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Cycle premodules in a nutshell

Definition

M is a cycle premodule over B if for all fields F over B, M(F ) is an

abelian group with a Z-grading (M(F ) =
⊕
n∈Z

Mn(F )) with :

D1 for all B-field extensions ϕ : F → E we have a restriction morphism
ϕ∗ : M(F )→ M(E ) of degree 0, also denoted rE/F ;

D2 for all finite B-field extension ϕ : F → E we have a corestriction
morphism ϕ∗ : M(E )→ M(F ) of degree 0, also denoted cE/F ;

D3 for all field F over B, the abelian group M(F ) is a left K∗F -module
such that the product respects the gradings
(KnF •Mm(F ) ⊂ Mn+m(F ));

D4 for all valuation v : F ∗ → Z over B, we have a residue morphism
∂v : M(F )→ M(κ(v)) of degree −1
satisfying some rules.
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Cycle premodules in a nutshell

Definition

If M is a cycle premodule over B and π is a prime of v (i.e. m = (π)), we
have a specialization morphism of degree 0

sπv :

{
M(F ) → M(κ(v))
ρ 7→ ∂v ({−π} • ρ)

(this uses D3 and D4).
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Cycle premodules in a nutshell

If F is a field over Spec(k) then M(F ) =
⊕
n∈N

Hn
dR(F/k) (it is a Z-grading

with terms zero in negative degree).

D1) If ϕ : F → E is a k-field extension then we define ϕ∗ : M(F )→ M(E )
by : (ϕ∗)

n
n : Hn

dR(F/k)→ Hn
dR(E/k) is the morphism deduced from the

morphism Ωn
F/k → Ωn

E/k which verifies

f0d0(f1) ∧ · · · ∧ d0(fn) 7→ ϕ(f0)d0(ϕ(f1)) ∧ · · · ∧ d0(ϕ(fn)).

D2) Let ϕ : F → E be a finite k-field extension of (finite) Galois closure E
(we have ψ : E → E and ψ ◦ϕ : F → E is Galois). Denote G = Gal(E/F ).

We have a group action of G on Hn
dR(E/k) and for all n ∈ N,

Hn
dR(E/k)G ' Hn

dR(F/k) (canonically).

We define Tr(ω) =
∑
σ∈G

σ • ω and ϕ∗ = Tr ◦ ψ∗ (via the isomorphism).
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Cycle premodules in a nutshell

D3) If F is a k-field and f ′1 , . . . , f
′
l ∈ F ∗, define an additive morphism

{f ′1 , . . . , f ′l }• by {f ′1 , . . . , f ′l } • (f0d0(f1) ∧ · · · ∧ d0(fn)) =

f0f
′−1

1 . . . f
′−1
l d0(f ′1) ∧ · · · ∧ d0(f ′l ) ∧ d0(f1) ∧ · · · ∧ d0(fn).

D4) Note that if κ(v) ' k then (∂v )1
0 : H1

dR(F/k)→ H0
dR(κ(v)/k) is

induced by

∂ :


⊕
f ∈F

Fdf → κ(v)∑
i∈I

fidgi 7→
∑

i∈I ,k∈Z
ai ,−k kbi ,k

(with fi =
∑
n≥ni

ai ,nπ
n and

gi =
∑
n≥mi

bi ,nπ
n in Frac(Ôv ) ' κ(v)((X )), with π a prime of v , i.e. the

sum of the residues of fig
′
i ).

For the general case, we define Hn
dR(X ) = Hn

Zar (X ,Ω∗X/k) and

Hn
dR(X ,Z ) = Hn

Z ,Zar (X ,Ω∗X/k).
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Cycle premodules in a nutshell

We have the de Rham localization sequence :

0 // H0
dR(X ,Z ) // H0

dR(X ) // H0
Zar (X \ Z ,Ω∗X/k)

d0 // H1
dR(X ,Z )

· · · → Hn
dR(X ,Z ) // Hn

dR(X ) // Hn
Zar (X \ Z ,Ω∗X/k)

dn // Hn+1
dR (X ,Z )

We define (∂v )nn−1 to be dn via the isomorphisms

Hn
Zar (X \ Z ,Ω∗X/k) ' Hn

dR(F ) and Hn+1
dR (X ,Z ) ' Hn−1

dR (Z ) ' Hn−1
dR (κ(v))

(thanks to a purity result and the facts that OX ,Z = Ov and κ(Z ) = κ(v)

(since Z = {x}, OX ,x = Ov and F = Frac(Ov ))).
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Cycle premodules in a nutshell

The first set of rules is the following :

R1a) Whenever defined, (ψ ◦ ϕ)∗ = ψ∗ ◦ ϕ∗;
R1b) Whenever defined, (ψ ◦ ϕ)∗ = ϕ∗ ◦ ψ∗;
R1c) If ψ : F → L is a B-field extension and ϕ : F → E is a finite B-field
extension, R = L⊗F E , then
ψ∗ ◦ ϕ∗ =

∑
p∈Spec(R)

length(Rp) • (ϕp)∗ ◦ (ψp)∗ with ϕp : L→ R/p and

ψp : E → R/p the canonical morphisms (ϕp is finite since ϕ is)

Note that R1c) implies R2e) If ϕ : E → F is a finite and totally
inseparable B-field extension then ϕ∗ ◦ ϕ∗ = deg(ϕ) • Id.
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Cycle premodules in a nutshell

The second set of rules is the following :

R2a) Whenever defined, ϕ∗(x • ρ) = ϕ∗(x) • ϕ∗(ρ);
R2b) Whenever defined, ϕ∗(ϕ∗(x) • µ) = x • ϕ∗(µ);
R2c) Whenever defined, ϕ∗(y • ϕ∗(ρ)) = ϕ∗(y) • ρ

Note that in the expressions ϕ∗(x) and ϕ∗(y), the morphisms are the ones
from Milnor K -theory (for instance, ϕ∗ is the identity of Z or the
morphism induced by ϕ).

Note that R2c) implies R2d) If ϕ : E → F is a finite B-field extension then
ϕ∗ ◦ ϕ∗ = deg(ϕ) • Id.
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Cycle premodules in a nutshell

The third set of rules is the following :

R3a) If v : F ∗ → Z is a valuation over B and ϕ : E → F is a B-field
extension such that w = v ◦ ϕ is a valuation over B then, denoting
ϕ : κ(w)→ κ(v) the morphism induced by ϕ, we have
∂v ◦ ϕ∗ = |v(F )/w(E )| • ϕ∗ ◦ ∂w ;
R3b) If v : F ∗ → Z is a valuation over B and ϕ : F → E is a finite B-field
extension, denoting ϕw : κ(v)→ κ(w) the morphism induced by ϕ, we

have ∂v ◦ ϕ∗ =
∑
w

ϕ∗w ◦ ∂w ;

R3c) If v : F ∗ → Z is a valuation over B and ϕ : E → F is a B-field
extension such that v ◦ ϕ = 0 then ∂v ◦ ϕ∗ = 0;
R3d) If v : F ∗ → Z is a valuation over B and ϕ : E → F is a B-field
extension such that v ◦ ϕ = 0, and if π is a prime of v , then, denoting
ϕ : E → κ(v) the morphism induced by ϕ, we have sπv ◦ ϕ∗ = ϕ∗;
R3e) If v : F ∗ → Z is a valuation over B, u ∈ Ov is a unit, of class
u ∈ κ(v), and ρ ∈ M(F ), then ∂v ({u} • ρ) = −{u} • ∂v (ρ).
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Cycle premodules in a nutshell

Note that R3e) implies R3f) If v : F ∗ → Z is a valuation over B, π is a
prime of v , x ∈ KnF , and ρ ∈ M(F ), then
∂v (x • ρ) = ∂v (x) • sπv (ρ) + (−1)nsπv (x) • ∂v (ρ) + {−1}∂v (x) • ∂v (ρ) and
sπv (x • ρ) = sπv (x) • sπv (ρ).
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Cycle premodules in a nutshell

Definition

A morphism ω : M → M ′ of cycle premodules over B of even type
(respectively of odd type) is given by morphisms ωF : M(F )→ M ′(F ) of
degree 0 which are even : ωF (−x) = ωF (x) (respectively odd :
ωF (−x) = −ωF (x)) and satisfy :
ϕ∗ ◦ ωF = ωE ◦ ϕ∗;
ϕ∗ ◦ ωE = ωF ◦ ϕ∗;
{a} • ωF (ρ) = ωF ({a} • ρ) which implies
{a1, . . . , an} • ωF (ρ) = ωF ({a1, . . . , an} • ρ) (respectively
{a} • ωF (ρ) = −ωF ({a} • ρ) which implies
{a1, . . . , an} • ωF (ρ) = (−1)nωF ({a1, . . . , an} • ρ));
∂v ◦ ωF = ωκ(v) ◦ ∂v (respectively ∂v ◦ ωF = −ωκ(v) ◦ ∂v ).
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Cycle modules
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Cycle modules

From now on, if X is an irreducible scheme, we denote by ξX its generic
point.

If X is a normal and irreducible scheme then for each x ∈ X (1)

Ov := OX ,x is a discrete valuation ring, and we denote by ∂x the residue
morphism ∂v : M(κ(ξX ))→ M(κ(x)).

If X is a scheme and x , y ∈ X , we define ∂xy : M(κ(x))→ M(κ(y)) by : if

y 6∈ {x}(1)
then ∂xy = 0, else ∂xy =

∑
z

cκ(z)/κ(y) ◦ ∂z with z running

through the points (in finite number) of the normalization of {x} lying
over y .
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Cycle modules

Definition

M is a cycle module over B if M is a cycle premodule over B satisfying :

FD (finite support of divisors) For all normal and irreducible schemes X ,
ρ ∈ M(κ(ξX )) and all but finitely many x ∈ X (1), ∂x(ρ) = 0;

C (closedness) For all integral and local schemes X of dimension 2,

denoting x0 the closed point of X ,
∑

x∈X (1)

∂xx0
◦ ∂ξXx = 0.

Morphisms of cycle modules are morphisms of cycle premodules between
cycle modules.
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Cycle modules

Note that in (FD), ∂x = ∂ξXx , that if x 6∈ X (1) then ∂ξXx = 0, and that
more generally (FD) implies that if y ∈ X , ρ ∈ M(κ(y)), then for all but
finitely many z ∈ X , ∂yz (ρ) = 0.

Definition

Let M be a cycle module over X . The complex of cycles on X with
coefficients in M, denoted C∗(X ;M), is defined by :

- for all integers p ≥ 0, Cp(X ;M) =
⊕

x∈X(p)

M(κ(x));

- dX : Cp(X ;M)→ Cp−1(X ;M) is defined by dx
y = ∂xy .

The maps dX are well-defined and verify dX ◦ dX = 0 thanks to axioms
(FD) and (C).
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Cycle modules

If X is an integral scheme which verifies (FD), we define

d : M(κ(ξX ))→
⊕

x∈X (1)

M(κ(x)) by d = (∂ξXx )x∈X (1) and

A0(X ;M) :=
⋂

x∈X (1)

ker(∂ξXx ).
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Cycle modules

If M is a cycle module then :

H (homotopy property for A1) For all fields F over B, A1
F verifies (FD)

(hence d is well-defined) and we have the short exact sequence

0→ M(F )→ M(F (X ))→
⊕

x∈(A1
F )(0)

M(κ(x))→ 0, the second map

being rF (X )/F and the third map being d (with (A1
F )(0) the points of

A1
F whose closure is of dimension 0);

RC (reciprocity for curves) For all fields F over B and for all proper
curves X over F we have c ◦ d = 0, with

c :


⊕

x∈X(0)

M(κ(x)) → M(F )

(ρi ∈ M(κ(xi ))) 7→
∑
i

cκ(xi )/F (ρi )
.
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Clémentine Lemarié–Rieusset The axiomatic of Rost cycle modules II February 26, 2021 18 / 38



Cycle modules

If M is a cycle module then :

H (homotopy property for A1) For all fields F over B, A1
F verifies (FD)

(hence d is well-defined) and we have the short exact sequence

0→ M(F )→ M(F (X ))→
⊕

x∈(A1
F )(0)

M(κ(x))→ 0, the second map

being rF (X )/F and the third map being d (with (A1
F )(0) the points of

A1
F whose closure is of dimension 0);

RC (reciprocity for curves) For all fields F over B and for all proper
curves X over F we have c ◦ d = 0, with

c :


⊕

x∈X(0)

M(κ(x)) → M(F )

(ρi ∈ M(κ(xi ))) 7→
∑
i

cκ(xi )/F (ρi )
.
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Cycle modules

Note that if k is a perfect field and M is a cycle premodule over k then M
is a cycle module over k if and only if M verifies the homotopy property
for A1 (H).

Indeed :

(H) implies (FDL) (the (FD) axiom for the affine lines over fields over
k) by definition;

(H) implies (WR) (which is weak reciprocity : ∂∞(A0(A1
F ;M)) = 0

with ∂∞ the residue morphism for the valuation at infinity of F (X )
over F ), see Step 3 : (FD) + (H) ⇒ (RC) in Rost’s paper (p.341)
and note that if you weaken (FD) into (FDL) you get (WR);

(FDL) and (WR) imply that M is a cycle module (see Theorem (2.3)
in Rost’s paper (p.338)).
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Clémentine Lemarié–Rieusset The axiomatic of Rost cycle modules II February 26, 2021 19 / 38



Cycle modules

Note that if k is a perfect field and M is a cycle premodule over k then M
is a cycle module over k if and only if M verifies the homotopy property
for A1 (H).

Indeed :

(H) implies (FDL) (the (FD) axiom for the affine lines over fields over
k) by definition;

(H) implies (WR) (which is weak reciprocity : ∂∞(A0(A1
F ;M)) = 0

with ∂∞ the residue morphism for the valuation at infinity of F (X )
over F ), see Step 3 : (FD) + (H) ⇒ (RC) in Rost’s paper (p.341)
and note that if you weaken (FD) into (FDL) you get (WR);

(FDL) and (WR) imply that M is a cycle module (see Theorem (2.3)
in Rost’s paper (p.338)).
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Cycle modules

Hence we only need to show that the cycle premodule of de Rham
cohomology (over a field k of characterisitic zero (hence perfect)) verifies
the homotopy property for A1 (H) in order to know that it is a cycle
module.
To get (H), take the colimit over (the directed set of) the closed
subschemes Z of dimension 0 of A1

F of the de Rham localization sequence
with Hn

dR(A1
F ) replaced by the isomorphic group Hn

dR(F ) :

· · · → Hn−2
dR (Z )

i∗ // Hn
dR(F )

p∗n // Hn
Zar (A1

F \ Z ,Ω∗A1
F /k

)
dn // Hn−1

dR (Z )

Note that p∗n is injective since s∗n ◦ p∗n is, with s : Spec(L)→ A1
F \ Z the

inclusion of a closed point; the point being closed, f := p ◦ s is the
spectrum of a finite extension ϕ, hence by R2d) ϕ∗ ◦ ϕ∗ = deg(ϕ) • Id and
(ϕ∗)n = f ∗n = s∗n ◦ p∗n is injective.
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Cycle modules

Note that we also have (though we won’t use them) :

If M is a cycle module, X is a smooth and local scheme (we denote by x0

its closed point), Y → X is the blow-up of X at x0, v is the valuation
corresponding to the exceptional fiber over x0, then :

Co (continuity) A0(X ;M) ⊂ A0(Y ;M) i.e. ∂v (A0(X ;M)) = 0;

E (evaluation) There exists a unique morphism
ev : A0(X ;M)→ M(κ(x0)) such that for all prime π of v ,
rκ(v)/κ(x0) ◦ ev = sπv |A0(X ;M).
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Change of coefficients

Definition

If ω : M → N is a morphism of cycle modules over X (of even or odd
type) and U is a subset of X , we define the change of coefficients induced

by ω, denoted ω] :
⊕
x∈U

M(κ(x))→
⊕
x∈U

N(κ(x)), by (ω])
x
x = ωκ(x) and the

other components are 0.

Note that if ω is of even type (resp. of odd type) then dX ◦ ω] = ω] ◦ dX
(resp. dX ◦ ω] = −ω] ◦ dX ).

Hence ω] induces a morphism between the homology groups of the
complex of cycles on X with coefficients in M.
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The four basic maps
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The four basic maps Push-forward
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The four basic maps Push-forward

Definition

Let f : X → Y be a morphism of schemes of finite type over a field, p ≥ 0
be an integer, and M be a cycle module over B (hence over X and over
Y ). The push-forward of f , denoted f∗ : Cp(X ;M)→ Cp(Y ;M), is
defined by (f∗)

x
y = cκ(x)/κ(y) if y = f (x) and the morphism κ(y)→ κ(x)

induced by f is finite, 0 otherwise.

Note that (f ′ ◦ f )∗ = f ′∗ ◦ f∗.

If ω : M → N is a morphism of cycle modules over B then ω] ◦ f∗ = f∗ ◦ω].

If we further suppose that f : X → Y is proper, then we have
dY ◦ f∗ = f∗ ◦ dX .
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The four basic maps Pull-back
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Clémentine Lemarié–Rieusset The axiomatic of Rost cycle modules II February 26, 2021 27 / 38



The four basic maps Pull-back

Definition

If g : Y → X is a morphism of schemes of finite type over a field of
constant relative dimension d (i.e. all non-empty fibers of g are
equidimensional of dimension d) then the pull-back of g , denoted
g∗ : Cp(X ;M)→ Cp+d(Y ;M), is defined by (g∗)xy = 0 if x 6= g(y),

(g∗)
g(y)
y = length(f ∗OY ) • rκ(y)/κ(g(y)) with

f : Spec(OYg(y),y )→ Yg(y) → Y (Yg(y) being the fiber over g(y)).

Interesting cases are open immersions, closed immersions and base change
(the projection X ×Spec(F ) Spec(E )→ X with F → E a morphism of fields
and X of finite type over F ), which all have constant relative dimension 0.

If ω : M → N is a morphism of cycle modules over B then
ω] ◦ g∗ = g∗ ◦ ω].

If we further suppose that g : Y → X is flat then (g ′ ◦ g)∗ = g∗ ◦ g ′∗ and
dY ◦ g∗ = g∗ ◦ dX .
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The four basic maps Pull-back

Proposition

Note that if U

f ′

��

g ′ // Z

f
��

Y g
// X

is a cartesian square of schemes of finite type

over a field and g is of constant relative dimension then g∗ ◦ f∗ = f ′∗ ◦ g ′∗.

The proof uses rule R1c).
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The four basic maps Multiplication with units
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The four basic maps Multiplication with units

Definition

If a1, . . . , an ∈ OX (X )∗, we define {a1, . . . , an} : Cp(X ;M)→ Cp(X ;M)
by {a1, . . . , an}xx(ρ) = {a1(x), . . . , an(x)} • ρ and the other components
are 0.

This turns Cp(X ;M) into a module over the tensor algebra of OX (X )∗,
and if X is a scheme over a field F then it turns Cp(X ;M) into a module
over K∗F .

Note that {a1, . . . , an} ◦ {b1, . . . , bm} = {a1, . . . , an, b1, . . . , bm}.
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The four basic maps Multiplication with units

If ω : M → N is a morphism of cycle modules over B of even type then
{a1, . . . , an} ◦ ω] = ω] ◦ {a1, . . . , an}.

If ω : M → N is a morphism of cycle modules over B of odd type then
{a1, . . . , an} ◦ ω] = (−1)n ω] ◦ {a1, . . . , an}.
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The four basic maps Multiplication with units

Note that {a1, . . . , an} ◦ dX = (−1)n dX ◦ {a1, . . . , an}.

Note that f∗ ◦ {f ∗(a1), . . . , f ∗(an)} = {a1, . . . , an} ◦ f∗ and
g∗ ◦ {a1, . . . , an} = {g∗(a1), . . . , g∗(an)} ◦ g∗ (where if f : Y → X ,
f ∗ : OX (X )→ OY (Y ) is the associated morphism, and idem for g).

Note that if f : Y → X is a finite and flat morphism of schemes of finite
type over a field and a ∈ OY (Y )∗ then f∗ ◦ {a} ◦ f ∗ = {f̃∗(a)} with
f̃∗ : OY (Y )∗ → OX (X )∗ the standard transfer map (if X = Spec(A) and

Y = Spec(B) are integral then f̃∗ = (NFrac(B)/Frac(A))
|A∗
|B∗ (the norm)).
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The four basic maps Boundary map
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The four basic maps Boundary map

Definition

If X is a scheme of finite type over a field, i : Y → X is the inclusion of a
closed subscheme, j : U := X \ Y → X is the inclusion, we call
(Y , i ,X , j ,U) a boundary triple and we define the boundary map
associated to i , denoted ∂UY : Cp(U;M)→ Cp−1(Y ;M), by (∂UY )xy = ∂xy
(with respect to X ).

If ω : M → N is a morphism of cycle modules over B of even type then
∂UY ◦ ω] = ω] ◦ ∂UY .

If ω : M → N is a morphism of cycle modules over B of odd type then
∂UY ◦ ω] = −ω] ◦ ∂UY .
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The four basic maps Boundary map

Note that dY ◦ ∂UY = −∂UY ◦ dU .

Note that if a1, . . . , an ∈ OX (X )∗ then
∂UY ◦ {j∗(a1), . . . , j∗(an)} = (−1)n{i∗(a1), . . . , i∗(an)} ◦ ∂UY .
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The four basic maps Boundary map

Let h : X → X ′ be a morphism of schemes of finite type over a field, Y ′

be a closed subscheme of X ′, U ′ = X ′ \ Y ′ and

Y //

h
��

X

h
��

Uoo

h
��

Y ′ // X ′ U ′oo

be two cartesian squares.

If h is proper then h∗ ◦ ∂UY = ∂U
′

Y ′ ◦ h∗.

If h is flat then h
∗ ◦ ∂U′Y ′ = ∂UY ◦ h

∗
.
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The four basic maps Boundary map

Thanks for your attention !
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