Beilinson motives and the six functors formalism
FREDERIC DEGLISE
(joint work with Denis-Charles Cisinski)

NOTATIONS

We denote by . the category of excellent noetherian scheme of finite dimension.
Without precision, schemes are considered to be objects of this category.
Monoidal categories (resp. functors) are always assumed to be symmetric.

1. INTRODUCTION

Let Z71i® be the 2-category of triangulated monoidal categories, with weakly
monoidal triangulated natural transformations as 2-morphisms.

Definition 1.1. A triangulated category satisfying the six functor formalism con-
sists of the following data:
(1) For any scheme S, we consider a triangulated closed monoidal category
7(S), with unit object 1g.
(2) For any morphism f: T — S, a pair of adjoint functors

f T (T)—T(S): [«

such that f* is monoidal and S — 7(S5),f — f* is a contravariant 2-
functor from .¥ to Jri®.

(3) For any separated morphism of finite type f : T — S, a pair of adjoint
functors

fiT(T) = T(S): f
such that S — T(S), f — fi is a 2-functor from the category of schemes
with morphisms separated of finite type to Zri®.
These data are assumed to satisty the following properties:

(4) For any separated morphism of finite type, there exists a natural trans-
formation f; — f. compatible with composition which is an isomorphism
when f is proper.

Let S be a scheme and p: Py — S (resp. s: S — PL) be the canonical projection
(resp. infinite section) of the projective line over S. Define the Tate twist as:

1s(1) = s*p'(1s)[-2].
For any integer n > 0, we let 1g(n) be the n-th tensor power of 1g(1) and for any
object M of T(S), we put M(n) =M ® 1g(n).

(5) For any smooth quasi-projective morphism f of constant relative dimen-
sion n, there exists a natural isomorphism f' — f*(n)[2n] compatible with
composition.



(6) For any cartesian square

Y’ i> X’
g/\L A J/g
Y - X,
in which f is separated of finite type, there exists natural isomorphisms:
g h— flg",
gt — flg..

(7) For any separated morphism of finite type f : Y — X in .#, there exist
natural isomorphisms

(fK)®x L — filKox L),
Homy (fi(L), K) — f. Homy (L, f/(K)),

f*Homy (L, M) — Homy (f*(L), f'(M)).

The first example of such a formalism was given in [SGA4]. More recently, the
six funtors formalism has been constructed by J. Ayoub in [Ayo07] for the stable
homotopy category of schemes SH(S) defined by F. Morel and V. Voevodsky.*

In the next section, we propose a definition of a rational triangulated category
which satisfies the six functors formalism and which we propose as a category of
triangulated mixed motives. The justification for this claim is that our category
extends the definition of Voevodsky known over (perfect) fields. We refer the
interested reader to [CDO09] for more details on our construction.

2. BEILINSON MOTIVES

2.1. Recall that for any scheme S, there exists a ring spectrum Kg in SH () such
that:

e For any morphism of schemes f: T — S,

(2.1.1) f(Ks) =K.
e When S is regular, for any integer n,
(2.1.2) Hom (XX [n],Kg) = K,(5)

where the right hand side denotes Quillen algebraic K-theory.
Let us denote by SH(S,Q) the rationalisation of the stable homotopy category.?

We denote by Kg the object defined by the above spectrum in SH(S,Q). The
idea of the following definition comes from topology:

Definition 2.2. Consider the notations above.

n the stable homotopy category though, one should be aware that in property (5), one has
to replace the twist by a tensor product with a Thom space.
2The category with same objects but the Hom groups are tensored with Q.
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(1) We say an object E of SH(S,Q) is K-acyclic if E® K2 = 0.

(2) We say a morphism f : E — F in SH(S,Q) is a K-equivalence if a cone
of f is K-acyclic.

(3) We say an object M of SH(S,Q) is a Beilinson motive if for all K-acyclic
spectrum E, Hom(E, M) = 0.

We let DMg(S) be the full subcategory of SH(S,Q) made by the Beilinson mo-

tives.

According to the theory of Bousfield localization, the category DMy (S) can
be described as the localization of the category SH(S,Q) with respect to K-
equivalences. Moreover, we get an adjunction of triangulated categories:

LB : SH(S, Q) = DMB(S) : OB

where Og is the natural forgetful functors. As the K-equivalences are stable by
base change (using (2.1.1)) and tensor product, we get using the main result of
[Ayo07] the following theorem:

Theorem 2.3 ([CD09, §13.2]). The triangulated category DMp satisfies the siz
functors formalism.

Note moreover that Ly is monoidal and commutes with operations such as f*
and f!.

2.4. Let S be any regular scheme. We will consider on K,,(S) ® Q the -filtration
together with its graded pieces which give a canonical decomposition:

(2.4.1) K,.(S)® Q=D Gri(K.(S) @ Q).
€N
We will use the following theorem of J. Riou:

Theorem 2.5 ([Rio06]). Let S be a scheme. There exists a canonical decomposi-
tion in SH(S,Q) of the form:

(2.5.1) Ks =P Ky’
i€z
stable by base change and such that, whenever S is regular, for any integer n € 7Z,

the induced decomposition on the cohomology represented by Kg coincide with
(2.4.1) through the identification (2.1.2).

According to Riou, we define the Beilinson spectrum over any scheme S as

Hp s = ng). Note that Bott periodicity for K-theory implies that (2.5.1) can be
rewritten as:

(2.5.2) Ks = @D Hp s(i)[2i]
i€l
where Hp g(7) is the i-th Tate twist in SH(S, Q).

The following result is a key point of our construction:
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Proposition 2.6 ([CD09, 13.1.5, 13.1.6]). The spectrum Hg s admits a ring struc-
ture in SH(S,Q) such that its multiplication map
w:Hp s AHpg s — Hg g

is an isomorphism.

2.7. Recall that the category SH(S,Q) is the homotopy category of a monoidal
model category Sp(S, Q). One deduces from the previous theorem that Hp g there
exists a (commutative) monoid Hg g in Sp(S,Q) which coincides in SH(S,Q)
with HB7S.3 This allows to define the triangulated category Hp s —mod of Hp -
modules.* By construction, we get a canonical adjunction:

Ly, : SH(S,Q) S Hp g —mod : Oy, .

such that Ly, (E) = EAHp g. As a corollary of the previous result, we get the
following theorem:

Theorem 2.8 ([CD09, 13.2.9]). Consider the notations above. There exists a
canonical functor ¢ : DMy (S) — Hp s — mod which fits into the commutative
diagram:

Ly
SH(S,Q) & Hp s — mod.

L\/ﬂ"7

" DMg(S)

Moreover, ¢ is an equivalence of triangulated monoidal categories.

Corollary 2.9. For any regualr scheme S and any couple of integers (n,p) € Z2,
one has:

Hompag (sy(1s, 1s(p)[n]) = Kéi)_n(S)

For a non necessarily regular scheme S, we will define Beilinson motivic coho-
mology of S as the left hand side in the above identification.

Ezample 2.10. Let X be a smooth S-scheme. Define the (homological) motive of
X/S as M(X) = Lp(S%X,).

If in addition, X/S is projective of constant dimension d, then one shows M (X)
is strongly dualisable with strong dual M (X)(—d)[—2d].

Assuming that S is regular, one can define the category M7 (S) of Chow
motives as usual. Applying the previous corollary, one gets a fully faithful functor:

MT(S)°P — DM (S), h(X) — M(X).

Corollary 2.11. Let S be any scheme, E be an object of SH(S,Q) and u : S® —
Hg s be the unit of ring spectrum Hp g. Then the following conditions are equiv-
alent:

(i) E is a Beilinson motive.

30ne says also that Hp g is a strict ring spectrum.
40ne constructs according to Schwede and Shipley a model category on the category of
modules over Hg s ; Hg s — mod is its homotopy category.
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(ii) E admits a structure of an Hp g-module in SH(S,Q).

(i) The morphism u A Idg : E — Hg g AE is an isomorphism.
Moreover, when these conditions are satisfied, the structure of an Hp g-module on
E is unique.’

3. PROPER DESCENT AND VOEVODSKY MOTIVES

3.1. Consider again a scheme S.

Let us recall that Voevodsky has introduced the h-topology on the category
Ybf t of finite type S-schemes: its coverings are made of the universal topological
epimorphism f : W — X.® We let Shy, (S, Q) be the category of sheaves of Q-vector
spaces on ysf " for the h-topology.

Voevodsky then defines the category of (rational) h-motives Mﬁf 7(5,Q) as
the Al-localization of the derived category of the abelian category Shy (S, Q). Any
S-scheme X of finite type defines an object of Shy,(S, Q) denoted by Q"(X). We
then define the Tate twist Q%(1) in Mﬁf f (S,Q) as the cokernel of the split
monomorphism Q"(S) — Q"(P}) defined by the inclusion of the infinite S-point.

In fact, one can show that DM, (S, Q) is the homotopy category of a suitable
Quillen model category on the category of complexes on Shy (S, Q). Moreover, this
model category is monoidal: it defines a (derived) closed monoidal structure on
DM, (S,Q). Moreover, we can define the so called P! -stabilisation of this category:
this is the universal homotopy category DM, (S, Q) of a monoidal model category
given with a left derived monoidal functor

%< DM (S,Q) — DM, (S, Q)

such that ©>°Q%(1) is ®-invertible.

One can recognize in this construction the steps needed to define the stable
homotopy category SH(S): in the former, one simply starts from complexes of
Q-sheaves for the h-topology on st ! instead of simplicial sheaves of sets for the
Nisnevich topology on smooth S-schemes. The analogy between the tow construc-
tions allow to define a canonical triangulated monoidal functor:

ap : SH(S) — DM, (S,Q)
which factors through the rational stable homotopy category. One of the main
theorem of [CD09] is the following:

Theorem 3.2. There exists a unique functor v : DMy (S) — DM, (S, Q) which
makes the following diagram (essentially) commutative:

ap

L\/w'

" DM;5(S)

5And can be lifted in the monoidal category of symmetric spectra.
6That is the topology of X is the final topology relative to f, and this property remains true
after any base change. The basic examples of such coverings: faithfully flat morphisms, proper

surjective morphisms.
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Moreover, ¥ is fully faithful and monoidal.

In fact, ¢ sends the Beilinson motive Mg(X) of a smooth S-scheme X to the
object Qg(X ) and the essential image of ¢ is made by the localizing subcategory
of the triangulated category DM, (S) generated by the objects Q%(X)(i) for a
smooth S-scheme X and an integer ¢ € Z.

3.3. Consider a spectrum E over a scheme S. Given a scheme X/S of finite type,
with structural morphism f, we define the cohomology of X with coefficients in E
as:

E™?(X) = Homgp(x,g) (X4, f*(E)(p)[n]), (n,p) € Z°.

This definition can be extended to simplicial objects of Yg " and defines in fact a
contravariant functor.

One says that E satisfies h-descent if for any smooth S-scheme X and any h-cover
7 : Ve — X the induced morphism:

7 EMP(X) — E™P(V,)

is an isomorphism. One can reformulate the previous theorem by the equivalence
of the following conditions for a rational spectrum E:

(i) E is a Beilinson motive.
(iv) E satisfies h-descent.

Note in particular that Beilinson motivic cohomology satisfies h-descent — thus
proper and faithfully flat descent.
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