TD 8 Riemann Surfaces ENS Lyon

Exercise 1. Let N > 3 and P € C[z,y] be a degree N polynomial such that for (z,y) € C?,
P(z,y) = 0, implies (0P(x,y)/0x,0P(x,y)/0y) # (0,0), and moreover such that its homoge-
neous component of maximal degree is of the form Py (X,Y) = [[,c,cn(Y — X)) for distinct
complex numbers, aq,...,ay. -

a) Verify that P(z,y) = = + y» — 1 satisfies the hypotheses, but not P(z,y) = y* — f(x)
with f of degree N (assumed > 3). In the following questions, you can first assume that
P =2V +y"N —1(P71(0) is the affine "Fermat curve").

b) Show that X = {(z,y) € C* P(z,y) = 0} is a (non-compact) Riemann surface, and that
x (resp. y) is a local coordinate on X near points (xg,yo) such that OP(zo,y0)/0y # 0 (resp.

OP(x0,v0)/0x # 0).

c) Abbreviate P, = 0P/0x and P, = 0P/0Jy. Show that the expression dz/P,(x,y) defines a
non-zero holomorphic 1-form on X N{P, # 0}, as does —dy/P,(x,y) on X N {P, # 0}. Verify
that these two holomorphic 1-forms agree on the intersection of their domains of definition, and
define a holomorphic 1-form w on X.

d) Show that the change of variables x = 1/u,y = v/u, u € C*, v € C defines a biholomor-
phism of C* x C which maps X N {z # 0} to the curve defined by P*(u,v) = 0 in C* x C,
with

P*(u,v) = u™ P(1/u,v/u) = Py(1,v) + uPyx_1(1,v) + --- + u™ P,.

e) Let pr(v) = Py(1,v) for k =0,..., N, and recall that by hypothesis

px() = J[ (v—a)

1<k<N

with distinct roots ay,...,ay. Show that the curve defined by P*(u,v) = 0 in C? is a Rie-
mann surface intersecting the vertical axis u = 0 in the points (0, o), near which u is a local
coordinate.

f) Deduce that X admits a compactification by N points X=XU {p1,...,pn} which is a
Riemann surface.

g) Show that the holomorphic 1-form w = dz/P, = —dy/P, of question c) extends as a
holomorphic form on X, still denoted w (recall that N > 3).

h) Compute the divisor of w and its degree. What is the genus of X 7 Compute it for N = 3,4, 5.
i) Show that if F € C[z,y], F(z,y)w defines a meromorphic form on X.

j) Show that the vector subspace of forms Fw, (F' € C|x,y]) which are holomorphic on X is
of dimension (N — 1)(N — 2)/2.

k) Deduce that these are all the holomorphic forms on X (hint : use the degree of div(w)
computed in question h).

Exercise 2.

a) Show that the quotient Riemann surface C/Z (with Z acting naturally by translations)
is isomorphic to C* (hint : show that the map e : C — C*, e(z) = exp(2imz) defines a
biholomorphism C/Z — C*).
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b) Let H = {z € C;Im(z) > 0}. Show that the quotient Riemann surface H/Z (with Z acting
naturally by translations) is isomorphic to the punctured unit disc D* = {q € C*;|¢| < 1}.

c) Let p, C C* be the group of n-th roots of 1, acting on C by multiplication. Show that the
quotient Riemann surface C/p,, is isomorphic to C.

d) Show that the action of Z on P!(C) = C U {oo} generated by z — 2z is not proper. Show
that it is proper on the complement of the fixed points. What is the corresponding quotient ?

e) Same as the previous question, but for z — z + 1 on P}(C).

f) What about the action of j, (by multiplication) on P*(C)?

g) Consider the action of py on the compact Fermat curve X of exercice 1, given on its affine
part X by A\ (z,y) = (Az,y), AN =1, (z,y) € X. What is the quotient Riemann surface
X /un? (hint : consider the meromorphic function 2%V on X).

h) For the same Fermat curve, consider the diagonal action of the group px X py. What is
X/(un x pn)?
i) Let G be a discrete group, and G x X — X a continuous action of G on a locally compact

Hausdorff topological space. Show that if this action is proper, the stabilizers are finite and the
quotient space X/G is Hausdorff.



