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ABSTRACT. We compute explicitly the Goncharov regulator integral associated to Ky classes
on modular curves in terms of L-values of modular forms. We use this expression to connect it
with the Beilinson regulator integral.

1. INTRODUCTION

The principal goal of this paper is to give an explicit relation between the integrals of two reg-
ulators defined on the K-group H3, (Y(N),Q(n)) = KQ(ZEZ(Y(N)) in the motivic cohomology
of the modular curve Y (V) of full level N, in the case n = 3.

In the recent work [8], Brunault constructs explicit motivic cohomology classes £(a,b) in
[ffw(Y(N), Q(3)) enumerated by a, b € (Z/NZ)?; the classes are the images of degree 2 cocycles
¢(a,b) in the Goncharov polylogarithmic complex I'(Y (V), 3) under De Jeu’s map [13, 14, 15].
The construction uses the so-called Siegel units g, € O(Y(N))*® Q, x € (Z/NZ)?, and certain
relations analogous to modular symbols involving Milnor symbols {gz, gy} in K2(Y(N)) ® Q.

The nontriviality of (a,b) for small values of N is shown in [8] via computing numerically
their images under the Goncharov regulator map 73(2) defined in [12]. It is harder to compute
the integral of r3(2)(£(a, b)) theoretically; the existing literature lacks any such explicit calcu-
lations for the weight 3 polylogarithmic complex of curves. At the same time —and this serves
as a natural motivation for these calculations—such integrals are related to (longstanding
conjectural evaluations of) the Mahler measure of three-variable polynomials [10, Chapter 6].
As an example, Lalin [19] has made an explicit connection between the Mahler measure of
(1+2)(1+y)+z and the Goncharov regulator for the elliptic curve (1+x)(1+y)(1+%)(1+§) =1.

Another motivation for computing the Goncharov regulator integrals comes from a conjec-
ture of the first author [¢, Conjecture 9.3] predicting the proportionality of the Goncharov
type elements £((0,a), (0,0)) and the Beilinson elements [2] in the motivic cohomology of the
modular curve Y;(N). This conjecture is based on numerical computations of the associated
regulator integrals. This suggests, more generally, the existence of a relation between the two
integrals in the case of Y(N), not just Y;(N), and possibly at the level of cocycles, not just
cohomology classes. It is this task that we perform in the present paper.

In order to compare the Goncharov and Beilinson regulator integrals

Q(a,b):/(;oorg@)(g(a,b)) and B(a,b):/:oEis%o’l(a,b),

where a,b € (Z/NZ)?, we first express G(a,b) in terms of multiple (in fact, triple) modu-
lar values (MMV)—more specifically, multiple Eisenstein values (MEV). This step requires
defining the latter objects and the corresponding regularisation of integrals along the imagi-
nary axis |0,700[, and setting up numerous properties and rules for MMVs. This part follows
closely Brown’s expositions [, 5] which we complement with our needs in Sections 2 and 3;

Section 4 serves a toy model for expressing the regulator integral on K2(2)(Y(N )) as a double
modular value (a fact that seems to escape the literature). The MMV expression for the reg-
ulator integral G(a,b) is computed in Section 5 for generic a,b € (Z/NZ)?; the result can be
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interpreted in terms of interpolated Eisenstein series, when each a € (Z/NZ)? is rescaled to
a/N € (+Z/Z)? and the latter interpolates to a function of @ on (R/Z)?. This line famously
settled by A. Weil in [21] allows us to differentiate with respect to the (real) elliptic parameters
a, b; more specifically, we choose to differentiate with respect to as. The differentiation of the
Goncharov regulator integral in Section 7 is preceded, in Section 6, by derivation of auxiliary
Borisov—Gunnells relations for pairwise products of Eisenstein series, and followed by reduction,
in Section 8, of the resulting expression of 6%2(] (a,b) using the Rogers—Zudilin method. Note
that our proof of the Borisov—Gunnells relations requires the level N structure to be used, so
that we make several switches between interpolated and non-interpolated Eisenstein series. Fi-
nally, in Section 9 we deduce an L-value expression for G(a, b) by integrating its as-derivative;
this brings us to the comparison of G(a,b) with B(a,b) in Section 10.

Our main results can be stated precisely as follows. We need the following Eisenstein series.
Given a level N > 1, a weight k > 1 and an elliptic parameter @ = (z1,22) in (Z/NZ)?, we define
as in [10, Section 10.4]

S O S e L WD P ) D SRR
(m,ngi’giod N (m,n)zifémd N

where the constant term is given by

-Bi({%}) if 21 =0and 2, #0,

ag(GE) = -Bi({%}) if 21 #0and x, =0,

0 otherwise,

and for k£ > 2,
0 if z9 # 0.

Here Bj(t) is the k-th Bernoulli polynomial (in particular B;(t) = ¢ - 1), and {-} stands for

the fractional part. The function G is an Eisenstein series of weight & and level T'(N),
except for the case k =2 and z; = 0. Given a modular form f =¥ ,.,a,¢"N on I'(N), we write
L(f,8) = ¥,s1an(n/N)=* for (the analytic continuation of) the L-function of f.

Theorem 1. For any a = (ai,az2), b= (by,b2) in (Z/NZ)? such that the coordinates of a, b

and a + b are non-zero, we have

2
G(a,b) = 3LL'(G(1)§N0(1);N + QAN RN _1)

ai,ba T by,—az a1,~bz 7 by1,a2

SO (B a)) + BB +AB(E DB
CBo({2)) - Ba({2)) - 4B ({2 1) B ({2)).

In his PhD thesis, Weijia Wang has made explicit Beilinson’s theorem, by computing B(a, b)
using the Rogers—Zudilin method [23, Théoreme 0.1.3]. The resulting L-value turns out to
match the one in Theorem 1. We deduce our second main result, which is an explicit connection
between G(a,b) and B(a,b).

Theorem 2. For any a = (ai,az2), b= (by,b2) in (Z/NZ)? such that the coordinates of a, b
and a + b are non-zero, we have

6(a.) = " B(a.6) - D Ba(1%)) + SN ~AB(EDBA%D)
CBy({%)) - By({B)) —4B.({2 ) Bi({2))).

This gives some evidence for [, Conjecture 9.3| asserting the proportionality of the motivic
cohomology classes £(a, b) and Eis"*! (a, b) — this was formulated for Y;(N), but we expect it
to hold also for Y'(INV). The discrepancy appearing with the rational multiple of ((3) may come
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from the particular choices of representatives of the Deligne—Beilinson cohomology classes, since
10,400[ is not a closed path in Y(N)(C).

Our strategy and its execution reveal several interesting arithmetic phenomena and prospects
for the general K-groups KQ(ZZZ(Y(N )) with n > 2. First of all, we find the theory of multiple
modular values developed by Brown [1, 5], specifically of multiple Eisenstein values (MEVs),
intrinsic to dealing with both the L-values L(E,n) of modular elliptic curves E and regulators
of Beilinson and Goncharov types. One may hope that if E has conductor N, then L(E,n) can
be always written as a Q-linear combination of length n MEVs with Eisenstein series of weight
2 and level N. This should be explained by a relation between the Goncharov regulator r,(2)
and iterated integrals of length n.

In contrast, the Beilinson regulator produces MEVs of length 2, with weights of Eisenstein
series depending on n, and this corresponds to a representation of L(E,n) as a Q-linear com-
bination of length 2 MEVs. The difference in production from the two regulators suggests
the existence of intermediate regulators in the case n > 4, to cover the entire spectrum of
possibilities of MEVs. At the moment we can only speculate in this direction. Notice that
representativeness of L(FE,n) by different length MEVs seems to be part of some general struc-
ture; this indicates existence of possible ‘length drops’ for MMVs themselves. Our calculation
of 8%29 (a,b) in Sections 6-8 gives an example of such a length drop by 1. Are there identities
of MMVs in which the length drops by 2 or more? Does a general theory for length reduction
exist? Answering such questions will help to understand the cases with n > 4.

Most of our results in Sections 6-8 are limited to the situations required for dealing with the
Goncharov regulator r,(2) when n = 3 but can be potentially generalised. Our Theorem 61
below is already more general than needed in this paper but can be generalised further; the
Borisov—Gunnells relations exist in arbitrary weight. Differentiation of such relations with
respect to elliptic parameters was already used by Borisov and Gunnells in [3, Section 3],
though with no connection to computing regulators or MMVs.

Our final remark is that writing r3(2) in terms of MMVs provides one with an efficient way
for computing the Goncharov regulator, which is faster when compared with the method used
in [3].

This project greatly benefited from discussions at the International Groupe de Travail on
differential equations in Paris. The first author thanks the participants of the group, especially
Spencer Bloch, Vasily Golyshev, Rob de Jeu and Matt Kerr, for illuminating perspectives. We
are also grateful to our colleagues whose feedback on several aspects of this work have been
instrumental, to Francis Brown, Kamal Khuri-Makdisi, Matilde Lalin, Riccardo Pengo and
Weijia Wang.

Iterated integrals of modular forms appear intrinsically in the study of modular regulators
and we feel appropriate to dedicate our work to Yuri Manin, who pioneered this topic in [20, 21].
We would benefit from discussing our results with him. But he passed away unexpectedly, full
of many ideas that our mathematics world could have grown further on.

2. REGULARISED ITERATED INTEGRALS

2.1. Admissible functions. We define the class of functions and differential forms that we
wish to integrate. Let H = {7 € C:Im(7) > 0} be the upper half-plane, and ]0,ic0[ = {iy : y > 0}
the imaginary axis.

Definition 3 (Admissibility at infinity). A C'* function f:]0,ic0[ — C is called admissible at
oo if it can be written f(7) = f<(7) + fO(7), where f~(7) € C[r] is a polynomial, and f°(7)
has exponential decay as Im(7) — +oo: there exists 0 < ¢ < 1 such that fO(7) = O, (™).
In this case, the reqularised value of f at infinity, denoted by f(o0), is defined as the constant
term of the polynomial f.

Note that the decomposition f = f*° + f9 is unique, hence f(o0) is well defined.



4 F. BRUNAULT AND W. ZUDILIN

Definition 4. A C= differential form w = f(7)dr on ]0,i00[ is called admissible at oo if f is
admissible at co. We then write w = w*® +w? with w* = f°(7)dr and w° = fO(7)dr.

As an example, if f is a modular form of weight £ > 1 on some finite index subgroup of
SLo(Z), then w = f(7)7™d7 is admissible at oo for any integer m > 0. Note that if a form w is
admissible at oo, then so are Re(w) = 3(w + @) and Im(w) = 5 (w - ).

Lemma 5. If a function f and a form w on ]0,ic0[ are admissible at oo, then so is fw.

2.2. Regularisation at infinity. We now come to regularisation of iterated integrals. We
follow Brown’s definition [!, Section 4.1] and show how it can be expressed via successive
one-variable regularisations.
Let us first consider the case of a single integral from 7 to co. Let w be a differential form
n ]0,i00[ which is admissible at co. Brown’s definition translates to

[ p 0
(2) f w = lim w+/ w* (p=1y, y—> +00).
T T p

p—>00
We can actually get rid of the limit in (2).

Lemma 6. Let w be a differential form on ]0,ico[ which is admissible at oo. The limit in (2)
exists, and we have

(3) fT“w:fT”wme

Moreover, the error term in the convergence of (2) is Opooo(¢™P)) with 0 < ¢ < 1, the constant
¢ being uniform with respect to T on domains of the form {Im(7) > yo > 0}.

Proof. Indeed,
P 0 P p 0 P 0
fw+/w°°sz0+fw“+fw”:fw0+fw”. O
T p T T p T T

We refer to the right-hand side of (3) as the practical regularised integral. Note that the
regularised integral recovers the classical integral in the case w is integrable on [7,i00[ (which
happens if and only if w* =0). Lemma 6 has the following consequence.

Lemma 7. Let w be a differential form on ]0,ico[ which is admissible at co. Then the function
F(r)-= —[:Ow 1s admissible at co. Moreover, F is the unique primitive of w whose reqularised
value at oo is zero.

In particular, if a form w is admissible at oo, then any primitive of w is again admissible
at co. On the other hand, the differential of an admissible function f need not be admissible,
because there is no control on the derivative of f9.

Lemma 8. Let f:]0,ic0[ —» C be a function such that df is admissible at co. Then f is
admissible at oo and [~ df = f(oco) = f(7), where f(oo) is the regularised value at oo as in
Definition 3.

Proof. This follows from Lemma 7 applied to w = df. 0J

One should be careful that in general fT°° w does not converge to zero as 7 — oco: this can be
seen from (3). For example, if f(7) = ¥,50 ang™ is a modular form, then

00 1 ap,
[ f(n)dn=-—> —q" —aoT.

2mi s n

One outcome of Lemma 8 is the following formula for integration by parts: if the forms df
and dg are admissible, then f and g are admissible as well, and

(4) [de_(ﬁ) (r1)dry = f(00)g(00) - F(7)g(r) - [T“f(ﬁ)g_f(ﬂ)dﬁ_

Once again, here f(o0) and g(oo) are the regularised values at co as in Definition 3.
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Now let us consider the case of iterated integrals. Brown’s definition [/, Section 4.1] uses a
tangential base point at co. This intrinsic definition has the advantage of giving naturally the
shuffle relations for the regularised iterated integrals. Unraveling Brown’s definition gives:

Definition 9. Let wy, ..., w, be differential forms on ]0, ioo[ which are admissible at co. Define

oo n P 0

- 1 [ee] (o]

(5) [ Wi ... Wy = ll_)rgZ/ wl...wkxf Wpay Wy
T p k=0T )

We will justify below the convergence in (5). For certain computations, we will need to
express the regularised iterated integral as a succession of one-variable regularised integrals.
We introduce the following ‘naive’ regularisation:

(6) ./7007*001”'('% = [Twwl(ﬁ)fﬁmwg(ﬁ)---/miwn(m),

where the right-hand integrals are understood as (3).

Lemma 10. The naive regqularised integral f:o’*wl .. Wy 18 well-defined and is admissible at oo
as a function of 7. Its reqularised value at oo is zero.

Proof. This follows from inductive application of Lemmas 5 and 7. O

Proposition 11. Let wy,...,w, be differential forms which are admissible at co. Then

oo 00, %
/ wl...wnzf W1 ...Wp.
T T

To prove this, we need the following lemma.

Lemma 12. The polynomial part of the naive reqularised integral is given by

0o, % ) 0

[e9) [e9)

(f wlwn) :[ Wi .. Wy,
T T

where the right-hand side is the usual (absolutely convergent) iterated integral.

Proof. We proceed by induction on n. The case n =1 follows from Lemma 6. For n > 2, we

have
007* 007* 00’*
f wl...wn=f wl(ﬁ)f Wy . .. Wnp.
T T T1

By the induction hypothesis applied to ws...w,, we have

00, % oo 00, % oo 0
(M(ﬁ)_[ wz---wn) wa(Tl)([ wg...wn) :wi”(ﬁ)fT W .. w
1 1 1

Therefore, using Lemma 6,

00, % ) 00, % 0 0 0
(7) f wl...wnzf (wl(ﬁ)[ wg...wn) +f w‘f"(ﬁ)[ W w.
T T T1 T T1

The first term in (7) decays exponentially as 7 — oo, and the second term is a polynomial in 7,
which finishes the proof. U

S8

Proposition 11 is now a consequence of the following finer result, which controls the conver-
gence as p - oo.

Proposition 13. We have

n P 0 00, %
(8) Z/ wl...wkxf w,:jl...w;":/ Wi+ Wy + O oo (M) (0<ec<),
k=077 P T

the constant ¢ being uniform with respect to T on domains of the form {Im(7) > yo > 0}.
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Proof. We proceed by induction on n. The case n =1 follows from Lemma 6. Let n > 2. Using
the induction hypothesis to ws . ..w,, the left-hand side of (8) can be written as

P noorp 0 0
/ wl(Tl)(Zf wz...wkx/ w,‘;jl...w,"f)ﬁL/ Wit wy?
T k=171 p p
P 00, % 0
:f wl(ﬁ)(/ w2...wn+0p_,oo(clm(p)))+f W W
T T1 V4
P 00, * P 0
:/ wl(ﬁ)f wg...wn+(f w1(71)>0p_,00(61m(p))+f W W
T T1 T P

P 00, % 0 -~ o~ Im(p)
(9) :[ wl(Tl)f w2...wn+L Wy .. .Wy, +Op_>oo(62 )
T T

Consider the differential form
a(m) =wi(mn) / W W,

Applying Lemma 12 to ws .. .w,, the polynomial part of « is

0
a® () = w® () f W W,
T

1

Therefore,

p 0
:/ a(71)+/ oz°°(7'1)+0p_)oo(c;m(p))
T P

= fT a+ Op_,oo(cgm(p)). O

Proposition 11 and Lemma 7 have the following consequence.

Lemma 14. For any differential forms wy,...,w, which are admissible at oo, we have

d([Toowl...wn):—wl(T)/ToowQ...wn.

2.3. Regularisation at zero. The matrix o = (9 ') acts on H by 7~ —1/7. For a differential
form w on ]0,ic0[, we write w” = o*w.

Definition 15 (Admissibility at 0). A C* function f:]0,ic0[ - C is called admissible at 0 if
the function g(7) = f(-1/7) is admissible at oo. In this case, the regularised value of f at 0 is
defined as f(0) = g(o0).

A C* differential form w on ]0,ioo[ is called admissible at 0 if w” is admissible at oo.

Definition 16 (Admissibility). A function or differential form on ]0,ico[ is called admissible
if it is admissible at both 0 and oo.

Example 17. e The only polynomials in 7 which are admissible are the constants.
e If f is a modular form of weight £ > 2 on a finite index subgroup of SLy(Z), then
w = f(7)dr is admissible. In fact f(7)7™ !dr is admissible for any m € {1,... k- 1}.
If fis a cusp form, then f(7)7™ 'dr is admissible for any m € Z.

Lemmas 5 and 7 also hold for admissibility at 0, and thus for admissibility:

Lemma 18. Let w be an admissible differential form on ]0,ic0[, and f(7) any primitive of w.
Then f is admissible.

We now want to define the regularised iterated integral from 0 to 7 of differential forms
w1, ...,w, which are admissible at 0. We begin with the case n = 1. Formal considerations lead
to the following definition.
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Definition 19. Let w be a differential form on ]0,ico[ which is admissible at 0. We set

Joe= L

which is well-defined since w? is admissible at oo.

Lemma 20. Let w be a differential form on 0, ico[ which is admissible at 0. Then [, w is the
unique primitive of w whose regqularised value at 0 is zero.

Proof. By Lemma 7 applied to w?, we know that d (f:o w") = —w?. Pulling back by o:7 — -1/7
gives the desired identity. The statement about the regularised value at 0 follows from the
definition and Lemma 7. d

Now we proceed to the iterated case. Let wy,...,w, be differential forms on ]0,ic0[ which
are admissible at 0. We want to set

T -1/7
/ wl...wn:[ wy ... wy.
0 oo

The right-hand side can be given a meaning using the reversal of paths formula

b a
f wl...wn:(—l)"/ Wp - W1
a b

Definition 21. For any forms wy,...,w, on ]0,ico[ which are admissible at 0, we define

[OT W= (- 1)”[1/T W

We have the following analogues of Lemmas 10 and 14.

This leads to:

Lemma 22. The integral fOT w1 ...wy 18 admissible at 0 as a function of T, and its reqularised
value at 0 is zero.

Proof. This follows from Lemma 10 applied to w? ...wY. 0

d(/OTwl...wn):wn(T)fOTwl...w _

Proof. By Lemma 14, we have

d(/;oowg...w‘f):—wg(ﬂf:ow _

Applying o* to this identity gives

d([:;Tw wl)——wn(T)/ ~wi =(-1) wn(r)/ wi - O

2.4. Regularisation from zero to infinity. Note that if w is admissible, then the integral

fooo w = fOT w + f:o w is well-defined and independent of 7 by Lemmas 7 and 20. Moreover, if w

is integrable, then this definition coincides with the usual (convergent) integral of w on ]0,ic0][.
In the iterated case, the composition of paths formula forces the following definition.

Lemma 23. We have

Definition 24. Let wy,...,w, be admissible differential forms on ]0,ico[. We define

(e} n T (o)
(10) [ wl...wn:Z[ wl...kaf Wil - - - W
0 k=0 0 T

Lemma 25. The definition (10) does not depend on T.
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Proof. Using Lemmas 14 and 23, the differential of the right-hand side of (10) is

n-1 T (%)
Z/ wl...wkx(—wk+1(7))/ WhtD v e v e Wy,
k=0 0 T
n T oo
+ Z wk(T) f Wi ... .Wg-1 X f Wht1 oo v vn- Wn
k=1 0 T

which vanishes by changing £ - k + 1 in the second sum. 0

The last lemma naturally brings us to a statement which will be important for expressing
the Goncharov regulator integral in terms of iterated integrals.

Proposition 26. Let wy,...,w, be admissible differential forms on ]0,ic0[. Then

(oo}
[ W1 ...Wn,
’

is admissible at 0 as a function of T, and its reqularised value at 0 is [ wy ...w,. Moreover,

(11) [ o= [Cam) [Cam) [ ),

where the right-hand side of (11) is understood as successive one-variable reqularisations.

Proof. For the first part of the proposition, we proceed by induction on n. The case n =1
follows from [~ wy = [j w1 + [ wy and Lemma 20. For n > 2, we can write

oo (=) n T oo
f wl...wnzf wl...wn—Zf wl...wkxf Wk+1 - - - Whp-
T 0 k=10 T

By the induction hypothesis and Lemma 22, the right-hand side is admissible at 0. Moreover,
the regularised value at 0 of the product

T =)
f Wl...kaf Wi+1 -+ - Wp
0 T

is the product of the regularised values, hence it is zero by Lemma 22.

Finally, (11) follows formally by using the case n = 1 with the form wi(71) [~ wy...w,. O

T1

2.5. Shuffle relations of iterated integrals. An important feature of all the regularisations
we have discussed, [~ as well as [ and [, is that they satisfy the shuffle relations. Let
V' be the C-vector space of admissible differential 1-forms on ]0,ic0[. Consider the functional
I°:V — C sending w to the regularised integral f0°° w. Then the regularised iterated integrals
of Section 2.4 provide a natural extension of I5° to the tensor algebra T'(V) = @, V®",

I T(V) - C, w1®...®wnr—>/ Wy ... Wy (w; e V).
0

The algebra T'(V') has a structure of Hopf algebra, called the shuffle algebra, with the multi-
plication T'(V) ® T(V') = T'(V') given by the shuffle product

Wy...wWpWWpi1 ... .Wp = Z Wo=1(1) - - - Wo=1(n),
0€Sp n—p
where the sum is over the (p,n — p)-shuffles.

More generally, one may integrate over a path v which is either a finite interval in ]0,ioo[, or a
path in the ‘tangent space of 7 at 0 or oo’ involving tangential base points 1y or 1o, as defined
in [1, Section 4]. For such a path <, there is an associated functional I, : T(V) - C. The
important point is that, as I, is essentially an ordinary iterated integral, it satisfies the shuffie
relations; in other words, I, is a morphism of algebras. Moreover, regularised integrals on ]0, ioo[
are defined by formally concatenating the paths 1y — i/y — iy — 1o (with y - oo). Formal
considerations using the Hopf algebra structure on T (V') lead to the following proposition.
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Proposition 27. The functional I5°:T(V') — C satisfies the shuffle relations; in other words,

o0 o0 o0
[0 wl...wPX[O wp+1...wn=f0 Wi e Wy L Wpa - - - Wy, (w; € V)

for any choice of pe {1,...,n}.

For more details, we refer the reader to [, Section 4].

2.6. The Newton—Leibniz formula and integration by parts. We now want to generalise
Lemma 8 in the form of formula (4) for integration by parts to iterated integrals [~ wy ... wy,.
‘with respect to a particular form’ w,(7) = f(7)dr, assuming that the 1-forms wy,...,w, are
admissible. As we already know from the lemma, f is an admissible function; we keep the
notation f(oo) and f(0) for its regularised values at co and 0 as in Definition 3.

If p=1 we get, using (4),

% df
[T E(ﬁ) dr wa(712) - . wn(Th)

:[Tooé(ﬁ)dﬁ [oowz(Tz)--~Wn(Tn)

:—f(T)fTOOWQ(TQ)...wn(Tn)+—/Toof(7—2)w2(7_2)"'wn(7—n)’

For p > 1, we write

ffwl(n)...%(Tp)dn...%(m)
:_/Toowl(ﬁ)~--/Oowp—2(7p—2)f700 wp-1(Tp-1) T°° %(Tp)dprpH(TpH)~--wn(7_n)

Tp-3

and use the above derivation to conclude that this is

- '/Too w1 (71) -+ wWp-2(Tp-2) f(Tp-1)Wp-1(Tp-1) Wpr1(Tpe1) - - Wi (T)

+ /;oo wi(71) - -Wpfl(Tpfl) f(TpH)Werl(TpH) wp+2(7'p+2) o Wn(Th).

Taking the regularised value as 7 — 0 and using Proposition 26, we get
(12) fo w1(71) - S (7) Ay n(72)
= [ wr(m) w1 (1) S e (T e (Tea) - 0n(72)

- '/(;‘X’ wi (7). -wp—2(7_p—2) f(Tp—l)Wp—l(Tp—l) Wp+1(7—p+1) o wn(Th),

where the first summand is interpreted as

f(o0) ]:owl(ﬁ) e Wne1(Tn1)

when p =n, while the second summand is

—f(O)waw(Tz)...wn(Tn)

when p = 1.
In the particular case p =n = 1, formula (12) extends Lemma 8 to regularised integrals from
0 to oo:

Lemma 28. Let f:]0,ic0[ — C be a C* function such that df is admissible. Then f is
admissible and [, df = f(o0) - £(0).
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2.7. ITterated integrals with parameters. In this part we record our needs for differenti-
ating the regularised (iterated) integral when a differential form depends smoothly on a real
parameter.

Proposition 29. Let (w,), be a family of differential forms on ]0,ico[ admissible at oo de-
pending on a single real parameter a. Write w, = f,(7)dr, and assume that:
(i) the polynomial f°(7) has degree bounded independently of a, and its coefficients are
differentiable functions of a;
(i1) fO(r) is differentiable as a function of a;
(iii) locally on a, there exists a constant 0 < ¢ < 1 such that <L fO(7) = Oroe (™M), where
the implied constant does not depend on a.

Then the function a f:o wq 15 differentiable, and we have

d 00 o d
al o w)= [ e

Proof. Note that the assumptlons imply that for every a, the form - 4 f(7)dr is admis-
sible, with (£w,)® = Lw and (Lw,)? = Lw?. We have:

/wa:/ w2+/w
T T T

This shows that a — f:o w, is differentiable, and we can differentiate inside the integral:

d 00 % 0 0,d o o
ey [ [ [ e

Proposition 29 motivates calling a real-parameter family (w, ), of admissible differential forms
on ]0,ioo[ differentially admissible at oo if they are subject to conditions (i)—(iii) above, written
as wy = fo(7)dr. Furthermore, we call a real-parameter family (w, ), differentially admissible at
0 if the family (w?), is differentially admissible at oo; see Definition 15. With these definitions
in mind, we apply Proposition 29 twice to deduce the following statement.

Proposition 30. Let (w,), be a family of differentially admissible at 0 and oo differential forms
depending on a single real parameter a. Then the function a — fooo wq 1s differentiable, and we

have p . - g
Ll )= [ e

Observe that Propositions 29 and 30 cover the iterated integral situation as well, since f,(7)
themselves may come as iterated integrals of admissible forms. For this, we simply apply the
propositions inductively using Proposition 26.

2.8. Mellin transforms. A powerful analytic tool to compute regularised integrals is the
theory of Mellin transforms. Since we consider admissible forms on ]0,i00[ with possible poles
at 0 and oo, we will need generalised Mellin transforms as described in [L1, Section 3.4]. We
use notably this theory in Section 8 to compute integrals of products of two Eisenstein series
using the Rogers—Zudilin method.

We enlarge a bit our setting by considering functions f:]0,ic0[ - C of the form f(7) =
feo(r)+ fo(7), where f°(7) e C[1,77!] is a Laurent polynomial, and f° is a C'*® function with
exponential decay at ioco. Moreover, we assume that foo(7) = f(-1/7) is also of this form.
For such a function f, the (generalised) Mellin transform is defined as

M) = [T sy (<o)

In general, this integral may not converge at any s € C. However, splitting the integral as
fol +/,”, and analytically continuing each term, it is possible to make sense of M(f,s) as a
meromorphic function of s € C, with at most simple poles at finitely many integers. A pole
of M(f,s) can occur at ng € Z only if —ng arises as an exponent in the polynomial f*°, or ng
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arises as an exponent in (foo)®. As a remark, M(f,s) is identically zero if f is a polynomial.
Therefore, we can always reduce to the situation where f>~ =0

For any sq € C, we denote by M*(f,so) the constant term of the Laurent expansion of
M(f,s) at s = sp.

From Lemma 28, we get the following computational tool.

Proposition 31 ([I1, Section 3.4]). Let w = f(7)dr be an admissible differential form on
10,i00[. Then M(f,s) is holomorphic at s =1, and we have [;” w =iM(f,1).

3. MULTIPLE MODULAR VALUES

We use the notation e(z) = e2™# for z € C, so that g = e(7) for 7 € H. For any a € R, write
also ¢® = e(a7). Introduce the differential operators

1 d d 1 d
0=0;1=— — =q— d 0,=——
T 2midr qdq an “ 2mi da

if a is a real variable.
Recall the Hurwitz zeta function

C(y,s)= >, n®  (yeR/Z, Re(s)>1),

n>0
n=y mod 1

and the periodic zeta function
((y,s) = Y e(ny)n™  (yeRJZ, Re(s) > 1),
n>1

Some properties of these functions can be found in [7, Section 2]. Let us point out that the
relation [7, eq. (11)] is incorrect in the case n = 1. Indeed, for z € R/Z, we have

. W ifr£0
13 0)={Tm T
(13) ((x,0) {_1 G0

2

This can be shown by differentiating the relation

a1 = 3 )~ log(1 - e(a),

3.1. Eisenstein series. It will be essential to us to view Eisenstein series not only as functions

of the modular variable 7 € H, but also as functions of the elliptic variable z € C/(Z + 7Z). To

this end, we recall the Eisenstein-Kronecker function, in the notations of Weil [24, VII, §12].
Let L be a lattice in C, and let (w1,ws) be a basis of L such that Im(ws/w;) > 0. Then

A(L) = (2mi) "1 (w1wy — wiWs) is a positive real number which does not depend on the choice of

(w1, ws).

Definition 32. For an integer a > 0 and x, xg, s € C, introduce the Kronecker double series

Ka L = A L -1 Ty — W. (w-'_f)a
(z,x0,8;L) wze:L exp( (L)~ (wmo wxo)) o+ 2|2
wE-T

where the sum is extended to all w € L, except w = —z if x € L. In the case L = Z + 7Z with
T € H, we write K,(z,xq,s;7) or simply K,(x,x,s) when the context is clear.

The series K,(x, xo, s; L) converges for Re(s) > 1+5. For a > 1, the function s = K,(z, %o, s; L)
extends to a holomorphic function on C [24, VII, §13]. Moreover, the functions x —» K,(z,0,s; L)
and z — K,(0,z,s; L) are periodic with respect to L, which justifies the following definition.

Definition 33. Let £ > 1 be an integer. For @ = (z1,25) € (R/Z)?, we define
(k-1)! (k-1)!

(k) () = _
Ea () (=2mi)* (=2mi)*

Kk(07$17'+$2,7f) Ea(ck)(T)

L Kp(217 + 22,0, k).
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Kato has given in [16, Section 3| an algebraic interpretation of E$ in the case x € (%2/Z)>.

We are particularly interested in the series Eék). We will determine its Fourier expansion
with respect to 7, and then examine its behaviour with respect to the action of SLy(Z) on H.

Finally, we will give a differential property of Eg(ck) with respect to the elliptic variable.

Lemma 34. Let k > 1 be an integer, and x = (x1,22) € (R/Z)?, with  # 0 in the case k = 2.
We have

(14) Eék)(T) = ao(Eg(ck)) - Z e(mag)nF g™ + (1)~ Z e(—mzy)n g™,

m>1 m>1

n€R>0 TLER>0
n=x1 mod 1 n=-x1 mod 1
with
0 Zf X1 =T2 = 07
E(l) _ _l 1+e(z2) . _ 0 d O
ap(Ez’) = 5 Te(a) if t1 =0 and x5 £ 0,

{xl}—% if x1 %0,

ao(2) = BT )

where By(t) is the k-th Bernoulli polynomial and {-} stands for the fractional part.

Proof. In the case @ is an N-torsion point in (R/Z)?, the Fourier expansions of ES and ES"
can be found in [16, Proposition 3.10]. The general case can be handled as in [22, VII], we only
sketch the details in the case k > 3. We have

e(mxa —ny) e(-nwy) .
= + Y e(maxz)S(xy;mr) + (-1) e(~mzs)S(~z1;mT)
(m,g):ez2 (mT + n)k né% nk mzzzl 2 1 mZZ:l 2 1
(m,n)=(0,0)

with S(z;7) = ¥,z e(-nx) (7 +n)~*. By [7, Section 2], the first term is
— N . AL
> ) G by + ()G ) = (1 R B (o)),

For any z € R, the function e(-72)S(x;7) is invariant under 7 ~ 7 + 1, hence has a Fourier
expansion

e(-tz)S(z;7) = Y er(x)e(rr).

reZ

The Fourier coefficients ¢,(x) can be computed as in [22, VII] using the Poisson summation
formula and the residue theorem, leading to (14). U

Lemma 35. Let k > 1 be an integer, and x € (R]Z)?. For any v = (%54) € SLo(Z), we have
B3 (y7) = (e +d) B3 (7),
where &y means the right multiplication by v on the row vector .

Proof. Putting zq = 17 + 22 and « = ¢7 + d, this follows from the identity Kj(0,xq,k; L) =
a? K1, (0, axg, k; al), valid for any lattice L in C. O

Taking v = —I» in Lemma 35, we see that B = (—1)’“Ea(ck). Lemma 35 also shows that if «
is N-torsion in (R/Z)?, then ES” is a modular form of weight k on I'(\V), except when k = 2

and x = 0 (in which case E(()Q) is not holomorphic).
Using Lemmas 34 and 35 with v = (§ 3}), we obtain the following admissibility property.

Lemma 36. For any k >2 and x € (R/Z)?, with  # 0 in the case k = 2, the differential form
EP (7)rm=1dr is admissible on 0,ic0[ for any integer 1 <m <k —1.
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The Eisenstein series ES” are related to the so-called Siegel units as follows. For @ = (21, x2) €
(R/Z)?, x # 0, consider the following function on H:

(15) 9o (1) =PI T (I-qe(22)) I (1-q"e(-22)).

neRsq neRso
n=x1 mod 1 n=-x1 mod 1

For a,b e Z, (a,b) # (0,0) mod N, the function g,/n4/n is none other than the classical Siegel
unit g, 5 [106, Section 1]. This function is a (12V)-th root of a unit on the modular curve Y'(IV)
over Q, thus defining an element of O(Y (N))* ® Q.

We also define, for « € (R/Z)?, & # 0, the logarithm of g, by taking the logarithm of the
infinite product (15) and specifying the branch:

(16)
) e(mza) .. e(-mxg) ..
log g5 (7) = miBa({x1})7 +log(1 —e(x2)) - 14,0 — Z —( 2)q - Z —( 2)q ,
m>1 m m>1 m
’nGR>0 n€R>0
n=x1 mod 1 n=-x1 mod 1
where

log(1 - e(x2)) = —C(22,1) = log |1 — e(x2)| + m’({asg} - %)

Lemma 37. For any x € (R/Z)?,  + 0, we have dlog g,(7) = 27riE:(E2)(T) dr.
Proof. This follows from comparing the Fourier expansions (14) and (16). O

The Kronecker double series K, (x,xq,s; L) satisfies differential equations with respect to

the elliptic parameters x and o [I, Lemma 1.4]. Similarly, the series E® satisfies a differ-
ential relation with respect to both elliptic and modular parameters, which will be especially
important.

Lemma 38. For k > 1, the function x ~ E;k)(T) is smooth on the domain (R/Z)? ~ {0}.
Moreover, we have

(17) 8., ES (1) = 6, B (7).

Proof. The Fourier expansion (14) shows that @ — E(7) is smooth on the domain {z; # 0}.
Using Lemma 35 with v = o, the function is also smooth on {xs # 0}, whence the claim.

The identity (17) follows either by inspecting the Fourier expansions of both sides (using
Lemma 34), or directly from Definition 33. O

We now introduce an interpolated version of the Eisenstein series G defined in (1).

Definition 39. For an integer k£ > 1 and @ = (x1,z2) € (R/Z)?, define

Gg:k)(T):ao(G:(vk))Jr( > D X mt e

m,nER>0 m7nER>0
(m,n)=x mod 1 (m,n)=-—x mod 1

with
-Bi({z2}) ifz1=0and xq #0,
ao(G) ={-Bi({z1}) if 21 #0 and 25 =0,

0 otherwise,

_ Bp({=1}) if 70 =0
k2 Gy T
(k22)  alCz) =1, if 25 # 0.

The relation with GV is as follows. If = (a/N,b/N) is an N-torsion point in (R/Z)2,
then

(18) GY(N7) = NIFGUN (7).
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Lemma 40. For k > 1, the function x — Gf(nk)(T) is smooth on the domain (R/Z ~ {0})2, and
we have

(SmQG:(,;k)(T) = TG(mkH)(T).
Proof. 1t suffices to consider the domain 0 < z1, 25 < 1. There chk) can be written as

G[(Bk)(T) — Z (m+x1)k71q(m+x1)(n+x2) + (_1)k Z (m_xl)kflq(mle)(nfxg)'

m,n>0 m,nx1
Therefore
5,00 (r) = 3 () 4 (1) S (e rgCr o) 2 G (7). O

m,n>0 m,n>1

To end this section, we give an explicit formula for the Mellin transform of the Eisenstein
series of type E®*) and G,

Lemma 41. For any integer k > 1 and x = (x1,x2) € (R/Z)?, with © + 0 in the case k =2, we
have

(19)  M(EP,s) = (20)T(s)(~C (21,5 — k + 1){ (22, 8) + (~1)" ¢ (=21, 5 = k + 1){(~22,5))
(20)  M(GP,s) = (20) T (s)(¢(x1, 5 — k +1)C (@, 8) + (~1)FC(~ar1, 8 — k + 1) (=22, 5)).

Proof. We give the proof for G;k), the other case being similar. Writing G:(Bk)(T) = YneRso Cnd™
we have for Re(s) large enough:

M(GE?,5) = (2m)"T(s) 3 %
TLER>0
1
= (2m)™°T'(s) +(=1)* — - O
m17mz2:€R>o ml,mZQ;Rw my kaQ
(m1,m2)=(z1,22) mod 1 (m1,m2)=(-z1,~z2) mod 1

From the description of the poles of the Mellin transform in Section 2.8, one can show that
the only possible poles of M(ES, s) and M(Ggf), s) are located at s =0 and s = k. For EP
this follows from using Lemma 35 with v = o, while for Ga(vk) this follows from Lemma 60 below.

3.2. Multiple modular values. Recall that if f is a modular form of weight k£ > 2 on some
finite index subgroup I' of SLy(Z), the differential form f(7)7™ 1dr is admissible on ]0,ioc0[

for any 1 <m < k-1 (see Example 17). For any modular forms fi,..., f, of respective weights
ky,...,k, > 2, and any integers my, ..., m, with 1 <m; <k; -1, the regularised iterated integral
(21)

A(fh. . ',fn;ml, Ce ,mn) = '[Ooofl(T)Tml_ldT, ' .fn(T)Tm"_ldT
:Awf1(71)7r1—1d71 foofg(TZ)Tgnz—ldTQ...foo fn(Tn)TTTLn"_ldTn

T1 Tn-1

is called a totally holomorphic multiple modular value (MMYV) [5, Section 5|. In the case all
m; are equal to 1, we simply write A(f1,..., fn) = A(f1, ..., fas 1, 1).

In the case I' = SLy(Z), the multiple modular values are periods of the relative completion of
the fundamental group of Mj; [, 5]. In this article, we are particularly interested in the case
" is the principal congruence subgroup I'(N), and all f; are Eisenstein series of weight > 2 on
['(N). In this case (21) is called a multiple Eisenstein value.

Example 42. When the Eisenstein series in question are ng’)(T) with k; > 2, all m; =1, and
allowing continuous parameters x; € (R/Z)2, we can view the MEV as a function

(@1, @) > ACESD, . B
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which has partial derivatives with respect all elliptic parameters x,1, 2,2 restricted to the interval
(0,1) (or to any shift of it by an integer) where 1 < p <n. This follows from viewing the MEV
as the iterated integral of a family of differential forms that depend on each such parameter, the
forms differentially admissible at both 0 and oo as defined in Section 2.7. The diffentiation of
the MEV with respect to the xo-component of x4, ..., x, is particularly simple. When an index
p in the range 1 < p < n is fixed, we can apply Proposition 30 to the corresponding parameter
Tpo and then combine the result with Lemma 38 and formula (12) to obtain

2

22 5

AESD, B By = NESY, B BV RS B

Tp-1 Tp+l

_ A(Egjl)’ o ,E(kp—l)Eé?—l)’ E(kpﬂ) o 7E§:]Zn))7

Lp-1 Tp+l

with the first term interpreted as aO(Eéi"_l))A(Eéﬁl), . ,E;’Z’:l)) if p = n, while the second
term is discarded if p = 1. This formula means that differentiation of A(ngl), ey Eg(ai”)) with
respect to the elliptic parameter x,, reduces the length of the MEV by 1.

Definition 43. For xq,...,x, € (R/Z)?, we define
A(wla s 73371) = (ZWZ)nA(E;?a ceey E;i))

:(2m')”f0 E:(BQI)(Tl)dﬁf Eg)(7'2)d7'2--~f Eﬁ)(Tn)dTn.

T1 Tn-1
We call A(zy,...,x,) a (totally holomorphic) multiple Eisenstein value (MEV) of length
n. In general, we expect A(xq,...,x,) to be a period only when the parameters x; belong to
(Q/Z)?. In the sequel, we implicitly identify (Z/NZ)? with a subgroup of (R/Z)? by mapping a
pair (71, Ty) to the class of (z1/N,zo/N). In this way A(xy,...,x,) makes sense for arguments
x;in (Z/NZ)2.
Since dlog g, = 2m’E§32)(T) dr, the multiple Eisenstein value can also be written

Axy,...,x,) = /; dlog g, dlog gz, . . . dlog g, .

Recall that o = (9 ') acts on H. If @ € (Z/NZ)?, x + 0, then o*(dlog g, ) = dlog go, by [16,
Lemma 1.7(1)]. By continuity, this identity holds for arbitrary @ # 0. Since o reverses the path
10,i00[, the path reversal formula for iterated integrals gives

(23) A xo,...,x0) = (-1)"A(x,, ..., x1).

The single modular values are essentially the critical L-values of a modular form. In the
particular case of an Eisenstein series, these values are computed classically in terms of Bernoulli
polynomials.

Proposition 44. For any « = (x1,72) € (R/Z)?~ {0}, we have
270 ({:1:1} - %) ({:cg} - %) if T1, 29 %0,
A(zx) =<log|l —e(x2)| if 11 =0, 29 # 0,
—log|1l —e(xy)| if x1#0, 29 =0.
Note that the function @ — A(x) has discontinuities at {1 =0} U {5 =0},
Proof. Assume first x5 # 0. By Proposition 31 and Lemma 41, we have
Az) = =20 M(E5, 1) = (25, 1)((21,0) + (=2, 1)¢ (=1, 0).
It remains to apply the identities [7, Section 2]

%—{1‘1} ifxliO,

C(21,0) = {—1 ifx1=0

2

{(w9,1) = Y @ = —log(1 - e(x2)).

n>1
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The case x2 = 0 follows by noting that A((z1,0)) = -A((0,21)) thanks to (23). O

With the same method in mind, one can show that for k£ >2 and m e {1,...,k -1}, we have
kam('rl)Bm(lQ)
(k-m)m

We will also need the above iterated integrals with the Eisenstein series replaced by their
real or imaginary parts. For « € (R/Z)? \ {0}, write

A(ES;m) = (-1)m™ (0< 21,2 < 1).

w, = Re(dlog g ) = dlog [ga|, w, = Im(dlog g) = darg(gz)-

Then for any @y, ..., x, € (R/Z)?>~ {0} and any sequence of signs &1, ...,&, € {£}, consider the
regularised iterated integral

o0
£1...& — g 3
A "(wl,...,wn)—fo Wk .. W

For example, taking the real and imaginary parts in Proposition 44, we get

(24) A (x) =0 and A (x) =27r(931—%)(:£2—%) (0<my,x9 < 1).

As discussed in Example 42, the function (x1,...,x,) = A(x1,...,x,) is differentiable on the
domain (R/Z ~ {0})?" and its partial derivatives with respect to the xo-components of indices
&1,..., T, can be explicitly computed using equation (22); we make use of this differentiation
in Section 7.

4. A BABY CASE: THE K3 REGULATOR AND DOUBLE MODULAR VALUES

Let Y () be the modular curve over Q of level N > 1. The cup-products {ga,gs} of two

Siegel units g, and gp provide important elements in the K-group K2(2)(Y(N )). Let us consider
their images under the Beilinson regulator map [16, 2.10]

K32 (Y (N)) — H'(Y (N)(C), R i),
The regulator of {gq, gs} is represented by the differential form i7(gq,gs) on Y (N)(C), where
1(9a; o) = 10g|ga| darg g, — log |gs| darg ga.

The regulator integral of 7(gq, gp) along the modular symbol {0,700} can be computed in terms
of L-values at s = 0 of modular forms of weight 2 and level I'(/V) [6]. Here we show that this
regulator integral can be expressed in terms of double Eisenstein values.

Proposition 45. Let a,be (Z/NZ)?~ {0}. We have
[ 090 9) = 1 Aa,b) = A" (@) (b) + RaA~(b) = oA (@),

where Ry is the regqularised value of 1og|gs| at oo, obtained from (16) by taking the real part of
the constant term. In the case the coordinates of a and b are non-zero, this simplifies to

'/:o 1(ga, gp) = Im A(a,b).

Proof. Recall that dlog|g;| and darg g, are admissible by Lemmas 36 and 37, and note that
log |9 (7)| = Re — f:o dlog |gz| by Lemma 8. Then

19a:90)(7) = (Ra = [ diog|gal) darg go(7) ~ (Ro— [ dloggu]) dare ga(7).

This expression shows that the form 7(gq,gp) is admissible at co. It is also admissible at 0
since 0*(gz) = guo in O(Y(N))*®Q by [16, Lemma 1.7(1)]. Integrating from 0 to co and using
Proposition 26, this gives

fo " 1(gar 96) = RaA~(b) = A (b, @) - RyA~(a) + A (a, b).
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Using the shuffle relation A=(b)A*(a) = A=*(b,a) + A*~(a,b), we arrive at

/ 17(ga, gp) = ReA™(b) = A~ (b)A*(a) + A" (a,b) - RyA (a) + A" (a,b)
0

=ImA(a,b) - A*(a)A™(b) + RgA™(b) - RpA™(a). 0
Proposition 45 could be refined by considering the integral regulator of {gq4, g»}, which is a

class in HY(Y(N)(C),C/(27i)?Q); for the definition of this regulator map see [10, Exercise
7.10, p. 93]. The associated regulator integral should then involve the real part of A(a,b).

5. THE GONCHAROV REGULATOR IN TERMS OF TRIPLE MODULAR VALUES

In [3] the first author constructed classes (a, b) in Kf’)(Y(N)), fora,be (Z/NZ)?. Our aim
in this section is to express the regulator of £(a,b) in terms of triple Eisenstein values. Since
we integrate from 0 to oo, the regulator integral depends on a choice of representative f (a,b) of
¢(a,b) in the Goncharov complex I'(Y'(IV), 3). We choose the one given in [3, Construction 6.1].
One consequence of our main formula (Theorem 54) is that the regulator integral interpolates
as a function of a,b e (R/Z)?, at least in the domain where the coordinates of a, b and a + b
are non-zero. .

Let us recall the construction of {(a,b). Let a,b,c € (Z/NZ)? be such that a +b+ ¢ = 0.
From now on, we assume that all the coordinates of a, b and ¢ are non-zero. This considerably
simplifies the expressions with multiple modular values below.

According to [8, Section 4], there is a triangulation

(25) GaNGb+GoAGe+ GeAga =Y. mi-u;A(l-u;) in A*O(Y(N)) ®Q,
where u; and 1 —u; are certain modular units, and m; € Q. Then our cocycle is
- g X
a.b)= Tmifulse 2 e BQU (V) 2 O (V) 0 Q

For the definition of the group Ba(F) of a field F, see [12, Section 2.2].
Recall the expression of Goncharov’s explicit regulator map r3(2). Let D:P1(C) - R be the
Bloch-Wigner dilogarithm. For any two functions f, g on a Riemann surface, define the 1-form

(26) ) f)2©9) = -D(f) - dargg - Sloglgl-a((1= 1) 1 ),

where
a(fi A f2) = —log|fi|dlog|fs| +log| f2| dlog | fi-
By linearity using (26), the regulator 1-form associated to &(a, b) is

rs(2)(E(a,0)) = S m(~D(w) - darg(gb/ga) - 5108 v/l (1= 1) A )

1
= ~(X miD(w;)) darg(gu/ga) + 3 108190/9al - a(ga A 9o + 9o A ge + ge 1 ga)-
Let us introduce the following notation for the regulator integral:

G(a,b)= [ ra(2)(E(a,b)).

By [8, Corollary 7.3], this integral is absolutely convergent. To express G(a,b) as a triple
iterated integral, a key idea is to cast the Bloch—-Wigner function D(z) as a primitive:

d(D(z)) =n(za(1-2)),  where n(fng)=Ilog|fldarg(g) -log|g|darg(f).

Then using (25) we can write

(27) d( Y miD(us)) = Y min(ui A (1=115)) = 1(ga A Gb + G A G + e A ga)-
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As we saw in the proof of Proposition 45, the right-hand side of (27) is an admissible form

n ]0,i00[. Moreover, if u is a modular unit such that 1 - u is also a modular unit, then

n(u A (1-u)) is admissible and Lemma 18 implies that D(u) is admissible. Actually D(u(7))

converges as T — oo since D is continuous on P'(C). So the regularised value of D(u) at oo is
simply D(u(o0)), and Lemma 8 tells us that

D(u(r)) = D(u(e)) = [ n(u1-w).

Note that the form D(u)darg(gs/ge) is then admissible. Therefore, using (27) the regulator
integral can be written

g(a, b) =A + Ay + As,

where

(28) Ay ==Y miD(ui(e0)) [ darg(gn/g0).

(29) Ay = fo darg(gs/ga)(T) fT 1(9ga A Gb+ Gb A Ge + Ge A Ga),
1 [e%)

(30) A3:§/0 log |96/ gal - @ (ga A Gb+ Gb A Ge + ge A Ga)-

Similar arguments show that the integrand of Ajz is admissible on ]0,ioo].

5.1. The A; term. The explicit form of the triangulation (25) is given by [, Theorem 4.3]:

Zmz{ul}g N2 Y {uw(0,z,a-zb+x)}s

xe(Z/NZ)?

Z ({u(O, a,c+2x,y) s+ {u(0,¢c,b+2x,y)}s + {u(0,b,a + 2a;,y)}2),
x,ye(Z/NZ)2

1
4N4

which simplifies to
Zmz{uz}Z N2 Z {u(0,z,a -z, b+x)}s
xe(Z/NZ)>?
in the case N is odd. By convention, in the above sums we keep only those terms u(x,y, 2z, t)
for which «,y, z,t are distinct in (Z/NZ)?/ + 1. The same convention takes place below.

Lemma 46. Let a,b,c € (Z/NZ)? such that a+b+c=0. Assume that all the coordinates of
a,b,c are non-zero. Then

> D(u(O,a:,a— x,b+ a:)(oo)) =0

xe(Z/NZ)2

Proof We write & for the representative of z/ N, where x € Z/NZ, on the interval [0,1), so that
2 €+Zn[0,1). According to [3, Lemma 3.4] we have

Atzifé A Ab x
(31) w(0,z,a-x,b+x) = AN A?H: ,
where

Aup = (=e(=0)) Mg EDE(1 = e(v) Luez + O(¢'7)) a5 g 0.
We now collect relevant information for determining when the unit (31) has order 0 at co and

what is the corresponding constant term in the latter case.
For 0<a; <1 and 0<2; <1 we have

~i? if 0 <@y < iay,

dq AQ _ —(1—{2‘1)24-1—&1 if%d1<j1§dl,
Ag Aa 2% -+ 1fa1<x1§%+%d1,
-(1-2,)? if 5 +3a1 <3 <1
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If moreover aq,a; — 1,01 — 221 ¢ Z, we find

1 if0< 2 < 3ay,
(-6(-&2 + fig))Qldl_ilJ _ —6(—€L2 + 212'2) if %dl < Zi'l < &1,
(—e(=ag))larl(—e(=ay + 2dy) La1-281] | —¢(ay) if 4 <4 < 5+ 2a,
6(2@2) lf%-i-%dl <.1A31 <1.
Similarly, for 0 < by <1 and 0< 2 <1 we have
72 0<di <z,
Ai)Ai)+2ﬁ: (].—i’l)z—bl if%—%b1§£1<1—b1,
ord ————+ =1 ., " . 2T »
Al;+:i: l’l—(l—bl) lfl—blAS$1<1—§b1,
(1-2;)2 if1-12b <y < 1.
If moreover 131, 51 + I, 131 + 221 ¢ Z, we obtain
1 if0§£1<%—%61,
(—e(=b2)) 01 (—e(=by = 29) r+201) _ |—e(=by = 2i5) if § -3 <ty <1-by,
(—e(=by — &) )2Lbr+i1] —e(bs) if 1 -0y <&y <1-3by,
e(~2i) if 1- 30 <dp < 1.

Our sum of interest is
¥(a,b,c)= ) D(u(O,w,a—a:,b+a:)(oo)).
xe(Z/NZ)?
Notice the following symmetries of the sum: it is invariant under (a,b,c) - (-a,-b,-c) (as
u(a, b, c,d) is defined for indices in (Z/NZ)?/+1) and it is cyclic invariant. The latter follows
from changing the summation for (0, x,a —x,b+x) = u(0,-x,-a + x, b+ x) to the one over
y = b+« and using the definition of u(a, b, c,d) as the cross-ratio of Weierstrass p-functions:

S(a.be)= Y D(u(0b-y,cry,y)(00)) = Y D(u(0,y,b-y,cry)(w)) = S(b,c.a).
ye(Z/NZ)? ye(Z/NZ)?

For similar reasons ¥.(a, b, ¢) is antisymmetric under transpositions:

Y(a,b,c) = Z D(l—u(O,a—m,w,b+w)(oo))=— Z D(u(O,a—w,:c,—b—:c)(oo))
x<(Z]NZ)? ©<(Z]NZ)?
== Z D(u(07y7a'_y7c+y)(oo))=_Z(a’7cub)‘
ye(Z/NZ)?

Recall that dy,br,¢; are the representatives of a1/N,by/N,ci/N in the interval (0,1). After
possibly replacing (a,b,c) by (-a,-b,—c) we may assume that a; + by + ¢, = 1; furthermore,
since our goal is to demonstrate that ¥(a, b, c) = 0, after possibly permuting a,b,c we may
assume that 0 < a; < l;l < ¢ < 1. Then we get

O<lag<ar<i-ibi<i+da<i-b<1-1b<1,

so that

0 if 0 < < 3an,
2y — g %0 if 1a) <&y <y,
a1 #0 if G, <@y <2 - 1by,

ordyu(0,z,a - @, b+x) ={a, —by +1 - 23 if%—%61££1£%+%d1,
~by %0 if §+ 16, <y <1-by,
by —2(1-21)#0 if1-by <iy <1-1by,
0 if 1-1b <@ < 1.
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This means that ord,u(0,@,a - x,b +x) = 0 iff &) € [0,2a,] U {1(a - by + 1)} u[1 - Lby,1).
Furthermore, the constant term of u(0,x,a-x,b+x) is equal to 1 for z; € [0, %&Qu(l—%l;l, 1),
and it is

1/(1-e(ag - 222)) if 1 = a4,

e(dg — by — 22) if &1 = L(ay - by + 1),

1—e(by +2i5) if ) =1~ 1b;.

No matter whether these values of Z; are in +Z or not, using the relations D(1-z) = D(1/z) =
-D(x) we see that the resulting sums over &5 € +Z/Z vanish. For example,

> D(1/(1-e(az-232))) = > D(e(as—2is)) =0,

foe~ Z|Z foe+ Z|Z

because the latter sum involves pairs of complex conjugate roots of unity, apart from possibly
+1, and D(T) = —=D(z). Therefore, ¥(a,b, c) = 0. O

Lemma 47. Let N > 1 be an integer, and let u# 1 be an N-th root of unity. Then

D D(l:Z) - gD(u).

vioN =1 1

Proof. We use the 5-term relation for the Bloch—Wigner dilogarithm with the quintuple (0,0, 1,
v, )
— !

1 u-1 U —u
D(v)+D(1_U_1)+D(u_v)+D(;)+D(E):O.

Using the relations D(1 -x) = D(1/z) = D(z) = -D(«) as well as u™! = 4 and v~ = 9, this can
be written

D(v)+D(1:z)+D(1:Z)+D(%)—D(u):0.

Summing over v # 1,u and using the relation ¥,.,~_; D(v) = 0, we deduce the required result.
O

Lemma 48. Let a,c € (Z/NZ)? and the coordinates of a non-zero. Then the double sum

(32) > D(u(0,a,c+2x,y)())

x,ye(Z/NZ)?
vanishes.
Proof. To compute the double sum (32) notice that

E(z,a)
£(y,a)

where £(z,a) = A2/(Az:a0s-4), and the sum can be rearranged to run over z,y. Notice
that this rearrangement affects the summation on z = (21, 22) in the case of even N, because
it becomes 4 times a sum over z € (Z/NZ)? subject to the congruence conditions z; = ¢,
z9 = ca mod 2. Changing a into —a does not change the modular unit u(0,a,c+ 2x,y), hence
we can assume that the representative a; of a;/N satisfies 0 < a; < % <l-a;<1.

With 0 < 2; <1 we obtain

u(07 a’ Z? y) =

orqu(z,a,) = dl(l - dl) —min{dl, 1- dl,él, 1- 21} = &1(1 —&1) —min{&l,él, 1- 21},
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while the leading coefficient of £(z,a) is equal to

(a) —(1-e(%))?/e(2y - ay) = 4e(ay) sin®(w2y) if 2, =0,

(b) —1/e(Z3 —ag) = —e(az)e(—22) if 0 < 2y < ay,
(¢) —1/e(=22—ag) = —e(az)e(22) if0<1-2 <ay,

() 1/(1-e(22 - a2)) if21=a1<1-ay=1-2,
(e) 1/(1-e(-23—a2)) ifl1-2=a;<1-a =2,
(f) 1 if 4y <min{2;,1 - 21},

(

g) ze(as)/(cos(2mas) — cos(2m2y)) ifa; =2 =3

(the case 1 - a; < min{Z;,1 - 2} is excluded from the consideration because @; < 3). We now
want to control when the terms £(z,a)/E(y,a) in the sum (32) have constant terms, that is,

when
(33) min{&l, 217 1- 21} = min{dhgla 1- gl}

For each of these situations, call them (r,) x (s,) with r,s € {a,..., g}, we want to compute a
related sum of the dilogarithms of the products of corresponding constant terms over Z,, s €
~Z/Z. Because of condition (33), the case (a,) occurs if only (a,) occurs, and vice versa; the
corresponding sum of D(sin*(72,)/sin*(7ds)) over 22,9 € +Z/Z vanishes, because each term
is zero (as D(z) = 0 for x € R). Similarly, the case (g,) exclusively pairs up with (g,), and the
dilogarithm arguments are real-valued for this combination as well, leading to the zero value
for the sum in question. The case (f,) may only pair up with (f,), in which case the sum of
D(1) terms is void, or with (d,) or (e,). If one of the latter situations occur, for instance (d,),
we can write our sum as

ST D(l-e(fa-a2))=- > Dle(Ga-a))=- > > D(e®)),

20,00¢ % Z/Z 29,02¢ % Z/Z 2061 2/Z e 1 2/Z

where 2'22 means that we sum over Z5 under the constraint z, = ¢co mod 2 if NV is even. The

double sum then vanishes because the sum over ¢ does. Similarly, the case (f,) pairs up with (f.)
(which we already discussed), or with (d,) or (e,), and we argue as above using the summation

S D(e(22-a9)) =0
fexZ/Z
followed from
(34) Y D)= Y D(e(i) =0

te2Z|Z tet+2Z/Z

in the case of even N (because conjugate roots of unity e(#) and e(~t), when different from
+1 € R, combine). Furthermore, the situations (d,)x(d,), (d.)x(e,), (e:)x(d,) and (e,) x (e,)
are all treated with the help of Lemma 47 applied to the summation over ¢, € %Z/ Z and the

external summation Z;QG 177 is performed on the basis of (34) if NV is even. Finally, the cases
N

(b.), (c.) may only pair up with (by), (c,) in view of condition (33), and we obtain the sum

S D(e(25 00))

20,026 %22
for an appropriate choice of both ‘+’, again a vanishing sum. O
Consequently, Lemmas 46 and 48 imply the following.
Proposition 49. We have A, = 0.

Though proving that A; vanishes is surprisingly involved, we do not exclude intrinsic reasons
behind this degeneracy.
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5.2. The A; term. We now deal with the Ay term (29).
Lemma 50. If the coordinates of x,y,z € (Z/NZ)? are non-zero, then

(35) fowdarggm(f)lwn(gy,gz)=A“+(w,y,z)—/\"+(-’v,z,y).

Proof. We expand n(gy,g.) using just the definition. The form dlog|g,| is admissible, so
Lemma 8 implies

log|gy ()| = og gy () = [~ dlog]g, .

1

Noting that log|gy|(c0) = 0 here, this leads to

1gu,9:) () = - darg g.(m) [ dloggy |+ darg gy(r1) [ dloglol,
71 T1

which implies (35). O
Expanding A in (29) using Lemma 50, we get Ag = I} + -+ + I with
IL=A""(b,a,b)- A" (b,b,a), I, =A""(b,b,c) - A"*(b,c,b),
I3=A""(b,c,a) - A""(b,a,c), I,=-A""(a,a,b)+ A" "(a,b,a),
Is=-A""(a,b,c) + A" "(a,c,b), Is=-A""(a,c,a)+ A" (a,a,c).

To simplify this expression for A,, we use shuffle relations between iterated integrals Acie2es
with €1,e9,e3 € {£1}. Consider the relation

A ()N (y,z) =A""(x,y,2) + A" (y,z,2) + A" (y, z, ).

Specialising to z =  and y = « respectively, we get

(36) AN (x,y,z) =-AN"(y,z,x) - A (y,z,x) + A (x)A " (y, @),
(37) A (x,z,x) = 20" (x,x,2) + A () A" (x, 2).
Similarly,

A ()N (z,y)=A"(x,z,y) + N (z,z,y) + A" (2,9, @)
which, taking y = «, specialises to
(38) A (x,z,2) = 20" (z,x,2) + A (x)\" (2, ).
Equating the right-hand sides of (38) and (37) gives
(39) ANz, x,z)=AN""(z,2,x) + %A‘(a:)(A*(:c, z)-A"(z,x)).

We now simplify I4,..., Is. We introduce the shortcut
A(z,y,z)=(A""+ A"+ A7) (x,y, 2).
Note that in this way,
(40) ReA(x,y,2z) = -Ai(x,y,2) + A7 (x,y, 2)
for any x,y, z. Using (39) and (36), we have
I =A""(b,a,b)-A""(b,b,a)
= A (B,a,b) - A (a,b.b) - S A(B)(A~* (b, @) - A*(a,b))
=-A""(a,b,b) - A" (a,b,b) + A" (b)A""(a,b) - A" (a,b,b)
- SA(B)(A " (b,a) - A" (a,b))

- ~Au(a.b.b)+ A" (b)(A™ (a.b) - %A*(b, a) + %A*(a, b)).
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The integrals Iy, I, and Ig are obtained from I; by simply rearranging the letters:
Iy =+A1(e,b.b) - A (B)(A " (eb) - A (b,e) + SA" (b)),
I=-Mi(b,a,a) + A (a)(A(b,a) - SA " (a,0) + SAY (b,a)),

Is = +A(c,a,a) - A‘(a)(A‘*(c, a)- %A‘*(a, c)+ %AJ"(C, a)).

It remains to treat the terms I3 and I5, involving permutations of (a,b,c). By the shuffle
relations, we have

(41) A7"(b,c,a) =A"(b)A " (c,a) - A" (¢,b,a) - A" (¢, a,b),
(42) A" (a,e,b) = A" (a)A*(e,b) - A" (c,a,b) - A" (¢,b,a).
We also have
A (b)A " (a,c) =A""(b,a,c)+ A" " (a,b,c) + A" (a,c,b),
A (a)A" (e,b) =A"(a,c,b) + A" (c,a,b) + A" (¢,b,a),

and thus
(43)
A" (b,a,c)+ A" (a,b,c) =A"(b)A " (a,c) - A (a)A"(¢,b) + A" (¢,a,b) + A" (¢, b,a).

Therefore,
I3+ I5=(41) + (42) — (43)
=A"(b)A"(¢c,a)-A""(¢,b,a)-A"""(c,a,b)
+A (a)A " (e,b) - A" (c,a,b) - A" (¢,b,a)
-A(b)A " (a,¢) + A (a)A*(¢,b) - A" (c,a,b) - A" (¢,b,a)
= _Al(cv b7 a’) - Al(cv a, b)
+ A" (b)A™"(¢,a) + A (a)A " (e,b) - A" (b)A " (a,c) + A~ (a)A" (e, b).
Putting everything together, we obtain
(44) A2 = _Al(a’a b7 b) + Al(c7 ba b) - Al(ba a, a’) + Al(ca a, CL) - Al(cv ba CL) - Al(cv a, b)
+A°(b)(A(a,b) + A" (c,a) - A" (a,€) - A~*(e,b)

1., 1., 1., 1.,

- AT (bia) + SA(@,b) + AT (bie) - SA (c.b))
; A—(a)(A-+(b, a)+A*(c,b) + A*(e,b) - A (c, a)

v %N‘(b, a) - %A‘*(a, b + %A-+(a, c) - %A*‘(c, @)

The terms involving double modular values can be rewritten using the shuffle relations. In
our generic situation when the coordinates of the vectors are non-zero, we have A=+ (x,y) +

A= (y,x) = A~ (x)A*(y) =0 by (24). Therefore,
A (a,b)+ A *(c,a) - A" (a,c)-A"(c,b)
1 —+ 1 +— 1 — _ 1 +—
_ 5A (b,a) + 2A (a,b) + 2A (b, c) 2A (c,b)

= (A" (a,b)+ A" (a,b)) + (A (b,c) + A" (b,c)) + (A" (c,a) + A" (c,a))
=ImA(a,b) + ImA(b,c) +ImA(c,a).
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Similarly,
A (b,a)+ A" (e,b) + A" (e,b) - A" (c,a)
1, 1., 1, L.
+ §A (b,a) - §A (a,b) + 2A (a,c) 2A (c,a)
=-ImA(a,b) -ImA(b,c) -ImA(c,a).
Copying into (44) gives the following proposition.

Proposition 51. Let a,b,c € (Z/NZ)? such that a+b+c =0, with all the coordinates of a, b, c
non-zero. Then

Ay =-Ai(a,b,b) + Ai(c,b,b) - Ai(b,a,a) + Ai(c,a,a) - Ai(c,b,a) - Ai(c,a,b)
+(A7(b) - A (a)) Im(A(a,b) + A(b,c) + A(c,a)).

5.3. The A3 term. Finally, we treat the A3 term (30). We leave the required admissibility
properties of the differential forms to the reader.

Lemma 52. If the coordinates of x,y,z € (Z/NZ)? are non-zero, then

(45) fo log|gz| gy, 92) = -A™ (z,y,2) - A" (z,2,y) + A" (y,z,2) + A7 (y,x, 2).
Proof. By definition

(46) fo log |gz| a(gy, g2) = fo —dlog|g.|-log|g=|log|gy| + dlog|gy| - log|g=|log|g-|.

Recall that the regularised value of the various log|g.| at oo is zero. Therefore
10g g (7) 108y (7)) = (108 lg 10 gy ) (00) = [ d(loggal10g]g, )
- - [ dloglg,|-1og|ga + dlog g, log]g,|

- f dlog |g,| dlog |g| + dlog |gx| dlog gy,

so that (46) continues as

/0 log\gwla(gy,gz)=—‘/0 dlog|gz(7)\f dlog |g,|dlog |g| + dlog |ge| dlog |gy|

+ [ dloglgy (r)] | dioglgs|diog ga] + diogge| dioglg.|. O

Using Lemma 52, the term As can be written as a sum of six expressions of type (45):
(47) 3A3=-A"""(b,a,b) - A" (b,b,a) + A" (a,b,b) + A*""(a,b,b)
- A" (e,b,b) - A" (e, b,b) + AT (b, e,b) + ATTF(b, b, ¢)
-AN"**(a,c,b) - A" (a,b,c) + A" (c,a,b) + A" (¢, b,a)
+ A" (b,a,a) + A***(b,a,a) - A" (a,b,a) - A" (a,a,b)
+ A" (¢,b,a) + A" (c,a,b) - AT (b,c,a) - AT (b, a, c)
+A"*(a,c,a) + A" (a,a,¢c) - A" (c,a,a) - AT (c,a,a).
Using the shuffle relations
0=A"(x)A""(y,z) =A""(x,y,2) + """ (y,x,2) + \"""(y, z, @),
the six lines in (47) can be simplified, respectively, to
3A"**(a, b,b), -3A"*" (¢, b, b), 2A*"**(¢,a,b) + A*"* (e, b, a),
3A**(b,a,a), 2" (e, b,a) + A" (¢, a, b), -3A"" (¢, a,a).

In this way we obtain the following expression for As.
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Proposition 53. Let a,b,c € (Z/NZ)? such that a+b+c =0, with all the coordinates of a, b, c
non-zero. Then

Az =A""(a,b,b) - A" (¢,b,b) + A*""(c,a,b) + AT (¢, b,a) + AT (b,a,a) - AT (¢, a,a).

Putting together Propositions 49, 51 and 53, we obtain an expression for G(a,b). The terms
of type A; and A*** collect thanks to (40). This results in the following final formula.

Theorem 54. Let a,b,c€ (Z/NZ)? such that a+b+c=0. Assume that all the coordinates of
a, b and c are non-zero. Then

G(a,b) = Re(A(a, b,b) - A(c,b,b) + A(b,a,a) - A(c,a,a) + A(c,b,a) + A(c,a,b)
- (A(b) - A(a))(A(a,b) + A(b,c) + A(c,a))).

Corollary 55. The Goncharov regulator G(a,b) interpolates as a differentiable function of a,b
in the domain {(a,b) € (RJZ)*: ay, by, a) + by 0 fork =1,2}.

6. THE BORISOV—-GUNNELLS RELATIONS

Borisov and Gunnells [3] have shown that certain pairwise products of Eisenstein series on the
group I'1 (V) satisfy linear dependence relations, which strikingly resemble the Manin 3-term
relations for modular symbols. We show in Theorem 56 below an explicit version of the result
of Borisov and Gunnells [3, Theorem 6.2] in weight 3 and for Eisenstein series on I'(N). We
then deduce in Theorems 58 and 59 similar relations for Eisenstein series with rational Fourier
coefficients.

Theorem 56. Let x,y,z € (R/Z)%~ {0} such that x +y+ 2z =0. Then

1 1
(48) ESMED -EWEY - ENED + EVED = EPY - §E§f’) - §E§3>.
Proof. Our starting point is an addition formula due to Weil [24, TV, §2, eq. (10)]:

(49) (E3(z) - E5(2"))(Ef(z+a") - Ef (z) - E{(2)) + E5(x) - E5(2") =0
(v,2' e C/(Z+7Z), x,2',x+ 2" #0),

where, in Weil’s notations, E}(z) = Kj(x,0,k;7). (Weil states the identity for series denoted

by Ei(z), but they can be expressed in terms of Ei(z) [24, VI, §2].) In terms of E, (see
Definition 33), the identity (49) can be rewritten

(50) (B + BV + B YEP -EP,) = 5(Eﬁj”) -E® Y (a,be(R/Z)% a,b,a+b+0).
Our original source of (49) was a nice geometric interpretation given by Khuri-Makdisi [17,
eq. (4.39)]: this identity expresses the slope of the line passing through 3 points P,Q, R on

E=C/(Z+71Z), where P+ @Q+ R =0. Another proof is given in [, p. 177-178].

Now, after restricting to N-torsion points, the Eisenstein series Eg(clf)gc2 is essentially the dis-
crete Fourier transform of E,glf)@ In the sequel, we implicitly identify (Z/NZ)? with a subset
of (R/Z)? by mapping a pair (T1,72) to the class of (z1/N,x2/N). Moreover, let us introduce
the Weil pairing on &, [N] 2 (Z/NZ)?:

ent(Z/NZ)? x (ZINZ)? > C,  (a,x) ¢ (w)

N
For k > 1, the relation between E®*) and E®) is

S en(a,®)ES) = (-1)MINFES (e (Z/NZ)?).

ae(Z/NZ)?

This can be proved directly from the definitions of ES” and ESY (Definition 33).
This leads us to taking the Fourier transform of (50) with respect to both a and b. However,
it is important to note that (50) only holds when a, b and a + b are non-zero. For example,
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when a = 0, the left-hand side of (50) is zero while the right-hand side may not be. We thus
take the Fourier transform of both sides of (50) separately, and then use the inclusion-exclusion
principle:

(51) P D S M ) I

a,be(Z/NZ)? a,be(Z/NZ)? a=0 ac(Z/NZ)? ae(Z/NZ)? a=b=0
a,b,a+b+0 be(Z/NZ)? b=0 b=—a

We will denote by Lgp the left-hand side of (50), and by Rgp its right-hand side. Let @, y, z €
(Z/NZ)? be as in the statement of Theorem 56. Noting that L, is zero when a, b or a + b is
zero, we have

(52) >, en(a,z)en(-by) x Lap

a,be(Z/NZ)?
a,b,a+b+0

= Y en(a,®)en(-b,y) (B + B+ EQ VWED -E2,)
a,be(Z/NZ)?

= Y en(a,®)en(-by)(-EPE® , + EVED - EWE® L BYED)
a,be(Z/NZ)?

- N* (B, BY + ESVEY - BY, B - ESVES,).

We compute the Fourier transform of R, p similarly, keeping in mind the correction terms (51):

(53) Z eN(a,a:)eN(—b,y) ><7za,,b

a,be(Z/NZ)?
a,b,a+b+0

- _%( Z + Z + Z )eN(a,m)eN(—b,y)(Eég) _Efi)—b)

a=0 ac(Z/NZ)*  ae(Z/NZ)>
b=0

be(Z/NZ)? b=—a

1 1
- N? (—Eff) + 5B - §E;i>y) .

The identity (48) now follows from (52), (53) and the relation E;li)y = (-*EP.
So far we have established the result for N-torsion points. Since both sides of the identity
are continuous in &, vy, z by Lemma 38, the result is true in general. U

Let us now consider Eisenstein series with rational Fourier coefficients, and investigate the
Borisov—Gunnell type relations for them. As the following lemma shows, Gg,;k);N is essentially
the partial Fourier transform of Eék) with respect to the second parameter.

Lemma 57. For xy,u € Z/NZ, we have
ULy k _ k);N
Z € (_T) Eﬂ(711)552 =-N? kG§E1?u .
w2€Z|NZ

Proof. This is a direct computation using the g-expansions (1) and (14). O

The Borisov—Gunnells relation for G;(Ek) is as follows. We first state the case when the first
coordinates are non-zero.

Theorem 58. Let x1,y;,us,vs € (R/Z) ~ {0} such that x1 +y1,us —ve #0. Then
1 2 1 2 1 2 1 2
G:(Ellyl ;U2 G'Z(jl?’UQ—'U,Q + G?Sla)UQ Ggl?“? - G:(l'llyl ,U2 Ggl)ﬂLQ—vQ - G:(yl?vQ_UQ Ggllylfuﬁ = O

Proof. As for Theorem 56, it suffices to treat the case of N-torsion points. In this case, the
identity takes the form

G(l);N G(Q);N n Géi?béVGg)’;g _ G(1)§N G;?;j;f_w _ G(1)§N G(2)§N =0

T1+Y1,u2 - Y1,02-uU2 T1+Y1,02 Y1,v2—uU2 M T1+Y1,u2
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with 1,91, us, v € (Z/NZ) ~ {0} such that x1 + y;,us — v2 # 0. Now the idea is to apply the
partial Fourier transform to the identity (48). Using Lemma 57, the transform of the left-hand
side L, 4, of (48) can be computed as

( N ) X ‘C$2:y2
xQ,yQGZ/NZ

(1N (2);N (1);N ~(2);N (1N (2);N (1N (2);N
= _N (GzlerlyuZGyly’UE*'UQ + GylQO Gmlv“Q - G21+y17v2 G1'17U2*’UE - Gylny2*u2le+y1»u2) °

_ U2 + U2Y2

(54)

Moreover, the transform of the right-hand side vanishes, as for example

o122+ VoY ) £® t=-z3-12 T (_ (ug = vo) s — vzt) 2O _ g

21,=T2-Y2 z1,t
$27y2€Z/NZ ( N Z‘Q,tEZ/NZ N

thanks to our assumption us — v9 # 0. O

The case when the first coordinate of @, y or z is zero requires special care. We will not
state it in general, but content ourselves with the following result.

Theorem 59. Let uy,us € R/Z with uy #0. Then
GG s = GG, = G

O,uz”

Proof. Again, it suffices to show that

. . . . 1 .
G Guis = GG = G (w2 € ZNZ, w2 0),

0,u2

We use (48) with x; =0, y1 = u; and x5 # 0. The left-hand side of (48) is
EDy, + (B

uU1,T2+Y2

1
sz,yz = _E( )

U1,T2+Yy2

- B ES) + B, B

U1,22+Y2 "
Note that £, ,, is zero when x5 = 0. Using (54) with vy = 0, we have

Z € (_uj\:fQ) X Em,yz = Z € (_uj\fZ) X ‘Cm,yz

x%q/tJOVZ xz,ygEZ/NZ
Y2€

-_N (GSI),LQVG@)?N + CON N _ AN GGIN _ AN Gﬁ?;ﬁj) |

uUl,—u2 u1,0 0,u2 u1,0 0,u2 uy,—u2

A similar computation gives

U T2 3);N
Zo ‘ (_ N ) . Rm’m - _G(()v'le : O
y2§%7NZ

7. DIFFERENTIATING THE (GONCHAROV REGULATOR

All elliptic parameters @ = (x1,22) etc., a = (a1,az) etc. considered below are generic, not
hitting the integers. Apart from the already established

0
— A(x) = 2mi({x1} - ) = 2mi ES" (o0)
&vg
we need to consider similar partial derivatives for the regularised multiple integrals
A@,y) = 2mi)? [ ol (n)wf?(n)
and

A@,y.2) = @) [ ol ()l ()l (7).
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where from now on we set w$? (1) = ESY (1) dr, wl (1) = E(k)(T)E(m)(T) dr, etc. Using (22)
and E;El)(()) = 0, which follows from Lemma 35 with k=1 and v = ({7} ), we obtain

—A(:I; y) = (27i)’ f WD (),

8 1 21)
Gy M@ ) = 2mi A @) B (o0) = (2mi)? [0 (),
AA@y.2) = 2n)* [Tl ()l (),

%A(w,y,z):@m’)g fo O ()l () - (2mi)?3 f WD (1) (1),

(%A(m y,z) = 2mi Az, y) B (00) = (27i)? fow O (1) wlEP ().
Therefore,
(5a2((A(a) -A(b))(A(a,b) + A(b,c) + Ac, a)))

= B (00)(A(a, b) + A(b,c) + A(c, a)))

+(A(a)—A(b))-(2m‘ /0 w2~ A(b) B (o0) + 2mi fo WiV

- 27rifooowca + A(e) B (00) - 2m/0 w,(fal))
= BV (00)(A(a,b) + A(b,¢) + A(c,a) + (A(a) - A(b))A(c))
- B8 (00) (A(a) - A(b))A(b)
~2ri(A(a) = AB)) [ @8+l -l ()
where ¢ = —(a + b), while the §,,-derivative of

A(a,b,b) - A(c,b,b) + A(b,a,a) - A(c,a,a) + A(c,b,a) + A(c,a,b)
is as follows:
(2mi)? f WP + (2mi)? [0 wiPw®
+(27Ti)2f wéQ)wc(Llf) (27m')2f wl()zal)wt(f)
0
+A(b,a)ESY (c0) - (27m')2f wP W
0
+(27rz')2[ wgl,f)w,(f) (27ri)2f (2)w,(11a2)
0
+@ri? [Tl - Me a) B (o0) + mi)? [T wlulid
0
~ (2ri)? f WD 4 (e, b) ES) (00) = (2mi)? f WD
~ (2ri)? [ W8P 1 (2mi)? fo WD  (2mi)? [ W&
= E(l)(oo) (A(b a)-A(c,a) + A(c, b))
+(2m)2[ (i) 4 D - 02 _ Dy (B _ )y

a b
Recall that

w,(llf) + w,(zlf) ,(11;1;2) - w;lf) = (Ele)Eg) + Eél)E(S?) - (Ele) + Eél))E,EZ)) dr.
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The latter expression is subject to the Borisov-Gunnells type relation in weight 3,
B EP + EVEY —(BD + EEY = EP -1ED -1,

implying
(1 2 w(1a2) (}l;)?) _ w(,l,?) _ wég) _ %wc(f) _ %wf).
In addition, the shuffle relations imply
A(a,b) + A(b,c) + A(c,a) + (A(a) - A(b))A(c) + (A(b,a) - A(c,a) + A(e, b))
=A(a)A(b) + A(b)A(c) + (A(a) - A(b))A(c) = A(a)(A(b) + A(c)).
Combining the above derivations and using the fact that the quantities
Ea" (e0)A(@)(A(b) + A(e)) = (2m0)* ({ar} - 3)*({az} - 3)
x ({01} = 5) ({02} = 5) + ({ea} - 5)({e2} - )
and
EtY (00)(A(@) = A(B))A(D) = (27i)*({b1} - $)({bs} = H)({er} - 3)
*(({ar} - a2} - 5) - (b} - ) ({2} - 5))
are purely real, we finally arrive at

1 0

(55) 77 g

5.9(a. b) = I (2ri(A(a) - A(D)) f (W = 1o - 1,)
_ (2mi)? / (w0 = 10 — 1) (P - (2>))
= — 472 Im f (w@) 2))(w(3)_1wc(l3) ((:3))>;

in the final step we applied the shuffle relations again.

8. USING THE ROGERS—ZUDILIN METHOD

To handle the integrals [~ wPw® in (55), we use the Rogers—Zudilin method.

8.1. The setup. For weights ¢ > k > 2, we want to work out the integral
k.0 k) N0 -
15 = [TEP@E (ydy  (uve (R1Z))

in terms of L-values. Here Ef,é) denotes the Eichler integral of Ef,e), that is, the unique prim-
itive of 27T7;E1(,£)(T) dr whose regularised value at oo is zero. The function E&k)(T)qué)(T) is

admissible, so that Igf{,@ is well-defined.
Recall the modularity with respect to o = (9 ') (Lemma 35):

. . o 7 . _ 7 o 7
(56) B (iy) = (BY. ho) (iy) = (iy) 'fEi’;L(g)#—z)ky 'fEE’:LL(g):zky kEi’?(;).

8.2. The computation. We have

TR0 _ f R (IO
Dt [T BB )
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Write B (i/y) = C1+S1(y) and Ev,(,e)(z'y) = Cyy+S5(y), where S1(y), respectively Sa(y), decays
exponentially as y - 0F, respectively y - +oo. Explicitly,

Ch = @o(ngy)),
Cy = —27Ta0(E1(,£)),
Si(y) = Z (a(my)b(ny) + (—1)ka(—m1)b(_nl))nlf—le—%rrmnl/y’

mi>1
n1€Rso
0 TL572 —2Tman
Sa(y) = Z (c(mgy)d(ng) + (-1) c(—mg)d(—ng))m—e 2n2y
mo> 2
nzeRio
where the functions a,b,c,d:R — C are defined by
a(m) = —e(—muy), c(m) = —e(mu,),
b(n) = ]-nEug mod 1, d(n) = ]-nzyl mod 1-

We can write L(f;f) =Ty + 715 + Ty with

x [ d

Ti= [ 7SS,
0 Y
. ® ~y,. \d

15 = 2kC1 /(; Ef,e)(zy)y—z,

. * okt dy
TV?)‘Z CZ\[O Eua(y)yk_17
where each term T is understood as the regularised value of the corresponding Mellin transform
(actually the integral 77 converges exponentially at 0 and o). The terms 75 and T3 essentially
boil down to L-values of Eisenstein series, and will be dealt with later.
We compute T using the Rogers—Zudilin method. We first consider the terms a(m;)b(n;)
and c¢(msz)d(ny) inside the series S and Sy respectively:

o0 né—Z dy

f Z a(ml)b(nl)n/f—le—%rrmnl/y Z C(mg)d(n2)_2 e—2ﬂ'm2n2y —

0 my>1 mao>1 mao Yy

n1€Rso nseRsg

k-1 ng_z % —2m(mangy+ LML) dy

- Z Z a(mi)b(ny)c(ma)d(ng)ny —[ e v —

mi1>21  ma>1 mo JO Y
ni1€R-0 n2€eRso

vk “ mymy ) d

220 NS a(ma)b(ng)e(ma)d(ng ) ng 2mb 2 f e 2 (mnay+ =y "’>_§j

mi21 mao>1 0 y
n1€Rs0 n2eRso

- d
-/, ( > a<m1)c<m2>m's-%-2ﬂmlm2/y)( > b(n1)d(n2)ng_26—2m1nzy)—‘Z.
0 m1,ma>1 n1,n2eRs0 Y

This computation will be summarised with the formal transformation ab ® cd — ac ® bd.

Now the term 77 is a linear combination of four terms, involving substitutions (m;,n;) —
(-my;,—n;) for i = 1,2. As a shortcut, write f~(x) = f(-z) for a function f:R — C. Then the
computation of 77 can be written formally

(ab+ (-1)fa™b7) ® (cd + (-1)°cd")
—ac®bd+ (-1)'acc ®@bd™ + (-1)*acebd+ (-1)***a c @b d .
This linear combination does not produce Eisenstein series: for example Y b(nq)d(ny)g™™ has

no modularity property, because of the lack of parity conditions in b and d. To get Eisenstein
series, we have to take the imaginary part of 7T7; this corresponds to considering the Beilinson
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regulator map with values in real Deligne-Beilinson cohomology. Noting that @ = a™, ¢ = ¢
b="0and d = d, we see that T} =T} can be computed as

(ab+ (-D)*a b)) ® (cd+ (-1)ecd™) + (1) Ya b+ (-1)kab ) ® (¢cd + (=1)‘cd™)
—ac®bd+ (~1)'ac- ®@bd + (-1)*acobd+ (-1)*ac @b d"
+ (-1 a e @bd+ (-1)"*lac@bd —acc @b d+ (-1)lace b d"
= (ac+ (-1)* a7 c )@ (bd+ (-1)1b7d™) + (-1)*(a c+ (-1)*Lac™) ® (b"d + (-1)“1bd").

Up to the constant terms, we recognise the sum of two pairwise products of Eisenstein series

of weights k£ — 1 and ¢ - 1, respectively. Denoting by f° = f —ao(f) the rapidly decreasing part
of f, we have

k-1 d
61 (m) = e [T (DG ) - B2 )G ) ) .

I

where for @ = (21, 25) € (R/Z)?, the Eisenstein series HS" is given by
Ha(ck)(T) = aO(Ha(zk)) + Y (e(may +nxy) + (-1) e(-may — nxs) )nk g™

?

m,n>1
with
0 if =0,
o [ v
2Te(z1) if x1 #0 and 25 =0,

1 <1+e(;tl) + 1+e(xg))

2 \1-e(z1)  1-e(z2)

(k22)  ag(H) = (-1)*{(-22,1 - k).

if z1 #0 and 29 # 0,

The Eisenstein series G;,k) and Hg(ck) are related as follows.

Lemma 60. Let k > 1 and © = (x1,29) € (R/Z)?, with x1 # 0 in the case k = 2. Then
Hf(nk)|ka = G®. In particular, we have Hﬂ(,k)(i/y) = (iy)’“ch)(z’y) for any y > 0.

Proof. In the case x € (1Z/Z)?, this is [7, Lemme 3.10]. The general case follows since both
sides are continuous in x. O

We compute (57) by ‘completing’ the Eisenstein series H*~1 and G(*-1), and separating the
contribution from the constant terms, using also Lemma 60:

(58) /0 H(k 1)0( )G(e 1)0( y)y® yy

= M(HE ()G ). 5) = an(HE MG 5) =an(GE M (L (). )
Yy
= IM(GYE 1>G§f Yos+k-1)
—ag(He ™ YM(GY ™Y, 8) =% ao (G )M(GE™ s+ k- 1),

Putting (57) and (58) together, we get the following formula for the imaginary part of T7:
Im(7Ty) =T + Ty + Ty,

Lo (k1) (-1 k-1 -1
Tll = _§M (GT(LLUQ)Gi(Jl,—l)Lz - G1(L1,—32G1()1,U2)7 0)7

u1,—v2

1-k
T = —-ao(HE Y MG 2 1= ) = i ag(HEZL)M(GELD 1 - ),

ul,—v2

1 _ _ 1 _ _
T = Sao(Gl )M (G 0) = Sao(GELD M (G, 0).
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If w and v are N-torsion (and uy,v; # 0), the main term 77 is the (completed) L-value of a
modular form of weight &k + ¢ — 2 and level I'(N') with rational Fourier coefficients.

8.3. The constant terms. We henceforth assume that k = 2, which is enough for our purpose.
Also, we put ourselves in the generic situation where the coordinates of w and v are non-zero.
In this case, the Eisenstein series appearing in 77 have no constant term (see Definition 39),
so that the Mellin transform in 77 is holomorphic at s = 0. Moreover ag(foT_lq)m) =0 and thus
T3 =0.

Let us compute Im(73). The Mellin transform of the Eichler integral E,(f) is given by

2_7T<_GO(E5€))
s+1

M(ED ) = %M(Eff), s+1) = e M(ED,0)+ 0, (s+ 1)),

s
from which we deduce

Ty = —ag(B&YM*(ESL, 1) = 7 By({us} ) (M*(ES,0) - ag(ES)).
Using Lemma 41 and equation (13), this leads to
Im(T3) = —W—ZBQ({ug}) hmF(s)(—C(vl, s—0+1)+(-1)C(~vy,s -+ 1))(5(1)2, s) - f(—vg, 3))
_mi 1+ 6(’02)
= 32({ DT o) o )s m

For the term T3, we rewrite it using (56):

mI(s)(¢(v,s =0+ 1)+ (-1)**¢(-v1,s - £+ 1)).

Ty = —QWaO(E,(,Z)) /:o Eq(f)(z'y)y dy = —2WMM*(E$), 2).

Moreover,
lim Im (M (B, 5)) = (27) 2 lim(=¢ (s, s = 1) Tm({(ua,9)) = C(~ur, s = 1) Im({(~uz, )))
seR seR
= (27) 2 Im(C (ug, 2)) x ml +e(w)
—e(u1)’
Therefore,

1+e(up)

Im (T)——Z BZ({UI}) .Im (C(U 2)) _6(u1)'

It remains to compute 7;. We have T' = A+ B with

e il+e(ur)
41-e(uy)
i1+ e(vg)
“41-e(va)
Let us compute A. Using Lemma 41, we obtain
M(Gz(f 1}2)7 _1) M(Gi()f 17327 )
=2m sllrfll F(S)(C(Ulv s—{+ 2) + (_1)£<(_U17 s—L+ 2))(6(”27 S) - C(u2a _8))

=TT B({u}) im T(5) (¢, ) = (-1, 5)).

Now using the Hurwitz formula [7, eq. (6)], we have

C(uz,8) = ((~uz, ) = (20)*'T(1 = 5) (e ™2 = ™) (((us, 1 - 5) = ((~up, 1 - 5)),

which gives

(M(Ggf 1}2)a _1) - M(Ggfj—li)ﬁza _1))7

2 MG 1) M(GER 1)),

Jim T(s)(¢ (02, 5) = C(-13,)) = =5 (G, 2)).



MODULAR REGULATORS AND MULTIPLE EISENSTEIN VALUES 33

Therefore,

@ Bp({v1}) 1+ e(ur)
2/ 1-e(up)
Similarly, the term B is equal to

A= Tm(¢(ug,2)).

_ mil+e(vy)

21- e(UQ)BQ({“Q}) mT(s)(C(vr,s =€ +1) + (-1)*1¢(~v1,5 - £+ 1)),

Collecting everything, we see that Im(7%) + B =0 and Im(73) + A = 0. Thus, Im(],(f;,z)) =Ty, as
summarised in the following theorem.

Theorem 61. Let ¢ > 2 be an integer, and u = (uy,uz), v = (vy,v9) in (R/Z)?, where all u;
and v; are non-zero. Then

1 - -
Im(L5)) = ~ 5 M(G, Gl R, = Gl GEl, 0).

9. GETTING TO THE L-VALUE
In Section 7, we established that the ap-derivative of the (interpolated) Goncharov regulator
of £(a,b) is
0 o0 ~ ~ ~
9a.9(a.b) = ~4r* Im /0 (B2 (7) - EQ(M)(BS (r) - §ES (7) - §ES (7)) dr ),

see formula (55). This holds in the domain where all the coordinates of a,b,c € (R/Z)? are
non-zero, with @ + b+ ¢ =0 as usual. Using Theorem 61, we have

(59)

9 1) ~(2) (1) (2) 1 (1) ~(2) (1) (2)
8a2g(a’ b) = 27T2M((Gb1,b2Gb1,—b2 - th—bz Gbl,bz) - E(thaz Gah—bz - Gbl,—a2Ga17bz)
L 1) ~@ (1) (2) (1) ~(2) (1) (2)
- Q(Gbl,cg Gcl,—bz - Gb1,—chc1,b2) - (GathGbl,—az - Gah—bszl,aQ)

1, 2 1 2 1 .« 2 1 2
+ é(Gf(ll?GQ G((n?—az - G((Il?—aa Gl(ll?lm) + 5 (Gf(ll?c2 G((Zl ,)—112 - Gl(ll?‘@ Ggl 7)02)7 O)

Let us write f = fi +---+ fg for the modular form inside (59). We rewrite f using Theorems 58
and 59. Theorem 59 gives

M(f1,0)= M(GS,0), M(f5,0) = SM(GS2,.0).

0,a2’

Using Theorem 58 with x1 = ¢y, y1 = a1, us = as and vy = —co, we have

¢9) (2) ¢9) (2) (1 @2  _ 1) ~(2)
(6[)) G—b1,a2 Ga1,b2 + Galv_@Gclva? - G—bl,—CQGCL—bz - Gahbz th—az’
and with x1 = ¢1, y1 = b1, us = by and vy = —co, we obtain

(1) (2) (1) (2) (1) (2) _ (1) (2)
<61> Gbl,—CQGcl,bg - G_ala_C2GCh_a2 - Gbl,ag G—al,bg - Ga1,—b2 Gb1,a2'

Combining (60) and (61), we have

1

1
+SGYLG0, = S

1 ) 1 . 1 .a 2
f2 + f3 + f6 = —5 X (()0) + 5 X (()1) = —§G( ) G( ) a1,-bs 7b1,az 92

a1,b " b1,~a2

Therefore,

0,a2

0 o2 (e® L Lae 3
62)  5-G(a,b)=2n M(G, + 560, + 51,0

_ —37T2M(G(1) G(Q) _ G(l) G(2)

a1,b2 " b1,~a2 a1,~b2 " by1,a2’

0) + 7T2M(G(()7332 + 203?22, 0).
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To find the ag-antiderivative of the right-hand side of (62), we use Lemma 40. We have
formally

d
(63) MG, G,.0) = f G, (i) Gé?)a2<y>—y

d
o [ G G )

_ 1 9 1) A0)
=3 MG G D)

Lemma 62. For x € R/Z, = %0, we have M(G{’),0) = -2¢'(~2) B, ({z}).
Proof. Using (20), we obtain
M(GE?,0) = lim T (s)¢(s - 2)(C(w,5) = ((=2,9)) = ¢'(=2)({(,0) = ((~2,0)).
We conclude using the evaluation ¢(z,0) = =B, ({z}) [7, Section 2, p. 1123]. O

From (62), (63) and Lemma 62, we get

37T
(64) 3a2g( a.b) = 2 dasy

This identity holds in the domain
D0= {(a,b):0<a1,a2,b1,bg < 1, a1+b1 * 1, a2+b2 * 1},

M(G(l) G(l) G(l) G(l)

ai,b2 7 b1,—a2 a1,~by T b1,a2’

1)+ C(Q—S)(Bl(@) +2B;(bs)).

which has four connected components:
D,,={a;+b; >1, ay+by > 1}, D, ={a;+by>1, ag+by <1},
D*+:{a1+b1<17 a2+b2>1}; D77={CL1+Z)1< 1, CL2+b2< 1}

We can integrate (64) on each of these domains, with possibly different integration constants.
So for O € {++,+—,—+,——} and (a,b) € Dy, we have

g(a,b):—%ﬂ/\/l(G(l) G L g® g )

ay,bz 7 b1,~a2 a1,—b2 " by,a2?

(65) + %(Bg(ag) + By (bs) +4B1(a2) Bi (b)) + Ca(a,b),

where Cg(a,b) does not depend on ay. For convenience, write

L(a,b) = - QM(G(” G +GW . G

ay,b2 7 by1,—as ay,—ba 7 by,a2’ - )

To get further, note that the symmetry (a,b) — (b, a) leaves stable the connected components
Dg. And we have

g(a’wb):g(bva’) ((a’7b) GDD)7

which follows from the identity of cocycles £(a,b) = £(b,a), or from the expression of G(a,b)
in terms of triple modular values. Taking into account L(a,b) = L(b,a), we see from (65) that
Cg(a,b) is symmetric in a,b. Therefore Cg(a,b) does not depend on by either, and we can
write

Cﬂ(aab) :Cé\(alabl)-

(The function CL(«, ) is defined either on the domain o+ 5> 1 or on the domain a + § < 1,
depending on the first sign in O.)
Now, let us use the matrix o = ({ ') acting as

(a’7b) = (a17a27b17b2) - (CEO', bU) = (a27_a17b27_bl)'
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It permutes the connected components of the domain by D,, - D, - D__ - D_, - D,,.
With the regulator, we have

o0 R 0 i
G(a,b) = fo r3(2)(&(a,b)) = /; r3(2)(£(a,b))|o
S fooorg(Z)(f(a,b)]a) = - fowr3(2)(£~(aa, bo)) = -G(ao, bo).
One also checks that L(a,b) = —L(aoc,bo), using the identity of Eisenstein series le oy =

G, = —Gglm)l,,m. Therefore,
0=G(a,b) +G(ac,bo)

(43) (Ba(az) + Ba(by) + 4By (a2) By(by)) + Cl(an, by)

(3) (Ba(ar) + Ba(b1) + 4By (a1) Bu(b1)) + o (a2, bo).

This identity can be rewntten as

(43) (By(ar) + Ba(br) + 4B1 (1) Bu(by)) + Cl(an, )

_ 5(3) (Ba(as) + By(bz) +4B1(a2) Bi(b2)) - Clyey (a2, bo)-

The left-hand side depends only on ay, by, while the right-hand side depends only on as, bs.
Therefore, they do not depend on (a,b) in Dy and we can write

Cé((ll, bl) = €(43) (BQ((Zl) + BQ(bl) + 431(&1)B1(bl)) + Olg?

3
C;_(D)(CLQ, bg) = g(4 ) (BQ(CLQ) + Bg(bg) + 431(0,2)31(62)) - Clg
Reporting into (65) we have for (a,b) € Dg,
M(G(l) G(l) +G(1)

(66> (a' b) - ai, bg bl —ag ai, bgGl();l)(IQ - )

2
- @(Bg(al) + By(by) + 4By (a1) By (by)
— By(as) - Ba(bs) — 4B (a2) B1 (b)) + CL.

Substituting (a,b) - (aoc,bo) in this relation, we see that Clloy = —C6 for any component
Oe{++,+-,—+,——}.

Finally, let us take @ = b in (66). Since the cocycle £(a,a) is zero, we have G(a,a) = 0.
Specialising even further to @ = b = (o, ) with o € (0,1), o # 3, the L-value part in (66)
vanishes since nga = 0. Moreover, the ((3) part also vanishes. It follows that C?, = C"_ =0,
hence C} =0 for every 0. We have thus shown the following.

Theorem 63. For any a,b e (R/Z)? such that the coordinates of a, b and a +b are non-zero,
we have

(67) G(a,b) = —S—WM(G(U a®V  La® M

ai,by 7 b1,—a2 ai,~bz Tbi,az’ )
<(3> G) (By(ar) + Ba(by) + 4By (ar) By ()

- BQ(CLQ) - Bg(bg) - 431(0,2)81(192)).
Theorem 1 follows by specialising Theorem 63 to the case of N-torsion points. More precisely,
using (18), we have the relation, for x,y € (Z/NZ)?,

1 : : 2 . ‘
(68) M(GS/)NGS/)N, “1) = NM(G.Q)’NG;D’N, 1) = _WWL/(G;I),NG?(JI),N7 1),
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10. RELATION TO THE BEILINSON REGULATOR

In [, Conjecture 9.3], the first author conjectured that the elements £((0,a), (0,b)), a,b €
Z/NZ, are proportional to the Beilinson elements in Kf)(Yl(N)). For a,b € (Z/NZ)?, let
Eis"™ (a,b) denote the associated Beilinson element in Kf’)(Y(N)) [23, Definition 2.3.6].
There is an explicit representative Eisy ' (a,b) of the Beilinson regulator of Eis®*!(a,b) [23,

Proposition 2.4.2]. This is a differential 1-form on Y(N)(C), and Weijia Wang proved the
following explicit formula [23, Example 6.1.5], for a,b # 0:

az,—b1 " b2,a1 az,by ' ba,—ay’

B(a,b) = f Eisy’"' (a,b) = %M(G(IW G L GUNGIDN. ),
0

Using the relations G&Y = GEIN = U as well as (68), we obtain
Im M 1) A
Bla,b) =~ M(GD, G, + G G -1) (a,b+0),

where we identify Z/NZ and +Z/Z. The modular form on the right-hand side matches with
the one in (67), and from comparing the two expressions we deduce Theorem 2.

As explained in the introduction, Theorem 2 gives evidence for the conjectural coincidence
of the motivic cohomology classes £(a,b) and iNTQ Eis""(a,b). This was formulated in [3,
Conjecture 9.3] for the modular curve Y; (), taking indices of the form (0,z) with € Z/NZ,
however we expect it to hold also for Y (V) with general indices in (Z/NZ)?. Note a different
from £N?/3 factor N2/6 in Theorem 2: this is due to the fact that the Beilinson regulator, which
is used to define Eis) ' (a,b), is expected to be +2 times the Goncharov regulator r3(2), via
De Jeu’s map. De Jeu has proved this compatibility for general curves under some assumptions
[15, Theorem 5.4]; see the discussion in [3, Section 5.4].

11. CONCLUSION

One important application of Theorem 1 is to proving the longstanding conjecture of Boyd
and Rodriguez Villegas on the Mahler measure [10] of the three-variable polynomial P = (1+x) X
(1+y) + 2, namely m(P) = -2L/(E,-1), where E is the elliptic curve over Q defined by the
affine equation (1+z)(1+y)(1+1)(1+ i) = 1. To do this, the starting point is the work of

Lalin [19] expressing this Mahler measure as a Goncharov regulator on the elliptic curve E:
1

(69) m((1+2)(1+y)+2) = 75 [ ra(2)En).
7 5

where £p is a degree 2 cohomology class in the weight 3 Goncharov complex of E, and 7},
is a generator of Hi(FE(C),Z)*, the subgroup of invariants under complex conjugation in the
homology of E. What allows one to compute the regulator integral (69) is that E is actually
isomorphic to the modular curve X;(15), and using this identification, the class {p has the
simple expression {p = 20£((0,4),(0,6)) — 20£((0,6),(0,7)). The details of this are given by
the first author in [9].

Though our Theorems 1 and 2 do not cover the boundary cases, where some coordinates of
a,b,a+be(Z/NZ)? are zero, they indicate some interesting behaviour when the parameters
approach the boundary. The rational multiple of ((3) in Theorems 1 and 2 has discontinuities
at the boundary due to the Bernoulli polynomial By, which may have to be replaced by the
sawtooth wave or by regularised values as in Propositions 44 and 45. It is also not clear, to begin
with, whether the Goncharov regulator G(a,b) can be interpolated as a continuous function
along the boundary. It would be interesting to gain a more conceptual understanding of these
continuity issues; some numerical experiments may shed light on that.

In essence, the explicit relation between the regulator integrals G(a,b) and B(a,b) should
be enough to prove [3, Conjecture 9.3] at the level of Deligne-Beilinson cohomology (as well
as its more general version for the modular curve Y(N)). At the motivic level, however, the
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conjecture looks more difficult and seems to require new ideas; a Hodge theoretic interpretation
of the computations in this article would be already very interesting.
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