ON THE MAHLER MEASURE ASSOCIATED TO X;(13)

by

Francois Brunault

Abstract. — We show that the Mahler measure of a defining equation of the modular curve
X1(13) is equal to the derivative at s = 0 of the L-function of a cusp form of weight 2 and level
13 with integral Fourier coefficients. This generalizes a result on the Mahler measure of X;(11).
The proof combines Deninger’s method, an explicit version of Beilinson’s theorem together with
an idea of Merel to express the regulator integral as a linear combination of periods. Finally, we
present further examples related to the modular curves of level 16, 18 and 25.

The Mahler measure of a polynomial P € Clat!, ... x:!] is defined by

1 dz; dz,
e [ PGt
m(P) (27i)"™ Jjz =1 |2n|=1 og|P(z1 )l 21 Zn

In a fascinating paper, Boyd [5] developed a body of conjectures relating Mahler measures

of 2-variable polynomials and special values of L-functions of elliptic curves. Deninger [11]
provided a bridge between the world of Mahler measures and certain K-theoretic regulators,
and showed the relevance of Beilinson’s conjectures to prove relations between Mahler measures
and special values of L-functions. In the case of curves, such identities have been proven
rigorously only in rare instances, mainly in the case of genus 0 and 1 ([7], [20], [21]...). There
has been some recent work, however, in the case of genus 2 (see [2] and the references therein).

The aim of this paper is to achieve such a relation in the case of a curve of genus 2. We work
with the modular curve X;(13). Thanks to [14) p. 56|, a defining equation of X;(13) is

P=y’z(z-1)+y(-2®+ 2>+ 20 -1) -2 + 2.
We prove the following theorem.

Theorem 1. — We have the identity m(P) = 2L'(f,0), where f is the cusp form of weight 2
and level 13 whose Fourier expansion begins with

f=2q-3¢" -2 +q" + 6¢° - ¢" = 3¢"° - 4¢™* - 5¢"° + O(¢").

Note that the cusp form f is not a newform,; rather, it is the trace of the unique (up to Galois
conjugacy) newform of weight 2 on the group I'1(13).

Theorem |[1| generalizes a result on the Mahler measure associated to the modular curve
X1(11), which has genus 1 [7]. As in this previous work, the proof builds on Deninger’s
method [11] and an explicit version of Beilinson’s theorem for the modular curve X;(N) [8].
As a difference with [7], we also prove a variant of a theorem of Merel in order to express the
Petersson product arising in Beilinson’s regulator in terms of 1-dimensional periods.

Another approach to the main theorem would be to use the Rogers-Zudilin method [25], but
we have not carried out the details of this computation.

In the last section, we present further examples of relations between Mahler measures and
L-values in the case of the modular curves X;(16), X;(18) and X;(25) (whose respective genera
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are 2, 2 and 12). We obtain various numerical identities relating Mahler measures and L-values
of cusp forms or Dirichlet characters. As we explain in the beginning of Section [0 it would
be interesting to generalize this phenomenon for modular units of arbitrary level. It would be
also interesting to understand when the identities obtained involve cusp forms, are of Dirichlet
type, or are of mixed type.

This article grew out of results in my PhD thesis (see especially [6], §3.8 and Remarque 112]).
I would like to thank Odile Lecacheux for helpful exchanges having led to the discovery of these
identities. I would also like to thank Wadim Zudilin for useful comments.

1. Deninger’s method

In this section we express the Mahler measure of P in terms of the integral of a differential
1-form on the modular curve X;(13), following Deninger’s method [11].
We view P as a polynomial in h:

P(H,h) =-H+(~H?+2H + 1)h+ (H?* + H = 1)k - HI3.

Note that the constant term of P is given by P*(H) =-H.

Let Z ¢ G2, be the curve defined by the equation P = 0. Then Z identifies with an affine
open subscheme of X;(13) by [14], p. 56]. In particular Z is smooth.

Looking at the resultant of the polynomials P(H,h) and H?h*P(4, ) with respect to h, it
can be checked that P doesn’t vanish on the torus 72 = {(H,h) € C: |H| = |h| = 1}. Moreover, we
check numerically that for each H € T, there exists a unique h(H) € C such that P(H,h(H)) =0
and 0 < |h(H)| < 1. The map H € T~ h(H) defines a closed cycle vp in Hy(Z(C),Z). We call
~vp the Deninger cycle associated to P. We give vp the canonical orientation coming from 7.

Since P* doesn’t vanish on T, the polynomial P satisfies the assumptions [11 3.2], so that
the discussion in loc. cit. applies. Consider the differential form 7 = log|h dﬁH on Z(C). Using
Jensen’s formula, and noting that m(P*) =0, we have [11], (23)]

1
P)=-— .
m(P) omi )7

Now we may express this as an integral of a closed differential form. By [11l Prop. 3.3], we get
1 - _
m(P) =-— f log|H|- (0 —-0)log|h|-log|h|- (0 - 0)log|H]|.
27-(_7/ YP
We now introduce a standard notation.
Definition 2. — For any two meromorphic functions u,v on a Riemann surface, define
n(u,v) :=log|u|darg(v) — log|v|darg(u).

The 1-form n(u,v) is well-defined outside the set of zeros and poles of u and v. It is closed,
so we may integrate it over cycles. Moreover, we have darg(u) = —i(0 - 0) log|u|. Thus we have
proved the following proposition.

Proposition 3. — We have m(P) = 5- [ _n(h, H).
Lemma 4. — Let ¢ denote complex conjugation on Z(C). We have c,vp = —p.

Proof. — For every H € T, we have h(H) = h(H). It follows that c,yp = —vp. O
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2. Determining Deninger’s cycle

In this section, we determine vp explicitly in terms of modular symbols.

The space S9(I'1(13)) of cusp forms of weight 2 and level 13 has dimension 2 over C. Let
e:(Z/13Z)* - C* be the unique Dirichlet character satisfying £(2) = (g := e 6 . It is even and
has order 6. A basis of So(I'1(13)) is given by (f-, fz), where f. (resp. fz) is a newform having
character € (resp. €). The Fourier coefficients of f. and fz belong to the field Q((s) and are
complex conjugate to each other. We define f = f. + f=.

We denote by (d) the diamond automorphism of X(13) associated to d € (Z/13Z)*/ + 1.

Let H = Hy(X1(13)(C), {cusps},Z) be the homology group of X;(13)(C) relative to the
cusps. Let Fij3 be the set of non-zero vectors of (Z/13Z)%. For any x € Ei3, we let {(z) =
{90, gz00}, where g, € SLy(Z) is any matrix whose bottom line is congruent to x modulo 13.
Using Manin’s algorithm [17] and its implementation in Magma [3], we find that a Z-basis of
H=H(X1(13)(C),Z) is given by

n=€01-5) - €2.5) - €09 = 5.2}
1= (2).01 = €2,3) - €(4,-3) - €(2,-)
=€0,-3)-€0.3) - {33
Ya = (2)273 = §(2,-6) - £(2,6).
Consider the pairing
(-,-) 1 H x S5(I1(13)) » C
() [ 2mif()ds.

Definition 5. — Let H™:={yeH :c.,y=-v}. We define the map
L H - C
v (s fe)-

Lemma 6. — The map v is injective.

Proof. — If «(y) = 0 then (v, fz) = (cu, fo) = =(7, f-) = 0. Thus 7 is orthogonal to S»(I";(13)),
which implies v = 0. O]

Lemma 7. — The image of v is the hexagonal lattice generated by 1(7y3) and t(v4) = Cet(73).
Proof. — The action of complex conjugation on H is given by

(M) =M +%

co(72) =12 =3+ Y

Cx (73) =3
co(74) = —a-

From these formulas, it is clear that a Z-basis of H~ is given by (73,74). By Lemma @, we have
t(v3) #0. Then

(1) = ({20273, f2) = {73, [(2)) = €(2)e(73) = Got(73)-
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14 -5
-39 14

W tiave 50 = (4,-4) = (o (4)) wih g1 = (
Then g;(z0) = =g. We have

) € I'1(13). Let us choose z5 = 1.

g1z ) smin . -
(v, f2) = f Y omif(2)dz = 5 Gotde) (52 ) o8
n

20 n=1

Using Magma, we get numerically

(73, f=) ~ 1.06759 — 2.60094:.
Proposition 8. — Let vp € H™ be Deninger’s cycle. We have vp = 3.

Proof. — A Q-basis of Q'(X;(13)) is given by (w, hw) where

C(h2=h)H = b3+ h?+2h -1

dH
ht—2h3+3h2-2h+1

Using Magma, we compute the Fourier expansion of w and hw at infinity, and deduce
(1) 2rifo(2)dz = aw + fhw

with
a~0.71163 + 0.702561 £~ 0.25262 - 0.967574.

Note that a and [ are algebraic numbers, but we won’t need an explicit formula for them.
With Pari/GP [22], we find

(2) f w~—=3.217313: f hw ~ =1.232751.

TP P

From (1) and (2), it follows that
(yp, £} ~ 1.06759 - 2.60094i ~ (5, f.).

Since the image of ¢ is a lattice by Lemma [7], we may ascertain that vp = 3. O

We will also need to make explicit the action of the Atkin-Lehner involution Wi3 on ~p.
Proposition 9. — We have Wisyp =v4— 3.

Proof. — By [1, Thm 2.1], we have Wi3f. = w- fz with

3Cs—4
w =

(3) 13

We deduce

7(g) ~ —0.96425 + 0.265014.

t(Wisyp) = (vp, Wisfe) = w(vp, fz) = w(c.yp, fe) = —w(yp, fo) ~ 1.71869 + 2.22503i.

Moreover, we have
1(a) = Ct(3) ~ 2.78628 — 0.375910 ~ o(Wizyp) + e(73).

Using Lemma [7] again, we conclude that Wisyp = v4 — 3. [
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3. Beilinson’s theorem

We now recall the explicit version of Beilinson’s theorem on the modular curve X;(N) [8].
Let C(X1(NN)) be the function field of X;(N). The regulator map on X;(N) is defined by

rn s Ko(C(X1(N))) - Home(S2(I'1(V)), C)
tu v} (f ” [xl(mm) (uv) Awf)

where wy :=2mif(2)dz. After tensoring with C, we get a linear map
N : KQ(C(Xl(N))) ®C— HomC(SQ(Fl(N))7 C)

For any even non-trivial Dirichlet character x : (Z/NZ)* — C*, there exists a modular unit

uy, € O*(Y1(N)(C)) ® C satistying

10g|ux(z)|:% lim ( 5 M) (ze9),

s—1 N + nl2s
Re(s)>1 \(m.n)€Z2 [N'mz +n|

where Z’ denotes that we omit the term (m,n) = (0,0) (see [8, Prop 5.3]).

Remark 10. — We are working with the model of X;(/V) in which the co-cusp is not defined
over Q, but rather over Q((y). Therefore, the modular unit u, is not defined over Q but rather

over Q((w).

Theorem 11. — [8, Thm 1.1] Let f € So(I'1(N),) be a newform of weight 2, level N and
character . For any even primitive Dirichlet character x : (Z/NZ)* - C*, with x # ¥, we
have

(4) L(2)L(f, . 1) = 27T

2¢(N) <TN({UY7 U’Q/)X})J f)

where L(f,x,s) = ¥,o1an(f)x(n)n~* denotes the L-function of f twisted by x, 7(x) :=

Tia

Yae(z/nz) X(@)e N denotes the Gauss sum of x, and (N) denotes Euler’s function.

We will also need the following lemma.

Lemma 12. — Let ¢ denote complex conjugation on Y1(N)(C). For any even non-trivial
Dirichlet characters x, X" : (Z/NZ)* - C*, we have c*n(ty, Uy ) = =10(Uy, Uy ).

Proof. — Recall that ¢ is given by c¢(z) = =z on $). We have c*log|u,| = log|u,|, and c¢*
exchanges the holomorphic and anti-holomorphic parts of dlog|u,|. Since darg(u,) = —i(0 -
0)log|uy |, we get c* darg(u, ) = —darg(u, ), and thus c*n(uy, uy) = ~1(uy, Uy). O

Remark 13. — By [8, Prop. 5.4 and Prop. 6.1], we have {u,,u, } € K2(X1(N)(C)) ® C.
This implies that for v € H,(Y1(N)(C),Z), the integral fv n(y, uys) depends only on the image
of v in Hi(X1(N)(C),Z) (see for example the discussion in [12, §3]). Therefore, we have a
well-defined map

[ ) s Hi(Xi(N)(€),2) > C.
It can be extended by linearity to Hy(X;(N)(C),C).
Remark 14. — Since c*n(uy,u,) = -n(uy,u,) by Lemma , we have [yn(ux,uxf) =

[’y_ n(u)(?uXI) Wlth ")/7 = %(r)/ _ C*’Y)
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4. Merel’s formula

In this section, we express the regulator integral appearing in the right hand side of as
a linear combination of periods. In order to do this, we use an idea of Merel to express the
integral over X;(N)(C) as a linear combination of products of 1-dimensional integrals.

Let N > 1 be an integer. Let Ey be the set of vectors (u,v) € (Z/NZ)? such that (u,v, N) = 1.
For any f e So(I'1(N)) and any x € Ey, we define the Manin symbol

(@) = =56 == [ )

where g, € SLy(Z) is any matrix whose bottom row is congruent to z modulo N.

@i 0 -1 0 -1 11
Let p=e amda—(1 0),’7’—(1 _1),T—(0 1)€SL2(Z).

The following theorem is a variant of a theorem of Merel which expresses the Petersson scalar
product of two cusp forms f and g of weight 2 as a linear combination of products of Manin
symbols of f and g [18, Théoreme 2.

Theorem 15. — Let f € So(I'1(N)) be a cusp form of weight 2 and level N, and let u,v €
O*(Y1(N)(C)) be two modular units. We have

®) fxluv)(c)n(u’v) hes :g ) ([ggpp 77(“:U))ff(ﬁﬁ)-

Z‘EEN

Proof. — Let F be the standard fundamental domain of SLy(Z)\$:
1
F={zeni[Re()] < 3 J2]2 1.
Its boundary OF is the hyperbolic triangle with vertices p?, p, co. Define

R = [Cwrla. (zeBy,zef).

We have
RO RV Y RCCTOReI7

zeE N [+1

Since 1(u,v) is closed, we have (n(u,v) Aws)|g. = —d(Fy- (n(u,v)|g,)) and Stokes’ formula gives

Al(N)(C)n(u’v)Awf - Z [WFI'(U(%UNQI)

weEp [£1
0 o ([T )R .
zeEn[£1 \VP P o0

The matrix T fixes co and maps p? to p. We have

Tz z
FT2) = [ wrlga= [ wrlaT = B ().

It follows that

> [CERO@wle)= ¥ [TRT G0)r)

xeENn[+1 7P zeENn[+1 7P

= [ Far (. 0)lger)

zeEN[+1

- ¥ [ B ).

zeEN [+l
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Hence (o)) simplifies to

2

fme)(c)n(u’v)Awf: 2 f,, Fy - (n(u,v)]ga).

.’EEEN/j:l

Similarly, let us use the matrix o, which exchanges p and p?, as well as 0 and co. Since
Fy(02) = Fyo(2) +21€5(x), we get

fpp2 F.-(n(u,v)|g.) = fp: Foo - (n(u,v)|gz0) + 27& ¢ () fp:n(u,v)|gx.

Summing over x and using the fact that ;(zo) = -£;(x), we get

[ awy =3 3 2ngg(@) [Intuo)
U,V)NWs == TS X Uy V) |Gza
) | ! ) ) 0

IEEN/:El
2
3 &) [ o).
IEEN/d:l p

]

Remark 16. — It can be shown that if {u,v} defines an element in K5(X;(N)(C))®Q, then
2
the cycle ¥ g, ( gi”pp n(u,v)){(m) is closed. This follows from the fact that if vp denotes a

small loop around a cusp P of X;(N)(C), then fﬂ/P n(u,v) = 2mlog|0p(u,v)|, where Op(u,v)
denotes the tame symbol of {u,v} at P (see for example [23] §4, Lemma]).

Definition 17. — Let f € So(I'1(N)) be a cusp form of weight 2 and level N. Consider the
following relative cycle on Y;(N)(C):

Vei= Y & (@) gap, 92p}-

SCEEN

Furthermore, let us define 75 := s(vf = cvp)-
Combining Theorem [I1] Theorem [I5] and Remark [14] we get the following result.

Theorem 18. — Let f € So(I'1(N),v) be a newform of weight 2, level N and character 1.

For any even primitive Dirichlet character x : (Z/NZ)* - C*, with x # 1, we have
N7m27(x) N727(x)
7 L(f,2)L(f,x,1) = —%~ U, Ugpy ) = ————> Use, Uy ) -

!

We will also need an explicit expression of 7y in terms of Manin symbols. For any f €
So(T'1(N)) and any z = (u,v) € Ey, let us define z¢ = (-u,v) and

. 1 . 1 —
£ (x) = §(ff($) +&p(2%)) = §(§f(l“) + &5 (1)),
where f* denotes the cusp form with complex conjugate Fourier coefficients.

Proposition 19. — Let f € So(I'1(N)) be a cusp form of weight 2 and level N. The cycle ¢
is closed, and its image in Hi(X1(N)(C),Z) can be expressed as follows:

0 =3 (60 + 26 @),
Moreover, we have
© =3 3 (@) + 26 n)E).

xEEN
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Proof. — Let us compute the boundary of v;. Since o(p) = p* and {f(z0) = -£;(z), we have
Ovr= ), &(@)([g:0°] - [g2p])

.Z‘EEN

- Z gf(l‘)([gazap] - [g:cp])

weEN

=-2 > &p(x)[gap)-

:L‘EEN

Since 7(p) = p and because of Manin’s relation {f(z) + & (x7) + & (272) = 0, we get

-3 Z (@) ([92p] + [9urp] + [gar2p])

JJEEN

= -g > (@) +&p(ar) + Ep(27%))[gzp] = 0.

SﬂEEN

On the other hand, we have

Y= > (@) ({gap, goo0} + {9290, gup?})

- zezzi E7(2) ({gap, 900} — x;N E7(2){9:0, g=p})
= 2z€2E:N E4(2){gep, gzoo} ~ I;E:N &r(x)é().
Using the matrix 7, we get
V= g w;N (&7(2){g2p, 9200} + 5 (27){Garp; guor 00} + E(27°){Gzr2p; Gar200}) = M%V Er(2)€(x)

= g (&7 (2){g2p, 9200} + £ (27){gap, 920} + &4 (27){gap, 921}) = Y. Ep(2)é()

reE N reEn

=3 2 (&(27){g200, 9.0} + £ (27%){ga00, g2 1} ) - ZE: & (x)é(x)
= ; (=6 (@n)E@) + € (27920, gurro0}) = 3 &(@)é(a)

ZE: (=€r(@7)8(2) + &5 (2)8(2)) = D &r(@)é(2)

erN

wIH wlw oolw Wl o

EE: (§r(x) =287 (27))E().

This gives . The action of complex conjugation on vy is given by
covp= Y (@) {e(gep), c(gor®)}

er‘N

= > (@) {guep®, guep}

CEEEN

== 3 &4(a){gup, 9207}

IEEN

It follows that
Vi = &5 (@){g0p: 9207}

meEN

Since the quantities £ (x) satisfy the Manin relations, the same proof as above gives (@ O
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5. Proof of the main theorem

Let us return to the case N = 13. Using Theorem [18| with f = f., ¢ =¢ and x = &3, we get

(10) et 1) = 2EED [

yr n(ugs, uz2).

Ve

We are going to make explicit each term in this formula. Note that 7(e3) = /13.

Definition 20. — For any Dirichlet character 1 : (Z/13Z)* — C*, let us denote H (1)) (resp.
H(v)) the h-isotypical component of H&C (resp. H®C) with respect to the action of diamond
operators (d)., d € (Z/13Z)*. For any ~ € H® C, let ~¥ denote its 1-isotypical component.
Moreover, let us define H*(¢¥) = (H* ® C) nH () and H*(¢) = (H* ® C) nH ().

Lemma 21. — Let ) =¢ org. Then H*(y)) has dimension 1, and a generator is given by
=y (a)é(la)?
ae(Z/13Z)*

= 6(1,-3)" = £(1,3)"
Moreover, we have Wiz, = ¢(2)’Yi-

Proof. — The pairing (-,-) induces a perfect pairing
H*(¥) x 52(I1(13),4) — C.
Since S5(I'1(13),) is 1-dimensional, we get dimc H*(¢)) = 1. From the definition, it is clear
that v € H* (1) and 7, € H™(¢0). Moreover, since 7, = 7Y, we have Yy € H ().
Let us compute the boundary of 7. For any u,v € (Z/13Z)*, we have 9¢(u,v) = P, - P,
with Py :=(d)(0). Moreover, for any x € Ey3, we have

)=t Y UDE) == S B(d)Edr).

12 de(Z/13Z)* 12 de(Z/13Z)*
It follows that

ovp= ), e(a)aE(1,a)?)

ae(Z/13Z)*
1 _

S Y ) N U)o da)
ae(Z/13Z)* de(Z/13Z)*

1 _

= Y S Y UdD(P- Pa)
ae(Z/13Z)* de(Z/13Z)*

1

12

( Y &¥a)- 53¢(a))ﬂ(d) -P;=0.
de(Z[13Z)* \ ae(Z[13Z)"

Hence v, € H*(¢). By [19, Lemme 5], the elements £(1,0)%,£(1,2)¥,£(1,3)¥,£(1,-3)¥ form a
basis of ﬂ(w), and we can express 7, in terms of this basis. This gives
(11) 7= (2-49(2))€(1,2)Y +€(1,3)" +£(1,-3)".

In particular Y and 7, are nonzero, and thus they generate H*(v)).
It remains to compute the action of Wiz on /. In view of 1} it is enough to determine

the action of Wiz on £(1,2) and £(1,3). We have

- (B.) (2,4 (Lo} 0
=-£(0,-6) +&(1,-6) +£(0,1).
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Hence, using [19, Lemme 5] again, we get
Wis(£(1,2)%) = =£(0,-6)” + £(1,-6)" + £(0,1)
= (¥(6) = 1)E(1,0)¥ = (6)€(1,2)".
Similarly, we find
Wis(£(1,3)Y) = ($(4) - 1)E(1,0)Y - d(4)¢(1,-3)"
Wis(€(1,-3)) = (¥(4) - 1)E(1,0)” - h(4)€(1,3)".
Since we know that Wisy) is a multiple of 42, we deduce Wiy} = —5(4)% = ¢(2)7i. O

Proposition 22. — We have L(f.,e3,1) = 3—%(7;,]2).
Proof. — By [17, Thm 4.2.b)], we have
1 (o)
L(f.,e%1) = — e3(a) Wy, .
v 13 ae(z/zlgz)x a/13

Let us compute the cycle 0 = ¥ ¢ z/13z)« €*(a){15, 00} in terms of Manin symbols. We have

Wis(0°) = (Wis0)* = ). 53(60{_30}5: >, (a)é(1,a)7 =2,

ae(Z/132) ae(Z]132)
By Lemma [21], it follows that

(0, fc) = (0%, fo) = (Wis(n2), fo) =2(2)(7C fo)-

Proposition 23. — We have v; = 1_§<6<7§7fs) Nz -

Proof. — By Proposition [19] we have
1
3

This sum involves 168 terms, but we may reduce it to 14 terms by considering the action of
diamond operators. Let £ be the set of 2-tuples (0,1) and (1,v), v € Z/13Z. We have

mmsY Y () 2] (dem))E(d)

we€ de(Z[13Z)

_% Z Z (5}(3:) + 25}6(937)) -e(d)(d).£{(x)

z€€ de(Z/13Z)*

=4 (&.(x) + 28] (a7))é(2)".

ze€

D (&.(2) + 265 (27))E().

$EE13

7=

A simple computation shows that the terms = = (0,1) and x = (1,0) cancel each other. Hence
_ 1 -
’yfs =-4 Z (g;E(L'U)+2€(U)€}—5(171+_))'5(17U) :
ve(Z/13Z)* v
Using [19, Lemme 5], we may express {7 (1,v), v # 0 in terms of {7 (1,2) and {7 (1,3). We find
£ (1,-v) =& (1,v) and
§.(1,1)=0 §5(1,4) = (1-¢6)&7.(1,3)
§.(1,5) = (G- D(€5.(1,2) - €5.(1,3)) &7 (1,6) = (G - 1)&7.(1,2).
Moreover, also by [19] Lemme 5], the cycles £(1,v)%, v # 0, are linear combinations of £(1,2)E,
€(1,3)7 and £(1,-3)°. Thus the same is true for 77 . But we know that 77 is a multiple of
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= =€(1,3)F-£(1,-3)%. It is thus enough to compute the coefficient in front of £(1,3), which
leads to the identity

77, = (1267.(1,2) + (8Gs - 4)€1.(1,3)) -5
Using with ¢ = €, we get the proposition. O]

Consider the modular units = Wi3(h) and y = Wi3(H).
Proposition 24. — We have [ _n(v,y) = 32\/_(1 + s )7(52)f n(ugs,uz).

Proof. — Since h and H are supported in the cusps above 0 € X(13)(Q), it follows that = and
y are supported in the cusps above oo € X((13)(Q), namely the cusps (d)oo, d € (Z/13Z)*/ 1.
The method of proof is simple : we decompose the divisors of x and y as linear combinations
of Dirichlet characters.
Let us write (n; na - ng) for the divisor ¥._; - (d)oo. By [14} p. 56], we have
div(z)=(0 1 1 -1 0 -1)
div(y)=(1 -1 1 1 -1 -1).
The divisors of u.s and w2 are given by [8, Prop 5.4]. We have

413
1—32 le(y)

Since the divisor of x is invariant under the diamond operator (5), it is a linear combination of
div(u.z) and div(uzz). We find explicitly
1- 2(6( div(uz)  div(ug) )
3 \L(e%2)/n? L(z%2)/x>
1
= (@ GITE) div(ua) + (14 () div(uz)).
Here we have used the classical formula [9] (1.80) and (3.87)]
L(x,2) 7
(x.2) _ (X) Z X(G)Bg( )

T2

L(3,2
div(u53)=—¥~(1 -1 11 -1 -1)=-
™

div(x) =

where x is an even non-trivial Dirichlet character modulo N, and By(x) = 22 — = + % is the
second Bernoulli polynomial.

Considering u.s and uz as elements of O*(Y1(13)(C)) ® C and following the notations of
[8l, (65)], we have @z (o0) = uz2(00) =1 by [8, Prop. 5.3]. Moreover, looking at the behaviour
of z and y at oo, we find z(o0) = 1 and 7(o0) = —=1. Hence z ® 1 can be expressed as a linear
combination of u.2 and uzz in O*(Y1(13)(C)) ® C, while y ® 1 is proportional to u.s. Thus

9) =~ 13 (2= @)+ (1 Q) (e ).

Since the differential form 7(u.2,u.s) has character e, we have fvi N(ugz,us) = 0, and the
proposition follows. O

Proof of Theorem [l — Combining with Propositions , , , we get
s 1- CG
12 L(f.,2)=——= T
(12) (f2) U5 @) 77( ' Y)-
Formula simplifies if we use the functional equatlon of L(f.,s). Recall that Wi3(f.) = w/f=.
Let A(f,s) =13°2(2m)~*T'(s)L(f,s). Then the functional equation of L(f.,s) reads

A(fe: S) = _wA(f€7 2- 3)'




12 F. BRUNAULT

Using , we deduce that

472

L(f.,2) = 1—32(4 -3C)7(e)L'(f5,0).
Replacing in and using 7(e2)7(¢e) = (4¢s — 3)V13, we get
(13) J_ntay) = 47(G - DL ().

Taking complex conjugation, and since n(z,y) = n(z,y), we obtain

(14) [ty = =476 L (12,0,

7z
We have a direct sum decomposition H-® C = H () @ H (). Write v3 = 75 +75. Then
74 = (2).73 = €(2)75 +E(2)~5. By Proposition |§|, we deduce

Wigvp =71 =73 = (G = )75 + (G = 175 = (G = Dz + (G = 1)z
By and , we then have
S 1) = @=1) [ o)+ @) [ atew)

=4mw(L'(f.,0) + L'(f5,0)).
By Proposition [3| we conclude that

m(P)= o [t - =8 () =210,
]

Remark 25. — There may have been a quicker way to proceed. Starting from Theorem
in the particular case N = 13, probably all we need is a symplectic basis of H;(X;(13)(C),Z)
with respect to the intersection pairing (see the formula [4, A.2.5]). But this is less canonical
than Theorem [T5l

Remark 26. — Another approach to Theorem |1 would be to use the Rogers-Zudilin method,
more precisely to use the main formula of [25]. We have not worked out the details of this
computation.

Question 27. — Let g = f|(2) = (s f- + (s f=. Then (f,g) is a basis of the space Sy(T';1(13), Q)
of cusp forms with rational Fourier coefficients. Is there a polynomial @ € Z[z,y] such that
m(Q) is proportional to L’(g,0)?

6. Examples in higher level

We note that the functions H and h used in the proof of Theorem |1} are modular units on
X1(13) and that P is their minimal polynomial. There is a similar story for the modular curve
X1(11) [7, Cor 3.3] and we may try to generalize this phenomenon.

Let N >1 be an integer, and let v and v be two modular units on X;(N). Let P € C[x,y] be
an irreducible polynomial such that P(u,v) =0. Then the map z — (u(z),v(2)) is a modular
parametrization of the curve Cp : P(z,y) = 0 and we have a natural map Yi;(N) — Cp.
Assuming P satisfies Deninger’s conditions, we may express m(P) in terms of the integral of
n(u,v) over a (non necessarily closed) cycle vp.

The most favourable case is when the curve Cp intersects the torus 72 = {|z| = |y| = 1} only
at cusps. In this case 7p is a modular symbol and we may use [25] to compute [ n(u,v) in
terms of special values of L-functions.



ON THE MAHLER MEASURE ASSOCIATED TO X;(13) 13

In this section, we work out this idea for some examples of increasing complexity. We work
with the modular units provided by [24]. These modular units are supported on the cusps
above oo € Xo(N), so that [8, Prop 6.1] implies that P is automatically tempered.

In all examples below, we found that vp can be written as the sum of a closed path v, and a
path ~; joining cusps. The integral of n(u,v) over v; can be computed using [25, Thm 1]. The
integral of n(u,v) over vy can be dealt with using either [25] Thm 1] or the explicit version
of Beilinson’s theorem — we have not carried out the details of the computation. So in order
to establish the identities below rigorously, it only remains to express 7, in terms of modular
symbols and to compute f% n(u,v) using the tools explained above.

It would be interesting to understand when the identities obtained involve cusp forms (like
(15)), are of Dirichlet type (like (16)), or of mixed type (like (L7))). In the general case, it would
be also interesting to find conditions on the modular units u and v so that the boundary of vp
consists of cusps or other interesting points.

6.1. N =16. — The modular curve X;(16) has genus 2 and has been studied in [16]. Let u
and v be the following modular units:

u=q J] (-¢9/ [I Q-qv

n>1 n>1

n=+1,+5(16) n=+3,+7(16)
v=q [I Q-¢v/ I (1-q").
n>1 n>1
n=+14(16) n=+10(16)

Their minimal polynomial is given by
Pig=1y—-x-xy-xy*+ 2%y + .
This polynomial vanishes on the torus at the points (z,y) = (1,1), (1,+7), (-=1,-1), but the

Deninger cycle vp,, is closed. So we may expect that m(Pig) is equal to L’(f,0) for some cusp
form f of level 16 with rational coefficients. Indeed, we find numerically

(15) m(Pi) = L'(f,0)
where f is the trace of the unique newform of weight 2 and level 16, having coefficients in Z[].
6.2. N =18. — The modular curve X;(18) has genus 2 and has been studied in [13]. It has

3 cusps above oo, so we may form essentially two modular units supported on these cusps. Let
u and v be the following modular units:

w=¢* [] -¢/ TI (1-g¢

n>1 n>1
n=+1,+2(18) n=+7,+8(18)
v=q’ I—[1 (1-¢")/ I—[1 (1-¢").
n n>
n=+1,+4(18) n=+5,+8(18)

Their minimal polynomial is given by

Pig = —2% + ® + xy? — 2%y + 22y% — 3%
Note that Pig(2, —é) gives Lecacheux’s equation [13 (2)]. The polynomial Pjg vanishes on the
torus at the points (z,y) = (1,£1), (-1,+1), (¢2,¢) and (@2@) with (g = €2™/6. The points

(¢2,¢s) and (@2@) correspond respectively to the cusps % and —%, and the Deninger cycle vp,,
is given by 7o + {4, %}, where 7, is a closed cycle. Using [25, Thm 1], we find

1/6 1
[ nwv) = L(F2)
-1/6 4
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where F'is a modular form of weight 2 and level (at most) 18%2. Actually F has level 18 and
[25] Thm 1] simplifies if we use the functional equation L(F,2) = —%L’(WBF, 0). In fact [25]
Lemma 2| guarantees that WigF will be a modular form with integral Fourier coefficients. In
this case, we find
WisF = -36E)

where EY = Yome1 (Zan d)p(n)q™ is an Eisenstein series of level 9, and ¢ : (Z/3Z)* — {£1} is the
unique Dirichlet character of conductor 3. Since L(E;b ,8) = L(¥,s)L(Y,s-1), we may expect
that m(Pyg) involves L-values of Dirichlet characters. Indeed, we find numerically

(16) m(Pis) = 2L/ (¢, -1).
6.3. N =25. — The modular curve X;(25) has genus 12 and the quotient X = X;(25)/(7)

has genus 4. The curve X and its modular units have been studied by Lecacheux [15] and
Darmon [10]. Consider the following modular units:

u=q [ (-¢9)/ I (1-4")

n>1 n>1
n=+3,+4(25) n=+2,+11(25)
v=¢t JI @-¢9/ I (@@-q¢).
n5197:5112(25) nz:té?i?li(ﬂ))

Their minimal polynomial is given by
Pos = y?at + (P + y2)2° + (3y° — 2 - 2y)a® + (vt -4y’ +y - Dz -y

This polynomial vanishes on the torus at the points (x,y) = ({,—() for each primitive 5-th root
of unity ¢. These points are cusps: letting (5 = €2™/> we have

u(1/5) = ¢§ = -v(1/5) u(=1/5) = % = ~v(-1/5)

u(2/5) = ¢ = -v(2/5) u(-2/5) = G5 = —v(-2/5).
The Deninger cycle associated to Psp5 is given by vp,. = 70 + 71 where vy is a closed cycle and
v ={% -1} +{-2,2}. Using [25, Thm 1], we get

575
1
/ U(Uav) = _L(F72)
71 4m

where F'is a modular form of weight 2 and level 25. This time F' is a linear combination of
newforms and Eisenstein series. Let € : (Z/25Z)* — C* be the unique Dirichlet character such
that £(2) = (5. A basis of eigenforms of Q!(X) ® C is given by newforms (fs)ac(z/5z) having
Fourier coefficients in Q((;) and forming a single Galois orbit. The newform f, has character
e% and for any o € Gal(Q(¢5)/Q), we have (f,) = fy(r)a Where X is the cyclotomic character.
Moreover, let v : (Z/5Z)* — C* be the Dirichlet character defined by 1(2) =i. Then W5 F' has
integral coefficients and is given by

WasF = =10 Trqenyyq(Af1) = 25(1 +4) EYY = 25(1 - i) ESY

where X = 25 + (1 +2¢;2 and EY ¥ is the Eisenstein series defined by

J— o0

EYP = Y mi(m)b(n)g"™.

m,n=1

We may therefore expect m(Pys) being a linear combination of L/(,~1), L’(¢,~1) and L’(f,0),
where f is a cusp form with rational Fourier coefficients. Indeed, we find numerically

1420, — 1-2i ,

(17) m(Py) = L'(f,0) +
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where

1 .
f= ETT((Q +G+2G) M) =9+ - ¢ - -3¢° - 2¢° + 3¢ + 4¢" + O(¢*?).
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