MW-MOTIVIC COMPLEXES

FREDERIC DEGLISE AND JEAN FASEL

ABSTRACT. The aim of this work is to develop a theory parallel to that of motivic complexes
based on cycles and correspondences with coefficients in quadratic forms. This framework
is closer to the point of view of A'-homotopy than the original one envisioned by Beilinson
and set up by Voevodsky.
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The aim of this paper is to define the various categories of MW-motives built out of the

category of finite Chow-Witt correspondences constructed in [CF14], and to study the motivic

cohomology groups intrinsic to these categories. In Section 1, we start with a quick remainder

of the basic properties of the category Cori. We then proceed with our first important result,

namely that the sheaf (in either the Nisnevich or the étale topologies) associated to a MW-
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presheaf, i.e. an additive functor Cory — Ab, is a MW-sheaf. The method follows closely
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Voevodsky’s method and relies on Lemma 1.2.6. We also discuss the monoidal structure on
the category of MW-sheaves. In the second part of the paper, we prove the analogue for MW-
sheaves of a famous theorem of Voevodsky saying that the sheaf (with transfers) associated
to a homotopy invariant presheaf with transfers is strictly Al-invariant. Our method here
is quite lazy. We heavily rely on the fact that an analogue theorem holds for quasi-stable
sheaves with framed transfers by [GP15, Theorem 1.1]. Having this theorem at hand, it
suffices to construct a functor from the category of linear framed presheaves to avork to prove
the theorem. This functor is of independent interest and this is the reason why we take
this shortcut. However, there is now a direct proof of this theorem due to H. A. Kolderup
(still relying on ideas of Panin-Garkusha). In Section 3, we finally pass to the construction
of the categories of MW-motives starting with a study of different model structures on the
category of possibly unbounded complexes of MW-sheaves. The ideas here are closely related
to [CD09b]. The category of effective motives DM®f(k, R) (with coefficients in a ring R) is
then defined as the category of Al-local objects in this category of complexes. Using the
analogue of Voevodsky’s theorem proved in Section 2, these objects are easily characterized
by the fact that their homology sheaves are strictly Al-invariant. This allows as usual to
give an explicit Al-localization functor, defined in terms of the Suslin (total) complex. The
category of geometric objects is as in the classical case the subcategory of compact objects of
DM®¥(k, R). Our next step is the formal inversion of the Tate motive in DM®¥(k, R) to obtain
the stable category of MW-motives ﬁl\/d(k, R) (with coefficients in R). We can then consider
motivic cohomology as groups of extensions in this category, a point of view which allows
to prove in Section 4 many basic property of this version of motivic cohomology, including a
commutativity statement and a comparison theorem between motivic cohomology and Chow-
Witt groups.
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CONVENTIONS

In all this work, we will fix a base field & assumed to be infinite perfect. All schemes
considered will be assumed to be separated of finite type over k, unless explicitly stated.

We will fix a ring of coefficients R. We will also consider a Grothendieck topology ¢ on the
site of smooth k-schemes, which in practice will be either the Nisnevich of the étale topology.
In section 3 and 4 we will restrict to these two latter cases.

1. MW-TRANSFERS ON SHEAVES

1.1. Reminder on MW-correspondences.

1.1.1. We will use the definitions and constructions of [CF14].
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In particular, for any smooth schemes X and Y (with Y connected of dimension d), we
consider the following group of finite MW -correspondences from X to Y:

(1.1.1.a) &(X.Y) = lim,, CHp(X x Ywy)

where T runs over the ordered set of reduced (but not necessarily irreducible) closed sub-
schemes in X x Y whose projection to X is finite equidimensional and wy is the pull back of
the canonical sheaf of Y along the projection to the second factor. This definition is extended
to the case where Y is non connected by additivity. When considering the coefficients ring
R, we put:

¢(X,Y)r:=¢(X,Y)®zR.

In the sequel, we drop the index R from the notation when there is no possible confusion.
Because there is a natural morphism from Chow-Witt groups (twisted by any line bundle)
to Chow groups, we get a canonical map:

(1.1.1.b) Txy  E(X,Y) = ¢(X,Y)

for any smooth schemes X and Y, where the right hand side is the group of Voevodsky’s
finite correspondences which is compatible to the composition — see loc. cit. Remark 4.12.
Let us recall the following result.

Lemma 1.1.2. If2 € R*, the induced map
TXY - é(X,Y) — C(X, Y)
is a split epimorphism.

The lemma comes from the basic fact that the following composite map

KM(F) 2 kMW (p £) 2 kM (p)

is multiplication by 2, where (1) is the map from Milnor K-theory of a field F' to Milnor-Witt
K-theory of F' twisted by the 1-dimensional F-vector space £ described in [CF14, §1] and (2)
is the map killing 7 (see the discussion in loc. cit. after Definition 3.1).

Remark 1.1.3. (1) In fact, a finite MW-correspondence amounts to a finite correspon-
dence « together with a quadratic form over the function field of each irreducible
component of the support of « satisfying some condition related with residues; see
[CF14, Def. 4.6].

(2) Every finite MW-correspondence between smooth schemes X and Y has a well defined
support ([CF14, Definition 4.6]). Roughly speaking, it is the minimal closed subset of
X x Y on which the correspondence is defined.

(3) Recall that the Chow-Witt group in degree n of a smooth k-scheme X can be defined
as the n-th Nisnevich cohomology group of the n-th unramified Milnor-Witt sheaf
KMW (this cohomology being computed using an explicit flabby resolution of KMW).
This implies that the definition can be uniquely extended to the case where X is an
essentially smooth k-scheme. Accordingly, one can extend the definition of finite MW-
correspondences to the case of essentially smooth k-schemes using formula (1.1.1.a).
The definition of composition obviously extends to that generalized setting. We will
use that fact in the proof of Lemma 1.2.6.
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(4) Consider the notations of the previous point. Assume that the essentially smooth k-
scheme X is the projective limit of a projective system of essentially smooth k-schemes
(Xi)icer- Then the canonical map:

(ligie 1o E(X, Y)) L EX,Y)
is an isomorphism. This readily follows from formula (1.1.1.a) and the fact that Chow-
Witt groups, as Nisnevich cohomology, commute with projective limits of schemes.
See also [CF14, §5.1] for an extended discussion of these facts.
(5) For any smooth schemes X and Y, the group ¢(X,Y) is endowed with a structure of a

left K™ (X)-module and a right K§™ (Y)-module ([CF14, Example 4.10]). Pulling
back along X — Speck, it follows that &(X,Y) is a left K}™ (k)-module and it is

readily verified that the category Cory is in fact K™ (k)-linear. Consequently, we
can also consider K§™W (k)-algebras as coefficient rings.

1.1.4. Recall from loc. cit. that there is a composition product of MW-correspondences
which is compatible with the projection map mxy.

Definition 1.1.5. We denote by 6&;@ (resp. Cory) the additive category whose objects are
smooth schemes and morphisms are finite MW-correspondences (resp. correspondences). If

R is a ring, we let 6&%3 (resp. Cory, r) be the category (fj\o/mc ®z R (resp. Corg ®z R).
We denote by

(1.1.5.a) T 6vork — Cory,
the additive functor which is the identity on objects and the map wxy on morphisms.
As a corollary of the above lemma, the induced functor
T 6\0/1%,3 — Cory, g,
is full when 2 € R*. Note that the corresponding result without inverting 2 is wrong by

[CF14, Remark 4.15].

1.1.6. The external product of finite MW-correspondences induces a symmetric monoidal
structure on Corg which on objects is given by the cartesian product of k-schemes. One can
check that the functor m is symmetric monoidal, for the usual symmetric monoidal structure
on the category Cory.

Finally, the graph of any morphism f : X — Y can be seen not only as a finite correspon-
dence y(f) from X to Y but also as a finite MW-correspondence ¥(f) such that 75(f) = v(f).
One obtains in this way a canonical functor:

(1.1.6.a) 5 : Smy, — Cory,
which is faithful, symmetric monoidal, and such that 7oy = ~.
1.2. MW-transfers.

Definition 1.2.1. We let I/D—ﬁl(k‘,R) (resp. PSh"(k, R), resp. PSh(k, R)) be the category of
additive presheaves of R-modules on Cory, (resp. Corg, resp. Smy). Objects of PSh(k, R) will
be simply called MW -presheaves.

Definition 1.2.2. We denote by ¢g(X) the representable presheaf Y +— ¢(Y, X) ®z R. As
usual, we also write ¢(X) in place of ¢r(X) in case the context is clear.
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The category of MW-presheaves is an abelian Grothendieck category.! It admits a unique
symmetric monoidal structure such that the Yoneda embedding

Cory, — PSh(k, R), X + &(X)

is symmetric monoidal (see e.g. [MVWO06, Lecture 8]). From the functors (1.1.5.a) and
(1.1.6.a), we derive as usual adjunctions of categories:

PSh(k, R) :z PSh(k, R) === PSh* (k, R)
such that 3.(F) = F o4, m(F) = F om. The left adjoints 4* and 7* are easily described
as follows. For a smooth scheme X, let R(X) be the presheaf (of abelian groups) such
that R(X)(Y) is the free R-module generated by Hom(Y, X) for any smooth scheme Y.
The Yoneda embedding yields Hompgy s gy (R(X), F') = F(X) for any presheaf F', and in
particular

Homps (i) (R(X), 34(F)) = F(X) = Hompzgy o (E(X), F)

PSh(k,R)

for any F € PSh(k, R). We can thus set *(R(X)) = &(X). On the other hand, suppose
that

Fi — 5 — F3 —0
is an exact sequence in PSh(k, R). The functor Hompgyx,g) (-, F') being left exact for any
F € PSh(k, R), we find an exact sequence of presheaves

0 — Hompgy,r) (F3,7%(G)) — Hompgyi, r) (F2, 7«(G)) — Hompgy i, r) (F1, ¥ (G))
for any G € ls\STl(k, R) and by adjunction an exact sequence
0 — Hompgy,r) (7" (F3), G) — Hompgh,r) (V" (F2), G) — Hompgy gy (Y (F1), G)
showing that 4*(F3) is determined by 4*(F») and 4*(F}), i.e. that the sequence
YV (F1) = 7 (F2) = 77 (F3) = 0

is exact. This gives the following formula. If F' is a presheaf, we can choose a resolution by
(infinite) direct sums of representable presheaves (e.g. [MVWO06, proof of Lemma 8.1])

Fr—-F—>F—0

and compute ¥*F as the cokernel of 4*F; — A*F,. We let the reader define ¥* on mor-
phisms and check that it is independent (up to unique isomorphisms) of choices. A similar
construction works for 7*. Note that the left adjoints 4* and n* are symmetric monoidal and
right-exact.

Lemma 1.2.3. The functors s and mx are faithful. If 2 is invertible in the ring R then the
functor w, is also full.

IRecall that an abelian category is called Grothendieck abelian if it admits a family of generators, admits
small sums and filtered colimits are exact. The category of presheaves over any essentially small category .
with values in a the category of R-modules is a basic example of Grothendieck abelian category. In fact, it
is generated by representable presheaves of R-modules. The existence of small sums is obvious and the fact
filtered colimits are exact can be reduced to the similar fact for the category of R-modules by taking global
sections over objects of .7.
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Proof. The faithfulness of both 4, and m, are obvious. To prove the second assertion, we
use the fact that the map (1.1.1.b) from finite MW-correspondences to correspondences is
surjective after inverting 2 (Lemma 1.1.2). In particular, given a MW-presheaf F', the property
F = m,(Fp) is equivalent to the property on F that for any a, o/ € ¢(X,Y) with 7(a) = w(/)
then F(a) = F(c'). Then it is clear that a natural transformation between two presheaves
with transfers Fy and Gy is the same thing as a natural transformation between Fy o 7 and
G() oTr. ]

Definition 1.2.4. We define a MW -t-sheaf (resp. t-sheaf with transfers) to be a presheaf
with MW-transfers (resp. with transfers) F' such that 4.(F) = F o4 (resp. F o) is a sheaf
for the given topology t. When ¢ is the Nisnevich topology, we will simply say MW -sheaf and
when ¢ is the étale topology we will say étale MW -sheaf.

We denote by Shy(k, R) the category of MW-t-sheaves, seen as a full subcategory of the

R-linear category PSh(k, R). When ¢t is the Nisnevich topology, we drop the index in this
notation.

Note that there is an obvious forgetful functor
O, : Shy(k, R) — PSh(k, R) (resp. O : Sh¥" (k, R) — PSh" (k, R))

which is fully faithful. In what follows, we will drop the indication of the topology t in the
above functors, as well as their adjoints.

Ezample 1.2.5. Given a smooth scheme X, the presheaf ¢(X) is in general not a MW-sheaf
(see [CF14, 5.12]). Note however that ¢(Speck) is the unramified 0-th Milnor-Witt sheaf
KM (defined in [Mor12, §3]) by loc. cit. Ex. 4.4.

As in the case of the theory developed by Voevodsky, the theory of MW-sheaves rely on the
following fundamental lemma, whose proof is adapted from Voevodsky’s original argument.

Lemma 1.2.6. Let X be a smooth scheme and p : U — X be a t-cover where t is the
Nisnevich or the étale topology.
Then the following complex

L U)o E(U xx U) P 5(U) 2 5(X) s 0

where d,, is the differential associated with the Cech simplicial scheme of U/X, is exact on
the associated t-sheaves.

Proof. We have to prove that the fiber of the above complex at a t-point is an acyclic complex
of R-modules. Taking into account Remark 1.1.3(4), we are reduced to prove, given an
essentially smooth local henselian scheme S, that the following complex

Cpim o~ B(S,UR) — ... — (S, U xx U) 25 &(S,U) ~25 &(S, X) = 0

is acyclic.
Let A = A(S, X) be the set of admissible subsets in S x X ([CF14, Definition 4.1]). Given

any T € A, and an integer n > 0, we let Cr(LT) be the subgroup of ¢(S,U%) consisting of
MW-correspondences whose support is in the closed subset U :=T x x U of S x U%. The

differentials are given by direct images along projections so they respect the support condition

on MW-correspondence associated with T' € F and make CiT) into a subcomplex of C,.

It is clear that C, is the filtering union of the subcomplexes CLET) for T € F so it suffices

)

to prove that, for a given T' € F, the complex C’iT is split. We prove the result when R = 7Z,
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the general statement follows after tensoring with R. Because S is henselian and T is finite
over S, the scheme T is a finite sum of local henselian schemes. Consequently, the t-cover
pr : Up — T, which is in particular étale and surjective, admits a splitting s. It follows from
[Mil12, Proposition 2.15] that s is an isomorphism onto a connected component of Up. We
therefore obtain maps s x 1yn : Up — U?H such that U;ﬁ“ =Uru D?fl for any n > 0 and
a commutative diagram

Up —— (8 x U™\ DY

| |

U}L+1 S x U)?}Jrl
un Sx UL

in which the squares are Cartesian and the right-hand vertical maps are étale. By étale
excision, we get isomorphisms

~T ~ 1 1

and

———% ——x%

CHyyp, (S x U;}“,MU;H) — CHyp (S x UX™) \ D;z“,wwl).
Putting these isomorphisms together, we obtain an isomorphism

CHyy (S x Uk, wuy) — CHypa (S U wyms)

that we can compose with the extension of support to finally obtain a homomorphism

(5 X 1up)s : CHypa (S x U, woy ) — CHpyni1 (8 % U wymi)
yielding a contracting homotopy

(S X 1U?)* : CT(LT) — C(z_;_)l

n

O

1.2.7. As in the classical case, one can derive from this lemma the existence of a left adjoint
a to the functor O. The proof is exactly the same as in the case of sheaves with transfers (cf.
[CDO09b, 10.3.9] for example) but we include it here for the convenience of the reader.

Let us introduce a notation. If P is a presheaf on Smy, we define a presheaf with transfers

(1.2.7.a) F(P) : Y = Hompgp(,r) (5« (&(Y)), P).

and we observe that 7' is right adjoint to the functor 4,. The latter, having both a left and
a right adjoint, is then exact. Given a natural transformation

¢: P = 37(P)
and smooth schemes X and Y, we define a pairing
P(X) x &Y, X) = P(Y), (p, @) = (p,a)g =[x (p)]y (a)

where ¢x(p) is seen as a natural transformation ¢(X) — P. The following lemma is tauto-
logical.
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Lemma 1.2.8. Let P be a presheaf on Smyg. Then there is a bijection between the following
data:

e Presheaves with transfers P such that 4,(P) = P;

e Natural transformations ¢ : P — 4,5 (P) such that:

(W1) Vp € P(X), (p, Idx)y = p.

(W2) v(pvﬁa a) € P(X) X 6(Y7X) X 6(27 Y)7 <<p7 B)qﬁ?a)d) = <p75 0 O‘)(b;
according to the following rules:

P (P =3.(P) “5 3.5%.(P) = 3.5'(P))
(P, (., a)g) < 0,
where ad' is the unit map for the adjunction (3«,7').
Before going further, we note the following corollary of the previous result.

Corollary 1.2.9. (1) For any t-sheaf F on Smy, 7'(F) is a MW -t-sheaf.
(2) Let o € &(X,Y) be a finite MW -correspondence andp : W — Y a t-cover. Then there
exists a t-cover q : W' — X and a finite MW -correspondence & : W' — W such that
the following diagram commutes:

R
(1.2.9.a) ql ip
XO?Y

The first property is a direct consequence of Lemma 1.2.6 given Formula (1.2.7.a). The
second property is an application of the fact that ¢(W) — ¢(X) is an epimorphism of sheaves,
obtained from the same proposition.

We are ready to state and prove the main lemma which proves the existence of the right
adjoint a to O.

Lemma 1.2.10. Let P be a MW -presheaf and P := #,(P). Let F be the t-sheaf associated
with P and let 7 : P — F be the canonical natural transformation.
Then there exists a unique pair (F, 7) such that:
(1) F is a MW-t-sheaf such that 7, (F) = F.
(2) # : P — F is a natural transformation of MW -presheaves such that the induced
transformation

P=5.P) 25 (F) = F
coincides with T.

Proof. Let us construct F. Applying Lemma 1.2.8 to P and P, we get a canonical natural
transformation: v : P — 4,3 (P). Applying point (1) of Corollary 1.2.9 and the fact that
F is the t-sheaf associated with P, there exists a unique natural transformation ¢ which fits
into the following commutative diagram:
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To obtain the MW-sheaf F satisfying (1), it is sufficient according to Lemma 1.2.8 to prove
that conditions (W1) and (W2) are satisfied for the pairing (.,.)s. Before proving this, we
note that the existence of 7 satisfying property (2) is equivalent to the commutativity of the
above diagram. In particular, the unicity of (F, 7) comes from the unicity of the map ¢.

Therefore, we only need to prove (W1) and (W2) for ¢. Consider a couple (p, ) € F(X) x
¢(Y, X). Because F' is the t-sheaf associated with P, there exists a t-cover p : W — X and
a section p € P(W) such that p*(p) = 7w (p). According to point (2) of Corollary 1.2.9, we
get a t-cover ¢ : W/ — Y and a correspondence & € ¢(W’, W) making the diagram (1.2.9.a)
commutative. As ¢ is a natural transformation, we get

q*<p> a>¢ = <p,a © Q>¢ = <,0,p0 OA‘>¢ = <p*p7 &>¢ = <TW(ﬁ)7éé>¢ = <[)7 é¢>w
Because ¢* : F(X) — F(W) is injective, we deduce easily from this principle the properties
(W1) and (W2) for ¢ from their analog properties for . O

Proposition 1.2.11. (1) The obvious forgetful functor O : é\}/lt(k',R) — IS—STI(]C,R) ad-
mits a left adjoint a such that the following diagram commutes:

PSh(k, R) < PSh(k, R)
ai/ ) . ild
Shy(k, R) <=— Shy(k, R)

where a is the usual t-sheafification functor with respect to the smooth site.
(2) The category Shy(k, R) is a Grothendieck abelian category and the functor a is exact.
(3) The functor 7., appearing in the lower line of the preceding diagram, admits a left
adjoint 7*, and commutes with every limit and colimit.
Proof. The first point follows directly from the previous lemma: indeed, with the notation of
this lemma, we can put: a(P) = F.

For point (2), we first remark that the functor a, being a left adjoint, commutes with
every colimit. Moreover, the functor a is exact and 7, : PSh(k, R) — PSh(k, R) is also exact
(Paragraph 1.2.7). Therefore, @ is exact because of the previous commutative square and
the fact that 7, is faithful. Then, we easily deduce that é\flt(k', R) is a Grothendieck abelian
category from the fact that PSh(k, R) is such a category.

The existence of the left adjoint 4* follows formally. Thus 4, commutes with every limit.
Because 7, is exact and commutes with arbitrary coproducts, we deduce that it commutes
with arbitrary colimits, therefore proving point (3). O

Remark 1.2.12. The left adjoint 4* of 7, : éTlt(k,R) — Shy(k, R) can be computed as the
composite
Shy(k, R) 3 PSh(k, R) 55 PSh(k, R) % Shy(k, R).

One can also observe that, according to point (2), a family of generators of the Grothendieck
abelian category éTlt(k, R) is obtained by applying the functor @ to a family of generators of
PSh(k, R).
Definition 1.2.13. Given any smooth scheme X, we put R;(X) = @ (¢(X)).

In particular, for a smooth scheme X, Rt(X ) is the t-sheaf associated with the presheaf
¢(X), equipped with its canonical action of MW-correspondences (Lemma 1.2.10). The cor-
responding family, for all smooth schemes X, generates the abelian category §f1t(k, R).
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1.2.14. One deduces from the monoidal structure on Corj, a monoidal structure on §Et(k, R)
whose tensor product ® is uniquely characterized by the property that for any smooth schemes
X and Y:

(1.2.14.a) R(X)QRy(Y) = Ry(X x Y).

Explicitly, the tensor product of any two sheaves F,G € é?lt(k, R) is obtained by applying
a to the presheaf tensor product F' ® G mentioned after Definition 1.2.2. In particular, the
bifunctor ® commutes with colimits and therefore, as the abelian category é\ﬁt(k,R) is a
Grothendieck abelian category, the monoidal category /S\Et(k, R) is closed. The internal Hom
functor is characterized by the property that for any MW-t-sheaf F' and any smooth scheme
X,

Hom (Ry(X),F) = F(X x —).

As a corollary of Proposition 1.2.11, we obtain functors between the category of sheaves
we have considered so far.

Corollary 1.2.15. (1) There exists a commutative diagram of symmetric monoidal func-
tors

PSh(k, R) —> Shyis(k, R) —> She(k, R)

¥* s Vet

PSh(k, R) —- Shyss(k, R) —~ She,(k, R)

* *
™ TNis Tt

all. al”
PShtr(kv R) % Shf\llﬂis(k? R) — Sh‘en‘;(kv R)
which are all left adjoints of an obvious forgetful functor. FEach of these functors
respects the canonical family of abelian generators.
(2) Let t = Nis, ét. Then the right adjoint functor 3L : Shy(k, R) — Shy(k, R) is faithful.
If 2 is invertible in R, the right adjoint functor t : Shi*(k, R) — Shy(k, R) is fully
faithful.

Indeed, the first point is a formal consequence of Proposition 1.2.11 and its analog for
sheaves with transfers. The second point follows from the commutativity of the diagram in
point (1), which induces an obvious commutative diagram for the right adjoint functors, the
fact that the forgetful functor from sheaves to presheaves is always fully faithful and Lemma
1.2.3.

2. FRAMED CORRESPONDENCES

2.1. Definitions and basic properties. The aim of this section is to make a link between
the category of linear framed correspondences (after Garkusha-Panin-Voevodsky) and the
category of MW-presheaves. We start with a quick reminder on framed correspondences
following [GP14].

Definition 2.1.1. Let U be a smooth k-scheme and Z C U be a closed subset of codimension
n. A set of regular functions ¢1,...,¢, € k[U] is called a framing of Z in U if Z coincides
with the closed subset ¢; = ... = ¢, = 0.
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Definition 2.1.2. Let X and Y be smooth k-schemes, and let n € N be an integer. An
explicit framed correspondence ¢ = (U, ¢, f) of level n from X to Y consists of the following
data:

(1) A closed subset Z C A’ which is finite over X (here, Z is endowed with its reduced
structure).
(2) An étale neighborhood o : U — A%, of Z.
(3) A framing ¢ = (¢1,...,¢n) of Zin U.
(4) A morphism f:U — Y.
The closed subset Z is called the support of the explicit framed correspondence ¢ = (U, ¢, f).

Remark 2.1.3. One could give an alternative approach to the above definition. A framed
correspondence (U, ¢, f) corresponds to a pair of morphisms ¢ : U — A} and f: U — Y
yielding a unique morphism ¢ : U — A}.. The closed subset Z C U corresponds to the
preimage of Y x {0} C Y x A = A}.. This correspondence is unique.

Remark 2.1.4. Note that Z is not supposed to map surjectively onto a component of X.
For instance Z = () is an explicit framed correspondence of level n, denoted by 0,. If Z is
non-empty, then an easy dimension count shows that Z C A% — X is indeed surjective onto
a component of X.

Remark 2.1.5. Suppose that X is a smooth connected scheme. By definition, an explicit
framed correspondence of level n = 0 is either a morphism of schemes f : X — Y or 0p.

Definition 2.1.6. Let ¢ = (U, ¢, f) and ¢ = (U’,¢', f') be two explicit framed correspon-
dences of level n > 0. Then, ¢ and ¢ are said to be equivalent if they have the same support
and there exists an open neighborhood V of Z in U xxn U " such that the diagrams

U xpn U —U

)

U Y

and
U X Am. U ——=U'

b

U A?

are both commutative when restricted to V. A framed correspondence of level n is an equiv-
alence class of explicit framed correspondences of level n.

Definition 2.1.7. Let X and Y be smooth schemes and let n € N. We denote by Fr,(X,Y)
the set of framed correspondences of level n from X to Y and by Fr.(X,Y) the set U, Fr, (X, Y).
Together with the composition of framed correspondences described in [GP14, §2], this defines
a category whose objects are smooth schemes and morphisms are Fr.(_, ). We denote this
category by Fr.(k) and refer to it as the category of framed correspondences.

We now pass to the linear version of the above category following [GP14, §7], starting with
the following observation. Let X and Y be smooth schemes, and let ¢z = (U, ¢, f) be an
explicit framed correspondence of level n from X to Y with support Z of the form Z = Z;1125.
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Let Uy = U\ Zy and Uy = U \ Z;. For i = 1,2, we get étale morphisms «; : U; — X and
morphisms ¢; : U; — Ay, f; : U; — Y by precomposing the morphisms «, ¢ and f with the
open immersion U; — U. Note that U; is an étale neighborhood of Z; for ¢ = 1,2 and that
cz, = (Ui, @i, fi) are explicit framed correspondences of level n from X to Y with support Z;.

Definition 2.1.8. Let X and Y be smooth schemes and let n € N. Let

ZF,(X,Y) =ZFr, (X,Y)/H
where H is the subgroup generated by elements of the form cz —cz, —cz, where Z = Z1 U 25
is as above and ZFr,(X,Y) is the free abelian group on Fr,(X,Y’). The category ZF.(k) of

linear framed correspondences is the category whose objects are smooth schemes and whose
morphisms are

Homgp, (1) (X,Y) = €D ZFr,(X,Y).
neN

Remark 2.1.9. Note that there is an obvious functor ¢ : Fr,(k) — ZF.(k) with ¢(0,) = 0 for
any n € N.

The stage being set, we now compare the category of finite MW-correspondences with the
above categories.

Let U be a smooth k-scheme and let ¢ : U — A} be a morphism corresponding to (nonzero)
global sections ¢; € O(U). Each section ¢; can be seen as an element of k(U)* and defines
then an element of KMV (k(U)). Let |¢;] be the support of f;, i.e. its vanishing locus, and let
Z = |¢1| N ...N|¢py|. Consider the residue map

d: KV (k(U) = P KW (k(x), ws).
zeUM)

Then, d(¢;) defines an element supported on |¢;|. As it is a boundary, it defines a cycle
Z(¢;) € H \1¢'\(U’ KYW). Now, we can consider the intersection product

Hjgy (U KE™M) <o H (U, KYY) — HE (U KG)
to get an element Z(¢1) - ... Z(¢$y) that we denote by Z(¢).

Lemma 2.1.10. Any explicit framed correspondence ¢ = (U, ¢, f) induces a finite MW -
correspondence a(c) from X toY. Moreover, two equivalent explicit framed correspondences
c and ¢ induce the same finite MW -correspondence.

Proof. Let us start with the first assertion. If Z is empty, its image is defined to be zero. If ¢ is
of level 0, then it corresponds to a morphism of schemes and we use the functor Smy — Cory
to define the image of c. We thus suppose that Z is non-empty (thus finite and surjective on
some components of X) of level n > 1. Consider the following diagram

/7

Z —— A%

.

X
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defining an explicit framed correspondence (U, ¢, f) of level n. The framing ¢ defines an
element Z(¢) € H2 (U, KMW) as explained above. Now, « is étale and therefore induces an
isomorphism o*wpr ~ wy. Choosing the usual orientation for A}, we get an isomorphism
Opn =~ wpn @ (px)*wy and therefore an isomorphism

Oy ~ o (Oan ) ~ o*(wan © phwy) ~ wy @ (pxa)*wy.

We can then see Z(¢) as an element of the group H% (U, KMV wy ® (pxa)*wy). Consider
next the map (pxa, f) : U — X x Y and the image T of Z under the map of underlying
topological spaces. It follows from [MVWO06, Lemma 1.4] that 7" is closed, finite and surjective
over (some components of) X. Moreover, the morphism Z — T is finite and it follows that
we have a push-forward homomorphism

(px e, [ : Hy (UKW, wy ® (pxa) wy) — HE(X x VKW wy iy x)

yielding, together with the canonical isomorphism wx,y,/x =~ wy, a finite Chow-Witt corre-
spondence «a(c) := (pxa, f)«(Z(¢)) between X and Y.

Suppose next that ¢ = (U, ¢, f) and ¢ = (U, ¢, f') are two equivalent explicit framed
correspondences of level n. Following the above construction, we obtain two cocycles a(c) €
H2 (U, KMV wy @ (pxa)*wY) and a(d) € HL (U, KMW wir @ (pxa’)*wY). Now, the pull-
backs along the projections

U xpn U —>U"
g

U
yield homomorphisms
pi Hy (UKW, wy @ (pxa)*wy) ~ Ho1 () (U Xy U/aK%WaWUXA}U/ ® (pxap1)*wy)
and
ps : HR (U KW, wyr @ (pxa’)*wy) =~ Hi-1 () (U Xy U/,K%WMUXA?(U/ ® (pxap2)*w),
while the pull-back along the open immersion i : V. — U X U " induces homomorphisms

7 o ) (U Xag UlyKnMwquXABL{U’ ® (pxap)*wy) ~ Hy (VKW wy ® (pxapii)*wy)

and

T HZ;(Z)(U X An U, K%W,wUXA,;(U/ @ (pxape)*w¥) ~ HR(V, KMV wi @ (pxap:i)*w).
Note that pxaps = pxap; and that i*pi(a(c)) = i*p5(a(c’)) by construction. Pushing forward
along V.= U xpn U' = U — X x Y, we get the result. O

Ezample 2.1.11. Let X be a smooth k-scheme. Consider the explicit framed correspondence
ox of level 1 from X to X given by (Al ¢, px) where ¢ : A}, = Al x X — Al is the projection
to the first factor and pyx : Aﬁ( — X is the projection to the second factor. We claim that

alox)=1d e (f]\o/rk(X, X). To see this, observe that we have a commutative diagram

1 (px.px)

AV X X

| A

X
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where A is the diagonal map. Following the process of the above lemma, we start by observing
that Z(q) € HY (AL, KMW) is the class of (1) ® € KMW(k(X), (m/m?)*) where m is the
maximal ideal corresponding to X in the appropriate local ring and ¢ is a coordinate of Al.
Now, we choose the canonical orientation of A and the class of Z(q) corresponds then to the
class of (1) € K{W(k(X)) in HY (AL, KW, W(Aﬁ(/x))' Its push-forward under

(px)« - Hy (A%, K™, wian /x)) = HO(X, KGY)

is the class of (1) and the claim follows from the fact that (px,px)« = A«(px)« and the
definition of the identity in Cory (X, X).

Proposition 2.1.12. The assignment ¢ = (U, ¢, f) — a(c) made explicit in Lemma 2.1.10

define functors o : Fri(k) — Cory and o : ZF (k) — Cory, such that we have a commutative
diagram of functors

Fr. (k)

COI‘k.

Proof. For any smooth schemes X,Y and any integer n > 0, we have a well-defined map
a: Frp(X,Y) — Corg(X,Y) and therefore a well-defined map ZFr,(X,Y) — Corg(X,Y).
Let ¢ = (U, ¢, f) be an explicit framed correspondence of level n with support Z of the form
Z = 7y UZy. Let ¢; = (Uy, ¢, fi) be the explicit framed correspondences with support Z;
obtained as in Definition 2.1.8. By construction, we get a(c) = a(c1) + a(cz) and it follows
that o : Frp(X,Y) — Corj(X,Y) induces a homomorphism o : ZF,(X,Y) — Cory(X,Y).

It remains then to show that the functors « : Fry, — (fj\o/rk and o : ZF (k) — (f]ak are well-
defined, which amounts to prove that the respective compositions are preserved. Suppose
then that (U, ¢, f) is an explicit framed correspondence of level n between X and Y, and
that (V,, g) is an explicit framed correspondence of level m between Y and Z. We use the
diagram

(2.1.12.a) WPy P pm
8 \
pru U x A Y x A™ ! Z
pyi
U Y
pxa \,
X $ Am

in which the squares are all cartesian. The composition of (U, ¢, f) with (V,, g) is given by
(W, (¢opru,opry),gopry).
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On the other hand, the morphisms (pxa, f)opry : W — X xY and (pyf8,g9)opry : W —
Y x Z yield a morphism p: W — X x Y x Z and then a diagram

prv

(2.1.12.b) w |4
Pi (py B.9)

P Py xz

W—XxYxZ—-YxZ

pmi pmi l

U—XXxY Y
(px o, f)

in which all squares are cartesian. By base change ([CF14, Proposition 3.2, Remark 3.3]), we
have (pxxv)*(pxa, f)« = pe(prv)* and (py«z)*(pyB,9)« = p«(prv)*. By definition of the
pull-back and the product, we have (pry)*(Z(¢)) = Z(¢popry) and (prv)*(Z(v)) = Z(opry).
It follows that

Z(¢opru,popry) = (pru)*(Z(9)) - (prv)*(Z(¥))-

Finally, observe that there is a commutative diagram
Z
Pxxz T

W—XxYxZ—"5XxZ
X.

Using these ingredients, we see that the composition is preserved. O

gopry

w
p

w

pxoaopry

Remark 2.1.13. Note that the functor o/ : ZF,(k) — Cory, is additive. It follows from Example
2.1.11 that it is not faithful.

2.2. Presheaves. Let X be a smooth scheme. Recall from Example 2.1.11 that we have for
any smooth scheme X an explicit framed correspondence ox of level 1 given by the triple
(A&, q,px) where ¢ and px are respectively the projections onto A}c and X. The following
definition can be found in [GP15, §1].

Definition 2.2.1. Let R be a ring. A presheaf of R-modules F' on ZF, (k) is quasi-stable if
for any smooth scheme X, the pull-back map F(ox) : F(X) — F(X) is an isomorphism. A
quasi-stable presheaf is stable if F(ox) : F(X) — F(X) is the identity map for any X. We
denote by PSh™™(k, R) the category of presheaves on ZF,(k), by QPSh™(k, R) the category
of quasi-stable presheaves on ZF, (k) and by SPSh'(k, R) the category of stable presheaves.

Now, the functor o/ : ZF.(k) — Cory, induces a functor ﬁﬁl(k,R) — PSh'™(k,R). By
Example 2.1.11, this functor induces a functor

(a)* : PSh(k, R) — SPSh™ (k, R).

Recall next that a presheaf F' on Smy, is Al-invariant if the map F(X) — F(X xA!) induced by
the projection X x A! — X is an isomorphism for any smooth scheme X. A Nisnevich sheaf of
abelian groups F is strictly Al-invariant if the homomorphisms Hi (X, F) — Hi; (X x AL F)
induced by the projection are isomorphisms for ¢ > 0.
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We can now state the main theorem of [GP15].

Theorem 2.2.2. Let F be an Al-invariant quasi-stable ZF(k)-presheaf of R-modules F.

(1) If the base field k is infinite, the associated Nisnevich sheaf Fnis of R-modules is
Al-invariant and quasi-stable.

(2) Assume the base field k is infinite and perfect and the presheaf of R-modules F is in
addition a Nisnevich sheaf. Then F is strictly A'-invariant, as a Nisnevich sheaf of
R-modules.

Proof. These results are proved in [GP15] in the case where R = Z but we can deduce from
the latter the case of an arbitrary ring of coefficients, simply by forgetting the scalars. Let us
give the details below.

Let ¢ : Z — R be the unique morphism of rings attached with the ring R. We will consider
the restriction of scalars functor

¢x 1 R —mod — Z — mod.

As this functor admits both a left and a right adjoint (extension of scalars and coinduced
module), it commutes with every limits and colimits. Besides, it is conservative.
For any category .#, one extends the functor ¢, to presheaves on .7 by applying it term-
wise:
s PSh(.#, R) — PSh(, Z).
By construction, for any object X of . and any presheaf F' of R-modules, we have the
relation:

(2.2.2.2) ['(X,$.F) = ¢, (T(X, F)).

Suppose now that . is endowed with a Grothendieck topology. Then, as ¢, is exact and
commutes with products, the functor ¢, respects sheaves so that we get an induced functor:

&, : Sh(.#, R) — Sh(, 7).

Then, using again the fact ¢, commutes with colimits, and the classical formula defining the
associated sheaf functor a : PSh(.%7,?) — Sh(.#,7), we get, for any presheaf F' of R-modules,
a canonical isomorphism:

(2.2.2.b) a(p«(F)) =~ @ya(F).

The fact ¢, is conservative together with relations (2.2.2.a) and (2.2.2.b) are sufficient to
prove assertion (1). Indeed, these facts imply that it is sufficient to check the Al-invariance
and quasi-stability of the presheaf ¢, (F') to conclude.

Let us come back to the abstract situation to prove the remaining relation. Recall that one
can compute cohomology of an object X in . with coefficients in a sheaf F' by considering
the colimit of the Cech cohomology of the various hypercovers of X. Thus, relation (2.2.2.a)
and the fact that ¢, commutes with colimits and products implies that, for any integer n, we
get the following isomorphism of abelian groups, natural in X:

(2.2.2.c) H™(X,3:(F)) ~ ¢ H" (X, F).

Therefore to prove assertion (2), using the latter relation and once again the fact ¢, is
conservative, we are reduced to consider the sheaf ¢, (F') of abelian groups, which as a presheaf
is just ¢« (F). Using relation (2.2.2.a), the latter is Al-invariant and quasi-stable so that we
are indeed reduced to the case of abelian groups as expected. ]
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Remark 2.2.3. 1t is worth to mention that the considerations of the preceding proof are part
of a standard machinery of changing coefficients for sheaves that can be applied in particular
in our context.

We left the exact formulation to the reader, but describe it in the general case of a morphism
of rings p : R — R'.

The restriction of scalars functor ¢, together with its left adjoint ¢* (extension of scalars)
and its right adjoint ¢y (associated coinduced module), can be extended (using the arguments
of the preceding proof or similar arguments) to the category of MW-presheaves or MW -
sheaves as two pairs of adjoint functors, written for simplicity here by (¢*, ¢.) and (¢, ¢').
Note that the extended functor ¢, will still be conservative and that the functor ¢* will be
monoidal.

Moreover, using the definitions of the following section, the pair of adjoint functors (¢*, ¢x)
will induce adjoint functors on the associated effective and stable A'-derived categories, such
that in particular the induced functor o, is still conservative on DM®T(k, R) and DM(k, R).
Similarly the pair of adjoint functors (., ¢') can also be derived. Such considerations have
been used for example in [CD16, §5.4].

3. MW-MOTIVIC COMPLEXES

3.1. Derived category. For any abelian category A, we denote by C(A) the category of
(possibly unbounded) complexes of objects of A and by K(.A) the category of complexes with
morphisms up to homotopy. Finally, we denote by D(A) the derived category of C(A). We
refer to [Wei94, §10] for all these notions.

3.1.1. Recall from our notations that ¢ is now either the Nisnevich or the étale topology.

As usual in motivic homotopy theory, our first task is to equip the category of complexes of
MW-t-sheaves with a good model structure. This is done using the method of [CD09a], thanks
to Lemma 1.2.6 and the fact that Sh;(k, R) is a Grothendieck abelian category (Proposition
1.2.11(2)).

Except for one subtlety in the case of the étale topology, our construction is analogous to
that of sheaves with transfers. In particular, the proof of the main point is essentially an
adaptation of [CD09b, 5.1.26]. In order to make a short and streamlined proof, we first recall
a few facts from model category theory.

3.1.2. We will be using the adjunction of Grothendieck abelian categories:
7% : Shy(k, R) = Shy(k, R) : A4

of Corollary 1.2.15. Recall from Lemma 1.2.3 that the functor 7. is conservative and exact.

First, there exists the so-called injective model structure on C(Shy(k, R)) and C(Sh¢(k, R))
which is defined such that the cofibrations are monomorphisms (thus every object is cofibrant)
and weak equivalences are quasi-isomorphisms (this is classical; see e.g. [CD09a, 2.1]). The
fibrant objects for this model structure are called injectively fibrant.

Second, there exists the t-descent model structure on the category C(Sht(k, R)) (see [CD09a,
Ex. 2.3]) characterized by the following properties:

e the class of cofibrations is given by the smallest class of morphisms of complexes closed

under suspensions, pushouts, transfinite compositions and retracts generated by the
inclusions

(3.1.2.a) Ry(X) — C(Ry(X) 1% Ry(X))[-1]
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for a smooth scheme X, where R;(X) is the free sheaf of R-modules on X.
e weak equivalences are quasi-isomorphisms.

Our aim is to obtain the same kind of model structure on the category C(Sh(k, R)) of
complexes of MW-t-sheaves. Let us recall from [CD09a] that one can describe nicely the
fibrant objects for the ¢-descent model structure. This relies on the following definition for a
complex K of t-sheaves:
e the complex K is local if for any smooth scheme X and any integer n € Z, the
canonical map:

(3.1.2.b) H" (K (X)) = Homg sn, (x,r)) (Re(X), K[n]) = Hompsp, (k,r)) (Re(X), K[n])

is an isomorphism;
e the complex K is t-flasque if for any smooth scheme X and any t-hypercover p : X —
X, the induced map:
(3.1.2.c)

H"(K (X)) = Homg s, (k7)) (Re(X), K[n]) 7, Homy (sp, (k,r)) (Re(X), K[n]) = H* (K (X))

is an isomorphism.

Our reference for t-hypercovers is [DHIO4]. Recall in particular that X" is a simplicial
scheme whose terms are arbitrary direct sums of smooth schemes. Then the notation
R (X) stands for the complex associated with the simplicial ¢-sheaves obtained by
applying the obvious extension of the functor R; to the category of direct sums of
smooth schemes. Similarly, K(X) is the total complex (with respect to products) of
the obvious double complex.

Then, let us state for further reference the following theorem ([CD09a, Theorem 2.5]).

Theorem 3.1.3. Let K be a complex of t-sheaves on the smooth site. Then the following
three properties on K are equivalent:
(i) K is fibrant for the t-descent model structure,
(ii) K is local,
(iii) K is t-flasque.

Under these equivalent conditions, we will say that K is ¢t-fibrant.?

3.1.4. Consider now the case of MW-t-sheaves. We will define cofibrations in C(Shy(k, R))
as in the previous paragraph by replacing R; by R, in (3.1.2.a), i.e. the cofibrations are the
morphisms in the smallest class of morphisms of complexes of MW-t-sheaves closed under
suspensions, pushouts, transfinite compositions and retracts generated by the inclusions

(3.1.4.a) R(X) — C(Rt(X) — Rt(X)) [—1]
for a smooth scheme X. In particular, note that bounded above complexes of MW-t-sheaves
whose components are direct sums of sheaves of the form R:(X) are cofibrant. This is easily

seen by taking the push-out of (3.1.2.a) along the morphism R;(X) — 0.

Similarly, a complex K in C(éﬂt(kz, R)) will be called local (resp. t-flasque) if it satisfies
the definition in the preceding paragraph after replacing respectively Shy(k, R) and R; by

Shy(k, R) and R, in (3.1.2.b) (resp. (3.1.2.c)).

2Moreover, fibrations for the t-descent model structure are epimorphisms of complexes whose kernel is
t-fibrant.
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In order to show that cofibrations and quasi-isomorphisms define a model structure on
C(Shy(k, R)), we will have to prove the following result in analogy with the previous theorem.

Theorem 3.1.5. Let K be a complex of MW -t-sheaves. Then the following conditions are
equivalent:

(i) K is local;

(ii) K is t-flasque.

The proof is essentially an adaptation of the proof of [CD09b, 5.1.26, 10.3.17], except that
the case of the étale topology needs a new argument. It will be completed as a corollary of
two lemmas, the first of which is a reinforcement of Lemma 1.2.6.

Lemma 3.1.6. Let p: X — X be a t-hypercover of a smooth scheme X. Then the induced
map:

Px t Ri(X) = Ry(X)
s a quasi-isomorphism of complexes of MW -t-sheaves.

Proof. In fact, we have to prove that the complex Rt(/\,’ ) is acyclic in positive degree and
that p, induces an isomorphism Ho (R, (X)) = Ry(X).? In particular, as these assertions only
concerns the n-th homology sheaf of R;(X), we can always assume that X' ~ cosk,(X) for a
large enough integer n (because these two simplicial objects have the same (n — 1)-skeleton).
In other words, we can assume that X" is a bounded ¢t-hypercover in the terminology of [DHI04,
Def. 4.10).

As a consequence of the existence of the injective model structure, the category D(Shy(k, R))
is naturally enriched over the derived category of R-modules. Let us denote by R Hom® the
corresponding Hom-object. We have only to prove that for any complex K of MW-t-sheaves,
the natural map:

p* : RHom®(Ry(X), K) — RHom®(R;(X), K)
is an isomorphism in the derived category of R-modules. Because there exists an injectively
fibrant resolution of any complex K, and R Hom® preserves quasi-isomorphisms, it is enough
to consider the case of an injectively fibrant complex K of MW-t-sheaves.

In this case, RHom®(—, K) = Hom®(—, K) (as any complex is cofibrant for the injective
model structure) and we are reduced to prove that the following complex of presheaves on
the smooth site:

X — Hom®(Ry(X), K)
satisfies t-descent with respect to bounded t-hypercovers i.e. sends bounded t-hypercovers
X /X to quasi-isomorphisms of complexes of R-modules. But Lemma 1.2.6 (and the fact that
K is injectively fibrant) tells us that this is the case when X is the ¢-hypercover associated
with a t-cover. So we conclude using [DHI04, A.6]. O

The second lemma for the proof of Theorem 3.1.5 is based on the previous one.

Lemma 3.1.7. Let us denote by C, K, D (respectively by C, K, D) the category of com-
plexes, complexes up to homotopy and derived category of the category Shy(k, R) (respectively

Shy(k, R)).

3Note that the second fact follows from Lemma 1.2.6 and the definition of t-hypercovers, but our proof
works more directly.
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Given a simplicial scheme X whose components are (possibly infinite) coproducts of smooth
k-schemes and a complex K of MW -t-sheaves, we consider the isomorphism of R-modules
obtained from the adjunction (7*,74):

ex, i« Homg (Ry(X), K) — Homc (Ry(X), 7:(K)).

Then there exist unique isomorphisms GIX,K and e’/{,’K of R-modules making the following
diagram commutative:

€x K

Homg (Ry(X), K) — = Homc (Ry(X), 7 (K))

b |

Homg (Ri(X), K) —> Homg (R (X), 7 (K))

/
FX,K\L lﬁX’K
6//

Homy (R (X), K) === Homp (Ry(X), 3u(K))
where the vertical morphisms are the natural localization maps.

Proof. The existence and unicity of e’X’ x simply follows from the fact ¥* and 7, are additive
functors, so in particular ey g is compatible with chain homotopy equivalences.

For the case of eg(’ x> we assume that the complex K is injectively fibrant. In this case, the
map 7y g is an isomorphism. This already implies the existence and unicity of the map €y .
Besides, according to the previous lemma and the fact that the map mx g is an isomorphfsm
natural in X', we obtain that K is ¢-flasque (in the sense of Paragraph 3.1.4). Because e'X7 K 18
an isomorphism natural in X', we deduce that 4.(K) is t-flasque. In view of Theorem 3.1.3,
it is ¢t-fibrant. As R;(X) is cofibrant for the ¢-descent model structure on C, we deduce that
71’/\,? x 1s an isomorphism. Therefore, e’/fn x 1s an isomorphism.

The case of a general complex K now follows from the existence of an injectively fibrant
resolution K — K’ of any complex of MW-t-sheaves K. O

proof of Theorem 3.1.5. The previous lemma shows that the following conditions on a com-
plex K of MW-t-sheaves are equivalent:

e K is local (resp. t-flasque) in C(gﬁt(k, R));

o 7. (K) is local (resp. t-flasque) in C(Sh¢(k, R)).
Then Theorem 3.1.5 follows from Theorem 3.1.3. U

Here is an important corollary (analogous to [VSF00, chap. 5, 3.1.8]) which is simply a
restatement of Lemma 3.1.7.

Corollary 3.1.8. Let K be a complex of MW -t-sheaves and X be a smooth scheme. Then
for any integer n € 7, there exists a canonical isomorphism, functorial in X and K:

HomD(ﬁt(k,R))(Rt(X)a Kln]) = H} (X, K)
where the right hand side stands for the t-hypercohomology of X with coefficients in the com-
plex 3. (K) (obtained after forgetting MW -transfers).

Recall that the category C(gﬂt(kz, R)) is symmetric monoidal, with tensor product induced

as usual from the tensor product on Sh;(k, R) (see Paragraph 1.2.14).
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Corollary 3.1.9. The category C(Shy(k, R)) has a proper cellular model structure (see [Hir03,
12.1.1 and 13.1.1]) with quasi-isomorphisms as weak equivalences and cofibrations as defined
in Paragraph 3.1.4. Moreover, the fibrations for this model structure are epimorphisms of
complexes whose kernel are t-flasque (or equivalently local) complexes of MW -t-sheaves. Fi-
nally, this is a symmetric monoidal model structure; in other words, the tensor products (resp.
internal Hom functor) admits a total left (resp. right) derived functor.

Proof. Each claim is a consequence of [CD09a, 2.5, 5.5 and 3.2], applied to the Grothendieck

abelian category Shy(k, R) with respect to the descent structure (G, H) (see [CD09a, Def. 2.2]
for the notion of descent structure) defined as follows:

e G is the class of MW-t-sheaves of the form R;(X) for smooth scheme X; )
e H is the (small) family of complexes which are cones of morphisms p, : Ry(X) —
R(X) for a t-hypercover p.

Indeed, G generates the category Shy(k, R) (see after Definition 1.2.13) and the condition to
be a descent structure is given by Theorem 3.1.5.

In the end, we can apply [CD09a, 3.2] to derive the tensor product as the tensor structure
is weakly flat (in the sense of [CD09a, §3.1]) due to the preceding definition and formula
(1.2.14.a). O

Remark 3.1.10. We can follow the procedure of [MVWO06, §8] to compute the tensor product
of two bounded above complexes of MW-t-sheaves. This follows from [CD09a, Proposition
3.2] and the fact that bounded above complexes of MW-t-sheaves whose components are
direct sums of representable sheaves are cofibrant.

Definition 3.1.11. The model structure on C(é\}/lt(k?, R)) of the above corollary is called the
t-descent model structure.

In particular, the category D(gﬂt(k, R)) is a triangulated symmetric closed monoidal cate-
gory.

3.1.12. We also deduce from the ¢t-descent model structure that the vertical adjunctions of
Corollary 1.2.15 induce Quillen adjunctions with respect to the ¢-descent model structure on
each category involved and so admit derived functors as follows:

LA* —~ ¥
D(Sh(k, R)) == D(Sh(k, R)) =——= D(Sh" (k, R))
Y o
(3.1.12.a) RO“G ROT a Ro“atr
LAz, —~ L,
D(She(k. R)) =— = D(She(k. ) == D(Shis (k. B))

where we have not indicated the topology in the notations when it is the Nisnevich topology,
denoted by (a, O) for the adjoint pair associated étale sheaf and forgetful functor and similarly
for MW-transfers and transfers. When the functors are exact, they are trivially derived and
so we have used the same notation than for their counterpart for sheaves.

Note that by definition, the left adjoints in this diagram are all monoidal functors and
sends the object represented by a smooth scheme X (say in degree 0) to the analogous object

(3.1.12.b) Ly* (Ri(X)) = Re(X), L (Ry(X)) = R™(X).
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3.2. The A'-derived category. We will now adapt the usual A'-homotopy machinery to
our context.

Definition 3.2.1. We define the category f)\l\//Igﬁ(k,R) of MW-motivic complexes for the

topology t as the localization of the triangulated category D(§lr/1t(k, R)) with respect to the
localizing triangulated subcategory® 7,1 generated by complexes of the form:

0= Ry(AY) B Ry(X) =0

where p is the projection of the affine line relative to an arbitrary smooth k-scheme X. As
usual, we define the MW-motive M(X) associated to a smooth scheme X as the complex
concentrated in degree 0 and equal to the representable MW-t-sheaf Rt(X ). Respecting our
previous conventions, we mean the Nisnevich topology when the topology is not indicated.

According to this definition, it is formal that b the localizing triangulated subcategory Ty is
stable under the derived tensor product of D(Sh(k, R)) (cf. Corollary 3.1.9). In particular,

it induces a triangulated monoidal structure on DM¢® (&, R).

3.2.2. As usual, we can apply the classical techniques of localization to our triangulated
categories and also to our underlying model structure. So a complex of MW-t-sheaf FE is
called A'-local if for any smooth scheme X and any integer i € Z, the induced map

Homy, g gy (Be(X), Eli]) = Homp g o (Re(Ak), E[i])

is an isomorphism. In view of Corollary 3.1.8, it amounts to ask that the t-cohomology of
7«(E) is Al-invariant, or in equivalent words, that E is strictly Al-local.

Applying Neeman’s localization theorem (see [NeeO1b, 9.1.19]), the category DM (k. R)
can be viewed as the full subcategory of D(Shy(k, R)) whose objects are the A'-local com-

plexes. Equivalently, the canonical functor D(Sh¢(k, R)) — 51\7[?&(14:, R) admits a fully faithful
right adjoint whose essential image consists in A'-local complexes. In particular, one deduces
formally the existence of an Al-localization functor Ly : D(Shy(k, R)) — D(Sh¢(k, R)).

Besides, we get the following proposition by applying the general left Bousfield localization
procedure for proper cellular model categories (see [Hir03, 4.1.1]). We say that a morphism
¢ of D(Shy(k, R)) is an weak A'-equivalence if for any A'-local object E, the induced map
Hom(¢, E) is an isomorphism.

Proposition 3.2.3. The category C(Sht(k, R)) has a symmetric monoidal model structure
with weak A'-equivalences as weak equivalences and cofibrations as defined in Paragraph 3.1.4.
This model structure is proper and cellular. Moreover, the fibrations for this model structure
are epimorphisms of complexes whose kernel are t-flasque and A'-local complezes.

The resulting model structure on C(Shy(k, R)) will be called the Al-local model structure.
The proof of the proposition follows formally from Corollary 3.1.9 by the usual localization
procedure of model categories, see [CD09a, §3] for details. Note that the tensor product of
two bounded above complexes can be computed as in the derived category.

“Recall that according to Neeman [NeeOlb, 3.2.6], localizing means stable by coproducts.

5Indeed recall the derived category of §f1t(k, R) is a well generated triangulated category according to
[NeeOla, Th. 0.2].
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3.2.4. As a consequence of the above discussion, the category ﬁl\J/Ifﬁ(k, R) is a triangulated
symmetric monoidal closed category. Besides, it is clear that the functors of Corollary (1.2.15)
induce Quillen adjunctions for the A!-local model structures. Equivalently, Diagram (3.1.12.a)
is compatible with Al-localization and induces adjunctions of triangulated categories:

~ % «

— Lnm
DSt (k, R) DM (k, R) =—= DMt (k, R)

(3.2.4.a) RONG LV Ro“a ) Rouat
Vét T

DT, (k, R) =—= DM (k, R) =——= DM (k, R).

Vet Tt

In this diagram, the left adjoints are all monoidal and send the different variant of motives
represented by a smooth scheme X to the analogous motive. In particular,

Lr*M(X) = M(X).

Also, the functors 44 and my, for ¢ = Nis, ét (or following our conventions, ¢ = &,ét) are
conservative. Note moreover that their analogues in diagram (3.1.12.a) preserve Al-local
objects and so commute with the Al-localization functor. Therefore one deduces from Morel’s
Al-connectivity theorem [Mor05] the following result.

Theorem 3.2.5. Assume k is a perfect field. Let E be a complex of MW -sheaves concentrated
in positive degrees. Then the complex Ly E is concentrated in positive degrees.

Indeed, to check this, one needs only to apply the functor 4, as it is conservative and so
we are reduced to Morel’s theorem [Mor05, 6.1.8].

Corollary 3.2.6. Under the assumption of the previous theorem, the triangulated category
DMeﬂ(k‘ R) admits a unique t-structure such that the functor 7, : Meﬁ(k: R)—D (Sh(k: R))
1s t-ezact.

Note that the truncation functor on ITI\//IeH(k,R) is obtained by applying to an A!-local
complex the usual truncation functor of D(Sh(k, R)) and then the Al-localization functor.

Definition 3.2.7. If k is a perfect field, the t-structure on ]S\I\J/Ieﬁ(k:, R) obtained in the previous
corollary will be called the homotopy t-structure.

Remark 3.2.8. Of course, the triangulated categories DM (k, R) and ng{(k:,R) are also
equipped with t-structures, called in each cases homotopy t-structures — in the first case, it
is due to Voevodsky and in the second to Morel.

It is clear from the definitions that the functors 4, and 7, in Diagram (3.2.4.a) are t-exact.

As in the case of Nisnevich sheaves with transfers, we can describe nicely Al-local objects
and the Al-localization functor due to the following theorem.

Theorem 3.2.9. Assume k is an infinite perfect field. Let F be an A'-invariant MW -
presheaf. Then, the associated MW -sheaf a(F) is strictly Al-invariant. Moreover, the Zariski
sheaf associated with F coincides with a(F') and the natural map

zar (X, a(F)) = Hyo (X, a(F))

s an isomorphism for any smooth scheme X.
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Proof. Recall that we have a functor (o/)* : PSh(k, R) — SPSh'*(k, R). In view of Theorem
2.2.2, the Nisnevich sheaf associated to the presheaf (o/)*(F) is strictly Al-invariant and
quasi-stable. It follows that a(F) is strictly Al-invariant by Corollary 1.2.15. Now, a strictly
Al-invariant sheaf admits a Rost-Schmid complex in the sense of [Mor12, §5] and the result
follows from [Mor12, Corollary 5.43]. O

Remark 3.2.10. It would be good to have a proof intrinsic to MW-motives of the above
theorem. This will be worked out in Hakon Andreas Kolderup’s thesis ([Koll7]).

As in the case of Voeovdsky’s theory of motivic complexes, this theorem has several im-
portant corollaries.

Corollary 3.2.11. Assume k is an infinite perfect field. Then, a compler E of MW -sheaves
is Al-local if and only if its homology (Nisnevich) sheaves are A'-invariant. The heart of the

homotopy t-structure (Def. 3.2.7) on ]5\1\7[63(16, R) consists of Al-invariant MW -sheaves.
The proof is classical. We recall it for the comfort of the reader.

Proof. Let K be an A'-local complex of MW-sheaves over k. Let us show that its homology
sheaves are Al-invariant. According to the existence of the A'-local model structure on
C(Shy(k, R)) (Proposition 3.2.3), there exist a Nisnevich fibrant and A'-local complex K’ and
a weak Al-equivalence:
K4 K,

As K and K’ are Al-local, the map ¢ is a quasi-isomorphism. In particular, we can replace
K by K'. In other words, we can assume K is Nisnevich fibrant thus local (Theorem 3.1.3).
Then we get:

H" (K (X)) ~ Homp, g ) oy (Ri(X), K[n])

according to the definition of local in Paragraph 3.1.4. This implies in particular that the
cohomology presheaves of K are Al-invariant. We conclude using Theorem 3.2.9.

Assume conversely that K is a complex of MW-sheaves whose homology sheaves are A'l-
invariant. Let us show that K is A'-local. According to Corollary 3.1.8, we need only to show
its Nisnevich hypercohomology is Al-invariant. Then we apply the Nisnevich hypercohomol-
ogy spectral sequence for any smooth scheme X:

By = Hige (X, Hyo (K) = Hiys (X, K.

As the cohomological dimension of the Nisnevich topology is bounded by the dimension of
X, the Es-term is concentrated in degree p € [0, dim(X)] and the spectral sequence converges
([SV00, Theorem 0.3]). It is moreover functorial in X. Therefore it is enough to show the
map induced by the projection

Hﬁlis (X7 Hqus(K)) - HpNis(A%(’ Hqus (K))
is an isomorphism to conclude. By assumption the sheaf H{; (K) is Al-invariant so Theorem
3.2.9 applies again.

As the functor 4, is t-exact by Corollary 3.2.6, the conclusion about the heart of ﬁl\/deﬁ(k, R)
follows. g

Corollary 3.2.12. Let K be an A'-local complex of MW -sheaves. Then we have
iZar<X7 K) = %\Tis(Xv K)

for any smooth scheme X and any i € Z.
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Proof. The proof uses the same principle as in the previous result. Let us first consider the
change of topology adjunction:
a* : Shyza (k, R) < Shyis(k, R) : o

where o is obtained using the functor “associated Nisnevich sheaf functor” and ay is just
the forgetful functor. This adjunction can be derived (using for example the injective model
structures) and induces:

a* : D(Shzar(k, R)) < D(Shyis(k, R)) : Ray
— note indeed that a* is exact. Coming back to the statement of the corollary, we have to
show that the adjunction map:
(3.2.12.a) s (K) = Raa™ (4(K))

is a quasi-isomorphism. Let us denote abusively by K the sheaf 4,(K). Note that this will
be harmless as 7. (H, (K)) = H{, (7.K). With this abuse of notation, one has canonical
identifications:

Homp shy, (k,7)) (Z¢(X), Rawo*(K)) = HY (X, K)
HomD(ShNis(k,R)) (Zt (X)v Roo* (Hqus(K))) = H]%ar (X7 Hqus (K))

Using now the tower of truncation of K for the standard t-structure on D(Shy(k, R)) — or
equivalently D(Shy(k, R)) — and the preceding identifications, one gets a spectral sequence:

Zarppd — {b (X, HY, (K)) = HE (X, K)

Zar Zar

and the morphism (3.2.12.a) induces a morphism of spectral sequence:
BP9 =HR. (X, 0 (K)) —Z"EY? =1 (X, HE, (K))

Zar
= HY (X, K) — HL (X, K).

Zar

The two spectral sequences converge (as the Zariski and cohomological dimension of X are
bounded). According to Theorem 3.2.9, the map on the Fs-term is an isomorphism so the
map on the abutment must be an isomorphism and this concludes. ]

3.2.13. Following Voevodsky, given a complex E of MW-sheaves, we define its associated
Suslin complex as the following complex of sheaves:5

C5™"9(E) := Hom (R, (A*), E)
where A* is the standard cosimplicial scheme.

Corollary 3.2.14. Assume k is an infinite perfect field.
Then for any complex E of MW -sheaves, there exists a canonical quasi-isomorphism:

Ly (E) ~ CSM9(E).
Proof. Indeed, according to Corollary 3.2.11, it is clear that C:™(E) is Al-local. Thus the
canonical map 4
c: E— CI(E)
induces a morphism of complexes:
Lyi(e) : Ly (B) = Ly (CM(B)) = CIM9(EB).

6Explicitly, this complex associates to a smooth scheme X the total complex (for coproducts) of the bicom-
plex E(A* x X).
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As A™ ~ A7, one checks easily that the map c is an Al-weak equivalence. Therefore the map
Lyi(c) is an Al-weak equivalence of Al-local complexes, thus a quasi-isomorphism. O

3.2.15. As usual, one defines the Tate object in ﬁdeﬂ(k, R) by the formula
R(1) := M(P) /M({oo})[-2] = M(Ag) /M (A} — {0})[~2] = M(Gy) /M({1})[~1].

Then one defines the effective MW-motivic cohomology of a smooth scheme X in degree
(n,i) € Z x N:" as

Hyiw (X, R) = Homgyea . o (R(X), R(0)[n])
where R(i) = R(1)%".
Corollary 3.2.16. Assume k is an infinite perfect field. The effective MW -motivic coho-

mology defined above coincides with the generalized motivic cohomology groups defined (for
R =7) in [CF14, Definition 6.6].

Proof. By Corollary 3.2.14, the Suslin complex of R(7) is Al-local. It follows then from Corol-
lary 3.2.12 that its Nisnevich hypercohomology and its Zariski hypercohomology coincide. We
conclude using [F?16, Corollary 4.0.4]. O

We now spend a few lines in order to compare ordinary motivic cohomology with MW-
motivic cohomology, following [CF14, Definition 6.8]. In this part, we suppose that R is flat
over Z. If X is a smooth scheme, recall from [CF14, Definition 5.15] that the presheaf with
MW-transfers I¢(X) defined by

E(X)(Y) = lim HY(X x Y, 1 wy)
fits in an exact sequence
0—Ie(X) = &(X) = Z"(X) =0
As ¢(X) is a sheaf in the Zariski topology, it follows that I¢(X) is also such a sheaf. We can
also consider the Zariski sheaf I¢g(X) defined by

r(X)(Y)=L(X)Y)®R.
Definition 3.2.17. We denote by IR;(X) the t-sheaf associated to the presheaf Iep(X).

In view of Proposition 1.2.11, I¢g(X) has MW-transfers. Moreover, sheafification being
exact and R being flat, we have an exact sequence

0 — IRy(X) = Ry(X) = R™(X) =0

of MW-t-sheaves (note the slight abuse of notation when we write R*(X) in place of 7! R (X)).
We deduce from [MVWO06, Lemma 2.13] an exact sequence

0 = IR {q} — Re{a} — Ri*{a} =0
for any g € N, where IR;{m} = IR;(G\™).
Definition 3.2.18. For any ¢ € N, we set IR;(¢) = IR, {q}[—¢] in ﬁdeﬂ(k, R) and
HP(X, R) = Hompyjen, gy (V(X), Lo () p)

for any smooth scheme X.

7Negative twists will be introduced in the next section.
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As Zariski cohomology and Nisnevich cohomology coincide by Corollary 3.2.12, these groups
coincide with the ones defined in [CF14, Definition 6.8] (when R = Z). We now construct a
long exact sequence

o= HPY(X, R) — HYL (X, R) — HPY(X, R) — HPTYI(X,R) — ...

for any smooth scheme X and any ¢ € N. The method we use was explained to us by Grigory
Garkusha, whom we warmly thank. . .

For a smooth scheme X, let B(X) be the quotient Ry(X)/IR:(X). This association defines
a presheaf B with MW-transfers, whose associated sheaf is R""{q}. Next, observe that Suslin’s
construction is exact on presheaves, and therefore we obtain an exact sequence of complexes
of MW-presheaves

0 — CI™(IR{q}) — CI™(R{q}) — CI™(B) = 0.
In particular, we obtain an exact sequence of complexes of R-modules
0 — CI"I(IR{q})(Z) — CI™(R{q})(Z) = CI™(B)(Z) — 0.
for any local scheme Z. Now, [FQ16, Corollary 4.0.4] shows that the morphism C5™(B)(Z) —

CE"M9(R™{q})(Z) is a quasi-isomorphism. Consequently, we obtain an exact triangle in the
derived category of MW-sheaves

CyMI(IR{q}) — C"9(R{q}) — CI™(R™{q}) — C™(1R{q})[1]
and the existence of the long exact sequence
o= HPY(X, R) — HYL (X, R) — HPY(X, R) — HPYYI(X,R) — ...
follows.

3.2.19. To end this section, we now discuss the effective geometric MW-motives, which are
built as in the classical case.

Definition 3.2.20. One defines the category f)\l\//[jfn(k, 7) of geometric effective motives over
the field k as the pseudo-abelianization of the Verdier localization of the homotopy category
K®(Cory) associated to the additive category Corj with respect to the thick triangulated
subcategory containing complexes of the form:

(1) ... = W] [V]eU] Jetde, [X] — ... for an elementary Nisnevich distinguished
square of smooth schemes:

K« —0x
LN

WiV
oy s
U— X,
j
(2) ... — [AL] 25 [X] — ... where p is the canonical projection and X is a smooth

scheme.
It is clear that the natural map K°(Cory) — D(§I/1(k:, Z)) induces a canonical functor:
_— off _
. : DM, (k, Z) — DM*().

As a consequence of [CD09a, Theorem 6.2] (see also Example 6.3 of op. cit.) and Theorem
3.2.9, we get the following result.
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Proposition 3.2.21. The functor ¢ is fully faithful and its essential image coincides with
each one of the following subcategories:
e the subcategory of compact objects of ﬁ/[eﬁ(k:);
e the smallest thick triangulated subcategory of ISF/IEH(k) which contains the motives
M(X) for a smooth scheme X.
Moreover, when k is an infinite perfect field, one can reduce in point (1) in the definition of

——eff
DMZm(k, 7Z) to consider those complexes associated to a Zariski open cover UUV of a smooth
scheme X.

Remark 3.2.22. Note that the previous proposition states in particular that the objects of
the form M(X) for a smooth scheme X are compact in ﬁdeﬁ(k, R). Therefore, they form
a family of compact generators of meﬁ(k, R) in the sense that ]5\1\7165(16, R) is equal to its
smallest triangulated category containing 1\7[(X ) for a smooth scheme X and stable under
coproducts.

3.3. The stable A'-derived category.

3.3.1. As usual in motivic homotopy theory, we now describe the P!-stabilization of the
category of MW-motivic complexes for the topology t (again, ¢t = Nis, ét).
Recall that the Tate twist in DMST(k, R) is defined by one of the following equivalent
formulas:
R(1) == M(P})/M({o0})[-2] = M(A})/M(A; — {0})[~2] = M(Gyn) /M({1})[-1].

In the construction of the P!-stable category as well as in the study of the homotopy t-
structure, it is useful to introduce a redundant notation of G,,-twist:

R{1} := M(G,n)/M({1})
so that R{1} = R(1)[1]. The advantage of this definition is that we can consider R{1} as a
MW-t-sheaf instead of a complex. For m > 1, we set R{m} = R{1}*™ and we observe that
R(m) = R{m}[-m].

Let us recall the general process of ®-inversion of the Tate twist in the context of model
categories, as described in our particular case in [CD09a, §7]. We define the category Sp,(k, R)
of (abelian) Tate MW-t-spectra as the additive category whose object are couples (Fi, €x)
where F, is a sequence of MW-t-sheaves such that 7, is equipped with an action of the
symmetric group &,, and, for any integer n > 0,

en t (Fn{l} = Fp ® R{1}) = Foia
is a morphism of MW-t-sheaves, called the suspension map, such that the iterated morphism
]:n{m} — fn+m
is 6, X G ,-equivariant for any n > 0 and m > 1. (see loc. cit. for more details). The
morphisms in Sp,(k, R) between couples (Fy, €x) and (Gx, 7x) are sequences of &,,-equivariant
morphisms f, : F,, — G, such that the following diagram of &,, X &,,-equivariant maps
]:n{m} e ]:ner
fn{m}l lfner

gn {m} —_— gner
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is commutative for any n > 0 and m > 1.
This is a Grothendieck abelian, closed symmetric monoidal category with tensor product
described in [CDO09a, §7.3, §7.4] (together with [ML98, Chapter VII, §4, Exercise 6]). Further,

we have a canonical adjunction of abelian categories:
(3.3.1.a) %> : Shy(k, R) < Sp,(k, R) :

such that ¥>°(F) = (F{n})n>0 with the obvious suspension maps and Q°°(F, €) = Fo.
Recall the Tate MW-t-spectrum 3°°(F) is called the infinite spectrum associated with F.
The functor £ is monoidal (cf. [CD09a, §7.8]).

One can define the A'-stable cohomology of a complex E = (E,, 0,) of Tate MW-t-spectra,
for any smooth scheme X and any couple (n,m) € Z%:

(3.3.1.b) " (X,E) =i (Hommeﬁ(h o (M) {r}, B [n]))

where the transition maps are induced by the suspension maps o, and M(X){r} = M(X) ®
R{r}.

Definition 3.3.2. We say that a morphism ¢ : E — F of complexes of Tate MW-t-spectra is
a stable A'-equivalence if for any smooth scheme X and any couple (n,m) € Z?2, the induced
map

(2 H:;;TAI (X7 E) - H:,;TAl (X7 F)

is an isomorphism.

One defines the category DMy(k, R) of MW -motivic spectra for the topology t as the lo-
calization of the triangulated category D(Sp,;(k, R)) with respect to stable Al-derived equiv-
alences.

3.3.3. As usual, we can describe the above category as the homotopy category of a suitable
model category.

First, recall that we can define the negative twist of an abelian Tate MW-t-spectrum F,
by the formula, for n > 0:

ZI&n] @z, Fm-n ifm>n.
0 otherwise.

(3.3.3.a) [(F){=n}m = {

with the obvious suspension maps. Note for future references that one has according to this
definition and that of the tensor product:

(3.3.3.b) F{—n} = F. @ (B°R){—n}.

We then define the class of cofibrations in C(gf)t(k, R)) as the smallest class of morphisms
of complexes closed under suspensions, negative twists, pushouts, tragﬁnite compositions
and retracts generated by the infinite suspensions of cofibrations in C(Sh¢(k, R)).

Applying [CD09a, Prop. 7.13], we get:

Proposition 3.3.4. The category C(é?)t(k,R)) of complexes of Tate MW -t-spectra has a
symmetric monoidal model structure with stable A'-equivalences as weak equivalences and
cofibrations as defined above. This model structure is proper and cellular.

Moreover, the fibrations for this model structure are epimorphisms of complexes whose
kernel is a complex E such that:

o for anyn >0, E, is a t-flasque and A'-local complex;
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e for any n > 0, the map obtained by adjunction from the obvious suspension map:
En1 — RHom(R{1},E,)
18 an isomorphism.
Therefore, the homotopy category li\//[t(k, R) is a triangulated symmetric monoidal cate-

gory with internal Hom. The adjoint pair (3.3.1.a) can be derived and induces an adjunction
of triangulated categories:

x> : DM (k, R) < DMy (k, R) : Q.
As a left derived functor of a monoidal functor, the functor X°° is monoidal. Slightly abusing

notation, we still denote by M(X) the MW-motivic spectrum % (M(X)).

3.3.5. By construction, the MW-motivic spectrum R{l}, and thus R(l) is ®-invertible in
DM, (k, R) (see [CD09a, Prop. 7.14]). Moreover, using formulas (3.3.3.a) and (3.3.3.b), one
obtains a canonical map in Sp,(k, R):

¢ : S°R{1} ® (E°R){-1}) — (Z°R{1}){-1} - R.
The following proposition justifies the definition of Paragraph 3.3.3 of negative twists.

Proposition 3.3.6. The map ¢ is a stable A'-equivalence. The MW -motive (X°R){—1} is
the tensor inverse of R{l} For any MW -t-spectra E, the map obtained by adjunction from
E® ¢:

E{-1} — RHom(R{1}, )
is a stable A'-equivalence.

Proof. The first assertion follows from a direct computation using the definition of stable
Al-equivalences via the Al-stable cohomology (3.3.1.b). The other assertions are formal
consequences of the first one. O

As in the effective case, we derive from the functors of Corollary 1.2.15 Quillen adjunc-
tions for the stable A'-local model structures and consequently adjunctions of triangulated
categories:

LA*
D, (k, R) DM (k, R) M(k, R)
Y T
(336&) RO /H ,H/ RO Ti at”
L:y* Lﬂ"f<
Dyt ¢ (k, R) == DM, (k, R) =—= DMy (k, R)
'Yet* Tét*

where each left adjoints is monoidal and sends a motive of a smooth scheme to the corre-
sponding motive.
Formally, one can compute morphisms of MW-motivic spectra as follows.

Proposition 3.3.7. For any smooth scheme X, any pair of integers (n,m) € Z? and any
MW -motivic spectrum E, one has a canonical functorial isomorphism:

X), E(n)[m]) ~ HE™, (X, E)

Hom Sl Al

M(k, R)( (
=tim o (Hom g iy (MO () e [1]))
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Proof. This follows from [Ayo07, 4.3.61 and 4.3.79] which can be applied because of Remark

3.2.22 and the fact the cyclic permutation of order 3 acts on R{3} as the identity in ﬁ\f&eﬁ(k, R)
(the proof of this fact is postponed until Corollary 4.1.5). O

In fact, as in the case of motivic complexes, one gets a better result if we assume the base
field & is infinite perfect. This is due to the following analogue of Voevodsky’s cancellation
theorem [Voel0], which is proved in [FQ16].

Theorem 3.3.8. Let k be a perfect infinite field. Then for any compleres K and L of MW -
sheaves, the morphism

H (K, L) = Homggaa, g (K(1), L(1),

O Iefi(k, R) DMef(k, R

obtained by tensoring with the Tate twist, is an isomorphism.
We then formally deduce the following corollary from this result.
Corollary 3.3.9. If k is an infinite perfect field, the functor
%> : DMk, R) — DM(k, R)
18 fully faithful.

4. MW-MOTIVIC COHOMOLOGY

4.1. MW-motivic cohomology as Ext-groups. Given our construction of the triangulated
category DM(k, R), we can now define, in the style of Beilinson, a generalization of motivic
cohomology as follows.

Definition 4.1.1. We define the MW -motivic cohomology of a smooth scheme X in degree
(n,i) € Z? and coefficients in R as:

Hyjw (X, R) = Hompy; . o (M(X), R(i)[n]).

As usual, we deduce a cup-product on MW-motivic cohomology. We define its étale vari-
ant by taking morphisms in DM (k, R). Then we derive from the preceding (essentially)
commutative diagram the following morphisms of cohomology theories, all compatible with
products and pullbacks:

(4.1.1.a) HY (X, R) — Hyjw (X, R) —= H}{ (X, R)

| ! i

Hy! (X, R) — Hijyy (X, R) — H}'(X, R).

Al ét

where Hy1 (X, R) and Hy1 4 (X, R) are respectively Morel’s stable A'-derived cohomology and

its étale version while H} (X, R) and H}*(X, R) are respectively the motivic cohomology and
the Lichtenbaum motivic cohomology (also called étale motivic cohomology).

Gathering all the informations we have obtained in the previous section on MW-motivic
complexes, we get the following computation.

Proposition 4.1.2. Assume that k is an infinite perfect field. For any smooth scheme X
and any couple of integers (n,m) € Z*, the MW -motivic cohomology Hyiw (X, Z) defined
previously coincides with the generalized motivic cohomology defined in [CF14].
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More explicitly,
Hy, (X, Z(m)) if m >0,
H?/i%(‘xv Z) = H%ar(X7 Kl(;/lw) if m =0,
H, ™(X, W) ifm<0
where Kg/lw (resp. W ) is the unramified sheaf associated with Milnor- Witt K-theory in degree
0 (resp. unramified Witt sheaf) — see [Mor12, §3].

Proof. The cases m > 0 and m = 0 are clear from the previous corollary and Corollary 3.2.16.
Consider the case m < 0. Then we can use the following computation:

(k,R) (M(X),Z{m}[n — m))
= Homgyy ) (M(X) ® Z{—m}, Z[n — m])

= Hom]:’)\l\//leff(hR) (M<X)7 RM(Z{_m}a Z) [n - m])

Hﬁi% (X,Z) = Homgy;

where the last identification follows from the preceding corollary and the usual adjunction.
As the MW-motivic complex Z{—m} is cofibrant and the motivic complex Z = K} is
Nisnevich-local and Al-invariant (cf. [CF14, Ex. 4.4] and [Fas08, Cor. 11.3.3]), we get:

Rm(z{_m}a 2) = @(z{—m}, z)

and this last sheaf is isomorphic to W according to [CF14, Lemma 5.23]. So the assertion
now follows from Corollaries 3.2.11 and 3.1.8. t

4.1.3. We next prove a commutativity result for MW-motivic cohomology. First, note that
the sheaf R{1} = R(G,, )/R({1}) is a direct factor of R(G,, ) and that the permutation

map
0: R(Gyp) ® R(Gpp) = R(Gp) ® R(Gpy )

given by the morphism of schemes G, 1 X Gy, = Gy i X Gy defined by (z,y) — (y, )
induces a map

o: R{1} ® R{1} — R{1} ® R{1}.

On the other hand, recall from Remark 1.1.3 (5), that Cory, is K)W (k)-linear. In particular,
the class of e = —(—1) € K§™ (k) (and its corresponding element in KW (k) ®7 R that we
still denote by ¢€) yields a MW-correspondence

e=c-Id: R(Gmi) ® R(Gmp) = R(Gpp) @ R(Gpup)
that also induces a MW-correspondence
e: R{1} ® R{1} — R{1} ® R{1}.
We can now state the following lemma ([F©?16, Lemma 3.0.6]).
Lemma 4.1.4. The MW -correspondences o and € are A'-homotopic.

As an obvious corollary, we obtain the following result.

Corollary 4.1.5. For any i,j € Z, the switch R(i) ® R(j) — R(j) ® R(i) is A'-homotopic
to (1)),
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Proof. By definition, we have Rgz) = J?{Z}[—’L] and R(Lj) := R{j}[—j]. We know from the
previous lemma that the switch R{i}® R{j} — R{j}® R{i} is homotopic to (¢)¥. The result
now follows from the compatibility isomorphisms for tensor triangulated categories (see e.g.

[MVWO06, Exercise 8A.2]) and the fact that (—1)¥(e)¥ = ((—1)¥). O
Theorem 4.1.6. Let i,j € Z be integers. For any smooth scheme X, the pairing

Hyjw (X, R) @ Hifly (X, R) — B (X, R)
is (—1)P4((—1)4)-commutative.
Proof. The proof of [MVWO06, Theorem 15.9] applies mutatis mutandis. O
4.2. Comparison with Chow-Witt groups.

4.2.1. The naive Milnor-Witt presheaf. . Let S be a ring and let S* be the group of units
in S. We define the naive Milnor-Witt presheaf of S as in the case of fields by considering
the free Z-graded algebra A(S) generated by the symbols [a] with a € S* in degree 1 and a
symbol 7 in degree —1 subject to the usual relations:

(1) [ab] = [a] + [b] + n[a][b] for any a,b € S*.

(2) [a][l —a] =0 for any a € S* \ {1}.

(3) nla] = [a]n for any a € S*

(4) n(n[=1]+2) = 0.

This definition is clearly functorial in S and it follows that we obtain a presheaf of Z-graded

algebras on the category of smooth schemes via

X — KMY(0(Xx)).
We denote by KMW. the associated Nisnevich sheaf of graded Z-algebras and observe that

* naive
this definition naturally extends to essentially smooth k-schemes. Our next aim is to show
that this naive definition in fact coincides with the definition of the unramified Milnor-Witt
K-theory sheaf given in [Morl2, §3] (see also [CF14, §1]). Indeed, let X be a smooth in-
tegral scheme. The ring homomorphism O(X) — k(X) induces a ring homomorphism
KMV(O(X)) — KMV (k(X)) and it is straightforward to check that elements in the im-
age are unramified, i.e. that the previous homomorphism induces a ring homomorphism
KMV(O(X)) — KMV(X). By the universal property of the associated sheaf, we obtain a
morphism of sheaves
KM — KMV,

If X is an essentially smooth local k-scheme, it follows from [GSZ16, Theorem 6.3] that the
map Kmive(X ) — KMW(X) is an isomorphism, showing that the above morphism is indeed
an isomorphism.

4.2.1. A comparison map. Let now X be a smooth connected scheme and let a € O(X)*
be an invertible global section. It corresponds to a morphism X — G,,; and in turn to an

element in (T&k(X , Gy k) yielding a map

52 O(X)* = Hompgun, (M (X), Z{1}) = Hyjy (X, Z).

/—\_/O —_—
Consider next the correspondence n[t] € CH (X X G, ) = Corg(X X Gy, k, Speck) and
observe that it restricts trivially when composed with the map X — X x G, given by
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x +— (z,1). It follows that we obtain an element
( ) € Homgy; Meﬁ(k)(M(X) ® Z{l}a Z) HomDM(k R)( / (X)7Z{_1}) = Hl:/[l\;v_l(X7Z)

Using the product structure of the cohomology ring, we finally obtain a (graded, functorial
in X) ring homomorphism

s AO(X)) = P Hyw (X, 2),
nez

where A(O(X)) is the free Z-graded (unital, associative) algebra generated in degree 1 by the
elements s(a) and in degree —1 by s(n).

Theorem 4.2.2. Let X be a smooth scheme. Then, the graded ring homomorphism
s: A(O(X)) - @ Hyjy (X, Z)
nez
induces a graded ring homomorphism
s : KiW(0(X)) — P HY (X, Z)
nez
which is functorial in X.

Proof. We have to check that the four relations defining Milnor-Witt K-theory hold in the
graded ring on the right-hand side. First, note that Theorem 4.1.6 yields es(n)s(a) = s(a)s(n)
and the third relation follows from the fact that es(n) = s(n) by construction. Observe next
that s(n)s(—1)+1 = (—1) by [FO16, Lemma 6.0.1] and it follows easily that s(n)(s(n)s(—1)+
2) = 0. Next, consider the multiplication map

m: Gm,k X Gmk — ijk
and the respective projections on the j-th factor
bj: Gmk X Gmk H(Gmk

for j = 1,2. They all define correspondences that we still denote by the same symbols and it
is straightforward to check that m — p; — py defines a morphism Z{1} ®Z{1} — Z{1} in Cory.
It follows from [F(16, Lemma 6.0.2] that this correspondence corresponds to s(n) through
the isomorphism

Hom (2{1} 7) — Hom gy, (Z{1} ® Z{1},Z{1})

given by the cancellation theorem. As a corollary, we see that the defining relation (1)
of Milnor-Witt K-theory is satisfied in @, 5, Hyjw(X,Z). Indeed, if a,b € O(X)*, then
s(a)s(b) is represented by the morphism X — G, x Gy, corresponding to (a,b). Applying
m — p1 — p2 to this correspondence, we get s(ab) — s(a) — s(b) which is s(n)s(a)s(b) by the
above discussion.

To check that the Steinberg relation holds in the right-hand side, we first consider the
morphism

DMeE

AT\ {0,1} — AT\ {0} x AT\ {0}
defined by a — (a,1 — a). Composing with the correspondence M(A!\ {0} x A\ {0}) —
M ((Gy1)"?), We obtain a morphism

M(A'\{0,1}) = M((Gp)"?).
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We can perform the same computation in sz'{(k) where this morphism is trivial by [HKO01]
and we conclude that it is also trivial in DM®f(k) by applying the functor L7*. g

For any p,q € Z, we denote by H’K/’f{;v the (Nisnevich) sheaf associated to the presheaf
X — HYE,(X,Z). The homomorphism of the previous theorem induces a morphism on
induced sheaves and we have the following result.

Theorem 4.2.3. The homomorphism of sheaves of graded rings
s : KW — (HHYY
nez
is an isomorphism.

Proof. Let L/k be a finitely generated field extension. Then, it follows from [CF14, Theorem

6.19] that the homomorphism sz, is an isomorphism. Now, the presheaf on Corj given by
X = @, Hyy'(X,Z) is homotopy invariant by definition. It follows from Theorem 2.2.2
that the associated sheaf is strictly Al-invariant. Now, KMW is also strictly A'-invariant and
it follows from [Morl2, Definition 2.1, Remark 2.3, Theorem 2.11] that s is an isomorphism

if and only if s, is an isomorphism for any finitely generated field extension L/k. (|

Theorem 4.2.4. For any smooth scheme X and any integers p,n € Z, the hypercohomology
spectral sequence induces isomorphisms
) — MW
Hf/[nW(X,Z) - H "X, K, )
provided p > 2n — 1.

Proof. In view of Proposition 4.1.2, we may suppose that n > 0. For any g € Z, we denote by
HY,\ the Nisnevich sheaf associated to the presheaf X — Hi (X, Z) and observe that they

coincide with the cohomology sheaves of the complexes Z(n) Now, the latter are concentrated
in cohomological levels < n and it follows that Hi;y, = 0 if ¢ > n. On the other hand,
the sheaves Hl'fﬂ;v are strictly Al-invariant, and as such admit a Gersten complex whose
components in degree m are of the form

D Hiw)-p(k(x), AP (g /m3)*)
zeX (@)

by [Mor12, §5]. By the cancellation theorem 3.3.8, we have a canonical isomorphism of sheaves
HY "7 ~ (Hiy)—p and it follows that the terms in the Gersten resolution are of the form

D ELE" ) (k) A (e /md)").
zeX ()
If p > n, then Z(n — p) ~ KXW [p — n] and it follows that H{ %" " is the sheaf associated to
the presheaf X — HI7"(X, Kﬂ), which is trivial if ¢ # n. Altogether, we see that

0 if ¢ >n.

HP (X, H{ W) =
( Mw) {0 if p>nand q #n.

We now consider the hypercohomology spectral sequence for the complex Z(n) ([SV00, The-
orem 0.3]) EY? := HP(X,H]},) = HPT?"(X,Z) which is strongly convergent. Our
computations of the sheaves H{[\;, immediately imply that HP~"(X, Hy;,) = Hypw (X, Z) if
p > 2n — 1. We conclude using Theorem 4.2.3. O
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Remark 4.2.5. The isomorphisms HYjt (X, Z) — HP~"(X, KMW) are functorial in X. Indeed,
the result comes from the analysis of the hypercohomology spectral sequence for the complexes
Z(n), which is functorial in X.

Setting p = 2n in the previous theorem, and using the fact that H"(X, KMW) = Gﬁn(X )
by definition (for n € N), we get the following corollary.

Corollary 4.2.6. For any smooth scheme X and any n € N, the hypercohomology spectral
sequence induces isomorphisms

H2M(X,7Z) — CH' (X).

Remark 4.2.7. Both Theorems 4.2.4 and Corollary 4.2.6 are still valid if one considers coho-
mology with support on a closed subset Y C X, i.e. the hypercohomology spectral sequence
(taken with support) yields an isomorphism

Hifw v (X, 2) = Hy (X KGMY)

provided p > 2n — 1.
Let now E be a rank r vector bundle over X, s : X — E be the zero section and E° =
E\ s(X). The Thom space of E is the object of DM(k,Z) defined by

Th(E) = Y°M(Z(E)/Z(E")).
It follows from Corollary 3.1.8 and [AF16, Proposition 3.13] that (for n € N)

Homgy 2 (Th(E), Z(n)[2n]) ~ Homgigeay, p (M(Z(E)/Z(E)), Z(n)[2n]) ~ By (B, 7).

Using the above result, we get Homﬁl\v/[(k Z)(Th(E),Z(n) [2n]) ~ 617132 (E). Using finally the

Thom isomorphism ([Mor12, Corollary 5.30] or [Fas08, Remarque 10.4.8])
CH" (X, det(E)) ~ CHy (L),
we obtain an isomorphism

Homyyy 2 (Th(E), Z(n)[2n]) ~ CH" (X, det(E))

which is functorial (for schemes over X).

Remark 4.2.8. The isomorphisms of Corollary 4.2.6 induce a ring homomorphism
2n,n ~rrt
P Hiw(X.Z) - @HCH (X).
ne N neN

This follows readily from the fact that the isomorphism of Theorem 4.2.3 is an isomorphism
of graded rings.

5. RELATIONS WITH ORDINARY MOTIVES

Our aim in this section is to show that both the categories ]5\1\//[8H(k, R) and 15\1\//[(k, R) split
into two factors when 2 € R*, one of the factors being the corresponding category of ordinary
motives. We assume that R = Z[1/2], the general case being obtained from this one. To start
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with, let X be a smooth k-scheme and let £ be a line bundle over X. On the small Nisnevich
site of X, we have a Cartesian square of sheaves of graded abelian groups ([CF14, §1])

KXW(L) —T"(L)

I

where T'(£) is the sheaf associated to the presheaf I*(£)/I*t1(£). Observe that T (£) is in
fact independent of £ ([Fas08, Lemme E.1.2]), and we will routinely denote it by I~ below.
Next, observe that (1,1)T*(Y) € I**1(Y) for any smooth scheme Y, and it follows that I" is
a 2-torsion sheaf. Inverting 2, we then obtain an isomorphism

(5.0.0.2) KMV (£)[1/2] ~ T (£)[1/2] x KM[1/2).

This decomposition can be more concretely seen as follows. In K™ (X)[1/2] (no line bundle
here), we may write

1=1+(-1))/2+ (1 —(-1))/2.
We observe that both e := (1 + (—1))/2 and 1 —e = (1 — (—1))/2 are idempotent, and thus
decompose KY™W(X)[1/2] as
Ko™ (X)[1/2) =~ Kg™(X)[1/2] /e @ KG™ (X)[1/2)/(1 — ).

Now, K}W(X)[1/2]/e = W(X)[1/2] (as 2¢ = 2 + n[—
(together with o = 2 modulo (1 — e)) imply K§™W (X
KMW(£)[1/2] is a sheaf of KMW-algebra, we find

KXW (0)[1/2] ~ KEW(L)[1/2)/e & KI™(L)[1/2]/(1 — ¢)

| := h), while the relation nh = 0

1
)1/2]/(1 —e) = K§'(X) = Z. As

and
KMV (£)[1/2]/e = KIV(£)[1/2]/h = K (£)[1/2]
where KW (L) is the Witt K-theory sheaf discussed in [Mor04] and
KXW (L)[1/2]/(1 - e) = KJ'[1/2].

This splitting has very concrete consequences on the relevant categories of motives. To explain
them in their proper context, recall first from [CF14, Remark 5.16] that one can introduce
the category of finite W-correspondences as follows.

For smooth (connected) schemes X and Y, let WCory(X,Y') be the abelian group

WCor,(X,Y) : HY (X x Y, W, wy)

- @TGA(X,Y)

where A(X,Y) is the poset of admissible subsets of X x Y ([CF14, Definition 4.1]), dy is
the dimension of Y and wy is the pull-back along the second projection of the canonical
module on Y. We let WCorj, be the category whose objects are smooth schemes and whose
morphisms are given by the above formula. The results of [CF14] apply mutatis mutandis,
showing in particular that WCory is an additive category endowed with a tensor product.
Moreover the results of the present paper also apply, allowing to use the main theorems in
this new framework. In particular, we can build the category of effective W-motives along
the same lines as those used above, and its stable version as well.
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Definition 5.0.1. For any ring R, we denote by WDM®(k, R) the category of effective W-
motives, i.e. the full subcategory of Al-local objects of the derived category of W-sheaves.
We denote by WDM(k, R) the category obtained from the previous one by inverting the Tate
object.

The relations with the categories previously built can be described as follows. Observe that
by definition we have

WCor(X,Y) :=limy 1 HY (X x Y, W, wy) HY (X x Y, 14 wy)

=M, xy)
for any smooth schemes X and Y. The morphism of sheaves K}X/W((,Uy) — I% (wy) thus
yields a well defined functor

ﬁ : (fj:)/rk — WCOl“k

This functor in turn induces a functor 8, between the categories of presheaves and sheaves
(in either the Nisnevich or the étal topologies), yielding finally (exact) functors fitting in the
commutative diagram

WDM(k, R) — > DM*(£, R)

e lZ”

WDM(k, R) DM(k, R)

*

where the vertical functors are stabilization functors (which are fully faithful). Note that
both functors f, admit monoidal left adjoints L5* preserving representable objects.

Theorem 5.0.2. Suppose that 2 € R*. We then have equivalences of categories
(B.,m) : WDM(k, R) x DM (k, R) — DM°f(k, R)
and
(B.,m:) : WDM(k, R) x DM(k, R) — DM(k, R).
Proof. The functors 5 and 7 are constructed using the isomorphism of sheaves (5.0.0.a)
KXW(L)[1/2] = T (0)[1/2] x K}'[1/2]

together with the first and second projection. We can construct functors in the other direction
by using the inclusion into the relevant factor and then the inverse of the above isomorphism.
The result is then clear. O

Remark 5.0.3. Still under the assumption that 2 € R*, the above splitting induces isomor-
phisms

HYy (X, R) ~ HY (X, R) x HPY(X, R)
functorial in X. Here, H{;{,q (X, R) is the W-motivic cohomology defined in the category

WDM(k, R). Moreover, this isomorphism is compatible with pull-backs, push-forwards and
products.
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