Q2). Therefore,

U Fv - -FI(Q)
vev

Moreover, by our previous argument, we also have:

A C | A
veVv
Therefore,
AQ) = R
vev
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Step 2:  Using the first step, to prove that Fr(2) is closed, it is sufficient to prove that Fy is closed,
Vv € V. This can be accomplished by further decomposing F\, into smaller closed sets. We denote
0’ the set of parameters W1, by and bs. In the following, only the parameters of 6 are varied since
‘W, is now fixed to v.

Due to the activation function o, for a given data point x; € €2, we have:
oc(Wz,; +bq) =D;(Wz; + by) (16)

where D; € D, the set of binary diagonal matrices, and its diagonal coefficients D,[i, 4] are
determined by:

D, i1 = {0 if Wi, :Jz; + by i]

<0
1 if Wi, Z]l‘j +by[i] >0 '

a7

Note that D¢, 7] can take both values 0 or 1 if Wi, :|z; 4+ by [i] = 0. We call the matrix D the
activation matrix of x;. Therefore, for to hold, the N7 constraints of the form must hold
simultaneously. It is important to notice that all these constraints are linear w.r.t. . We denote z a
vectorized version of 6’ (i.e., we concatenate all coefficients whose indices are in I; of W and by, bs
into a long vector), and we write all the constraints in (T6)) in a compact form:

ADj,z;)z < Opn,
where A(Dj, z;) is a constant matrix that depend on D; and ;.
Set § = (v, z). Given that (T6) holds, we deduce that:
Ro(z;) =vo(Wzj+b1) +by=vD;(Wz; +by) + by =V(Dj,x;,v)z
where V(D,,z;, V) is a constant matrix that depends on D, v, z;. In particular, Ry (z;) is also

a linear function w.r.t the parameters z . Assume that the activation matrices of (z1,...,zp) are
(Dy,...,Dp), then we have:

Ro(Q) = V(Dy,21,V)z,...,V(Dp,rp,v)z) € RI*F.

To emphasize that R¢(€2) depends linearly on z, for the rest of the proof, we will write Ry (2) as a
vector of size P (instead of a row matrix 1 x P) as follows:

V(Dl, Zq, V)
Ro(Q) =V(Dy,...,Dp)z  where V(Dy,...,Dp)=
V(DPa p, V)
Moreover, to have (D1, ..., Dp) activation matrices, the parameters z need to satisfy:
.A(Dl, o 7]:)p)Z S OQ
where () = PN, and
.A(Dl, Il)
A(Dla"'aDP):
ADp,zp)
Thus, the set of Ry (€2) given the activation matrices (D1, ..., D p) has the following compact form:

FP1-DPr).— fY(Dy,...,Dp)z | A(D1,...,Dp)z < 0}.

Clearly, F{PPr) ¢ [ since each element is equal to Ry () with § = (v, z) for some z. On the

other hand, each element of F,, is an element of F‘EDl ~Dr) for some (Dy,...,Dp) € D¥ since
the set of activation matrices corresponding to any @ is in D’ Therefore,

F, = U F(P1Dr),
(D1,...,Dp)eD?

17



Step 3: Using the previous step, it is sufficient to prove that F‘(,Dl"“’DP)

v,(Dy,...,Dp) € DF. To do so, we write F‘SDI""’DP)
{Az | Cz <y}. (18)

Therefore, it is sufficient to prove that a set as in Equation (I8) is closed. These sets are linear
transformations of an intersection of a finite number of half-spaces. Since the intersection of a
finite number of halfspaces is szable under linear transformations (cf. Lemma [B.5]below), and the
intersection of a finite number of half-spaces is a closed set itself, the proof can be concluded. [

is closed, for any
in a more general form:

Lemma B.5 (Closure of intersection of half-spaces under linear transformations). For any A €
R™*" C € R>" y € RY, there exists C' € RF*™ b’ € R such that:

{Ax|Cx <y} ={C'z<Vb'}.

Proof. The proof uses Fourier—Motzkin elimination [} This method is a quantifier elimination
algorithm for linear functions E} In fact, the LHS can be written as: {t | t = Ax, Cx <y}, or more

generally,
{t|3xeR"s.t.B<f> gv}ng

where (’t‘ ) is the concatenation of two vectors (x, t) and the linear constraints imposed by B ( ¥ ) <v
replace the two linear constraints Cx < y and t = Ax. The idea is to show that:

/
{t | Ix eR"s.t. B (f) < v} = {t | Ix' e R" ! st. B (T_}) < v’} (19)

for some matrix B’ and vector v’. By doing so, we reduce the dimension of the quantified parameter
x by one. By repeating this procedure until there is no more quantifier, we prove the lemma. The
rest of this proof is thus devoted to show that B, v’ as in (T9) do exist.

We will show how to eliminate the first coordinate of x[1]. First, we partition the set of linear
constraints of LHS of (T9) into three groups:

1. So := {j | B[j, 1] = 0}: In this case, x[1] does not appear in this constraint, there is nothing
to do.

2. Sy :={j| B[j,1] > 0}, for j € S, we can rewrite the constraints B[j,:](¥) < v[j] as:
x[1] < yl] + ) alilxli] + Y ALl = Bf (x',t)
i=2 i=1
for some suitable v[j], «[i], 3[¢] where x’ is the last (n — 1) coordinate of the vector x.
3. 5_:={j | B[j,1] < 0}: for j € S_, we can rewrite the constraints B[j,:](¥) < v; as:
x[1] > y[j] + ) alilxi] + Y ALl = By (x',t).
i=2 i=1
For the existence of such x[1], it is necessary and sufficient that:
B (x',t) > By (¥, t), VkeS,,jes_. (20)

Thus, we form the matrix B’ and the vector v’ such that the linear constraints written in the following

form:
!
B/ ()1(; ) S V/

represent all the linear constraints in the set Sy and those in the form of (20). Using this procedure
recursively, one can eliminate all quantifiers and prove the lemma. O

“More detail about this method can be found in this link
3In fact, the algorithm determining the closedness of Ly is also a quantifier elimination one, but it can be
used in a more general setting: polynomials
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B.4 Proofs for Lemma[3.3

Since we use tools of real algebraic geometry, this section provides basic notions of real algebraic
geometry for readers who are not familiar with this domain. It is organized and presented as in the
textbook [2]] (with slight modifications to better suit our needs). For a more complete presentation,
we refer readers to [2, Chapter 2].

Definition B.1 (Semi-algebraic sets). A semi-algebraic set of R™ has the form:

k £
U{z ER™ | Py(z) =0A A Qij(z) >0}

j=1
where P;, Q; j : R™ — R are polynomials and A is the “and” logic.

The following theorem is known as the projection theorem of semi-algebraic sets. In words, the
theorem states that: The projection of a semi-algebraic set to a lower dimension is still a semi-algebraic
set (of lower dimension).

Theorem B.6 (Projection theorem of semi-algebraic sets [2l Theorem 2.92]). Let A be a semi-
algebraic set of R" and define:

B = {(mla s 7xn—1) | dz,,, (ZZ?l, s axn—lazn) S A}

then B is a semi-algebraic set of R~ 1.

Theorem@]is a powerful result. Its proof [2 Section 2.4] (which is constructive) shows a way to
express B (in Theorem by using only the first n — 1 variables (z1,...,Z,—1).

Next, we introduce the language of an ordered field and sentence. Readers which are not familiar
to the notion of ordered field can simply think of it as R and its subring as Q. Example for fields
that is not ordered is C (we cannot compare two arbitrary complex number). Therefore, the notion
of semi-algebraic set in Definition (which contains Q; j(x) > 0) does not make sense when the
underlying field is not ordered.

The central definition of the language of R is formula, an abstraction of semi-algebraic sets. In
particular, the definition of formula is recursive: formula is built from atoms - equalities and
inequalities of polynomials whose coefficients are in a subring Q of R. It can be also formed by
combining with logical connectives “and”, “or”, and “negation” (A, V, —) and existential/universal
quantifiers (3, V). Formula has variables, which are those of atoms in the formula itself. Free variables
of a formula are those which are not preceded by a quantifier (3, V). The definitions of a formula and
its free variables are given recursively as follow:

Definition B.2 (Language of the ordered field with coefficients in a ring). Consider R an ordered
field and Q C R a subring, a formula ® and its set of free variables Free(X) are defined recursively
as:

1. An atom: if P € Q[X] (where Q[X] is the set of polynomials with coefficients in Q)
then ® := (P = 0) (resp. ® := (P > 0)) is a formula and its set of free variables is
Free(®) := {Xy,..., X, } where n is the number of variables.

2. If ®1 and ®4 are formulas, then so are ®1V @y, &1 A ©o and ~P1. The set of free variables
is defined as:

(a) Free(®; V ®y) := Free(P;) UFree(Ps).
(b) Free(®; A ®3) := Free(P;) UFree(Ps).
(c) Free(—®1) = Free(®,).

3. If ®isaformulaand X € Free(®), then &' = (3X)® and " = (VX)P are also formulas
and Free(®’) := Free(®) \ { X}, and Free(®") := Free(®) \ {X}.

Definition B.3 (Sentence). A sentence is a formula of an ordered field with no free variable.
Example B.1. Consider two formulas:

¢ = {3X, X2+ X3 =0}
O, = {3X,,3Xy, X7 + X3 =0}
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While ®1 is a normal formula, ®5 is a sentence and given an underlying field (R, for instance), ®5 is
either correct or not. Here, ®5 is correct (since X3 + X2 = 0 has a root (0,0)). Nevertheless, if one
consider ®, = {3X1,3Xo, X? + X3 = —1}, then @, is not correct.

An algorithm deciding whether a sentence is correct or not is very tempting since formula and
sentence can be used to express many theorems in the language of an ordered field. The proof or
disproof will be then given by an algorithm. Such an algorithm does exist, as follow:

Theorem B.7 (Decision problem [2, Algorithm 11.36]). There exists an algorithm to decide whether

a given sentence is correct is not with complexity O(sal)o(l)kf1 where s is the bound on the number
of polynomials in ®, d is the bound on the degrees of the polynomials in ® and k is the number of
variables.

A full description of [2, Algorithm 11.36] (quantifier elimination algorithm) is totally out of the
scope of this paper. Nevertheless, we will try to explain it in a concise way. The key observation is
Theorem[B.6] the central result of real algebraic geometry. As discussed right after Theorem [B.6} its
proof implies that one can replace a sentence by another whose number of quantifiers is reduced by
one such that both sentences agree (both are true or false). Applying this procedure iteratively will
result into a sentence without any variable (and the remain are only coefficients in the subring). We
check the correctness of this final sentence by trivially verifying all the equalities/inequalities and
obtain the answer for the original one.

Proof of Lemma To decide whether Ly is closed or not, it is equivalent to decide if the following
sentence (see Definition [B.3) is true or false:

HA,(VXL, ey Xy, P(A, Xr,... 7)(1) > 0)/\
(Ve > 0,3X%,...,. X, P(A,X),...,X]) —e<0)
where P(A,X,...,X) = Z(m)(A[ Jl—- PI (XL, Xy )2
This sentence basically asks whether there exists a matrix A € Fy \ Fy or not. It can be proved that
this sentence can be decided to be true or false using real algebraic geometry tools (see Theorem|B.7)),
with a complexity O ((sd)ckfl) where C' is a universal constant and s, d, k are the number of

polynomials, the maximum degree of the polynomials and the number of variables in the sentence,

respectively. Applying this to our case, we have s = 2,d = 2L,k = Ny No + 1 + 225 L \Ig|
(remind that |I,| is the total number of unmasked coefﬁments of X/)

C Proofs for results in Section 4|

C.1 Proof of Theorem 4.1

In fact, Theorem [.1]is a corollary of Lemma|[B.I] Thus, we will give a proof for Lemma [B.T]in the
following.

Proof of Lemma[B.1} Since A € L1\L1 C RNz XNo we have:

1. A¢ Ly

2. There exists a sequence {(X¥)E |}y such that limy 0 | X% ... X¥ — A|| = 0 for any
norm defined on R™Vo,

We will prove that the linear function: f(x) := Ax satisfies f € Fy \ F1 (where 7 is the closure of
F1in (C°(), || - ||so), that is to say f is not the realization of any neural network but it is the uniform
limit of the realizations of a sequence of neural networks). Firstly, we prove that f ¢ Fy. For the
sake of contradiction, assume there exists § = (W, b;) iL:1 € Nfi such that Ry = f. Since Ry is the
realization of a ReLU neural network, it is a continuous piecewise linear function. Therefore, since €2
has non-empty interior, there exist a non-empty open subset €’ of R? such that ' C Q and Ry is
linear on (', i.e., there are A’ € RNt*No b € RV such that Ry(z) = A’z + b’, Vo € . Since
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J = Ry, we have: A’ = A and also equal to the Jacobian matrix of Ry on €. Using Lemma|B.3|
and the fact that A ¢ Ly, we conclude that f ¢ Fi.
There remains to construct a sequence {0* }ren, 0% = (WF b¥)L | € Njsuch that limy o0 [|Rgr —
fllo = 0. We will rely on the sequence {(X¥)Z_, } e for our construction. Given k € N we simply
define the weight matrices as W = X¥ 1 < i < L. The biases are built recursively. Starting from
e} = sup,cq |[Whz| o and bY := cf1y,, we iteratively define for2 < i < L — 1:
i (@) = Wiz +big

cf =sup [y 0. 097 () s

€N
bf = cf 1y,.

The boundedness of () ensures that c¥ is well-defined with a finite supremum. For i = L we define:

L—-1 L
bf =—=>"( [T Wb
i=1 j=i+1

We will prove that Ryx (z) = (X’Z e X’f) z,Vr € . As a consequence, it is immediate that:

Jm [[Ron = fllo = lim sup [[Rox () — f(2)]2
—00 k—00 2c0

< lim | XE . XY — Allp o sup|jzfa =0
k—o0 zEQ
where we used that all matrix norms are equivalent and denoted || - ||2— 2 the operator norm associated

to Euclidean vector norms. Back to the proof that Ry« (z) = (Xf e X’f) x,Vx € (Q, due to our
choice of ¢, we have for2 <i < L — 1:

'yf,l o... o'yf(x) >0,V e
where > is taken in coordinate-wise manner. Therefore, an easy induction yields:
Ros(z) =7f 0007 _10...00 07 (x)
SRR AR L €))
= Wi(...(W5(Wiz+b})+b5)...)+ b}

L-1 L L-1 L
= (X} XDz + Y ([T wobl => (I] W)t
i=1 j=i+1 i=1 j=i+1

=Xk XNz

C.2 Proof of Theorem[4.2]

Given the involvement of Theorem[4.2] we decompose its proof and present it in two subsections: the
first one establishes general results that do not use the assumption of Theorem[4.2] The second one
combines the established results with the assumption of Theorem[#.2]to provide a full proof.

C.2.1 Properties of the limit function of fixed support shallow NNs

The main results of this parts are summarized in Lemma[C.2] and Lemma[C.3] It is important to
emphasize that all results in this section do not make any assumption on I.

We first introduce the following technical results.

Lemma C.1 (Normalization of the rows of the first layer [21]). Consider 2 a bounded subset of RN°.
Given any 6 = {(W;,b;)2_,} € Ny and any norm || - || on RN, there exists 6 := {(W;,b;)?_,} €
Nt such that the matrix W1 has unit norm rows, ||bi|lec < C := sup,cq SUp||, <1 (u, ) and
Ro(x) = Rj(x), Vo € Q.
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Proof. We report this proof for self-completeness of this work. It is not a contribution, as it merely
combines ideas from the proof of [21, Lemma D.2] and [21, Theorem 3.8, Steps 1-2].

We first show that for each set of weights # € Ni we can find another set of weights 0/ =
{(WL,bl)2_} € Ni such that Ry = Ry on RM and W/ has unit norm rows. Note that
|Ib}]lc can be larger than C. Indeed, given § € N, the function Ry can be written as:
Ry :x € RN s S0 hy(x) + by where hj(z) = Wal:, jlo(Wi[j, 1]z + bi[j]) denotes the
contribution of the jth hidden neuron. For hidden neurons corresponding to nonzero rows of W%,
we can rescale the rows of W%, the columns of W and b¥ such that the realization of & is invari-
ant. This is due to the fact that woo (W z + b) = ||w1||wao((wy/||[w1]]) T2 + (b/||w1||)) for any
wi # 0 € R0 wy € RV2 b € R. Neurons corresponding to null rows of W are handled similarly,
in an iterative manner, by setting them to an arbitrary normalized row, setting the corresponding
column of W¥ to zero, and changing the bias b} to keep the function Ry unchanged on R, using
that woo (02 + b) + by = 00 (v 'z + b) + (by + wyo (b)) for any normalized vector v € R0,
Thus, we obtain §’ whose matrix of the first layer, W/, has normalized rows and Ry = R¢/ on RNo,

To construct 8 with ||b; || < C we see that, by definition of C, if |w|| = 1 and b > C then
wiz+b>—-C+b>0, vz € Q. (1)
Thus, the function woo (W] = + b) = wa(w{ 2 + b) is linear on Q and
woo (W] x +b) + by = wa(w, 2+ C) + ((b — C)wy + by)
= wz0(wjz+C) + ((b — C)wz + by)

Thus, for any hidden neuron with a bias exceeding C, the bias can be saturated to C' by changing
accordingly the output bias bo, keeping the function Ry unchanged on the bounded domain 2 (but
not on the whole space R™V). Hidden neurons with a bias b < —C can be similarly modified.
Sequentially saturating each hidden neuron yields 6 which satisfies all conditions of Lemma O

Lemma C.2. Consider ) a bounded subset of R™°, for any 1 = (I, I, ), given a continuous function

f € F1(Q), there exists a sequence {0 }.en, 08 = (WF bF)2_, € Nt such that:
1. The sequence Rgr admits | as its uniform limit, i.e., limy_, o0 || Rer — f|looc = 0.

2. The sequence {(W¥,b¥)}ren has a finite limit (W7, bt) where W} has unit norm rows and
supp(W7) € I1.

Proof. Given a function f € Fi(€2), by definition, there exists a sequence {0*}ren, 0F € M
Vk € N such that limy,_, |Rgr — f|lco = 0. We can assume that W¥ has normalized rows and b¥
is bounded using Lemma|[C.I] We can also assume WLOG that the parameters of the first layer (i.e
W#, b¥) have finite limits W} and b?. Indeed, since both W* and b¥ are bounded (by construction
from Lemma, there exists a subsequence { ¢ } ren such that Wf’“ and b{* have finite limits and
Roer — f as Rgr — f. Replacing the sequence {0%}cn by {09* }.cn yields the desired sequence.
Finally, since W} = limy_,o, W¥, W obviously has normalized rows and supp(W?*) C I;. [

Definition C.1. Consider Q bounded subset of R?, a function f € Fi(Q) and a sequence {6} en
as given by Lemma We define (a;,b;) = (WT[i,:], bi[i]) the limit parameters of the first layer
corresponding to the ith neuron. We partition the set of neurons into two subsets (one of them may be
empty):

1. Set of active neurons: J := {i | (x € Q,a;2 4+ b; > 0) A (Fz € Q,a;2 4+ b; < 0)}.
2. Set of non-active neurons: J = [Ny]\ J.

For i,j € J, we write i ~ j if (Wi[j,:],bi[j]) = £(W7[i,:],bt[i]). The relation ~ is an
equivalence relation.

We define (Jg)i=1,... r the equivalence classes induced by ~ and we use (cy, B¢) := (a;, b;) for some
1 € Jy as the representative limit of the (th equivalence class. For i € Jy, we have: (a;,b;) =
€i(aw, Br), € € {£1}. Wedefine J} ={i€ Jy | e, =1} #0and J; = J;\ J; .
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For each equivalence class Jy, define Hy := {x € Q | ayx + B¢ = 0} the boundary generated
by neurons in J; and the positive (resp. negative) half-space partitioned by Hy, H Z‘ ={z e Q|
agr + B¢ > 0} (resp. H; = {z € Q| ayz + B¢ < 0}). For any € > 0 we also define the open
half-spaces H) = {z € R | o x + By > ¢y and H" ™) := {z € R? | o) 2 + By < —e}.

Definition [C.T| groups neurons sharing the same “linear boundary” (or “singular hyperplane” as in
[21]). This concept is related to “twin neurons” [22]], which also groups neurons with the same active
zone. This partition somehow allows us to treat classes independently. Observe also that

supp(ay) C ﬂ Lfi,:,v1<e<r. (22)

i€Jy
Definition C.2 (Contribution of an equivalence class). In the setting of Definition[C_1| we define the
contribution of the ith neuron 1 < i < Ny (resp. of the lth (1 < £ < 1) equivalence class) of 0% as:

hE RN RY2 2 g s WEL i)o (Wi, -]z + BY[i])
g RNo s RN s Z hF(z) .
icJy

Lemma C.3. Consider Q) = [-B, B]¢, f € F1(Q) and a sequence {0*}.cx as given by Lemma
and oy, By, 1 < 0 < r e, i € J as given by Deﬁnition There exist some v, b € RN2 A €
RN2XNo sych that:

fx) = Zwa(aw +B))+Ax+b Ve (23)
i=1
lim > WAL i]WH[i, ] =y, VI<L<r (24)
k—o0
i€Jy
lim > &by [iIW5[:,i] = 7B, VI<E<r (25)
koo i€Jy
supp(y¢) C U I:i], V1<{<r (26)
i€Jy

Proof. The proof is divided into three parts: We first show that there exist 7, b € R™2 and
A € RN2xNo gych that Equation (23] holds. The last two parts will be devoted to prove that

equations (24) - (26) hold.

1. Proof of Equation (23): Our proof is based on a result of [2]], which deals with the case of a
scalar output (i.e, N2 = 1). It is proved in [21| Theorem 3.8, Steps 3, 6, 7] and states the following:

Lemma C.4 (Analytical form of a limit function with scalar output [21]]). In case Ny = 1 (i.e., output
dimension equal to one), consider QX = [~ B, B]%, a scalar-valued function f : Q — R, f € F1(Q)
and a sequence as given by Lemma there exist 1 € RN0 ~, v € R such that:

f@) = wolam+Be)+pu'z+v, VreQ 27)
=1
Back to our proof, one can write f = (fi,..., fn,) where f; : @ C RNo — R is the function f

restricted to the jth coordinate. Clearly, f; is also a uniform limit on 2 of {R . } ,en for a sequence
{0%}1.eny which shares the same W4 with {6%},cn but W¥ is the jth row of W&, Therefore,
{0%}1.en also satisfies the assumptions of Lemma which gives us:

fi(z) = Z’)/g’jd(agl‘ + Be) + ,uij +vj, YreQ
=1

for some p; € RNo, 7,5, v; € R. Note that oy, 8, and r are not dependent on the index j since
they are defined directly from the considered sequence. Therefore, the function f (which is the
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concatenation of f; coordinate by coordinate) is:

f) =" qeo(agz+ i) + Az +b, Vo e

(=1

Vi, 1 H;r vy
withwz( : ),A: : ,b:< )
Yi,No H;Q VNy

2. Proof for Equations (24)-(23): With the construction of -y, we will prove Equation (24) and
Equation (23). We consider an arbitrary 1 < ¢ < r. Denoting Q° the interior of Q and H, :=
{z € Q| ayx + B¢ = 0} the hyperplane defined by the input weights and bias of the ¢-th class of
neurons, we take a point 2’ € (2° N Hy) \ U,, H, and a fixed scalar > 0 such that the open ball

B(a',r) € Q°\ U, Hp. Notice that 2’ is well-defined due to the definition of J (Definition|C.1).
In addition, r also exists because Q° \ Up ¢ Hp 1s an open set. Thus, there exists two constants
0 < 6 < B and € > 0 such that:

(@) B(a',r) C [-(B —6),B - d)%

(b) For each p # /, the ball B(2’,r) is either included in the half-space H}f’*) = {z ¢ R? |
o & + [, > €} or in the half-space H,(f’_) ={z eR| o) x4 B, < —€}.

(c) The intersection of B(x’,r) with H ée’ﬂ and H, IEE’_) are not empty.

For the remaining of the proof, we will use LemmalC_Sl another result taken from [21]]. We only state
the lemma. Its formal proof can be found in the proof of [21, Theorem 3.8, Steps 4-5].

Lemma C.5 (Affine linear area [21]). Given a sequence {0*} e satisfying the second condition of
Lemmal[C2] we have:

(a) For any 0 < 0 < B, there exists a constant ks such that Vi € J, hf are dffine linear on
[—(B —6),B — 6™ forall k > ks.

(b) For any € > 0, there exists a constant k. such that for each 1 < { < r and each i € J; the
function hf is affine linear on nge’ﬂ U Hz(é’f) forallk > k..

The lemma implies the existence of K = max(xs, k) such that for all £ > K, we have:

Zg;f(x) =Bfz + 0, Vz € B(2',r),
p#L

for some B¥ € RNz XNO, vk € RNz, Therefore, for k > K, we have:

R (x) = BEz + % + S WAL, il (WH[i, o + bE[i]), Var € B(a!, ) 0 HLP)
i€

Ror(z) = BFz + vk + Z WEL,i]|(WF[i, ]z + bY[i]),Vz € B(2,7) N Hés’_)-
ieJ;

Since we proved that f has the form Equation , there exist C € RV2*No ;¢ RNz such that

f(x) = (C+~ypap)r + (pn+ veBe), Vx € B(z',r)n Hée’ﬂ
f(x) = Cz + p, Vo € B(x',r)N Héeﬁ)
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As both B(z',r) N Hée’ﬂ and B(z',r) N nge’f) are open sets, and given our hypothesis of uniform
convergence of Ry — f, we obtain,

lim B+ 3~ WH[, i]WH[i,:] = C + vy

k—o0
ieJf
. k kr. - kre ] —
kl;rr;OB + Z Wi, i|lWi[i,:] = C
ied;
k - k k (28)
li j L) =
pm vt A Z bi[iIW5[: i) = p+veBe
i€
Sk kAYWETL 5 —
kl;r&u + Z by i W5[:,i] = .
e,

Proof for Equation (28] can be found in Appendix[C.4} Equations (24) and (23) follow directly from
Equation (28).

3. Proof of Equation (26): Since oy # 0 (remember that ||| = 1), this is an immediate conse-
quence of Equation as each vector WA[:, 5], j € Jy is supported in I[:, j] C Uiey, Io[:,4). O

We state an immediate corollary of Lemma[C.3] which characterizes the limit of the sequence of

contributions {g5 } yen of the /th equivalence class with |.J,| = 1.

Corollary C.1. Consider f € Fi([—B, B|?) that admits the analytical form in Equation , a
sequence {0%} pen as given by Lemma and Deﬁnition For all singleton equivalence classes
Jo = {i},1 < € <7, we have limy oo W51, 4] = v and limy,_, o0 ||} — veo () @ + B¢)|| 0o = 0.

Proof. We first prove that W5[:, i has a finite limit. In fact, applying the second point of Lemma
for J, = {i}, we have:

lim WAL, i) WH[i, 2] = yeay

k—o0
where ¢, oy are defined in Lemma Because limy_, o, W¥[i,:] = oy and ||a||2 = 1, it follows

that 7, = limy_.oo W5[:,4]. To conclude, since we also have 3, = limy_, b¥[i], we obtain
RE(:) = WEL,:lo(WE[E,:] - +b¥[0]) — veo(cux + Be) as claimed. O

The nice thing about Corollary is that the contribution g§ = h% admits a (uniform) limit
if Jo = {i}. Moreover, this limit is even implementable by using only the ith neuron because

supp(ay) C I1[¢,:] and supp(y¢) C Io[:,4].

It would be tempting to believe that, for each P € {J} U{J, | £ = 1,...,r} the sequence of
functions ), g% () must admit a limit (when & tends to oo) and that this limit is implementable
using only neurons in P. This would obviously imply that F1(£2) is closed. This intuition is however
wrong. For non-singleton equivalence class (i.e., for cases not covered by Corollary [C.I)), the limit
function does not necessarily exist as we show in the following example.

Example C.1. Consider the case where N = (1,3, 1) and no support constraint, Q) = [—1, 1], take
the sequence {0} cn which satisfies:

1 0
Wy = (—1) bl = (o) W5 =(k -k —k),bk=k
1 1

Then for x € ), it is easy to verify that Rgr = 0. Indeed,

Ron () = ZW’%[:, iJo(Wtli,:] + bi[i]) + bj

=ko(z) —ko(—z) —ko(z+1)+k
=k(o(z) —o(—x)) —k(x+1)+k (sincex+1>0,VreQ)
=kr—kx+1)+k=0
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Thus, this sequence converges (uniformly) to f = 0. Moreover, this sequence also satisfies the
assumptions of Lemma|C.2] Using the classification in Definition[C_1| we have one class equivalence
J1 = {1,2} and J = {3}. The function g¥(x) = ko(x) — ko(—x) = kx, however, does not have
any limit.

C.2.2 Actual proof of Theorem[d.2]

Therefore, our analysis cannot treat each equivalence class entirely separately. The last result in
this section is about a property of the matrix A in Equation (23)). This is one of our key technical
contributions in this work.

Lemma C.6. Consider Q! = [-B,B|%, f € Fi(Q) that admits the analytical form in Equa-
tion , a sequence {Gk}ikeN as given by Lemma then the matrix A € Ly where
I = (L[, S, 1 [S,1]), S = JU (Ur<e<,J; ), J, JF are defined as in Deﬁnition.

Combining Lemma|C.6and the assumptions of Theorem[#.2] we can prove Theorem [.2]immediately
as follow:

Proof of TheoremH.2] Consider f € Fi(f2), we deduce that there exists a sequence of {0 }xen
that satisfies the properties of Lemma This allows us to define J and equivalence classes
Je, 1 < 0 < raswell as (ay, B¢) as in Deﬁnition Using Lemma we can also deduce an
analytical formula for f as in Equation 23):

flz) = Zwa(aeerﬂz)JrAerb, Yz € Q.

i=1

Finally, Lemma states that matrix A in Equation satisfies: A € Ly with I =
(I2[:, S], I1[S,:]]), where S = J U (Uj_,J, ). To prove that f € Fi, we construct the parame-
ters = {(W;,b;)?_, } of the limit network as follows:

1. Foreach 1 < ¢ < r, choose one index j € J[ (which is possible since J[ is non-empty). We set:

(Wili. ] Wals i) = { (200 10 20 9)

(g, 0,8¢) otherwise

This satisfies the support constraint because supp(ay) C I1[j,:] (by @2)) ap = limy_, oo W¥[3,:])
and Is = 1y, n,. This is where we use the first assumption of Theorem Without it, supp(7¢)
might not be a subset of I»[:, j].

2. Fori € S: Since A € Ly (cf Lemma and Ly is closed (second assumptions of Theorem4.2),
there exist two matrices W1, Wy such that: supp(W1) C I4[:, S], supp(W2) C I5[S,:], and
A = W,yW;. We set:

(W1i,:], Wal:, ], bi[i]) = (Wi, :], Wa[:, ], C) (30)

where C' = sup, g |[W 12| . This satisfies the support constraints T due to our choice of W, Wy,
The choice of C ensures that the function h;(x) := Wi, :]o(W1[i, ]z + by [i]) is linear on .

3. Forbg: Letby =b —C (Zies Wol:, z]) (b is the bias in Equation ).
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Verifying Ry = f on € is thus trivial since:

ng W [i,:]z + by[i]) + by
—ZW2 Wi, ]z +bafi]) + Y Wal:, ijo(Wili, ] + b [i]) + by
1¢S €S
_ZWU apx + Be) +ZW2 (Wi, ]x+C)+b—C<ZW2[:,i]>
jeSs €S

= Zwa(aw + Be) + W,oW,z+b= Z’YgO'(Oégx +8)+Axz+b=f O
=1 =1

Proof of Lemma[C-6] 1In this proof, we define 2 = (—B + &, B — §)N°,0 < § < B. The choice of
d is not important in this proof (any 0 < § < B will do).

The proof of this lemma revolves around the following idea: We will construct a sequence of functions
{f*}1en such that, for k large enough, f* has the following analytical form:

fF(z) = Zwa(ae:rvLﬂg) + APz 4+ b v € QF 3D
=1

and limy_,o0 f¥(x) = f(z) Vo € Q\ (Uy_, Hy) (or equivalently f* converges pointwise to f on
Q\ (Uj_, Hy)) and A* admits a factorization into two factors A¥ = X*Y* satisfying supp(X*) C
L[:, S), supp(Y*) C I1[S, 1], so that A*¥ € Ly. Comparing Equation and Equation (31), we
deduce that the sequence of affine functions A¥z 4+ b* converges pointwise to the affine function
Az + b on the open set Q5 \ (U;_, Hy). Therefore, limy,_, AF = A by Lemma , hence the
conclusion.

The rest of this proof is devoted to the construction of f¥ = = Rjx where 0k € Ny are parameters
of a neural network of the same dimension as those in N but only partially satisfying the support

constraint I. To guarantee that f* converges pointwise to f, we construct 6% based on % and harness
their relation.

Choice of parameters. We set 0% = {(W* bF)2_ |} € N where W§ € RV2xN1 Wk ¢ RN1xNo
are defined as follows, where we use C* = sup, ¢, || W52 || o

« For inactive neurons i € .J, we simply set (WX [:, i), WE[i,:], b¥[i]) = (WX [:, 4], WE[i, :], b¥[a]).

* For each equivalence class of active neurons 1 < ¢ < r, we choose some j, € J; (note that J, ; is
non-empty due to Definition|C.1) and set the parameters (W5[:, i), W¥[i, ], by [i]), € J; as:

; . 5 (WP, ], W2[’ i,C*),  VjeJ;
(WIIC[Z’ :]7W]26[:7i]’b]1€m) = (Wlf[ 2,0 ) Vi € J; \ {je} (32)
(Om%ﬁe% i = Je

Fori € J; \ {je}, we clearly have: supp(W¥[i,:]) C I1[i,:] and supp(W5[:,i]) C I1[:,4]. The
je-th column of W¥ is the only one that does not necessarily satisfy the support constraint, as
supp(v¢) € L[, je] in general.

* Finally, the output bias b5 is set as:

._b’“+zz b¥[i] — C*YWE]:, ] (33)

L= 1ZEJ
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Proof that f* : Rj:. converges pointwise to f on 2\ (U;_, H,). We introduce notations analog
to Deﬁmtlonu for every « € R™° we define:

hi(x) = WELL ilo (Wi, e+ BF), i=1,...,Ny;  gie) =Y h¥x), £=1,...r
i€y
By construction B
hF =hF, VieclJ, Vk, (34)
and we further explicit the form of Ef, i € J, for x € Q (but not on RYo) as:
i WA i (WEi, ]z + CF), Vie ]
hi(z) =40, Vie JS\ {je} (35)
Yeo (e + Be), i =Je
We justify our formula in Equation (33)) as follow:
1. Fori € J; : since C* = sup,q, ||[W¥z| o by construction, W¥[i, ]z + b¥[i] = W¥[i, ]z +
b¥[i] > 0. The activation o acts simply as an identity function.

2. Fori € J;/: Because we choose W5[:,i] = 0.

3. For i = j,;: Obvious due to the construction in Equation (32).

Given z € Q \ (Uj_, Hy), we now prove that this construction ensures that for each ¢ € {1,...,r}
Jim (g7 (x) — g¢ () + €F) = 0. (36)

This will imply the claimed poinwise convergence since

lim f*(z) = Jim R, (x) = lim > hi(z) Z z) + bk

k—o0
ieJ
B9 | k ~ _ ~ &k
i | 2 M e (o) = )b
1€ = —

k k k . —
D Jim, 21 ; ¢ (x) b3 | = Jim Roe(x) = /(x).
i€ =

To establish (36), observe that as = € Q\ (Uj_, Hy) we have x ¢ H,. We thus distinguish two cases:
Casex c H, .

Using (32) we show below that for % large enough and « € H, , we have

. k_ bE[i)WEL, i), i€ J;
B (@) — b (2) = {(()C PHIDWEE T e e (37)
and thus
(@) —gi (@) + & = (7%5(%) - hf(ﬂ?)) +& =) (C* —bI[HWE[, ] + & =0.
i€y ieJ;

We indeed obtain (37) as follows. Since € H, , ayx + B¢y < 0, i.e., —ayx — B¢ > 0. Therefore,
given the definitions of .J gt (cf Definition i we have:

e Fori € J; : limg_yoo (WH[i, ], b’f [i]) = —(c, Be), hence for k large enough, we have W¥[i, :]z +
b¥[i] > 0 so that o(W¥[i, ]z + b [i]) = W¥[i,:]x + b¥[i] and, as expressed in (37):

B () = Wl () B WL i) (W, o+ CF) = WL (W, + BE[]) = (CF — )WL, 1]
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e Fori € J;': similarly, we have W¥[i, ]z + b¥[i] < 0 for k large enough. Therefore, hf(x) =0
for k large enough. The fact that we also have h¥(x) = 0 is immediate from Equation (35)) if i # jg,
and for i = j, we also get from Equation (35) that A% () = o (cux + B¢) = 0 since apz + B¢ < 0.

Case z € HZ’ An analog to Equation forx € Hz' is

) WE[:, i (WE[i, ]z + CF), ieJ,

hi(x) = hi(z) = § ~WA[:, i (WF[i, Jz + bF[i]), ieJ N\ {it- G3®)
We establish it before concluding for this case.

* Fori € J, : by areasoning analog to the case x € H,, , we deduce that for £ large enough
it (@) = i (e) B WL, i (W o+ C").

e Fori € J: asimilar reasoning yields h¥(z) = WA[:, i](W¥[i, :]z + b¥[i]) for k large enough,
while Equation 1| yields Bfe (2) = veo(apz+Br) = ve(aux+ Be) (since cpz+ B¢ > 0asx € Hj)
and h¥(z) = 0if i # jy.

Using (38) we obtain for k large enough
G (@) — gk @)+ &k = Y (REG) - hfm) +¢b

i€Jy
= Y WEL (W o+ CF) = > WEL iJ(Wi, )z + BE[i) + ve(oex + Be) + &5
i€J, i€

D (3 WEL AW~ 3 WA AW+ 0

i€, jegt

+ (f? + > WhLdck = > Wi, +wﬁz)

i€, ieJ;h
Yiess Wi bf 4]

ieJ
where in the last line we used the expression of £§ from (33). Due to Equations (24) and (23) it
follows that limy,_,o g (z) — g5 (z) + & =0,V € H/.

Thus combining both cases, we conclude that limy, oo G5 (z) — g& (x) + & = 0,Va ¢ Hy, as desired.
Proof of the expression @) with A% € £y for large enough k. From @), we first deduce that

th —|—bk—Zwa ax + Be) —l—th k vz € RNo,
ics
where we recall that S == J U (U; <t<rJ, ). There only remains to show that, for k large enough,
we have 3, ¢ h¥ () = AFx + b for every x in the restricted domain Q3, where A* € Ly and
b* € RM2. Note that for i € Jp, our construction assures that ?Lf is affine on ). Moreover, in

the restricted domain 23, for k& > ks large enough, ﬁf,z € J also behave like affine functions (cf
Lemma|C.5). Therefore,

Zﬁf(m) = (ZéfVV’;LﬂVNV’f[Z, ])x +cb Ve e Qg k> ks

i€S i€S
for some vector ¢ and binary scalars 6¥. In fact, 0¥ = 0ifi € J~ := {j € J | Wilj, ]z + b3[j] <
0,Vz € Q} and §; = 1 otherwise. Thus, one chooses A* =3, o 6FW [ ]Wk[ 1], b* = c* and
the construction is complete. This construction allows us to write A¥ = W2 W’f with:

W]f = VV?[S, :]
WE = WE[:, Sldiag({vf |i=1,...,Ni})
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where diag({vF | i = 1,...,N1}) € RV >*M s a diagonal matrix, v¥ = §¥ fori € S and 0

otherwise. It is also evident that supp(W5[:, S]) C I1[:, S], supp(W¥[S,:]) C I1[S, :]. (since the
multiplication with a diagonal matrix does not increase the support of a matr1 ). This concludes the
proof. O

C.3 Proof for Corollary[4.2]

Proof. The proof is inductive on the number of hidden neurons /Vy:

1. Basic case N7 = 1: Consider 6 := {(W;,b;)?_,} € M, the function R has the form:
Ro(x) = woo(w] = +by) + by
where w; = W[1,:] € RNo, wy = W[1, 1] € R. There are two possibilities:

(a) Iz = (): then wo = 0, F7 is simply a set of constant functions on 2, which is closed.

(b) Io = {(1,1)}: We have Iy = 17« n,, which makes the first assumption of Theorem satisfied.
To check that the second assumption of Theorem [4.2]also holds, we consider all the possible
non-empty subsets S of [1]: there is only one non-empty subset of Iz, which is S = [1]. In
that case, L1, = {We RN | supp(W) C I, }, which is closed (since Ly is isomorphic to
RI"11). The result thus follows using Theorem

2. Assume the conclusion of the theorem holds for all 1 < N; < k (and any Ny > 1). We need to
prove the result for Ny = k + 1. Define H = {i | I3[1,4] = 1} the set of hidden neurons that are
allowed to be connected to the output via a nonzero weight. Consider two cases:

(a) If |H| < k, we have F1 = Fr,,, which is closed due to the induction hypothesis.
(b) If H = [k + 1], we can apply Theorem. Indeed since Iy = 11« n,, the first condition of
Theorem[4.2)is satisfied. In addition, for any non-empty S C [N1], define H := U;es1[i,:] C

[No] the union of row supports of I1[S, :]. It is easy to verify that Ly is isomorphic to R‘H‘ ,
which is closed. As such, Theorem4.2]can be applied. O

C.4 Other technical lemmas

Lemma C.7 (Convergence of affine function). Let Q) be a non-empty interior subset R™. If the
sequence {f*}ren, fF i R® = R™ : 2 +— AFz + b* where A¥ € R™*" bF € R™ converges
pointwise to a function f on §, then f is affine (i.e., f = Ax + b for some A € R™*" b € R™).
Moreover, limy,_,oo A*¥ = A and limy,_,oo by, = b.

Proof. Consider zo € ', an open subset of € (€’ exists since {2 is a non-empty interior subset of
R™). Define g*(z) = f*(z) — f*(z0) and g(x) = f(z) — g(xo). The function g* is linear and g*
converges pointwise to g on  (and thus, on ). We first prove that g is linear. Indeed, for any
xz,y € Q,a, B € Rsuch that ax + Sy € €2, we have:

glax + Py) = Jm 9" (az + By)
= kli_}n;()ag (z) + Bg"(y)
:aklim g*(z )+ﬂ hm 9" (v)

= ag(z) + Bg(y)

Therefore, there must exist A € R™*" such that g(z) = Az. Choosing b := g(z¢), we have
f(z) = g(z) + g(xo) = Az + b.

Moreover, since €)' is open, there exists a positive r such that the ball B(z,r) C €. Choosing
x; = xo + (r/2)e; with e; the ith canonical vector, we have:

lim ¢*(z;) = lim (r/2)AFe; = (r/2)Ae;,
k—oo k—o0

or, equivalently, the ith column of A is the limit of the sequence generated by the ith column of
AF. Repeating this argument for all 1 < i < n, we have limj_,., A* = A. This also implies
limy_, o, b¥ = b immediately. O
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D Closedness does not imply the best approximation property
Since we couldn’t find any source discussing the fact that closedness does not imply the BAP, we
provide an example to show this fact.

Consider C°([—1, 1]) the set of continuous functions on the interval [—1, 1], equipped with the norm
sup || floo = maxge(_1,1)|f ()|, and define S, the subset of all functions f € C°([—1,1]) such that:

/Olfdx/olfdzl

It is easy to verify that .S is closed. We show that the constant function f = 0 does not have a
projection in S (i.e., a function g € S such that || f — ¢l|cc = infres || f — hlloo)-

First we observe that since f = 0, we have || f — h||oc = ||}/ for each h € S, and we show that
infres ||f — hlloo > 1/2. Indeed, for h € S we have:

1 0 1 0
1:/ hd:z:—/ hdr < / hdx —|—‘/ hdx
0 —1 0 —1

Secondly, we show a sequence of {h,, }rcn such that h,, € S and lim,, o || ||oc = 1/2. Consider
the odd function h,, (i.e. h,,(z) = —h,(—x)) such that:

< 2|[hlloc = 2[If = Alloo- (39)

cn, z€[l/n,1]
nepr x € [0,1/n)

hn(2) = {

where ¢, = n/(2n — 1). Itis evident that h,, € S because:

1 0 1 1/n 1
/ hndx—/ hndx:2/ h, dx = 2 / hndm—i—/ h,, dx
0 -1 0 0 1/n

:2(%+cn(n1)> _len-l)

2n n N n
Moreover, we also have limy, oo ||n]|co = limy, 00 ¢ = 1/2.

Finally, we show that 1/2 cannot be attained. By contradiction, assume that there exists g € S such
that || f — gll« = 1/2, i.e., as we have seen, ||g||oc = 1/2. Using Equation (39), the equality will
only hold if g(x) = 1/2in [0,1] and g(x) = —1/2 in [-1,0]. However, g is not continuous, a
contradiction.

E Accompaning code

The code to reproduce the experiment in Example [3.1]and the code for the algorithm in Lemma [3.3]
can be found in the Supplementary Material.
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