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Exercise 1. (recycled) Recall that SLy(R) acts (non-faithfully) on the upper half-plane
H={reC|Im(r) >0} by y-7=~(7) = (ar + b)/(cT + d) for v = (CCL Z) € SLy(R). Let
G C SLy(R) be a subgroup which is discrete for the (usual) topology induced by the embedding

a) Show that G is closed in SLy(R), and also in Ms(R).

b) Show that the action of G on the upper half-plane H is proper, first by admitting that
the action of SLy(R) on H is proper.

c) Show that the action of SLy(R) is proper (hint : first show that the stabilizer of i € H
is compact. Then find a sequence of compact subsets K, of SLy(R) such that the subsets K, -
exhaust H)[f

d) Show that I' = SLy(Z) is a discrete subgroup of SLy(R). What are the possible orders
of finite order elements of I' 7

e) Show that the set ' = {7 € C | |Re(7)| < 1/2,|7] > 1} meets each orbit of I on

H (hint : for fixed 7 € H, maximize Im(y(7)), v € I, and use the elements S = (0 _1)7

1 0
1 1
T_(O 1>ofF)

f) Show that in the preceding question, one proved in fact that F meets each orbit of
the subgroup I' C I' generated by S and T. By considering the T-orbit of the point 2i € H,
deduce that T' =T, that is SLy(Z) is generated by S and T (this can also be deduced from the
termination of the euclidean algorithm on Z).

g) Show that if a holomorphic function f : H — C is T-invariant it is necessarily of the

form
F) =0(@) = ang" = ayexp(2irnT)
neL nes
where ¢ = exp(2in) lies in the pointed unit disk D* and ¢ is holomorphic there. What must
the |a,| verify for n — +o00? The function f is then I-invariant if and only if one has moreover
f(=1/7) = f(7) for all 7 € H. It is then called a modular functionf}]

h) One can show that as a Riemann surface, H/T" is isomorphic to C, with coordinate
given by the modular invariant j(7) = 1/q 4+ 744 + 196884 ¢ + ..., a g¢-series with integral
coefficients. A holomorphic function f : H — C is called a (weak) modular form of weight 2k
under T if the expression f(7) (d7)* is formally invariant by ', which writes

fNy () =f(r), 7€ H, yeT
or more explicitly
f((ar +0)/(ct +d)) = (et + d)** f(7), a,b,c,d € Z,ad —bc =1, T € H.

Show that this is equivalent to the conjunction of f(7+1) = f(7) and f(—1/7) = 72 f(7) for 7 €
H. In the case k = 1, (weak) modular forms of weight 2 are identified to holomorphic 1-forms
on H/T. For more on this subject, one can consult Serre’s "Cours d’arithmétique" or Diamond

1. The real reason for properness is that the action is by isometries for a complete riemannian metric on H,
the Poincaré metric |d7|?/Im(7)2.
2. This comes from I" being called the "modular group"
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and Shurman’s "A first course in modular forms" (2005), or James Milne "Modular Functions
and Modular Forms" (available at http://www.jmilne.org/math/CourseNotes/mf.html).
i) (examples) Let

fllr)= > (mr+n)* reH

(m,n)€Z?\{0}

Show that f; is a modular form of weight 2k under I'. We saw in the construction of the
Weierstrass function p(z;7) (with period lattice Z + 7Z) that go(7) = 60f2(7) and g3(7) =
140 f3(7) were coefficients for the differential equation (dgp/dz)? = 49> — gogp — g3 satisfied by
©. The discriminant A = g3 — 27¢2 is then a weight 12 modular form, with no zeros on H, and
one can show that the modular invariant j(7) alluded to above is 1728¢g3/A. It is a ("the")
modular function under T'.

Exercise 2. (Another source of modular forms) Let f : R — C be a function which is
smooth and rapidly decreasing, along with all its derivatives. Define the Fourier transform of

f as
fle) = [ e (o) do.
R
Recall that a smooth function F' : R/Z — Cis the sum of its Fourier series F'(z) = >, ., a, e e
where

an:/ e 2™ [ (1) da.
R/Z

a) Show that by taking F(z) = > ., f(x + m) and expressing that F(0) =
one obtains the Poisson summation formula

> fln)=>" f(m).
nez meZ
b) For A real and non-zero, show that

S ) =1 3 flm/).

neL me7Z

c) Show that for all £ € R, [;exp(2inéx — ma®)dx = exp(—n&?®) by considering a
contour integral in the complex domain after having written the integrand as exp(—m(z +
i€)?) exp(—me?) .

d) Using that f(x

) = e~™" is its own Fourier transform (preceding question), deduce
that if @ € C and Re(a) > 0,

Z 6—7m2a _ % Z e—ﬁmg/a

neL meZL

where /- denotes the determination taking R, into itself.
e) For Im(z) > 0, define ¢ = exp(inz) € D* and 0(2) = >, ., ¢". Show that 0(—1/z) =

V/2/i0(2) (and "only" 0(z + 2) = 6(z)).
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