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Corrigé de l'exercice 2.

Exercise 2.

a) Let f: X =Y be a holomorphic map of Riemann surfaces.

Show that the pullback map on (complex, smooth) 1-forms f* : AYY) — AYX) satisfies
[HAYN(Y)) € AY(X) and f*(A%1(Y)) Cc A%(X).

For w € AYY), p € X, (f*w), is given by wyy o df(p) : T,X — C. Since df (p) is C-linear,
(f*w)p is C-linear (resp. antilinear) when wy,) is.

b) Show that f*(Q1(Y)) C QY(X).

If w is a holomorphic one form on X, w is closed and of type (1,0), and conversely. Thus f*w is
closed, and f being holomorphic, f*w is also of type (1,0) (alternatively, a 1-form on a Riemann
surface is holomorphic if and only if it is everywhere locally u dv for u and v (local) holomorphic
functions, and this is preserved by holomorphic pullback : (uo f)d(v o f) is also of this form).

c)Ifg:Y — Z is also a holomorphic map of Riemann surfaces, show that (go f)* = f* o g*.

This is the "chain rule", T(g o f) = T'go T'f (if 1-forms are viewed as (particular) functions
on the tangent bundle f*w = w o T'f). This doesn’t need f, g to be holomorphic, differentiable
maps would suffice.

d) Let A C C be a lattice, C/A the corresponding elliptic curve. Denote by m : C — C/A the
(holomorphic) quotient map. Show that ©* is injective on A(C/A) with image in A'(C) the
subspace of 1-forms a(z)dz + b(z)dz with a,b smooth A-periodic functions on C.

The quotient map 7 is a local diffeomorphism (biholomorphism), thus T'x is surjective, hence
the linear map 7* is injective. Every element of A!'(C) writes uniquely as a(z)dz + b(z)dz with
a,b smooth (complex) functions on C. Clearly, such a form is in the image of 7* if and only if
it is invariant by the translations z — 2z + X\, A € A, i.e. @ and b are A-periodic.

e) Denote by w the 1-form on C/A such that m*w = dz (differential of the canonical coordinate
z:C — C). Show that Q*(C/A) = Cw.

w is a non-vanishing holomorphic 1-form on X = C/A, hence any other one is of the form uw
for a holomorphic function u on X. But X being compact, © must be constant.

f) Let A’ be another lattice in C, with corresponding ' and W', and f : C/A — C/A" any
holomorphic map. Show that f*w' = aw for a constant o € C.

This results from the previous question and the fact that f*w’ is a holomorphic 1-form on C/A.
g) Show that if h : C — C/A is a smooth map such that h*w' =0, h is constant.

Since w;, : T,(C/A’) — C is an isomorphism for all p, the differential dh(z) must be 0 for each
z € C. By connectedness of C, h is constant.

h) In the situation of question f), show that for some constant f € C the map g : C — C
defined by g(z) = az + B satisfies 7' o g = f onw. Conclude that oA C N'.

Define h : C — C/A by h(z) = f(n(2)) — 7'(az). Then h*w' = 7*f*w’ — adz = 0, hence
h is constant by previous question. Choose 5 € C such that the value of h is 7'(3). Then
g(z) = az + ( defines g : C — C such that for =7"o0g.

In particular z € A implies 7(z) = 7(0), so g(2) — g(0) = az € kern’ = A'.
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1) Show that C/A, C/N\" are isomorphic as Riemann surfaces if and only if A' = aA for some
a e C.

By the previous questions, for an isomorphism f with inverse f~!, f*w’ = aw and (f~1)*w = Bu’
with A C A’, BA’ C A, and obviously a8 = 1, which forces equality in the inclusions.
Conversely, if A" = aA, z — az induces and isomorphism C/A — C/A’.

j) Conclude that every elliptic curve is isomorphic to E; = C/(Z+7Zt) for some T with Tm(7) >
0, and that (more importantly) E,, E, are isomorphic if and only if 7" = (aT +0)/(cT +d) for
integers a, b, c,d such that ad — bc = 1.

If wy, wy is a basis of A over Z, w; *A contains 1, and choosing 7 = +w,/w; with Im7 > 0 ones
obtains w; 'A = Z 4 Zt, and C/A is isomorphic to E, = C/(Z + Z7).

E., E, are isomorphic if and only if Z + Z1 = «(Z + Z1') for some a € C*.

But this means that (a,«a7’) is another Z-basis of Z + Zr, so that ar’ = ar + b, « = ¢1 + d for
integers a, b, ¢, d with ad — bc = £1. Then 7/ = (a7 + b)/(cT + d).

Computing the imaginary part shows that necessarily ad — bc = 1. Conversely this equality
implies Z + Z1 = a(Z + Z7') for o = eT + d.



