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µ¼T'7~i�adc�a£ORp�¡ÂceO~��c �������jmaZ�rcZ¡�p�i�adc

∆2 �
pFS��5T
cej³cej¨¯FT�y5ckO~T�f�¡�T¬akORp�¡8ckO~�rcXceORj¥a��5p�gRf¢�j¥atckj¥��O;cH« � f#ckO~j¥aX�Rikp`p�§dy SΘ(I) ¡�j¥¤¨¤��bT�fRp�ckT�ceORT%akgRS�¹@a£ckieT
c���O��F��ORj¥T�¯�T1���;_�ckORT¬ak��ORT1�bgR¤¥T Θp�f#j¥f~adc��rf~��T I « S∗(I) ¡�j¥¤¥¤��bT�f~prckTvceORT�p��Rckj¥S-��¤»a£g~S¬¹ºa£ckieT
ce��O�§°p�i�j¥f~a£ce��f~�
T I «
µ¼T�a£O~p�¡ª�`_�ikT1�
gRieieT�f~��T3p�f

n
ckO¢��c�§°pFi���f;_�j¥f~adc��rf~��T I = {J1 = (r1, p1), ..., Jn = (rn, pn)} ·

S ������� (I) 6 ∆2S∗(I) «�NPORjmaZ�~ikpF�¢THi£cd_�p��`¯`j¨pFg~ak¤¨_�ORp�¤m�RaX§°p�i n = 1
«vx»T�cZg~a���aeakgRS-TVckO¢��c

j³ctO¢��aP�5T�T�f#�Riep�¯�T1�)§°pFi
n
��f~���~ikp�¯FTXceO~��ctj¨ctORp�¤m�Ra�ceikgRTv§°pFi

n � 
F«
x»T�c%g~a%��p�f~akjm�bT�i I = {J1 = (r1, p1), ..., Jn+1 = (rn+1, pn+1)}

��f¶j¨f~a£ce��f~�
T)¡�j¨ckO
n + 1qdp��~aH«3µ j¨ckORpFgbct¤¨p;akaPp�§��FT�fRTHie��¤¨j¨cd_�y`¡�TV��aea£gRS-TZckO~�rc

minj pj = 1
«�µ¼T�±`fRp�¡ ckO~�rcHyR¡�j¨ckO~p�gbc

¤¨p;akavp�§��FT�fRTHie��¤¨j¨cd_�y�¡	T)S)�<_�pFfR¤¨_ª�
pFf~a£jm�bTHi��Rikj¥p�iej¨cd_|¤¨jmadc¬�~��akTH�ªak��O~TH�bgR¤¥THa� ´a£THT-ckORT��rikckjm�
¤¥T
pr§ Ë THf~�bTHiHy»Y|gRckO`gR±`ikjmakORf~�rf�y»�rf~�ªut��q£��ie��S)�rf � ��3§°p�ivT�¸b��S-�R¤¨T "(«%NPO`g~av¤¥T
c

Θ
�RT�fRp�ckT�ckORT

p��bcej¨S)��¤R�Riej¨pFikj¨cd_�¤¨jma£c�§°pFi I « � f%ceORTP§°p�¤¥¤¥p�¡�j¨fR�¢yr¡�TP�RT�fRp�ckTP�`_ A1
ceORTta£T�copr§Fqdp��~a�ceO~��coO~�<¯FT��

¤¨p�¡�T�i	�Riej¨pFikj¨cd_�ckO~��f
Jn+1

��f~�
A2
ceORT�akT
c�pr§RqdpF�~a	ckO~�rc�O¢�<¯�TX�%ORj¨�FORT�i��Riej¨pFikj¨cd_�ckO~��f

Jn+1
«

ρΘ(Jk)
�bTHfRprceTHa	ckORT�ieT�S)�rj¥fRj¥fR�¬�~ikpb�
T1akakj¥fR��ckj¥S-Tvpr§

Jk
��c�ckj¥S-T

rn+1
gRf~�RT�i�ak��O~TH�bgR¤¥j¥fR�

Θ
«

NPO`g~a�¡�T�O¢�<¯�T�·

SΘ(J1, . . . , Jn+1) = SΘ(J1, . . . , Jn)+
1

pn+1

(
pn+1 +

∑

k∈A1

ρΘ(k)

)

︸ ︷︷ ︸��������� ���!� "#�%$'&
Jn+1

+
∑

k∈A2

pn+1

pk

︸ ︷︷ ︸������"($)�*�	+ ,�"(-�� ���(.0/21
Jn+1
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S ������� (J1, . . . , Jn+1) = S ������� (J1, . . . , Jn) +
1

pn+1


pn+1 +

∑

k6n

ρ ������� (k)




︸ ︷︷ ︸� � ���*� ���!� "#� $'&
Jn+1

6 ∆2S∗(J1, . . . , Jn) +
1

pn+1


pn+1 +

∑

k6n

ρ ������� (k)


  °�`_®ieTH�
g~ikieT�f~��TZO`_`�5prckO~THakj¥a�"

6 ∆2SΘ(J1, . . . , Jn) +
1

pn+1


pn+1 +

∑

k6n

ρ ������� (k)




= ∆2SΘ(J1, . . . , Jn) +
1

pn+1


pn+1 +

∑

k6n

ρΘ(k)
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THaea£¹
j¨f~�-ckj¥S�T�p�§~qdpF�~a�jmaPj¨f~�RT��5T�f~�bTHf;ctpr§�ckORT��Riej¥p�iej³cej¨T1a�«

S ������� (J1, . . . , Jn+1) 6 ∆2SΘ(J1, . . . , Jn) +
1

pn+1

(
pn+1 +

∑

k∈A1

ρΘ(k)

)
+
∑

k∈A2

ρΘ(k)

pn+1

wXa�¡�TvO~�<¯�T ρΘ(k)
pn+1

6 ∆ 6 ∆2

∆ 6 ∆2 pn+1

pk

yb¡�T���T�c

S ������� (J1, . . . , Jn+1) 6 ∆2SΘ(J1, . . . , Jn) + ∆2

(
1

pn+1

(
pn+1 +

∑

k∈A1

ρΘ(k)

)
+
∑

k∈A2

pn+1

pk

)

6 ∆2SΘ(J1, . . . , Jn+1) = ∆2S∗(J1, . . . , Jn+1)

�������|j¥a�ceO`g~a
∆2 �
pFS��5T
cej³cej¨¯FTv§°p�itakgRS�¹@a£ckieT
c���O»«

µ¼T�fRp�¡¶akORp�¡ªckO~�rc�ckO~Tz�RieT�¯`j¥p�g~a��¢pFgRf~��jma�cej¨�FOFc��`_�g¢a£j¥fR�X��¤¨S-pFa£c»ceORT�ae�rS-Tz��p�f~a£ckieg~�
ckj¥p�fV��a
j¨f)NPORTHp�ieT�S 
�«�w�cz�~��ckT

0
�rieiej¨¯FTHa

n
qdp��¢a�y

J1
y¢«¨«¥«¥y

Jn
yFpr§5akj¥¿�T

∆
«�NPO~T�f»y�§°p�io�rf`_

1 6 j 6 n2 y��ctcej¨S-T
j − 1 + 1

n

�rieikj¥¯�T1a�qdp��
Jn+j

p�§oa£j¥¿�T
1
«�w��5pFaeakj¨�R¤¥T%ae��ORTH�RgR¤¨T�¡�p�g~¤¥���5TVckp)�~ikpb�
T1aka

qdp��
J1
�bg~ikj¥fR�

[0, 1
n ]
y5ceORT�f¼TH����O|p�§3ckORTZqdp��¢a

Jn+j
y�«¨«¥«¨y

Jn+n2

�rcZj¨cea�ieT�¤¥TH��akTV�R�rckT�y���f~�#ckp
¡���j³cP§°pFi	ceORTV�
pFS-�R¤¨T�ckj¥p�f�pr§�ceORTv¤¥�Fadc�p�§�ckO~THakT	qdpF�~a��¢T�§°p�ieT��
p�S-�R¤¥T
cej¨f~�¬ceORT�qdp��~a

J1
y�«¥«¨«¥y

Jn
«

NPORTZakgRS�¹ºadceikT�ce��O)¡�p�gR¤m��ckORTHf®�5T
n2×1+ n2+∆

∆ + ...+ n2+n∆
∆ =

(
n(n+1)

2 + nn2

∆

)
+n2 =

2n3+3n2∆+n∆
2∆

«oNPORTVakgRS�¹@a£ckieT
c���O��F��ORj¨TH¯�T1�®�`_ �)���9�|pFf�ceORj¥atj¨f~a£ce��f~�
Tv¡�p�gR¤m���¢TF·

∆

∆
+ ... +

n∆

∆
+ n2

(
1 + n∆− 1

n

)
=

n(n + 1)

2
+ n3∆ + n2 − n =

2n3∆ + 3n2 − n

2
.
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ρ(n)

pr§��������#p�f�ckORjma�j¥f~a£ce�rf¢�
T�jma�·

ρ(n) >

2n3∆+3n2−n
2

2n3+3n2∆+n∆
2∆

=
∆(2n2∆ + 3n− 1)

2n2 + 3n∆ + ∆
.

NPORT�ieT
§°pFikTFy
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T

J1
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Jn
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Cj
ckORT%��p�S-�R¤¥T
cej¨pFf�cej¨S-T

pr§5qdp��
Jj
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p�f¢a£jm�bT�it��f`_®p��bcej¨S)��¤�ak��O~TH�bgR¤¥T

Θ∗ §°pFitS)��¸`¹@a£ckieT
c���O»«oWtf¢�bT�ickORjmavak��O~TH�bgR¤¥T�y�¤¥T
c
C∗

j

�¢T¬ckORT-�
pFS-�R¤¨T�ckj¥p�f|cej¨S-T�pr§»qdpF�
Jj
y���f~� S∗j

j¨cea�adceikT�ce��O»«�NPORTHf»y�¡	T
�
pFf~a£jm�bTHi���f;_�qdpF�

Jl
¡�ORj¥��O¬O~��a��X¤¥��ik�FT�i�a£ckieT
c���O%gRf¢�bT�i �������VceO~�rf�gRf~�RT�i

Θ∗ «�x»T�c t
�5T�ckORT

¤¥�FadcXckj¥S�T%�¢T�§°p�ieT
Cl
�rct¡�ORjm��O#ckORTV�~ikpb�
T1akakp�iP¡P��a�jm�b¤¥TVgRf~�RT�i��)���9��«¢NPORTHf»y~�`_#�bT�7~f~j³cej¨pFf

pr§��)���9��y
t
jmaPceORT�ikTH¤¨T1��akT��~��ckT

ri
pr§3akp�S-TPqdp��

Ji
��f~��y~�bg~ikj¥fR�-ckO~Tvckj¥S�T%j¨f;ckTHik¯���¤

[ri, Cl]
y

�������¼�FaXT�¸b�F�(ce¤¨_�T
¸bTH��gbckT1�#ckO~Ttqdp��¢a
Ji
y
Ji+1

y�«¥«¨«¥y
Jl−1

y
Jl
« H~gRikckORTHikS-p�ieT�y5�`_|�bT�7~f~j³cej¨pFf

pr§
t
yb�bgRiej¥fR��ckO¢��czcej¨S-T�j¨f;ceT�ie¯<��¤��)���9��fRT�j¨ckORTHi	¤¥T
c	ckORTZ�Riep`��THaea£pFiojm�b¤¨TZfRp�i	�Riep`��THaea£T1��y�TH¯�THf

�~�rikckjm�r¤¥¤¥_�yRp�ckORTHi�qdp��~aH«zNPORTHikT�§°p�ieT�yR��a
Θ∗ �
p�S-�R¤¥T
ceTHa Jl

a£ckiej¥�
ck¤¥_�T1�rie¤¨j¥T�i�ckO¢�rf
Cl
yRceORT�ieTvj¥at�

qdp��
Jk
y
i 6 k 6 l − 1

ceO~��cX��p�S-�R¤¥T
ceTHa���c�ceORT�TH��ik¤¥j¥THa£cP�rc�ckj¥S�T
Cl
«oNPORTHf»·

max
j
S∗j > S∗k =

C∗
k − rk

pk
>

Cl − rl

pk
=

Cl − rl

pl

pl

pk
> Sl ×

1

∆

NPORT�ieT
§°pFikTFyP§°p�i��rf`_qdpF�
Jl
¡�ORjm��O O~�Fa�� a£ckieT
c���O ¤¥��ik�FT�i)gRf¢�bT�i ������� ckO¢�rf¾gRf¢�bT�i�ckORT

p��bcej¨S)��¤�ae��ORT1�bgR¤¥T
Θ∗ y Sl 6 ∆×maxj S∗j

«oNPORjma�j¨f~THl;g~�r¤¥j¨cd_�pF�`¯;j¥p�g¢a£¤¥_¬O~p�¤m�Ra	§°p�i	ckORTvprceORT�i
qdp��~aH«iDtTHf~�
TvceORT�gR�R�5T�i��5p�g~f~��p�f�ckORT���p�S-�¢T�ckj¨ckj¥¯�THfRTHaea�pr§��)���9��«
N�p#akORp�¡�ckO¢��c�ckORjmav�¢pFgRf~�j¥a�cej¨�FOFc1y�¡	T�g~akT����RieT
ckcd_�a£j¥S-�R¤¨T�T
¸R��S��~¤¨T�¡�j³ceOcd¡�pVqdpF�~aH·

J1�rieikj¥¯�T1at��c
r1 = 0

�rf¢�#O~��aZ�®a£j¥¿�T¬pr§
p1 = ∆

y��rf~�
J2
¡�ORjm��O��rieiej¨¯FTHat�rc

r2 = ε
�rf~�#O~�FaX�

a£j¥¿�TXpr§
p2 = 1

«�µ¼TZ¡�j¨¤¥¤~O¢�<¯�T
0 < ε� 1

« ������������O~j¨TH¯�THaop�f-ckO~j¥azT
¸R�rS-�R¤¥TX��S)��¸`¹ºadceikT�ce��O
pr§

1 + ∆ − ε
« �������Á����ORj¥T�¯FTHat�)S)�r¸;¹ºa£ckieT
ce��O|p�§ ∆+1

∆

y5�Fa
∆ > 1

« DXT�f~��T¬�®��p�S-�¢T�ckj¨ckj¥¯�T
ie�rckj¥p�§°p�i��������#¡�ORjm��O�jma���ct�5THa£cH·

1 + ∆− ε
∆+1
∆

= ∆− ε
∆

∆ + 1
> ∆− ε.

DtTHf~�
TvceORTV�bTHakj¥ikT1��ieTHakgR¤¨cH«
;R«ZH�} H3]#jma

∆
�
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ckO~��f�ckORT��Riep`pr§�§°p�itakgRS�¹@a£ckieT
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µ¼T 7¢iea£cPakORp�¡ ckO~�rc9�)������jma���c�¡�p�i�adc

∆
�
pFS-�¢T�ckj¨ckj¥¯�T�y`ceORT�f�¡�TvakORp�¡ ceO~��cPceORj¥at�¢pFgRf~��j¥a

ckj¥��O;cH« � fªckO~j¥av�Riep`pr§dy FΘ(I) ¡�j¨¤¥¤z�bTHfRprceT¬ceORT®akgRS�¹ % p�¡ ����ORj¥T�¯FTH���`_|ceORT)ak��O~TH�bgR¤¥T Θ
p�f

j¨f¢adc��rf~��T I « F∗(I) ¡�j¨¤¥¤»�bTHfRprceTvckORT�pF�bckj¥S)�r¤»akgRS�¹ % p�¡ §°p�i�j¥f~a£ce�rf¢�
T I «
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µ¼T�a£O~p�¡ª�`_�ikT1�
gRieieT�f~��T3p�f
n
ckO¢��c�§°pFi���f;_�j¥f~adc��rf~��T I = {J1 = (r1, p1), ..., Jn = (rn, pn)} ·

F ������� (I) 6 ∆F∗(I) «	NPORj¥a��Riep��5T�ikcd_-p��`¯`j¨pFg~ak¤¨_�ORp�¤m�Ra	§°p�i n = 1
«3x»T�c�g~aP��aea£gRS-TXckO~�rcPj¨c

O~��aP�5T�THf#�Rikp�¯FTH�®§°p�i
n
�rf~���Riep�¯�TZckO~�rctj³ctORpF¤¥�~a�ckiegRTv§°p�i

n � 
�«
x»T�c%g~a%��p�f~akjm�bT�i I = {J1 = (r1, p1), ..., Jn+1 = (rn+1, pn+1)}

��f¶j¨f~a£ce��f~�
T)¡�j¨ckO
n + 1qdp��~aH«3µ j¨ckORpFgbct¤¨p;akaPp�§��FT�fRTHie��¤¨j¨cd_�y`¡�TV��aea£gRS-TZckO~�rc

minj pj = 1
«�µ¼T�±`fRp�¡ ckO~�rcHyR¡�j¨ckO~p�gbc

¤¨p;akavp�§��FT�fRTHie��¤¨j¨cd_�y�¡	T)S)�<_�pFfR¤¨_ª�
pFf~a£jm�bTHi��Rikj¥p�iej¨cd_|¤¨jmadc¬�~��akTH�ªak��O~TH�bgR¤¥THa� ´a£THT-ckORT��rikckjm�
¤¥T
pr§ Ë THf~�bTHiHy»Y|gRckO`gR±`ikjmakORf~�rf�y»�rf~�ªut��q£��ie��S)�rf � ��3§°p�ivT�¸b��S-�R¤¨T "(«%NPO`g~av¤¥T
c

Θ
�RT�fRp�ckT�ckORT

p��bcej¨S)��¤R�Riej¨pFikj¨cd_�¤¨jma£c�§°pFi I « � f%ceORTP§°p�¤¥¤¥p�¡�j¨fR�¢yr¡�TP�RT�fRp�ckTP�`_ A1
ceORTta£T�copr§Fqdp��~a�ceO~��coO~�<¯FT��

¤¨p�¡�T�i	�Riej¨pFikj¨cd_�ckO~��f
Jn+1

��f~�
A2
ceORT�akT
c�pr§RqdpF�~a	ckO~�rc�O¢�<¯�TX�%ORj¨�FORT�i��Riej¨pFikj¨cd_�ckO~��f

Jn+1
«

ρΘ(Jk)
�bTHfRprceTHa	ckORT�ieT�S)�rj¥fRj¥fR�¬�~ikpb�
T1akakj¥fR��ckj¥S-Tvpr§

Jk
��c�ckj¥S-T

rn+1
gRf~�RT�i�ak��O~TH�bgR¤¥j¥fR�

Θ
«

NPO`g~a�¡�T�O¢�<¯�T�·

FΘ(J1, . . . , Jn+1) = FΘ(J1, . . . , Jn) + pn+1 +
∑

k∈A1

ρΘ(k)

︸ ︷︷ ︸� � ��� $�� $'&
Jn+1

+
∑

k∈A2

pn+1

︸ ︷︷ ︸������"($)�*� + ,�"(��- ���(.0/21
Jn+1

µ¼TV��¤¥akp-O~�<¯�TF·

F ������� (J1, . . . , Jn+1) = F ������� (J1, . . . , Jn) + pn+1 +
∑

k6n

ρ ������� (k)

︸ ︷︷ ︸� � ��� $�� $&
Jn+1

6 ∆F∗(J1, . . . , Jn) + pn+1 +
∑

k6n

ρ ������� (k)
 °�`_�ieTH��gRikieT�f¢�
T�O;_`�5prceORTHakj¥a�"

6 ∆FΘ(J1, . . . , Jn) + pn+1 +
∑

k6n

ρ ������� (k)

= ∆FΘ(J1, . . . , Jn) + pn+1 +
∑

k6n

ρΘ(k)

� f~�bTHTH��y;§°p�i��V�Riej¥p�iej³cd_;¹@�~��akTH��ak��O~TH�bgR¤¥j¥fR�~y`��cP�rf`_¬�Fj¨¯FT�f-cej¨S-TvadceT��»yFckORT�ieT�S)�rj¥fRj¥fR�V�Riepb�
THaea£¹
j¨f~�-ckj¥S�T�p�§~qdpF�~a�jmaPj¨f~�RT��5T�f~�bTHf;ctpr§�ckORT��Riej¥p�iej³cej¨T1a�«

F ������� (J1, . . . , Jn+1) 6 ∆FΘ(J1, . . . , Jn) + pn+1 +
∑

k∈A1

ρΘ(k) +
∑

k∈A2

ρΘ(k)

wXa�¡�TvO~�<¯�T
ρΘ(k) 6 ∆ 6 ∆pn+1

yR¡�Tv��T
c

F ������� (J1, . . . , Jn+1) 6 ∆FΘ(J1, . . . , Jn) + pn+1 +
∑

k∈A1

ρΘ(k) +
∑

k∈A2

∆pn+1

6 ∆FΘ(J1, . . . , Jn) + ∆pn+1 + ∆
∑

k∈A1

ρΘ(k) + ∆
∑

k∈A2

pn+1

H	H�� �"!$#$#$%




&@ �����	� 0 !$% /3�������	� ,
�	����	��������/

6 ∆FΘ(J1, . . . , Jn+1) = ∆F∗(J1, . . . , Jn+1)

µ¼T�fRp�¡¶akORp�¡ªckO~�rc�ckO~Tz�RieT�¯`j¥p�g~a��¢pFgRf~��jma�cej¨�FOFc��`_�g¢a£j¥fR�X��¤¨S-pFa£c»ceORT�ae�rS-Tz��p�f~a£ckieg~�
ckj¥p�fV��a
j¨f)NPORTHp�ieT�S 
�«�w�cz�~��ckT

0
�rieiej¨¯FTHa

n
qdp��¢a�y

J1
y¢«¨«¥«¥y

Jn
yFpr§5akj¥¿�T

∆
«�NPO~T�f»y�§°p�io�rf`_

1 6 j 6 n2 y��ctcej¨S-T
j − 1 + 1

n

�rieikj¥¯�T1a�qdp��
Jn+j

p�§oa£j¥¿�T
1
«�w��5pFaeakj¨�R¤¥T%ae��ORTH�RgR¤¨T�¡�p�g~¤¥���5TVckp)�~ikpb�
T1aka

qdp��
J1
�bg~ikj¥fR�

[0, 1
n ]
y5ceORT�f¼TH����O|p�§3ckORTZqdp��¢a

Jn+j
y�«¨«¥«¨y

Jn+n2

�rcZj¨cea�ieT�¤¥TH��akTV�R�rckT�y���f~�#ckp
¡���j³cP§°pFi	ceORTV�
pFS-�R¤¨T�ckj¥p�f�pr§�ceORTv¤¥�Fadc�p�§�ckO~THakT	qdpF�~a��¢T�§°p�ieT��
p�S-�R¤¥T
cej¨f~�¬ceORT�qdp��~a

J1
y�«¥«¨«¥y

Jn
«

NPORT-a£gRS�¹ % p�¡Â¡	pFgR¤m��ckORTHf�5T
n2 × 1 + n2 + ∆ + ... + n2 + n∆ = n3 + n2 + n(n+1)

2 ∆
«

NPORTVakgRS�¹ % p�¡8����ORj¥T�¯FTH���;_ �������|p�f�ckORjma�j¥f~a£ce�rf¢�
Tv¡	pFgR¤m���5T�·

∆+...+n∆+n2(1+n∆− 1

n
) =

n(n + 1)

2
∆+n3∆+n2−n =

2n3∆ + n2(2 + ∆) + n(∆− 2)

2
.

NPORT�ieT
§°pFikTFy`ckORTV��p�S-�5T
ckj¨ckj¥¯�Tvi���cej¨p
ρ(n)

pr§��������#p�f�ckORjma�j¥f~a£ce�rf¢�
T�jma�·

ρ(n) >

2n3∆+n2(2+∆)+n(∆−2)
2

n3 + n2 + n(n+1)
2 ∆

=
2n3∆ + n2(2 + ∆) + n(∆− 2)

2n3 + 2n2 + n(n + 1)∆

NPORT�ieT
§°pFikTFy
limn→+∞ ρ(n) = ∆

«oNPORjma�jma��r¤¥¤»¡�T�f~T�TH��cep-��p�f~��¤¨g¢�bT�«
µªT�fRp�¡ �~ikp�¯FT�NPORTHp�ieT�S 
�«

� !$�&� � �tµªT 7¢iea£c¬�
pFf~akj¥�bTHi�ckO~T����Fa£T®p�§t�rf¶p�f~¤¨j¥fRT���¤¨�Fp�iej³ceORS §°pFiVckO~T�akgRS�¹@a£ckieT
c���OªpF�bckj¥S-j¨¿1��cej¨pFf
�~ikpF�R¤¨THS ceO~��c¬�F��ORj¥T�¯�T1a��|�
pFS��5T
cej³cej¨¯FT®i���ckj¥p|pr§

ρ(∆) < ∆2 «�µ¼T���ik�~j³ceie��ikj¥¤¨_�ce�r±FT®�#¯��r¤¥gRT-§°p�i
∆ > 1

«�NPORTHf»yFckORTHikT�T�¸`jma£cea
ε > 0

y;a£g¢��O¬ceO~��c
ρ(∆) < ∆2−ε

« H�j¥f~�r¤¥¤¥_�y�¤¥T
c
α
�5TZ�rf`_¬j¨f;ckTH��THioa£g~��O

ceO~��c 1+α∆
1+ α

∆
> ∆2 − ε

2

 °fRp�ckT�ckO~�rc�ckORjma�jma�ckORTV�H��akT�§°p�it�rf`_®¯���¤¨gRTvp�§
α
¡�O~j¥��O�j¥at¤¥��ik�FTZTHfRp�gR�FO "(«

w�cZ�~��ckT
0
�rieikj¥¯�T1a

α
qdp��~aHy

J1
y�«¥«¥«¨y

Jα
y¢pr§oakj¨¿HT

∆
«Px»T�c

k
�¢T%��f`_�j¥fFceT��FT�i1«	NPORTHf»y¢�rcZ�rf`_)cej¨S-T

g~fRj³c
t
y
0 6 t 6 k − 1

yR��ikiej¥¯�THa���qdp��
Jα+t+1

pr§3a£j¥¿�T
1
«

w �¢p;akakj¥�R¤¨T�ak��O~TH�bgR¤¥TV¡�p�gR¤m�|�5T%cep��Riepb�
T1akaXTH����O|p�§3ckORT
k
qdpF�~aXp�§za£j¥¿�T

1
��c�j³c�aXieT�¤¥TH�Fa£T¬�R��ceT�y

��f~�¼ckp|¡P�rj¨c�§°p�i�ceORT���p�S-�R¤¥T
ckj¥p�f©p�§	ceORT®¤m��a£cVpr§PckORT1a£TvqdpF�~a��5T
§°pFikT)�Riepb�
T1akakj¨f~��ceORT�qdpF�~a
J1
y	«¥«¥«¨y

Jα
«3NPORTva£gRS�¹ºadceikT�ce��O®¡�p�g~¤¥�-ceORT�f��¢T

k× 1 + k+∆
∆ + ... + k+α∆

∆ = α(α+1)
2 + k

(
1 + α

∆

) �rf~�®ckORT
S)�r¸;¹ºa£ckieT
ce��O)¡�p�g~¤¥�-�5T

α + k
∆

«�{o¯FT�f®j¨§�j¨c�jmazf~prc	pF�bckj¥S)�r¤¢§°p�i	fRT�j¨ckORTHi	pFfRTXf~p�ioceORT�prckO~T�i	��ikj¨ckTHikjm�Ry
¡�T�����f�a£ckj¥¤¨¤�g~a£Tvj¨cX��a���f�g~�R�¢THi£¹@�5p�gRf~�»«
� f|§M�F�(c1y¢¡�j¨ckO�pFgRitO`_`�¢p�ckORT1a£T1a�y¢ckO~TVp�fR¤¥j¥fRT¬��¤¨�Fp�iej³ceORS½�H�rfRfRp�cZ�
pFS-�R¤¨T�ckT�ceORT%T�¸bTH�
gRckj¥p�f|pr§o��¤¨¤

ceORTPqdp��¢a
J1
y�«¥«¥«¨y

Jα
��aP¤¥p�fR�)�Fa�ckORTHikT��rieT�qdp��~aPp�§�akj¥¿�T

1
�rieikj¥¯`j¨f~�¬��ctT1����O�ckj¥S-T�gRfRj¨cH«��XceORT�ie¡�j¥akT�y

akgR�R�5pFakT�ckO~�rc-�rc-akp�S-T#�R��ceT
t1
y»qdp��¢a

J1
yX«¥«¥«¨y

Jα
O¢�<¯�T���¤¨¤P�5T�THf&��p�S-�R¤¥T
ckT1��« NPORTHf»y	�ª�
THi£c��rj¥f

f`gRS¬�¢THi
k1
pr§	gRfRj¨c£¹ºa£j¥¿�TZqdp��~a�¡�T�ieT¬��p�S-�R¤¥T
ckT1��5T
§°pFikT¬ckj¥S-T

t1
«%NPORT-ae�
T�f¢�riej¨p�¡�ORj¥��O¼S-j¨fRj¥S-j¨¿HTHa

ceORT)a£g~S¬¹ºa£ckieT
ce��OªgRf~�RT�i�ckORT1a£T®��p�f~a£cki��rj¥f;ceaZj¥a�cep|ak��ORT1�bgR¤¥T 7~iea£cvckORT
k1
qdp��~a

Jα+1
yo«¥«¨«¥y

Jα+k1

��c
ceORT�j¥i�ikTH¤¨T1��akTX�R��ceTHaHy�ceORT�f�ckp-ak��O~TH�bgR¤¥T

J1
y�«¨«¥«¥y

Jα
yb�rf~�)ckORTHf®ckO~TZieT�S)�rj¥fRj¥fR�

k− k1
qdpF�~azp�§�a£j¥¿�T'
�«

NPO~TZakgRS�¹@a£ckieT
c���O)pr§»ceORTZ�F�(ckg¢�r¤�ak��ORT1�bgR¤¥TZ�H�rf-ckO~T�ieT
§°p�ieTXf~prc	�5TZakS)�r¤¥¤¨THizceO~�rf®ckORTva£g~S¬¹ºa£ckieT
ce��O)p�§
ceORjmatak��O~TH�bgR¤¥T�yb¡�O~j¥��O�j¥atTHl;g~�r¤�cep~·

k1×1+
k1 + ∆

∆
+...+

k1 + α∆

∆
+(k−k1)(1+α∆) =

(
α(α + 1)

2
+

αk1

∆

)
+k1+(k−k1)(1+α∆).
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DXp�¡	TH¯�THiHy1��aHy1�`_�O`_;�5prceORTHakjma�y<¡�T	�
pFf~akj¥�bTHi��
ρ(∆)

¹º�
pFS-�¢T�ckj¨ckj¥¯�T	��¤¨�Fp�iej³ceORS#y�ceORTzpF�bce��j¨f~TH��ae��ORTH�bg~¤¨T
S¬g~a£c��rctS-pFa£cP�5T

ρ(∆)
ckj¥S-THa�ckO~T�p��bcej¨S)�r¤�ak��ORT1�bgR¤¥T�«3NPORjma�j¥S��~¤¨j¥THa�ceO~��c1·

(
α(α + 1)

2
+

αk1

∆

)
+ k1 + (k − k1)(1 + α∆) 6 ρ(∆)

(
α(α + 1)

2
+ k

(
1 +

α

∆

))

⇔

−α∆k1 +
α(α + 1)

2
(1− ρ(∆)) +

αk1

∆
6 k

(
ρ(∆)

(
1 +

α

∆

)
− (1 + α∆)

)
.

�Zf¢�
T�ckORT��r�R�Riep<¸bj¨S)�rckj¥p�f¼��¤¨�Fp�iej³ceORS O~�FaV�
pFS-�R¤¨T�ckT1�ceORT)T
¸bT1�
gbcej¨pFfªp�§	ceORT�qdpF�~a
J1
y	«¥«¨«¥y

Jα
¡	T

�H�rf ±�T�TH� akT�f~�Rj¨fR�©gRf~j³ck¹@akj¨¿HT%qdpF�~a�§°p�i
k
ckp©�5TH�
pFS-T��Fa¬¤m�rie��T#��a�¡�T�¡�jma£O�«&NPORTHikT�§°p�ieT�y�§°pFi-ckORT

j¥fRT1lFg¢�r¤¥j³cd_¬fRprcocep��¢TX¯;j¥p�¤m��ceTH��yF¡	T�S¬g~a£czO~�<¯�T
ρ(∆)

(
1 + α

∆

)
− (1+α∆) > 0

« Dtp�¡�T�¯FT�i1yr¡	T�O¢�<¯�T
�`_�O;_`�5prceORTHakj¥a

ρ(∆) < ∆2 − ε
«PNPORTHikT�§°p�ieT�yR¡�T�S%g~a£cXO~�<¯FT

∆2 − ε > 1+α∆
1+ α

∆

y~¡�ORjm��O|�
pFfFceie�F�bjm�(cea
ceORTX�bT�7~fRj¨ckj¥p�f)p�§

α
«3NPORT�ieT
§°pFikTFy�ckO~Ttp�fR¤¥_��¢p;akakj¨�~¤¨T��5T�O~�<¯`j¥p�i�§°pFiockO~TX�r�R�~ikp<¸bj¥S-�rckj¥p�f-�r¤¥��pFikj¨ckORSCj¥a

cep��RT�¤m�<_-ckORTvT
¸bT1�
gbcej¨pFf�p�§���cP¤¥TH��a£cPp�fRTvpr§�ckORT�qdpF�~a
J1
y�«¥«¥«¨y

Jα
gRf;cej¨¤»�r§ ckT�iPceORTvT�f~��pr§�ckORTV��ikiej¨¯���¤

p�§�ckORTVg~fRj³ck¹@akj¥¿�T�qdpF�~a�y¢¡�O~��ceT�¯FT�i�ceORT%f`gRS¬�¢THitpr§�ckO~THakT�qdp��~aH«�NPORjmat¤¥TH���~a�ckp®ckORT%a£ce��ik¯��rckj¥p�f#pr§o��c
¤¥TH�Fadc�p�fRT¬pr§3ceORTHakTtqdpF�~a�« HRg~i£ceORT�ieS-p�ieT�y¢ckORT�ie�rckj¥p®pr§zckORT¬p��bc��rj¥fRTH�|S)�r¸;¹ºa£ckieT
ce��O#cep®ceORT¬pF�bckj¥S)�r¤
pFfRTvj¥a α+ k

∆

1+α∆ = α∆+k
∆(α∆+a)

yR¡�O~j¥��O�S)�<_®�¢TV��ik�~j³ceie��ikj¥¤¨_-¤m�rie��TF«
� f;ckg~j³cej¨¯FT�¤¥_�y��r¤¥��pFikj¨ckORS)a�c��rie��T
cej¨f~�ªS)�r¸;¹@�~�Fa£T1� S-T
ceikjm��a®T�f~akgRieT#ckO~�rc®fRp#qdp�� jmaG�8���*= �*�*)6��/3��«

]bg~��O®�rf)�r¤¥��pFikj¨ckO~SCjma3ckO`g~azT
¸`ckieT�S-TH¤¨_ �º§M��j¨i ��j¥f)ceORTXakT�f~akTPckO~�rc	TH¯�T�ie_`�¢pb�b_ � a3�
p;adc  Mj¨f)pFgRiz��p�f;ckT�¸;c
ceORT�¡�T�j¥��O;ckT1� % p�¡ p�iPceORT%a£ckieT
c���O�p�§�T1����O¬qdp�� "�j¥a�S)�F�bT���at��¤¨p;a£T�ckp-ceORTVp�ckORTHi�p�fRT1at��aP�5pFaea£j¥�R¤¥T�«
]bgRS�¹J�~�Fa£T1��S-T
ceikjm��a�ceT�f~�ckp#pF�bckj¥S-j¨¿HT�j¥f~a£ckT1���|ceORTG,-= ���.��� % = � � /²p�§zckO~T��~¤¥�rc£§°p�ieS#«¬NPORT-�RieT�¯`j¥p�g~a
ceORT�pFikTHS½T1adc��r�R¤¥jma£ORT1aPckO¢��cXceORTHakT�cd¡�p®p��RqdTH�(cej¨¯FTHat�H�rf|�5T%j¥f�p��~�¢p;a£j¨ckj¥p�f#p�f|�¢�rikckjm�
gR¤m�ritj¥f~a£ce��f~�
T1a�«
wZa¬�¼�
pFf~a£T1l;gRT�f~��T�y�j¨c-akORp�g~¤¥�¶�5T�f~prckT1�¶ceO~��c-�rf`_¶�r¤¥��p�iej¨ckORS�p��bcej¨S-j¥¿�j¥fR�¼�¼a£g~S¬¹@�~�Fa£T1�©S�T�ckiej¥�
O¢��a	ckORTv�~��i£cej¥��gR¤m�rie¤¨_-gRf~�RTHakj¨i��r�R¤¥TX�~ikpF�¢THi£cd_-pr§��¢p�ckTHfFcej¥��¤�adc��rie¯<�rckj¥p�f»«3NPORjma�p��~akT�ie¯���cej¨pFf»y;��p�gR�~¤¨T1�
¡�j¨ckO-ceORT�§M�F�(coceO~��coceORTXa£ckieT
c���O�jma3S-p�ieT�ieT�¤¥T�¯��rf;c3ckO¢�rf-ckO~T % p�¡&j¨f®��ak_badceT�SC¡�j¨ckO�ORj¨�FOR¤¥_%¯��riej¥���R¤¥T
qdpF�akj¨¿HTHaHy~S-prcej¨¯���ceTHaZS)��¸`¹@a£ckieT
c���O|��a�ceORT%S-T�ckiej¥�%pr§z��ORpFj¥��T�j¨f�RTHakj¨�FfRj¨f~��ak��O~TH�bgR¤¥j¥fR���r¤¥��pFikj¨ckO~S-a
j¥f�ckORjma�akT
c£cej¨f~�~«

� # ��" � �  ���H���
� ����
"V�

�Zf¬�ta£j¥fR�F¤¨T	�Rikpb��THaea£pFiHyHckORT	S)��¸`¹ % p�¡ªjma�p��bcej¨S-j¥¿�TH�V�;_��)������ MakT�T Ë THf~�bTHi ��= % � �+� A�F§°pFi�T�¸b��S-�R¤¨T "(«
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SS $�� � «�µ¼T¡�j¨¤¥¤e7~i�a£cP�~ikp�¯FTXceO~��ct¡�j¨ckORpFgbct¤¥pFaeaPpr§��FT�fRTHie��¤¨j¨cd_�y`¡�TV����f��FakakgRS-T�ckO~�rcH·


F«PwX¤¨¤
A
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§°p�ieT�yFckO~T�akgRS�¹@a£ckieT
c���O

pr§��|ak��O~TH�bgR¤¥T)����f¼�5T®THl;g~��¤�ckp
SS $���� p�f~¤¨_�j¨§ SS(X) = n(K+1)

K + (n−m)(n−m+1)(K+1)
2

y
j´« T�«¥ybp�f~¤¨_-j¨§

X = (3, . . . , 3, 0, 0, . . . , )
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pFS-�R¤¨T�ckT1����cP�5THa£c��rc	cej¨S-T

αβγn + βγn
«�NPO~T�ieT
§°p�ieT�y`ceORTVakgRS�¹@a£ckieT
c���O�jma���ieTH�rckT�i�ceO~�rf�p�i�T1lFg¢�r¤�ckp¢·
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.

 °� "
J1
jma	��p�S-�R¤¥T
ceTH�)�5T
§°pFikT

J0
«3NPORTHf

J1
j¥a��
pFS-�R¤¨T�ckT1����c	ckORT�TH��ik¤¥j¥THa£c	��c	ckj¥S�T

r1 + p1 =
αβγn + βγn − ε1

« � f ��f;_¶�H��akT�y
J0
j¥a��
pFS��~¤¨T�ckTH� ��c¬�5THa£c��rc¬cej¨S-T

αβγn + βγn
«

NPO~T�ieT
§°p�ieT�y;ceORTVa£g~S¬¹ºa£ckieT
ce��O�jmaP��ieTH��ceT�i�ckO¢�rf#p�i�T1lFg¢�r¤�ckp¢·

1 +
(αβγn + βγn)

αβγn
= 2 +

1

α
.

NPORT�ieT
§°pFikTFybgRf~�bTHi�p�gRi�O`_`�5prckO~THakTHaHy`ckORT��5THa£cX����ORj¥T�¯����R¤¨TvakgRS�¹@a£ckieT
c���O�jma�·

2 +
1

α
+ min

{
0,−ε1 + ε2

αβγn
+

ε1

βγn

}
.

Dtp�¡�T�¯FT�i1y�p�f~TX�
pFgR¤¥�®O~�<¯�Tt��p�S-�R¤¥T
ckT1� 7~i�adc
J0
�5T
§°pFikTZadc��rikckj¥fR��ckO~TX�Riepb�
THaeakj¨fR��p�§

J1
y`ORTHf~�
T

ikT1����ORj¥fR�-�-a£gRS�¹ºadceikT�ce��O�pr§d·
2 +

ε1

βγn
.

µ¼TZa£gR�~�¢p;a£TPceO~��c  Mj´« T�«¥yr¡�T�¡�j¨¤¥¤~THf~akgRikTPceO~��c3ceORTX��ORp;a£THf¬¯���¤¨gRT1a3pr§�ceORT��~�ri��rS-T�ckT�i�a3�rieT�a£g¢��O
ckO~�rc�"
·

2 +
ε1

βγn
< 2 +

1

α
+ min

{
0,−ε1 + ε2

αβγn
+

ε1

βγn

}
.

NPORT�f�ybckORTV��p�S-�5T
ckj¨ckj¥¯�T�i���cej¨p-��ckce��j¨fRT1��j¥aP�FikT1��ckTHi�ckO~��f�pFi�THl;g~�r¤�cep~·

2 + 1
α + min

{
0, ε1

βγn − ε1+ε2

αβγn

}

2 + ε1

βγn

.

F�G&H�FJI
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�b«Pµ¼TXfRp�¡&��p�f~akjm�bT�i3ceORTX��p�S-�R¤¥T�S-T�f;ce��ik_¬����akT�·���cocej¨S-T
αβγn+βγn−ε1−ε2

ceORTtT
¸bT1�
gbcej¨pFf
pr§

J0
O~�Faz�5T�THf���p�S-�R¤¥T
ckT1��«3NPORT�f�y;¡�TZakT�f¢���rf~prckO~T�i»qdpF�®cepVckO~T�ak_badceT�S#«3wXa

J0
j¥azckORT 7~i�adc

qdp��ckp��¢T-�
pFS��~¤¨T�ckTH�»y�ckORT�S-pFa£cZ§M�<¯Fp�i��r�R¤¥TV���Fa£T¬j¥aZckO¢��c
J0
jmaZ§°gR¤¥¤¨_��~ikpb�
T1akakTH�|�RgRikj¥fR��ckORT

ckj¥S-T�j¨f;ckTHik¯���¤
[0; αβγn]

«3µ¼TvceO`g~at��aeakgRS-TZj¥f�ckORTv§°pF¤¨¤¥p�¡�j¨f~�¬ceO~��cPceORj¥atj¥aPceORTV���Fa£TF«
���)� � � Å

r2 = αβγn + βγn− ε1 − ε2
�b�<� � � Å ��� É �

J2
É� � ����Å

p2 = γn
.

µ¼T��
p�f¢a£jm�bT�iVckORT�ak_badceT�S���c�ckj¥S-T
αβγn + βγn + γn − ε1 − ε2 − ε3

y���f~�ª¡�ORT
ceORT�i%ckORT
T
¸bTH��gbckj¥p�f#p�§

J1
O~�FaP�¢THT�f|�
pFS-�R¤¨T�ckT1���rcPckO~�rc�ckj¥S�TF«

 M� " � §�ceORTXT�¸bTH�
gRckj¥p�f®p�§
J1
O~�FaofRp�c	_FT
c	�5T�THf��
pFS-�R¤¨T�ckT1��yF¡�TZ�RpVfRprcPa£THf~�®��f;_�S-p�ieT3qdp��¢a�«

N�p-T�¯��r¤¥g~�rckT�¡�O~��c�jma�ckORTv�5THa£c��F��ORj¥T�¯��r�R¤¥Tva£gRS�¹ºadceikT�ce��O�j¨f�ckO~THakTv��p�f~�Rj³cej¨pFf~a�y`¡�TvfRT�T1�
cep)adceg~�b_®cd¡�p)���Fa£T1a�·
jJ«

J1
j¥a-�
pFS-�R¤¨T�ckT1� �5T
§°pFikT

J2
«&NPORTHf»y��;_¶O`_`�5prckO~THakj¥aHy

J1
�H�rfRfRp�c)�¢T|�
pFS-�R¤¨T�ckT1�

T1�rie¤¨j¥T�izckO~��f
αβγn + βγn + γn− ε1− ε2− ε3

« � f��rf`_)����akT�y
J2
j¥a��
pFS-�R¤¨T�ckT1����c

�5THa£c���czcej¨S-T
αβγn+βγn+ γn

«3NPORTHikT�§°p�ieT�yrceORTva£gRS�¹ºadceikT�ce��O)jmaz�FikT1��ceT�i3ceO~�rf®pFi
T1l;g~�r¤�cep~·

1 +
(αβγn + βγn + γn− ε1 − ε2 − ε3)− (αβγn− ε1)

βγn

+
(αβγn + βγn + γn)− (αβγn + βγn− ε1 − ε2)

γn
=

3 +
1

β
− ε2 + ε3

βγn
+

ε1 + ε2

γn
.

j¥jJ«
J2
jma��
pFS-�R¤¨T�ckT1� �¢T�§°p�ieT

J1
«>NPORT�f

J2
j¥a��
pFS-�R¤¨T�ckT1� ��c®ceORTT1�rie¤¨j¥THa£c���c®cej¨S-T

r2 + p2 = αβγn+βγn+ γn− ε1− ε2
« � f���f`_��H��akT�y

J1
jma	��p�S-�R¤¥T
ceTH�®�rc	�5THa£c���c

cej¨S-T
αβγn + βγn + γn

«�NPO~T�ieT
§°p�ieT�yRckORT%akgRS�¹ºadceikT�ce��O#j¥aX��ieTH�rckT�iPceO~�rf|pFi�THl;g~��¤
cep~·

1 +
(αβγn + βγn + γn− ε1 − ε2)− (αβγn + βγn− ε1 − ε2)

γn

+
(αβγn + βγn + γn)− (αβγn− ε1)

βγn

= 3 +
1

β
+

ε1

βγn
.

NPO~T�ieT
§°p�ieT�y`j¥f�ckO~�rcX����akT�y`ceORT��5THa£cX����ORj¥T�¯��r�~¤¨Tva£g~S¬¹ºa£ckieT
ce��O�jma

3 +
1

β
+ min

{
ε1 + ε2

γn
− ε2 + ε3

βγn
,

ε1

βγn

}
.

DXp�¡	TH¯�THiHyr¡�j¨ckO)pFfR¤¥_%ceORTHakT�ckO~ikTHT3qdp��~aHy;p�fRTX��p�gR¤m�-O~�<¯FT�ikT1����ORT1���v�5T
ckckTHi�akgRS�¹@a£ckieT
c���O
�`_'7~i�adc3§°gR¤¥¤¥_�T�¸bTH�
gRckT

J0
�rf~��ceORT�f-§°gR¤¥¤¥_�T�¸bTH�
gRckT

J1
«3NPORTXakgRS�¹@a£ckieT
c���O�pF�bce��j¨f~TH��ckO~j¥a
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¡P�<_)jma�THl;g~��¤�ckp~·

1 +

(
1 +

ε1

βγn

)
+

(
1 +

ε1 + ε2

γn

)
= 3 +

ε1

βγn
+

ε1 + ε2

γn
.

�X§3�
pFgRi�a£TFyFceORjma�j¥a����5T
ckckT�iZa£pF¤¨gbcej¨pFf�pFfR¤¥_�j¨§d·

ε1

βγn
+

ε1 + ε2

γn
<

1

β
+ min

{
ε1 + ε2

γn
− ε2 + ε3

βγn
,

ε1

βγn

}
,

¡�O¢��c�¡�T|¡�j¨¤¥¤XTHf~akgRikT#ceORiep�gR�FO ceORT��ORpFj¥��T|pr§vckO~T��~�ri��rS-T�ckT�i�aH« � fÀckO¢��c��H��akT�y�ckORT
��p�S-�5T
ckj¨ckj¥¯�T�i���cej¨p�jma���ieTH�rckT�i	ckO¢�rf#p�i�T1lFg¢�r¤�ckp¢·

3 + 1
β + min

{
ε1+ε2

γn − ε2+ε3

βγn , ε1

βγn

}

3 + ε1

βγn + ε1+ε2

γn

.

 °� "�µªT�fRp�¡&�
p�f¢a£jm�bT�i�ceORTX��p�S-�R¤¥T�S-T�f;ce��ik_V�H��akT�·���c�ckj¥S-T
αβγn+βγn+γn−ε1−ε2−ε3ceORT�T
¸bTH��gbckj¥p�f¬pr§

J1
O~�Fa��5T�THf���p�S-�R¤¥T
ckT1��«�NPO~T�f»yr¡�T	akT�f¢�%�rf~prckO~T�i¢qdp��VcepXceORTPa£_ba£ckT�S#«

wZa
J0
j¥a	ckO~T 7~i�a£c�qdpF��cep¬�5T���p�S-�R¤¥T
ceTH����f~�

J1
ceORT�a£T1�
pFf~��yFckORTvS-pFa£c	§M�<¯Fp�i��r�R¤¥TX�H��akT

jma�ckO¢��c
J0
jma�§°gR¤¥¤¨_��Rikpb��THaea£T1���bgRiej¥fR��ckORTvcej¨S-T�j¥fFceT�ie¯��r¤

[0; αβγn]
�rf~�

J1
�bg~ikj¥fR��ckORT

cej¨S-T¬j¨f;ckTHik¯���¤
[αβγn; αβγn + βγn]

«tµ¼T%ckO`g~a���aea£g~S�T%j¨f|ceORTV§°pF¤¨¤¥p�¡�j¥fR�-ckO~�rcXceORj¥aZjma
ceORTV���Fa£TF«
���-� � � Å

r3 = αβγn + βγn + γn− ε1 − ε2 − ε3
�b�<� � � Å � � É �

J3
É�� � ����Å

p3 = nµªT-�
p�f¢a£jm�bT�iZckO~T�ak_badceT�S ��cZckj¥S-T
αβγn + βγn + γn + n − ε1 − ε2 − ε3 − ε4

y»�rf¢�
¡�O~T
ckO~T�iPckO~T�T
¸bTH��gbckj¥p�f#pr§

J2
O~�FaP�¢THT�f|�
pFS��~¤¨T�ckTH�#�rc�ceO~��c�cej¨S-TF«

jJ« � §�ckO~T�T
¸bTH��gbckj¥p�f�pr§
J2
O~��aPf~prct_�T�c��¢THT�f|�
pFS��~¤¨T�ckTH�»yb¡	T��bp-fRp�cXa£THf~����f`_®S-p�ieT

qdpF�~aH«�N�pvT�¯��r¤¥g~��ceTP¡�O~��cojma�ckORT��5THa£cz����O~j¨TH¯<���R¤¥T�akgRS�¹@a£ckieT
c���O¬j¥f�ckORT1a£T���p�f~�bj¨ckj¥p�f¢a�y
¡�TvfRT�T1��ckp®a£ckg~�b_®cd¡	p)���Fa£T1a�·
w%«

J2
j¥aP�
pFS-�R¤¨T�ckT1�®�5T
§°p�ieT

J3
«3NPORTHf»yb�`_)O;_`�5prceORTHakj¥aHy

J2
���rf~fRprc��¢T��
pFS-�R¤¨T�ckT1�

TH�rie¤¥j¨THi-ckO~��f
αβγn + βγn + γn + n − ε1 − ε2 − ε3 − ε4

« � f ��f;_ ����akT�y
J3
jmaV�
pFS��~¤¨T�ckTH�©�rcv�5THa£c¬�rc�ckj¥S�T

αβγn + βγn + γn + n
«®NPORT�ieT
§°pFikTFy»ckO~T

a£gRS�¹ºadceikT�ce��O�j¥at��ieTH��ceT�i	ckO~��f#p�i�THl;g~��¤�ckp¢·

1 +

(
1 +

ε1

βγn

)

+
(αβγn + βγn + γn + n− ε1 − ε2 − ε3 − ε4)− (αβγn + βγn− ε1 − ε2)

γn

+
(αβγn + βγn + γn + n)− (αβγn + βγn + γn− ε1 − ε2 − ε3)

n
=

4 +
1

γ
+

ε1

βγn
− ε3 + ε4

γn
+

ε1 + ε2 + ε3

n
.

F�G&H�FJI
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Ë «
J3
jma��
p�S-�R¤¥T
ceTH�#�5T
§°pFikT

J2
«�NPORT�f

J3
jmaZ��p�S-�R¤¥T
ceTH���rctckORT�TH��ik¤¥j¥THa£cZ��ctcej¨S-T

r3 +p3 = αβγn+βγn+γn+n−ε1−ε2−ε3
« � f)�rf`_%�H��akT�y

J2
jmao�
pFS-�R¤¨T�ckT1�

��c��¢T1adc3��c�ckj¥S�T
αβγn+βγn+γn+n

«�NPORTHikT�§°p�ieT�y1ckO~T�akgRS�¹@a£ckieT
c���O�j¥a��FikT1��ckTHi
ckO~��f�pFi�THl;g~��¤�ckp~·

1 +

(
1 +

ε1

βγn

)

+
(αβγn + βγn + γn + n− ε1 − ε2 − ε3)− (αβγn + βγn + γn − ε1 − ε2 − ε3)

n

+
(αβγn + βγn + γn + n)− (αβγn + βγn− ε1 − ε2)

γn

= 4 +
1

γ
+

ε1

βγn
+

ε1 + ε2

γn
.

NPO~T�ieT
§°p�ieT�ybj¥f�ckO~�rcX����akT�y`ceORT��5THa£cX����ORj¥T�¯��r�~¤¨Tva£g~S¬¹ºa£ckieT
ce��O�jma

4 +
1

γ
+

ε1

βγn
+ min

{
ε1 + ε2 + ε3

n
− ε3 + ε4

γn
,
ε1 + ε2

γn

}
.

DXp�¡	TH¯�THiHy�¡�j³ceO²p�f~¤¨_ªckO~THakT®§°p�g~itqdp��¢a�y3pFfRT��
pFgR¤m�¶O~�<¯�T�ikT1����ORT1�ª��¢T�c£ceT�i-a£gRS�¹
a£ckieT
c���O)�`_47~i�a£cz§°gR¤¥¤¨_�T
¸bT1�
gbceT

J0
y�ceORT�f)§°g~¤¨¤¥_-T
¸bTH��gbckT

J1
y`�rf~��ceORT�f®§°gR¤¨¤¥_-T
¸bTH��gbckT

J2
«3NPORTVakgRS�¹@a£ckieT
c���O�pF�bce��j¨f~TH��ckORjma�¡P�<_)j¥a�T1l;g~�r¤�cep~·

1+

(
1 +

ε1

βγn

)
+

(
1 +

ε1 + ε2

γn

)
+

(
1 +

ε1 + ε2 + ε3

n

)
= 4+

ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
.

�X§3�
pFgRi�a£TFyFceORjma�j¥a��-�5T
ckckTHiXa£pF¤¨gRckj¥p�f�p�fR¤¥_®j¨§d·

4+
ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
< 4+

1

γ
+

ε1

βγn
+min

{
ε1 + ε2 + ε3

n
− ε3 + ε4

γn
,
ε1 + ε2

γn

}
,

¡�O¢��cX¡�T�¡�j¨¤¥¤�THf~akgRikTvceORiep�gR�FO�ceORT%��ORpFj¥��Tvpr§�ckORT%�~�ri��rS-T
ceT�i�a�« � f#ckO~�rcZ���Fa£TFybckORT
��p�S-�5T
ckj¨ckj¥¯�T�i���cej¨p�jma���ieTH�rckT�i�ceO~�rf�p�i�T1lFg¢�r¤�ckp¢·

4 + 1
γ + ε1

βγn + min
{

ε1+ε2+ε3

n − ε3+ε4

γn , ε1+ε2

γn

}

4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n

.

j¥jJ«�µªTVfRp�¡Â�
pFf~akj¥�bTHi�ckO~T%�
pFS��~¤¨THS�THf;ce�rie_��H��akT�·z�rc�ckj¥S�T
αβγn + βγn + γn + n−

ε1 − ε2 − ε3 − ε4
ceORT®T�¸`T1�
gbcej¨pFf¶pr§

J2
O~��a%�¢THT�f ��p�S-�R¤¥T
ckT1��«�NPORTHf»y�¡	T�akT�f¢�

�ªakT�iej¨T1a%p�§oqdp��~a¬cep¼ceORT#a£_ba£ckT�S#yz�Fa-�bT�7~f~TH� �¢TH¤¨p�¡�«²wZa
J0
jma¬ckORT 7~i�a£cZqdpF�²ckp

�5T#�
p�S-�R¤¥T
ceTH��y
J1
ceORT�akTH��p�f~��yo��f~�

J2
ckORT�ckO~j¨i���y�ckO~T�S-pFa£c%§M�<¯Fp�i��r�R¤¥T®���Fa£T�j¥a

ceO~��c
J0
j¥av§°g~¤¨¤¥_�Riepb�
T1akakTH�ª�bgRiej¨f~��ceORT)cej¨S-T)j¥fFceT�ie¯��r¤

[0; αβγn]
y
J1
�bgRiej¥fR�#ckORT

cej¨S-TVj¥f;ckTHik¯��r¤
[αβγn; αβγn + βγn]

y~�rf¢�
J2
�RgRikj¥fR�-ceORT�ckj¥S-T�j¨f;ceT�ie¯<��¤

[αβγn +

H	H�� �"!$#$#$%
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βγn; αβγn + βγn + γn]
«#µªT®ceO;g¢a%��aeakgRS-T®j¨f©ceORT®§°pF¤¨¤¥p�¡�j¥fR�#ckO~�rc%ceORj¥a%j¥a%ckO~T

�H��akT�«
µªTXakT�f~��cep�ckO~TXa£_ba£ckTHS ��akT�iej¨T1a3pr§

k
qdp��~aHy;pr§�ak��S�Ttakj¨¿HT

p
y�ckORTXj¨f;ckTHi£¹º�rieiej¨¯��r¤;cej¨S-T

p�§�ceORTHakT�qdp��~at�¢THj¨fR�-T1lFg¢�r¤�ckp
p
·

���-� � � Å
r3+j = αβγn + βγn + γn + n− ε1 + (j − 1)p

�b�<� � � Å � � É �
J3+j

É�
� ���FÅ

p3+j = p �

�@É �
1 6 j 6 k

.
�Z�`¯`j¥p�g~ak¤¨_Fy���¤¨¤3ceORT

k
qdp��~a%pr§�a£j¥¿�T

p
akORp�g~¤¥�ª�5T)T
¸bTH��gbckT1�©j¨fªckO~T®p�i��bT�i�p�§	ceORT�j¥i

��ikiej¥¯<��¤´«PNPORT¬p�fR¤¥_�l;gRT1adcej¨pFf�ckp�akT
ckck¤¥T%jmat¡�ORTHf��bp`THa�ceORT%T�¸bTH�
gRckj¥p�f|pr§
J3
T�f~�Ra 	µªT�O~�<¯FTZceORieT�T����Fa£T1azcep®�
pFf~a£jm�bTHiH·

w%«�NPORT�T
¸bTH��gbckj¥p�f�pr§
J3
jmat�
pFS-�R¤¨T�ckT1���*��� ��! �VckORT%T
¸bTH��gbckj¥p�f�pr§��rf`_®pr§�ckO~TPqdp��~a

J3+j
y
1 6 j 6 k

«oNPORTHf�ceORTv�¢T1adcX�F��ORj¥T�¯��r�R¤¥T�a£g~S¬¹ºa£ckieT
ce��O�jmaPTHl;g~�r¤�cep~·

4 +
ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
+ k

(
1 +

ε1

p

)
.

Ë «�NPORT¬T�¸bTH�
gRckj¥p�f�p�§
J3
j¥a��
pFS��~¤¨T�ckTH� % �*=>� ! ceORT�T
¸bTH��gbckj¥p�f�p�§	�rf`_#pr§3ceORTZqdp��~a

J3+j
y
1 6 j 6 k

«oNPORTHf�ceORTv�¢T1adcX�F��ORj¥T�¯��r�R¤¥T�a£g~S¬¹ºa£ckieT
ce��O�jmaPTHl;g~�r¤�cep~·

4 +
ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
+

kp

n
+ k.

}Z«�NPORTPT
¸bTH��gbckj¥p�f¬pr§
J3
jma3�
pFS-�R¤¨T�ckT1�V�5T
cd¡�T�T�f¬ckO~TP��p�S-�R¤¥T
cej¨pFf¬p�§RckORT�qdpF�~a

J3+j�rf~�
J3+j+1

yF§°p�izakp�S-T
j ∈ [1; k−1]

«�NPORTHf-ckORTt�5THa£c	�F��ORj¨TH¯��r�R¤¥Tta£g~S¬¹ºa£ckieT
ce��O
j¥a�T1l;g~�r¤�cep~·

4 +
ε1

βγn
+

ε1 + ε2

γn
+

ε1 + ε2 + ε3

n
+

jp

n
+ j + (k − j)

(
1 +

ε1

p

)
.

NPORj¥a�¯��r¤¥gRT�j¥a�p��`¯`j¥p�g~ak¤¨_©��¤¥j¥fRTH��i���p�S%�~j¨f~�rckj¥p�f²p�§�ckORT�cd¡�p�RieT�¯`j¥p�g~a¬p�fRT1a�y
�rf~�)¡�TX�bp¬fRprc	fRT�T1�-ckp��
p�f¢a£jm�bT�iockO~�rc����Fa£TX�Rgbc�qdg¢adc�ckORTXcd¡	p%T
¸`ckieT�S)�r¤¢p�fRT1a�«

µªT|¡�p�gR¤m�²¤¥j¨±FT�ckORT#p��Rckj¥S-��¤t�
pFS��~¤¨T�ckj¥p�f pFie�RT�i-pr§ZckORT�qdp��¢a�ckp©�¢T
J1
y

J2
y

J3
y

J3+1
yz«¥«¥«¨y

J3+k
y
J0
«�NPO~T®a£gRS�¹ºadceikT�ce��O¼§°p�i%akg~��O©�|ak��O~TH�bgR¤¥T)jma� ckTHikS)a�¤¥jmadceTH�©j¥f

ceORTV�
pFS-�R¤¨T�ckj¥p�f�p�i��bT�i "(·

1 +

(
1 +

ε2

γn

)
+

(
1 +

ε2 + ε3

n

)
+ k +

αβγn + βγn + γn + n + kp

αβγn

= k + 4 +
ε2

γn
+

ε2 + ε3

n
+

1

α
+

1

αβ
+

1

αβγ
+

kp

αβγn
.

NPO~T�ieT
§°p�ieT�yb¡�Tv¡���f;c�ceO~��c1·

k +
kp

αβγn
+ 4 +

1

α
+

1

αβ
+

1

αβγ
+

ε2

γn
+

ε2 + ε3

n

< min

{
4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n + k
(
1 + ε1

p

)
,

4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n + kp
n + k.
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wZa�¡	T�¡�j¨¤¥¤P¤¨T�c
k
ceT�f~�²ckp¼j¨f-7¢fRj³cd_Fyop�f~¤¨_ªckO~T���p;T�Ã®�
j¥T�f;cea¬pr§

k
j¥f²ceORT#�bj9��T�ieT�f;c

ceT�ieS)aPS-�rc£ceT�i1«owtf`_`¡��<_FyFceORTV�
pFS-�¢T�ckj¨ckj¥¯�T�i���ckj¥p�j¨f�ckO~j¥at�H��akTvj¥aH·

min
{

4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n + k
(
1 + ε1

p

)
, 4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n + kp
n + k

}

k + kp
αβγn + 4 + 1

α + 1
αβ + 1

αβγ + ε2

γn + ε2+ε3

n

=
k
(
1 + min

{
ε1

p , p
n

})
+ 4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n

k + kp
αβγn + 4 + 1

α + 1
αβ + 1

αβγ + ε2

γn + ε2+ε3

n

.

NPORTHikT�§°p�ieT�y<cep 7~f¢�%¡�j¨ckO¬p�gRi3�
pFf~a£ckieg~�(cej¨pFf�ckORTP¤m�rie��T1adc�gR�R�5T�i��¢pFgRf~�¬p�f%ckORT��
pFS-�¢T�ckj¨ckj¥¯�T�ie�rckj¥p
p�§�pFfR¤¥j¨fRT¬�r¤¥��p�iej¨ckORS)aPS-j¨f~j¨S-j¥¿�j¥fR�)ckO~T%a£g~S¬¹ºa£ckieT
ce��O�yR¡	T�f~T�TH��cep�7~f~�#¯���¤¨gRT1a�pr§

α
y
β
y
γ
y
n
y
k
y
p
y

ε1
y
ε2
y~�rf¢�

ε3
y~¡�ORj¥��O#S)��¸bj¥S-j¨¿HT�·

min





2 + 1
α + min

{
0, ε1

βγn − ε1+ε2

αβγn

}

2 + ε1

βγn

,

3 + 1
β + min

{
ε1+ε2

γn − ε2+ε3

βγn , ε1

βγn

}

3 + ε1

βγn + ε1+ε2

γn

,

4 + 1
γ + ε1

βγn + min
{

ε1+ε2+ε3

n − ε3+ε4

γn , ε1+ε2

γn

}

4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n

,

k
(
1 + min

{
ε1

p , p
n

})
+ 4 + ε1

βγn + ε1+ε2

γn + ε1+ε2+ε3

n

k + kp
αβγn + 4 + 1

α + 1
αβ + 1

αβγ + ε2

γn + ε2+ε3

n

.

WZa£j¥fR�¼Y��ckO~T�S)��cej¥�H� � ����@y�¡�T)§°pFgRf~�©ceORT�¯��r¤¥gRT1a
α = 1.93716

y
β = 1.29941

y
γ = 1

y
n =

1
ε1
≈ 2.69598

y
k = 1012 y p = 1

y
ε1 = 0.370923

y5�rf~�
ε2 = ε3 = ε4 = 0

�rf~�ORT�f~��T���ie�rckj¥p�p�§

F«8
�F"@1�RAb«

�)(�� �1�9-	�2/�� � /-� � �;50176�1+6�8 !*�2-)?$�%��� 17698�� 1 ���������	��
�

� fckORT��RieT�¯`j¥p�g~aZa£T1�(ckj¥p�f�y5¡�T%O¢�<¯�T%ieTH�H�r¤¥¤¨T1��ckO~�rc'�$) ��! =>����= ! � � % ��/2��/60 � !?� (*���?����/60 = � � �  4� ��� � "jmavp��Rckj¥S-��¤�§°p�i�S-j¨f~j¨S-j¥¿�j¥fR��ckORT)akgRS�¹ % p�¡�«¬µ ORT�f �������Ác��r±�T1av��ae��ORTH�RgR¤¨j¥fR�|�bT1�
jma£j¥p�f»y�j¨c�p�fR¤¥_
��p�f~akjm�bT�i�a)ceORT ! � � % ��/ ��/10 �~ikpb�
T1akakj¥fR�¶ckj¥S-T¼p�§%��qdpF�»yZ��f~� fRp�c�j¨cea ��! �90���/ % �%�Riepb�
T1akakj¨f~�¶ckj¥S-T�«NPO~T�ieT
§°p�ieT�y�§°iep�S ckORT��¢pFj¨f;c%p�§t¯;j¥T�¡Áp�§�ckORT�a£gRS�¹ºadceikT�ce��O©S-j¨f~j¨S-j¥¿H��cej¨pFf»y�������� �bp`THaVf~prc%c��r±FT
j¥f;ckp-���H�
p�g~fFc	ckORT � ���90�)-=	p�§»ckO~T	qdpF�~a�j¨f�ckORTvpF�bqdTH�
ckj¥¯�Tt§°g~f~�(cej¨pFf»«oUtTH¯�T�ikckO~T�¤¥THaea�y`Y|gbceO;g~±;iejma£ORf¢�rf»y
uX��q£�ri��rS)��f»y�]bO~�rORTHT�f»yo��f~� s�THORik±FT�O~�<¯FT�akORp�¡�fM� ��F�PckO~�rc ��� � � jma���¹@��p�S-�5T
ckj¨ckj¥¯�T®§°p�i-a£gRS�¹
a£ckieT
c���O»«

H	H�� �"!$#$#$%



;�@ �����	� 0 !$% /3�������	� ,
�	����	��������/

�)(�� �1� 14/���� � �=5&/21A-�� 	�> �
wXfRprceORT�i	¡	TH¤¨¤¢adceg~�bj¥TH�®��¤¨�Fp�iej³ceORSCjma�ckO~T�]`S-j¨ckO�� azi���cej¨p�iegR¤¥T � ;R;�5��¤¥akp�±`fRp�¡�f®��aZ� ) ��! =>����= � ���90�)-= �*�
� !$� (?���*����/10 = � � �  A��� ��� "(«PNPORj¥a�jma�� �RieT�T�S-�bcej¨¯FT¤¥j¥a£c|ak��ORT1�bgR¤¥j¨f~� ¡�ORTHikTckORT©�<¯��rj¥¤¥���R¤¨T®qdp��~a
��ikTªT
¸bT1�
gbceTH�Bj¨fÂj¥f~�
ieTH�Fa£j¥fR�&¯<��¤¨g~Tªp�§%ceORT¶ie�rckj¥p pj

wj

« µ O~�rckT�¯FT�i�ckO~T¶¡	THj¨�FOFc�a�y ��� � �+jma��<¹
��p�S-�5T
ckj¨ckj¥¯�T � ;���3§°pFi�ckORT-S-j¨f~j¨S-j¥¿H��cej¨pFf¼p�§zceORT)a£gRS\pr§z¡�T�j¥��O;ckT1�¼��p�S-�R¤¥T
cej¨pFf�ckj¥S-THa� ∑

wjCj
"(«

UXprceTzceO~��c3�
ρ
¹@��p�S-�5T
ckj¨ckj¥¯�TP�r¤¥��pFikj¨ckO~S §°pFi�ceORT�a£gRS�¡�T�j¥��O;ceTH� % p�¡¶S-j¥fRj¨S-j¥¿H�rckj¥p�f� ∑

wj(Cj−rj)
"

jma
ρ
¹º�
pFS-�¢T�ckj¨ckj¥¯�TV§°pFi�ckORT-a£g~S ¡	THj¨�FO;ckTH��
p�S-�R¤¥T
cej¨pFf�cej¨S-T  ∑

wjCj
"
«4Dtp�¡�T�¯FT�i1y~ceORT¬ieT�¯FT�i�a£T%j¥a

f~prcPckiegRT�·o���Fg~�ri��rf;ckTHTZpFf�ceORTVakgRS ¡�T�j¥��O;ckT1����p�S-�R¤¥T
cej¨pFf�cej¨S-T  ∑
wjCj

"P�Rp;T1aPfRprctj¥f~�bg¢�
TV�rf`_
�Fg~�ri��rf;ceT�Tvp�f�ckO~T%a£g~S½¡�T�j¥��O;ckT1� % p�¡  ∑

wj(Cj − rj)
"(«�NPORTHikT�§°p�ieT�ybceORTV�RieT�¯`j¥p�g~aPi���cej¨p)pFf#ckORT

S-j¥fRj¥S�j¥¿H�rckj¥p�fªpr§	ckORT)akgRS pr§�¡	THj¨�FO;ckTH�¼�
pFS��~¤¨T�ckj¥p�f�cej¨S-T1a���j¥¯�T1aXg~avf~p�ieTHakgR¤¨c�pFfceORT-T
Ã®�
j¥T�f¢�
_
p�§���� � � §°p�ivceORT)S-j¨fRj¥S-j¨¿1��cej¨pFfªp�§zceORT®a£g~S¬¹ºa£ckieT
ce��O�« HRgRikckORTHikS-pFikTFy»¡	T)�H�rfªT�¯�THf©�Rikp�¯FT%ceO~��c
��� � ��j¥a�fRp�cP��f��r�~�Rikp<¸bj¥S)��ckj¥p�f��r¤¥��p�iej¨ckORS §°p�iPS-j¥fRj¨S-j¥¿�j¥fR�¬ckORT�akgRS�¹@a£ckieT
c���O»« � f~�bT�T1��y@��� � �

ae��ORT1�bgR¤¥THa3ceORTZ�<¯���j¨¤m�r�R¤¥T�qdp��¢az�`_�j¨f~��ikT1��akj¨f~��¯<��¤¨g~THaop�§ 1
p2

j

�rf¢�)O~��aockO`g~a	T
¸R���
ck¤¥_%ceORTZae�rS-Tt�5T�O¢�<¯F¹
j¥p�i��Fa�ckORT �$) �"! = ����= � !$� (?���*����/10 = � � � 7~i�a£cPO~T�gRiej¥a£ckjm�� 4� � � "(«zNPO~TZ§°pF¤¨¤¥p�¡�j¥fR��ckORTHp�ieT�S a£ce�rckTHa�ceO~��c
� � �  M��f~�-ceO;g¢a���� � � "oj¥a	fRp�c��rf��r�R�Riep<¸bj¨S)�rckj¥p�f)�r¤¥��pFikj¨ckORS §°pFizS-j¨f~j¨S-j¥¿�j¥fR�%ceORTva£gRS�¹ºadceikT�ce��O»«
� � Å`É � Å ��� . � ��! % //�4� % �.,2� ρ > 1

� = )+� ! �:��� % / ��/2��= % /](*� � / � )6��(*) = )+� ��, � 5 �*= ! ��= (*) ! � % �.�����*��� �� � � ��� % =Z�8� % �*= ρ
= � � ���'=�)2� � � = � � % � � �U, ! =�)2� ! � ��! � � � � ( % / � �9� � ��� = ) % =b��/ =�)-���'��/2�*= % /3(*� ∆

�
= )+� !$% = � � � � = )+� �*������� � � = )+�4� %�! 0R����= % /]� �$) ��! =>����= 0 � ��� �*,2� � ��= =>�*� = � =�)2� � ����= � � �i���I����, % �U= �
	 �
� !$�&� � �tµ j¨ckO~p�gbco¤¥pFaea�pr§���THfRT�i��r¤¥j³cd_Fyr¡�TP�FakakgRS-T�ckO~�rc ρ

jmao��fRp�fb¹@f`gR¤¨¤~j¨f;ckTH��THiH«�NPORT�f»y�ckORT�j¥f~a£ce��f~�
T
jmaPS)���bT�p�§

4ρ + 1
qdp��~at¡�ORT�ieT�qdp��

Jk
jma��bT�7~f~TH���`_5·

∀k ∈ [0; 4ρ], rk = 8ρk − k(k + 1)

2

�rf¢�
pk = 8ρ− k.

NPO~j¥aXj¨f~a£ce��f~�
T�jmat�~gRj¨¤¨c�akg~��O�ckO¢��c������ �RikTHT�S-�bc�a�ckO~TVT
¸bTH��gbckj¥p�f#p�§5qdpF�
Jk
y¢§°p�i

0 6 k 6 4ρ− 1pFfRTtcej¨S-TvgRfRj¨cP�¢T�§°p�ieTXj¨ceaP�
pFS��~¤¨T�ckj¥p�f»«3NPO`g~a	ckORTv�
pFS-�R¤¨T�ckj¥p�f�pr§��r¤¥¤5ckORT	qdp��¢a	jma��bT�¤m�<_�T1�®��§ ceT�i�ckORT
��p�S-�R¤¥T
cej¨pFf�pr§

J4ρ
«�NPORTHf ��� �&��p�S-�R¤¥T
ckT1a»ceORTzT�¸bTH�
gRckj¥p�f�pr§bceORT»qdpF�~a�j¨f�ceORTzieT�¯FT�i�a£T3pFie�RT�i»p�§bckORTHj¨i

ieT�¤¥TH�Fa£TZ�R��ceTHaHy;pFfRTXTH¯�THik_�ckj¥S-TZg~fRj³c1«oNPORT�ieT
§°pFikTFy
J4ρ

O~�Fa	�¬adceikT�ce��O�pr§
1
�rf~�)jmaP�
pFS��~¤¨T�ckTH����c�ckORT

�~��ckT
24ρ2 +2ρ

«�NPORTHf»yHqdp��
Jk
y�§°pFi

0 6 k 6 4ρ−1
yrjmaz��p�S-�R¤¥T
ceTH�)��czckj¥S�T

(24ρ2 +2ρ)+(4ρ−k)��f~��O~��a��-a£ckieT
ce��O�pr§d·
((

24ρ2 + 2ρ
)

+ (4ρ− k)
)
−
(
8ρk − k(k+1)

2

)

8ρ− k
>

24ρ2 + 6ρ− (8ρ + 1)k

4ρ

 M¡	T)iep�g~��OR¤¥_|�¢pFgRf~�bT1�ªckORT®�RT�fRpFS�j¥f~�rckp�iV��f~�ª¡	Tvqdg¢adc%�biep��~�¢T1�ceORT k(k+1)
2

ckT�ieS "(«�NPO~T�ieT
§°p�ieT�y
ceORTVakgRS�¹@a£ckieT
c���O�ieTH����O~TH���;_ ��� �>p�f�ckO~j¥aPj¥f~a£ce�rf¢�
T�jmaP��ieTH��ceT�i�ckO¢�rf»·

1 +

4ρ−1∑

k=0

24ρ2 + 6ρ− (8ρ + 1)k

4ρ
= 1 +

24ρ2 + 6ρ

4ρ
(4ρ)− 8ρ + 1

4ρ

(4ρ− 1)4ρ

2
= 8ρ2 + 8ρ +

3

2
.

µªTtfRp�¡&fRT�T1��ckp�TH¯<��¤¨g¢��ckTPceORTtpF�bckj¥S)�r¤¢akgRS�¹ºadceikT�ce��O»«�NPORj¥azp��bcej¨S)��¤Rj¥az��ieTH�rckT�i�ceO~�rf»y;p�i3T1l;g~�r¤
cep~y`ceORTVa£g~S¬¹ºa£ckieT
ce��O�ieTH�r¤¥j¥¿�TH���`_ H � H��>ak��ORT1�bgR¤¥j¨f~�~«oWtf¢�bT�iPceORTIH � H��Cak��ORT1�bgR¤¥j¨f~�~y`ckO~TPqdp��

Jk
j¥a
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��p�S-�R¤¥T
ceTH�#��cPckj¥S-T
rk + pk + k

��f~��O~��a�ceO;g¢at�-adceikT�ce��O#pr§
1 + k

pk
= 1 + k

8ρ−k 6 2
«oNPORTHikT�§°p�ieT�y

ceORT-p��bcej¨S)��¤�akgRS�¹ºadceikT�ce��O|§°pFiZceORjmavj¨f~a£ce��f~�
T�jmavfRp�¤m�rie��THitceO~�rf
2(4ρ + 1)

«4H�j¥f~�r¤¥¤¨_Fy�ckO~T�i���cej¨p�pr§
ceORT�a£g~S¬¹ºa£ckieT
ce��O�ieTH�r¤¥j¥¿�TH���`_ ������p�f�ckO~j¥aPj¥f~a£ce�rf¢�
T��rf~��pr§�ckO~T�pF�bckj¥S)�r¤»akgRS�¹@a£ckieT
c���O�jmaP��ieTH�rckTHi
ceO~�rf�p�i�T1l;g~�r¤�cep~·

8ρ2 + 8ρ + 3
2

8ρ + 2
> ρ.

UXprceT®ckO¢��c�ckORT�¤¥��ik�FTHa£ctqdp��»y
p0
yz�Fa%�¼a£j¥¿�T�pr§

8ρ
�rf~�¶ckORT#a£S)��¤¨¤¥THa£cHy

p4ρ
yo�akj¥¿�T�p�§

4ρ
«�DXT�f~��T�y

∆ = 2
«

�)( � �1�9-	�2/�� � /�� ��1+8 � /�� �)���%� 501+6�1+698�!#�2-)?$�%���
1+6�8 � 1 � ������� �	��
�

NPO~T¬¡�TH��±;f~THaeaXp�§ockORT ��� � �ÁO~T�gRiej¥a£ckjm��a�jma�p��`¯`j¨pFg~a£¤¥_�ckO~�rc�j³cV�bp`THa�fRp�cZc��r±FT¬j¥f;ckp#������p�gRf;c�ckORT
ieT�S)��j¨fRj¥fR���Riep`��THaea£j¥fR�%ckj¥S�T1a�·3j¨ctS)�<_)�RieT�T�S-�bcX�Xqdp���¡�ORTHf�j¨c�j¥a���¤¨S-p;adct�
pFS-�R¤¨T�ckT1��«3N�p)���~�bikT1aka
ceORT�¡	T1�r±`fRTHaeakTHa�p�§z�¢p�ckO ����� � �rf~� ��� � ��y5p�f~T%S-j¨�FO;cv��p�f~akj¥�RT�iZ��ORT�g~ikjmadcej¥�%ckO¢��c�ce�r±FTHaXj¨f;ckp
�F����p�gRf;c��¢p�ckO�ckO~TVp�iej¨�Fj¨f¢�r¤��rf~��ceORTVieT�S)�rj¥fRj¥fR�-�Rikpb��THaea£j¥fR�¬ckj¥S�T1atp�§�ceORTPqdp��~aH«	NPO~j¥a�jma�¡�O~�rc�ckORT
�$) ��! =>����= � ���90�)6=>�*� ! � � % ��/ ��/10 � !?� (*���?����/60 = � � �®ORTHgRiej¥a£ckjm�  4��� ����� "V�bp`THaH« � f¶ckORT®§°ie��S�TH¡	pFik±
p�§�akgRS�¹@a£ckieT
c���O�S-j¥fRj¨S-j¥¿H�rckj¥p�f»yR�rc���f`_-ckj¥S�T

t
y ��� ������ak��O~TH�bgR¤¥THa�ceORT�qdp��

Jj
¡�O~j¥��O�S-j¨fRj¥S-j¨¿HTHa

pjρt(j)
«CY|gbceO;g~±;iejma£ORf¢�rf»ytut�rq£�ri��rS)�rf�y�]bO~�rORTHT�f»yZ�rf~�¾s�THORik±FT � �"F�v�Riep�¯�T#ceO~��c ��� ����� j¥a

�F�(ceg~�r¤¥¤¨_�p��bcej¨S)�r¤�¡�O~T�f�ckORTHikT���ikTvp�f~¤¨_)cd¡�p�qdp��#a£j¥¿�T1a�«
UXT�j¨ckORTHi�pr§;ckO~To�Riep;p�§Ma�pr§R�
pFS-�¢T�ckj¨ckj¥¯�T�f~THaea�pr§0������� p�i���� � � ���rfv�5T3T
¸`ckTHf~�bT1��ckp ��� ��� ��«

��� ����� O~��a-���R�~�rieT�f;ce¤¨_©�5T�T�f&adceg~�bj¥TH� �`_²Y|T��Fp�¡ � �;�&Jy	�Rgbc)p�f~¤¨_¶j¥f²ceORT|ak��p��5T�p�§tckORT|akgRS
¡�T�j¥��O;ceTH���p�S-�R¤¥T
cej¨pFf¼cej¨S-TF«�]`p�§M�ri1y�ckORTHikT-jmavfRp|��g¢�ri��rf;ckTHT%p�f¼ckO~T)T
Ã®�
j¥T�f~��_�pr§ ��� ��� � §°p�i
akgRS�¹ºadceikT�ce��O�S�j¥fRj¥S-j¨¿1��ckj¥p�f�« � f;ckg~j³cej¨¯FT�¤¥_�y~¡�T�¡�p�gR¤m��ckORj¥fR±®ceO~��c���� �����>jmatS-pFikTvT
Ã®��j¨THfFcXckO~��f
� ��� � §°p�ivceORT�akgRS�¹@a£ckieT
c���O¼S-j¥fRj¨S-j¥¿H�rckj¥p�f»« DXp�¡	TH¯�THiHy�ceORT-§°p�¤¥¤¥p�¡�j¨fR��ceORT�pFikTHS\a£O~p�¡ta�ckO~�rcVckORT
¡�p�i�a£cP�H��akTZ§°pFi ��� � � �Â§°pFiPckORTVakgRS�¹ºadceikT�ce��O�S�j¥fRj¥S-j¨¿1��ckj¥p�f#jmaPfRp-�¢T�c£ceT�i�ceO~�rf�ckO¢��ctpr§ ��� � ��«
� � Å`É � Å ���%. � �"!'% //� ! � % � ε � 1 > ε > 0

� =�)2� ! �'���R���*= � % / ��/2��= % /](*� ��,2(*) = ) % = ��� � � � ��� / � =

(2− ε)
5 ( � ��� ��= ��= ����� � ��! = )+� � ��/ � � ��� % = � � / � � =�)2� ��, � 5 �*= ! ��= (*)2�

� !$�&� � �XNPO~T��RikpF�R¤¥T�S)��cej¥�Pj¥f~a£ce�rf¢�
TPj¥a	�
pFS��5pFakTH�¬pr§5cd¡�pVa£T1lFg~T�f~��THa�pr§;qdp��¢a�« � f-ckORTb7~iea£coa£T1l;gRT�f~��T�y
ceORT¬qdp��~a��rieT�p�§X�bTH��ikT1��akj¨fR�¼a£j¥¿�T1a�y3ceORT#a£j¥¿�T�pr§X��qdp��²�5T�j¥fR�¼ckORT#akl;g~��ikT�ikp`prc�pr§tceORT#a£j¥¿�T�pr§Xj¨cea
j¥S-S-TH�bjm��ceT��RieTH�bT1�
THaeakp�i1« � f ceORTakTH�
pFf~� akTHl;gRT�f¢�
T�y���¤¨¤XckORT�qdp��~a®��ikTpr§�gRfRj¨c£¹ºa£j¥¿�TF«Â{z����O©qdpF�
��ikiej¥¯�THaP�rcX�)�R��ceT�THl;g~�r¤�cep-ckORT%ikTH¤¨T1��akTv�~��ckT�p�§�j¨ceat�RikT1�bTH��THaea£pFiP�R¤¨g¢a�ckO~T�T
¸bTH��gbckj¥p�f�ckj¥S-TVpr§�ckO~j¥a
�~ikT1�bTH��THaea£pFiHy�T�¸b��T��bcz§°p�ioceORTXakTH��p�f~�-�rf¢��ckORj¥ie��qdpF�~ao¡�O~j¥��O)�rieiej¨¯FTP�rc	�R�rckTHa	�
iej³cej¥�H�r¤b§°pFi)��� ��� ��«
x�T
c

α = 1− ε
3

y
n =

⌈
log2

(
log2

3(1+α)
ε

)⌉ y`�rf¢�
k = d− log2(− log2 α)e «3x»T�c l

�¢T��rf®j¥f;ckT��FT�i
ceO~��ct¡�j¥¤¥¤��¢TV�bT�7~fRT1��¤m��ceT�i�pFf»«oNPORT�f�yR¡	T�§°pFikS)�r¤¥¤¥_)�RgRj¥¤¥��ckO~T�j¨f~a£ce��f~�
T J �Fa�§°p�¤¥¤¨p�¡taH·

�«���pF�

J0
�rieikj¥¯�T1a��rcPckj¥S�T

r0 = 0
��f~��jma�p�§�akj¨¿HT

p0 = 22n «
�b«���pF�

J1
�rieikj¥¯�T1a��rcPckj¥S�T

r1 = 22n − 22n−2 �rf~��jma�pr§�a£j¥¿�T
p1 = 22n−1 «

;R«���pF�
J2
�rieikj¥¯�T1a��rcPckj¥S�T

r2 = r1 + 22n−1 − α
�rf~��j¥atpr§�akj¥¿�T

p2 = 22n−2 «
@~«���pF�

Jj
yb§°p�i

3 6 j 6 n
yR��ikiej¨¯FTHaP��cPcej¨S-T

rj = rj−1 + pj−1
�rf~��jma�pr§�a£j¥¿�T

pj = 22n−j «

H	H�� �"!$#$#$%
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Ab«���pF�
Jn+j

y¢§°pFi
1 6 j 6 k

y�j¥aZpr§zakj¨¿HT
pn+j = 22−j ��f~���rieiej¨¯FTHa���cZckj¥S-T

rn+j = rn+j−1 +
pn+j−1

«
�R«���pF�

Jn+k+j
y�§°pFi

1 6 j 6 l
y�j¥a�pr§%akj¨¿HT

pn+k+j = 1
�rf~� �rieikj¥¯�T1a)��c�cej¨S-T

rn+k+j =
rn+k+j−1 + pn+k+j−1

«
µªT:7~iea£c�adceg~�b_)ceORTv�¢THO~�<¯`j¨pFi	p�§���� � ��pFf®ceORj¥aPj¥f~a£ce��f~�
TF·�ceORjmaP��j¥¯�THa	g~aP�rf�gR�R�5T�iP�5p�gRf¢��pFf

ceORT�p��Rckj¥S-��¤»a£g~S¬¹ºa£ckieT
ce��O�«�NPO~T�f»yR¡�Tv¡�j¨¤¥¤�a£ckg~�R_®ckO~TVa£gRS�¹ºadceikT�ce��O�pr§ ��� � � ��«
���������
	�����������

K NPO~T�7~i�adc%�R�rckT��rcV¡�ORjm��O=����� �½S¬g~adc���ORp`pFakT��5T
cd¡�T�THf©cd¡	p-qdpF�~a�jma
r1
«#w�c

r1
ckORT

ieT�S)��j¨fRj¥fR���Riepb�
T1akakj¨f~�Zcej¨S-T  Mu�nzN "opr§
J0
jma

ρr1(J0) = 22n−2 yF¡�ORTHf
ρr1(J1) = 22n−1 «

NPO~T�ieT
§°p�ieT�y ����� �½�
pFf;ckj¥f;g~THa�ckp#T�¸`T1�
gbceT
J0
��c%�~��ckT

r1
y�gRf;ckj¥¤

r1 + 22n−2

< r2
y���c

¡�O~j¥��O#�R��ceTvckORT�T�¸bTH�
gRckj¥p�f�pr§5qdp��
J0
j¥aX�
p�S-�R¤¥T
ceTH��«

K µªT�fRp�¡8�
p�f¢a£jm�bT�i�ceORTV�R��ceT r2
«

ρr2(J1) = 22n−1 −
(
r2 −

(
r1 + 22n−2

))
=

22n−1 −
((

r1 + 22n−1 − α
)
−
(
r1 + 22n−2

))

= 22n−1 − (22n−1 − 22n−2 − α) = 22n−2

+ α.

ρr2(J2) = 22n−2 «²NPO~T�ieT
§°p�ieT�y�� ��� � T�¸bTH�
gRckTHa¬ceORT%qdpF�
J2
a£ce��i£cej¨fR�ª��c-j³c�a�ikTH¤¨T1��akT

�~��ckTF«
K NPO~T%qdpF� J2+j

y3§°pFi
1 6 j 6 n + k + l − 2

y3jma¬T�¸bTH�
gRckTH� ��c-j³c�a¬ieT�¤¥TH�Fa£T��R��ceT�«¶µªT
�H�rf j¥f~�bTHTH�¾akT�T|ceO~��c#��c�ckORT¼ikTH¤¨T1��akT��R��ceT

r2+j
ceORTpFfR¤¨_¼qdp�� �RikTH¯`j¨pFg~a£¤¥_ ieT�¤¥TH�Fa£T1�

¡�O~pFakT|T
¸bTH��gbckj¥p�f ¡P��a)f~prc���p�S-�R¤¥T
ckT1�Àj¥a
J1
¡�ORp;a£T|ieT�S)��j¨fRj¥fR�¶�Riepb�
T1akakj¨f~�©ckj¥S�Tj¥a

ρ(J1) = 22n−2

+ α
¡�O~j¥��O¶jma%a£ckiej¥�
ck¤¥_�FikT1��ckTHivckO~��f

J2+j
 ceORT�qdp��¢a%�rieT-ikTH¤¨T1��akTH�ªj¥f

�RTH�
ieTH�Fa£j¥fR��p�i��bT�iPp�§�ceORT�j¥ita£j¥¿�T1a�"
«
K �Zf¢�
TvckO~TVT
¸bTH��gbckj¥p�f|p�§���¤¨¤�ckORTtqdp��~a J2+j

yR§°p�i
1 6 j 6 n + k + l − 2

y~j¥aZ�
p�S-�R¤¥T
ceTH��y
� ��� �8�
pFS-�R¤¨T�ckT1a�ckORTXT
¸bTH��gbckj¥p�f-pr§;qdp��

J1
¡�ORjm��O�THf~�Ra	��c3ckj¥S-T

tf
T1l;g~�r¤ma�ckpvceORTXakgRS

p�§�ceORT�a£j¥¿�T1aPpr§3�r¤¥¤�ckORTPqdpF�~aH·

tf =
∑

06i6n

22i

+
∑

16i6k

22−i

+ l.

K H~ikpFS ¡�O~��cv�RieTH��TH�bT1a�y5ckO~T�a£ckieT
c���OieTH�r¤¥j¥¿�TH���;_ ����� � p�f�ceORjmaZT�¸R�rS-�R¤¥T¬jma�THl;g~�r¤�ckp
pFfRT®§°pFi���¤¨¤�ceORT%qdpF�~aHyoT
¸R�
TH�bc%§°pFi�qdp��

J1
«¶NPORT�ieT
§°pFikTFy�ckORT#akgRS�¹@a£ckieT
c���O²ikT1�r¤¥j¨¿HTH�©�`_

� ��� �Cp�f�ckORjma�j¥f~a£ce�rf¢�
Tvj¥aPT1l;g~�r¤�cep~·

n + k + l − 1 +
tf −

(
22n − 22n−2

)

22n−1 .

F�G&H�FJI
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K NPO~T 7~iea£cX�R�rckT%�rct¡�ORj¥��O ��� ��� �CS%g¢adcZ��O~p;p;a£Tv�5T
cd¡�T�THf�cd¡�p�qdp��~aXj¥a
r1
«	w�c

r1
ckORT

¡�T�j¥��O;ceTH�vieT�S)�rj¥fRj¥fR�t�Riepb�
THaeakj¨fR�tckj¥S�T  °µ¾u�n	Nvy<�RT�fRp�ckTH�V�;_
ωt(J)

"�pr§
J0
j¥a

ωr1(J0) =

22n−2 × 22n yb¡�ORTHf
ωr1(J1) = 22n−1 × 22n−1

= 22n «oNPORTHikT�§°p�ieT�y ��� � � �Â�RieT�THS-�bcea
qdpF�

J0
��ct�R�rckT

r1
��f~��T
¸bTH��gbckT1a�qdp��

J1
j¥f~adceTH�F��«

K µªT�fRp�¡8�
p�f¢a£jm�bT�i�ceORTV�R��ceT r2
«

� ωr2(J0) = ωr1(J0) = 22n−2 × 22n

.

� ωr2(J1) =
(
22n−1 − (r2 − r1)

)
× 22n−1

=
(
22n−1 −

(
22n−1 − α

))
× 22n−1

=

α× 22n−1

.
� ωr2(J2) = 22n−2 × 22n−2

= 22n−1 «
NPO~T�f»y5¡�O~��ceT�¯FT�i�ceORT%¯��r¤¥gRT¬pr§

α ∈]0; 1[
y���� �����Á�
p�f;cej¨f`gRT1aPckp�T
¸bTH��gbckT�ceORTtqdpF�

J1�rc	ceORT��R��ceT
r2
ybg~fFcej¨¤�j¨ceaP��p�S-�R¤¥T
ckj¥p�f���c��R��ceT

r2 + α
«z];c��rikckj¥fR�¬§°ikpFSÁckORT��R�rckT

r2 + α��f~��gRf;ckj¥¤�ckORT�f~T
¸`ctikTH¤¨T1��akT��~��ckTFy
r3
y ��� ��� �>T
¸bTH��gbckT1aPckORTPqdpF�

J2
«

K µªTXf~p�¡ÀakORp�¡À�`_-j¨f~�Rg~�(cej¨pFf)ckO~�rc��rczckO~TZ�R�rckT r1+j
yF§°pFi

1 6 j 6 n− 1
y�ceORTXpFfR¤¨_Zqdp��¢a

ieT�¤¥TH�Fa£T1��TH�rie¤¥j¨THi3ckO~��f
r1+j

��f~�)¡�ORp;a£TtT�¸bTH�
gRckj¥p�f®�rieT�fRp�c	_�T�c	�
pFS-�R¤¨T�ckT1�®�rieT
J0
¡�j¨ckO

ρr1+j
(J0) = 22n−2 yF�rf¢�

Jj
¡�j¨ckO

ρr1+j
(Jj) = α

«�µªT�O~�<¯FTPakT�THf%ceO~��c3ceORTHakT��Riep��5T�ikckj¥THa
O~p�¤m�®§°pFi

j = 1
«

µªT%f~p�¡>a£gR�~�¢p;a£T�ceO~��cZckORT��Riep��5T�ikckj¥THa�O~p�¤m�|gRf;ckj¥¤3a£pFS�T%¯<��¤¨g~T%pr§
j
j¥f~�
¤¥g~�bT1��«�NPO~T�f»y

�`_®j¥f~�bg¢�(ckj¥p�f#O`_`�¢p�ckORT1a£T1a�·
� ωr1+j

(J0) = ωr1(J0) = 22n−2 × 22n

.

� ωr1+j
(Jj) = α× 22n−j

.

� ωr1+j
(J1+j) = 22n−1−j × 22n−1−j

= 22n−j «
NPO~T�f»y5¡�O~��ceT�¯FT�itceORT%¯���¤¨gRT%pr§

α ∈]0; 1[
y	��� � � � �
pFfFcej¨f`gRT1a�cep�T
¸bT1�
gbceT�ckORTXqdp��

Jj�rcvckORT)�R�rckT
r1+j

y»gRf;cej¨¤3j¨cea���p�S-�R¤¥T
ckj¥p�fª��cV�R�rckT
r1+j + α

«�];c��rikckj¥fR��§°ikpFS ckORT)�R�rckT
r1+j + α

��f~��g~fFcej¨¤�ceORT¬f~T
¸`c�ieT�¤¥TH�Fa£T¬�R��ceT�y
r2+j

y&��� ��� � T
¸bTH��gbckT1atceORTXqdpF�
J1+j

«
NPO~T�f�ckORTV�RTHakj¨ieTH���Riep��5T�ikckj¥THaP�r¤ma£p-ORpF¤¥��§°p�i

j + 1
«

K {o¸b�F�(ce¤¨_��FaX�RieT�¯`j¥p�g~ak¤¥_�y5¡	T-����fa£O~p�¡��;_#j¥f~�bg~�
ckj¥p�fckO~�rcv�rcZceORT��~��ckT rn+j
y�§°p�i

1 6

j 6 k−1
y<ceORTPp�fR¤¥_Pqdp��~a�ieT�¤¥TH�Fa£T1��TH��ik¤¥j¥T�i�ckO~��f

rn+j
�rf~�¬¡�ORp;a£T�T
¸bTH��gbckj¥p�f��rieT	f~prc�_�T
c

��p�S-�R¤¥T
ceTH�#�rieT
J0
¡�j³ceO

ρrn+j
(J0) = 22n−2 yR��f~�

Jn+j−1
¡�j³ceO

ρrn+j
(Jn+j−1) = α

«
K µªT�fRp�¡8�
p�f¢a£jm�bT�i�ceORTV�R��ceT rn+k+1

«
� ωrn+k+1

(J0) = ωr1(J0) = 22n−2 × 22n

.

� ωrn+k+1
(Jn+k) = α× 22−k «

� ωrn+k+1
(Jn+k+1) = 1× 1 = 1

«
�Z�`¯`j¥p�g~ak¤¨_Fyt¡�T¼¡P�rf;c ��� ������ckp ce��±�T¼ckORTª¡�ikpFfR� �RTH�
jmakj¨pFfB�rf¢� ckpÀ�
pFf;ckj¥f;g~T�ckp
T�¸bTH�
gRckT�qdp��

Jn+k
�rct�R��ceT

rn+k+1
«���� ������¡�j¥¤¨¤��Rp¬ceO~��ctj¨§3�rf~��p�f~¤¨_®j¨§

α× 22−k

< 1⇔ α <
1

22−k
.
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NPO~T�ieT
§°p�ieT�y`¡�T�¤¨T�c
k = d− log2(− log2 α)e «

K µªT�����f�TH�Fa£j¥¤¥_®a£ORp�¡ �;_)j¥f~�bg¢�(ckj¥p�f�ckO¢��ct��cPckO~Tv�~��ckT rn+k+j
y`§°p�i

1 6 j 6 l
y;ckO~T�pFfR¤¥_

qdpF�~aPieT�¤¥TH��akTH�®TH�rie¤¥j¨THi	ceO~�rf
rn+k+j

�rf~��¡�ORp;a£T�T
¸bTH��gbckj¥p�f��rieTZf~prc�_�T�c���p�S-�R¤¥T
ceTH���rieT
J0
¡�j³ceO

ρrn+k+j
(J0) = 22n−2 y~��f~�

Jn+k+j−1
¡�j¨ckO

ρrn+k+j
(Jn+k+j−1) = α

«
K H�j¥f~�r¤¥¤¥_�y���� � � �\T
¸bTH��gbckT1a-ckORT®qdp��

Jn+k+l
�bgRiej¨f~�©ckORT|cej¨S-T�j¥f;ckTHik¯��r¤

[rn+k+l +
α; 1 + rn+k+l + α]

yo�rf~�ªceORT�f ��p�S-�R¤¥T
ceTHa�ceORT�T�¸bTH�
gRckj¥p�f²p�§�ceORTVqdpF�
J0
�bgRiej¨f~�|ckORT

cej¨S-T�j¥f;ckT�ie¯��r¤
[1 + rn+k+l + α; tf ]

«
K NPO~TXa£g~S¬¹ºa£ckieT
ce��O-ieTH��¤¨j¥¿�T1�¬�`_ ��� ��� �Bjmao���Rj¨czS-p�ieTX�
pFS-�R¤¨jm���rckT1�%cep%�
pFS-�RgbckTtckO~��f
ceORT)p�f~T)ikT1�r¤¥j¨¿HTH�¼�;_ ��������« ��� ��� �½a£ckieT
ce��O~THa�ckO~T)T
¸bTH��gbckj¥p�f©pr§�qdp��

J0
p�¯�T�i���¤¨¤

ceORT-T
¸bTH��gbckj¥p�f¼pr§	ckORT)ae��ORTH�bg~¤¨T Cbqdp��
J1
��av�#adceikT�ce��O¼pr§

1
C��rf¢�|ckO~T�T�¸bTH�
gRckj¥p�fªpr§	��¤¨¤

ceORTtp�ckORTHi»qdp��¢aojmaoj¥f~�
ieTH�Fa£T1�¬�`_
α
«3NPORTHikT�§°p�ieT�y�ceORTZakgRS�¹ºadceikT�ce��O-ikT1�r¤¥j¨¿HTH���`_ ��� �����

pFf�ceORjma�j¨f¢adc��rf~��T�jma�T1lFg¢�r¤�ckp¢·

tf
22n +1+

n+k∑

j=2

(
1 +

α

22n−j

)
+l×

(
1 +

α

1

)
= n+k−1+l(1+α)+

tf
22n +α

n+k∑

j=2

1

22n−j .

µªT-�bT�fRp�ckT��`_ R ckORT�i���ckj¥p�p�§3ckORT)akgRS�¹@a£ckieT
c���O�ieTH�r¤¥j¥¿�TH�#�`_ ��� �����Áp�f|ceORjmaZj¥f~a£ce��f~�
T¬ckp�ckORT
pF�bckj¥S)�r¤»akgRS�¹@a£ckieT
c���O»«EHRiep�S ¡�O¢��ct�RieTH��TH�bT1a�yb¡�TvO~�<¯�TF·

R >
n + k − 1 + l (1 + α) +

tf

22n + α
∑n+k

j=2
1

22n−j

n + k + l − 1 +
tf−(22n−22n−2)

22n−1

>
l (1 + α)

n + k + l− 1 +
tf−(22n−22n−2)

22n−1

DXp�¡	TH¯�THiHy
tf = l +

n+k∑

i=0

22n−j

= l + f(n, k)
«3µ¼TvceORT�f#O~�<¯FT�y

R >
l (1 + α)

n + k + l − 1 +
tf−(22n−22n−2)

22n−1

=
l (1 + α)

l
(
1 + 1

22n−1

)
+ n + k − 1 +

f(k,n)−(22n−22n−2)
22n−1

µªT�ceORT�f��O~p;p;a£Tv§°pFi
n
�)¯��r¤¥gRTV¤m�rie��T�THfRp�g~��O�ckp®O¢�<¯�T 1

22n−1 < ε
3(1+α) = ε

6−ε

«
α
y
k
y��rf¢�

n
��ikT

f~p�¡B�r¤¥¤»�bT�7~fRTH�»«oNPORT�f»y

lim
l→+∞

l (1 + α)

l
(
1 + 1

22n−1

)
+ n + k − 1 +

f(k,n)−(22n−22n−2)
22n−1

=
1 + α

1 + 1

22n−1

.

NPO~T�ieT
§°p�ieT�y`¡�T����rf#��ORp`pFakT
l
¤¥��ik�FTZTHfRp�gR�FO�cep-O~�<¯�T

l (1 + α)

l
(
1 + 1

22n−1

)
+ n + k − 1 +

f(k,n)−(22n−22n−2)
22n−1

>
1 + α

1 + 1

22n−1

− ε

3
.

F�G&H�FJI
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NPO~T�f»y

R >
1 + α

1 + 1

22n−1

−ε

3
> (1 + α)

(
1− 1

22n−1

)
−ε

3
> (1 + α)

(
1− ε

3 (1 + α)

)
−ε

3
= 1+α−ε

3
−ε

3
= 2−ε.

� ��� �
����� ��� � � ��������� �  ���H���
� ����
"V�

Ë THf~�bT�i1y»}	O~�r±`i��r�~��i£cej´y��rf~�Y|gbckO`gR±`iej¥akORf~��f � A��O~�<¯�T�a£ORp�¡�f#ceO~��c�ckO~T¬�Riep��~¤¨THS p�§oS)��¸`¹@a£ckieT
c���O
S-j¥fRj¥S�j¥¿H�rckj¥p�f|pFf|p�fRT�S)����O~j¨fRT � ��=�) � ,-=��RieT�THS��Rckj¥p�f»y¢j´« T�«¥y~�Riep��~¤¨THS 〈1|rj |Smax〉

y5�H�rfRfRp�ct�¢T��r�b¹
�~ikp<¸bj¥S-�rckT1��¡�j³ceORj¥f-�Z§M�F�(ckpFi

Ω(n1−ε)
§°p�i3��ik�Rj¨cki��riej¥¤¨_�akS-��¤¨¤

ε > 0
yrg~fR¤¨T1aka�n���Utn�« � f¬ckORjma3a£T1�(cej¨pFf»y

¡�TVakORp�¡¾ceO~��ctj¨§3¡	TV��¤¨¤¥p�¡ THj³ceORT�iX�Rj¨¯`jma£j¥�R¤¥T�¤¨p;���RaPpFi��RikTHT�S-�bcej¨pFf~a�y~¡	TV��ikT��r�~¤¨Tvcep)S�j¥fRj¥S-j¨¿HT�ckORT
S)�r¸`j¥S%g~S ¡	THj¨�FO;ckTH� % p�¡Bj¨f#�5p�¤¥_;f~p�S-j¥��¤�ckj¥S-T�T�¯�THf�pFf�g~fRikTH¤¥�rckT1��S)����O~j¨fRT1a�«
� f®]`T1�(ckj¥p�f)�~«8
ryF¡	Tta£ce�rckT�ckO~T�ikTH¤¥�rckj¥p�f~akORj¥�¬�5T
cd¡�T�THf�S-j¥fRj¥S�j¥¿H�rckj¥p�f-pr§5ckO~T�S-�r¸bj¨S¬gRSC¡�T�j¥��O;ckT1�

% p�¡C�Riep��R¤¥T�S ��f~�©�bTH�F�b¤¥j¨fRT)ae��ORTH�RgR¤¨j¥fR�¢«-NPO~T�fª¡	T-�RieTHakT�f;cV�#a£pF¤¨gbcej¨pFfcep#S-�r¸bj¨S¬gRS\¡�T�j¥��O;ckT1�
% p�¡ S-j¨f~j¨S-j¥¿H��cej¨pFf j¥f&ckORT��Rj¨¯`jma£j¥�R¤¥T�¤¥pF�F�²§°i��rS-TH¡	pFik±�yopFf gRf~ikTH¤¥�rckTH�&S)����O~j¨fRT1a�« Ë _ �F�R�r�bcej¨f~�
akp�S-Tvpr§�ckO~THakTZceTH��ORf~j¥l;gRT1a�yR¡�T�ckORTHf��bTHae�
iej¥�¢T��-a£pF¤¨gRckj¥p�f�ckp�ckO~T�S�j¥fRj¥S-j¨¿1��ckj¥p�f#p�§�ceORT�S)��¸bj¨S¬gRS
¡�T�j¥��O;ceTH� % p�¡¶¡�O~T�f%�~ikTHT�S-�bckj¥p�f� °�Rgbc3fRp�c�¤¥pF�F�V�bj¥¯;jmakj¨�Rj¥¤¥j³cd_ "�j¥a��r¤¥¤¥p�¡	T1��yHpFf~�
TP�r�;�rj¥f�p�fVg~fRikTH¤¥�rckT1�
S)�F��ORj¨f~THaH«�NPO~THakT�ieTHakgR¤¨cea���ikTv��j¥¯�THf�j¥f�]`TH�
ckj¥p�f|�R« �`«
� cVakORp�gR¤m�|�5T-fRprceTH�|ceO~��c1y��Riej¨pFiXcep�pFgRiZ¡�p�ie±�y���cv¤¨T1��a£cXcd¡�p�akp�¤¥gbckj¥p�f¢aX¡�T�ieT%±`fRp�¡�f|§°pFivS�j¥fb¹

j¥S-j¨¿Hj¨f~�©ckORT�S)�r¸;¹ºa£ckieT
ce��O&p�fÀpFfRT|S)����ORj¥fRT|¡�j¨ckO �RieT�THS��Rckj¥p�f»« Ë �r±�THiHy�x��<¡�¤¥T�i1y�x�T�f~a£cki��RyP�rf¢�
utj¨fRf~p;p�_ ���rfW� ��Z�~ikT1a£THfFceTH� ��f

O(n2)
�r¤¥��pFikj¨ckORS ckp akp�¤¥¯�T|��f T�¯�THf S-p�ieT|��T�f~T�i��r¤��Riep��R¤¥T�S#·

〈1| ��� = / , prec, rj |fmax〉
 M¡�ORT�ieT

fmax
j¥a�ceORT�S)��¸bj¨S¬gRS p�§�ckO~TV�
pFa£ceaPp�§�ceORTPqdp��~a���f~��ckORTV��pFa£cPp�§

�%qdp��ªjma���fRpFfb¹º�bTH��ikT1��akj¨fR��§°gRf~�
ckj¥p�fªpr§	j¨cea���p�S-�R¤¥T
cej¨pFfcej¨S-T "
«�NPO~j¥a���¤¨�Fp�iej³ceORS �bT
ceT�ieS-j¨fRT1a�ckORT
qdpF�¼p�§	¤¥TH�Fadcv�Riej¨pFikj¨cd_��rf~�ckO~T�fªj³ceT�i���ckT1a�«-wtf~prckO~T�iVakp�¤¥gbckj¥p�f¼g~a£j¥fR�#fRT�cd¡	pFik± % p�¡ S-�r¸bj¨S-j¥¿H��cej¨pFf
ceTH��ORf~j¥l;gRT1aP¡��FaP±;f~p�¡�f  Mµ¼TV�bp)f~prct±`fRp�¡ ��f;_�ikT�§°T�ieT�f~��TZcep-ckORjmaPceTH��ORfRjml;gRT�¡�ORp-¡P��aP�RieTHakT�f;ckT1�
cep)g~at�`_�Y|j¥��O¢�rT�¤ Ë THf~�bTHi�"
« � f#p�g~iX�bj¥¯;jmakj¨�R¤¥TV¤¥pF�F��§°i��rS-TH¡	pFik±�yb¡�TV�bp)fRprcZ±;f~p�¡ ORp�¡Bckp®T�¸`ckT�f¢�
ceORjma % p�¡ S)�r¸`j¥S-j¨¿1��cej¨pFf¬ceTH��ORf~j¥l;gRT�ckpVakp�¤¥¯�T�ceORTt���Fa£TPpr§�gRfRj¨§°p�ieSCS)�F��ORj¨f~THa3¡�j¨ckO-ieTHa£ckiej¥�
ckTH���<¯��rj¥¤³¹
���Rj¥¤¨j¨ckj¥THaHyFS¬g~��O®¤¥THaeaoceORT�S�pFikTX��T�f~T�i��r¤¢�H��akTtpr§»g~fRikTH¤¥�rckT1�)�Riep`��THaea£pFieaH«�UXT�¯�THi£ceORT�¤¥THaeaHy�§°pFizceORTZae�r±FT
p�§���p�S-�R¤¥T
ckTHfRTHaeaHyb¡	TvieTH����¤¨¤�ceORjmata£pF¤¨gRckj¥p�f�j¨f�]`T1�(ckj¥p�f#�R«�
�« @R«

�)(+* , 1+6�1 � 1���1+6�8 /���� , 5��)1 ��	� � �	1A8 � / �%� � >+-%� 176=/����	� 1A391 �
1���> � , -1����>
�%. , . , # ��
� Å���� ��� Å Ê���$ É`È # ���
� � ��� �b� �´É�� � � Ê ��Å �RÊ�$ ����Å ����� Å Ê��$ ���
�
x�T
cog~az��aea£gRS-TPceO~��co¡�Tt�rieTP¤¨p`p�±`j¥fR��§°p�iz�vae��ORTH�RgR¤¨T S g~f~�bT�iz¡�ORj¥��O�ceORT�S)��¸bj¨S¬gRSC¡�T�j¥��O;ceTH� % p�¡jma�¤¨T1aka�ceO~�rf�p�i�THl;g~��¤�ckp-a£pFS-T�pF�bqdTH�
ckj¥¯�T�¯��r¤¥gRT F «oNPORTv¡�T�j¥��O;ckT1� % p�¡¾p�§��rf`_vqdpF� Jj

j¥aPT1l;g~�r¤5ckp
wj(Cj − rj)

«oNPORT�f�y~�bgRTvcep�pFgRi�O`_`�¢p�ckORT1a£jmaPp�f F yR¡�TvO~�<¯�TF·

max
16j6n

wj(Cj−rj) 6 F ⇔ ∀j ∈ [1; n], wj(Cj−rj) 6 F ⇔ ∀j ∈ [1; n], Cj 6 rj+F/wj .

NPO`g~aHy5ckORT¬T
¸bTH��gbckj¥p�fpr§
Jj
S¬g~a£cZ�5T���p�S-�R¤¥T
ckT1�|�5T
§°p�ieTVcej¨S-T

d̄j(F) = rj + F/wj
§°pFiZae��ORTH�RgR¤¨T

S ckp-ae��ckjma£§°_-ckORTv�5p�gRf~� F p�f�ckORT�S)��¸bj¨S¬gRS ¡�T�j¥��O;ckT1� % p�¡�«3NPORT�ieT
§°pFikTFyF¤¥p`p�±`j¥fR�%§°pFi���ae��ORTH�bg~¤¨T

H	H�� �"!$#$#$%
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¡�O~j¥��O ae��ckjma 7~THa®�©�Fj¨¯FT�fÀgR�R�5T�i��¢pFgRf~�Àp�f&ceORT�S)��¸bj¥S%gRS ¡	THj¨�FO;ckTH� % p�¡ j¥a�THl;gRj¥¯��r¤¥T�f;c)ckp²��f
j¥f~a£ce��f~�
T®p�§PckORT��RTH���R¤¨j¥fRT�ae��ORTH�RgR¤¨j¥fR�|�Riep��~¤¨THS�«#µªT�fRp�¡ÁakORp�¡ O~p�¡ cepakp�¤¥¯�T®akg~��O¶���bTH�F�b¤¥j¨fRT
ae��ORT1�bgR¤¥j¨fR�-�Riep��~¤¨THS j¨f�ceORTV�bj¥¯;jmakj¨�R¤¥Tv¤¨p;����§°ie��S-T�¡�p�ie±5«
� f ��� % �-�.��/]�4��(?)2�*��,-�.��/60ryRT1����O�qdpF� Jj

O~��a�fRp�c�p�fR¤¥_®�%ieT�¤¥TH�Fa£T��R��ceT
rj
�~gbct�r¤ma£p��¬�bT1���b¤¥j¥fRT

d̄j
«

NPO~T	�Riep��~¤¨THS8jma�ckORTHf%cep 7¢f~�%��ak��O~TH�bgR¤¥TPa£g~��OVckO~�rc�T1����O�qdpF�
Jj
j¥a�T
¸bT1�
gbceTH�V¡�j¨ckO~j¨f�j³c�a�T
¸bTH��gbce���R¤¨T

cej¨S-Tvj¥fFceT�ie¯��r¤
[rj , d̄j ]

«�µªTV�
pFf~akj¥�bTHizceORT�a£T�c�pr§���¤¨¤;qdpF��ieT�¤¥TH�Fa£T��R��ceTHa��rf¢���bT1���b¤¥j¨f~THaH· {r1, . . . , rn,
d̄1, . . . , d̄n}

«	µ¼T¬�bT�7~f~T%�rf � � � (?) % � = � � �¬��at��cej¨S-TV¯��r¤¥gRTV�rcX¡�ORjm��O�pFfRT�p�iXS�pFikT��5p�j¥f;cea�j¥f#ckO~j¥aakT
cVpb�H�
gRi C�ceORT�ieT®�rieT-�¢T�cd¡	THT�f
2
 °¡�ORTHf¶�r¤¥¤�qdp��~a%�rieT�ieT�¤¥TH�Fa£T1�¼�rcvckORT�ae�rS-T)�R�rckT®�rf¢�¼O¢�<¯�T�ckORT

ae�rS-T��bTH�F�b¤¨j¥fRT "X��f~�
2n

 M¡�ORT�fª�r¤¥¤5qdp��ieT�¤¥TH�Fa£T¬�R��ceTHav�rf~�¼�bTH�F�b¤¥j¨fRT1aZ��ikT��bjmadcej¨f~�
c�"�akg~��O�¯��r¤¥gRTHaH«
µ O~T�fªp�i��bT�ieTH�|j¥f©�r�~akp�¤¥gbckT¬ckj¥S-T�y��F�<q£����T�f;c�T��5pb��O~�r¤�ckj¥S-THa��bT�7~fRT)��a£T�c�p�§ = � � � ��/2=>� ! � % � �(«�µ¼T�RT�fRp�ckTXT1����O-cej¨S-T�j¨f;ckTHik¯���¤

It
�`_

It = [inf It, sup It[
«EH�j¥f~��¤¨¤¥_�y`¡�TX�bT�f~prckTZ�`_

α
(t)
i,j

ceORTZ§°ie�F�(ckj¥p�f)p�§
qdpF�

Jj
�Riepb�
T1akakTH���;_�S-�F��ORj¥fRT

Mi
�bgRiej¨fR��ceORTvckj¥S-T�j¨f;ckTHik¯���¤

It
« � f�ceORj¥a�§°ie��S�TH¡	pFik±�yb]`_badceT�S  
 "

¤¥jmadc�a�ckORTV��p�f~a£cki��rj¥f;cea	ckO~�rcXa£O~p�gR¤m��O~p�¤m��ceikg~T�j¥f|�rf`_®¯��r¤¥jm��ae��ORT1�bgR¤¥T�·

�« ! ���8� % ��� � % =>�F·�qdp�� Jj

����fRfRprc��5T��Riep`��THaea£T1�®�5T
§°pFikTvj¨ctj¥a�ieT�¤¥TH�Fa£T1�  M{zl;g~��cej¨pFf  
H��" " C
�b«I��� % �-�.��/]�F·»qdpF� Jj

�H�rfRf~prc��¢T��~ikpb�
T1akakTH����§ ceT�i�j¨ceat�bT1���b¤¥j¥fRT  °{zl;g~�rckj¥p�f  
H� " " C
;R« ! ��� � , ! (*�G,6� % 01�F·�bgRiej¥fR�¶�cej¨S-T|j¥f;ckT�ie¯��r¤Jy��ªS)����O~j¨fRT|�H�rfRfRp�c)�¢T|g~akTH�&¤¥p�fR�FT�i�ckO¢�rf&ckORT
�bgRi���cej¨pFf�p�§�ceORj¥a�ckj¥S�T�j¥f;ckTHik¯��r¤! M{zl;g~��cej¨pFf  
H� "�" C

@~« 0 � � ( � ��� �8��= � � /�·zTH�F��OVqdpF��S¬g~a£ct�¢T��Riepb�
T1akakTH�®ckp)�
pFS��~¤¨T�ckj¥p�f  °{zl;g~�rckj¥p�f  
1� " "
«




 
H� " ∀i, ∀j, ∀t, rj > sup It ⇒ α
(t)
i,j = 0

 
�� " ∀i, ∀j, ∀t, d̄j 6 inf It ⇒ α
(t)
i,j = 0

 
H��" ∀t, ∀i,
∑

j

α
(t)
i,j .pi,j 6 sup It − inf It

 
H� " ∀j,
∑

t

∑

i

α
(t)
i,j = 1

 
 "

+	Å � �²� � . �/����=>� �  
 " ) % � % � � �.,-= � � / � � � % /3� � / � ��� � �i= )+� ! �4���R���*= � % � � �.,-= � � / = � = )+�4�R� % �6�.��/3�
��(*)+�*��,-�9��/10 � !$� ���8� � �
]b_`a£ckTHS  
 "����rf��5Tvakp�¤¥¯�T1�®j¥f#�¢pF¤¨_`fRpFS�jm�r¤5cej¨S-Tv�`_��rf`_)¤¥j¨fRT1�ritakp�¤¥¯�THi�ak_badceT�S �Fa���¤¨¤�j¨ceaP¯���ikjm�r�R¤¥THa
��ikTXie�rckj¥p�f~��¤´« Ë g~j¨¤m�bj¥fR�¬�%¯<��¤¨jm�®ae��ORTH�RgR¤¨Tt§°ikpFSÁ��f`_�akp�¤¥gbckj¥p�f�pr§�]`_ba£ckT�S  
�"ojma�adceie��j¨�FOFck§°p�ie¡���ie����a
§°pFit�rf`_)cej¨S-T�j¥fFceT�ie¯��r¤

It
y~��f~��p�f|�rf`_®S)�F��ORj¨f~T

Mi
ybceORTPqdp���§°i����(cej¨pFf~a

α
(t)
i,j

���rf��5TVak��ORT1�bgR¤¥TH��j¥f
��f`_®p�i��bT�i1«
�ZfRTXS-�<_VckORj¥fR±�ckO~�rco�`_����R�R¤¥_;j¥fR�V�v�Rj¥f~��ik_�a£T1�ri���O¬pFf��5pFaeakj¨�R¤¥T�¯��r¤¥gRTHazpr§5ckORTXp��bqdT1�(ckj¥¯�T�¯���¤¨gRT

F y;p�fRTt¡�p�g~¤¥�-�5TZ���R¤¨TtckpI7¢f~�-ckO~TXp��Rckj¥S-��¤~S)��¸bj¥S%gRS ¡�T�j¥��O;ckT1� % p�¡�yF��f~�®�rf)pF�bckj¥S)�r¤5ak��ORT1�bgR¤¥T�«DXp�¡	TH¯�THiHy����Rj¥f~�rie_�a£T1�ri���OpFf¼i���cej¨pFf~�r¤�¯��r¤¥gRTHav¡�j¥¤¥¤3fRprcvckTHikS-j¥f~��ceT�« Ë _akT
c£cej¨f~�#��¤¥j¨S-j¨cVp�f¼ckORT
�~ikT1�
jma£j¥p�f®p�§�ceORTv�Rj¨f¢�rie_®a£T1�ri���O»y�ceORTvf`gRS%�5T�i�p�§��Riep`��THaea�j³ceT�i���ckj¥p�f¢azjmaP�¢pFgRf~�bT1��yR�rf¢�®ceORT�lFg¢�r¤¥j³cd_
p�§~ceORTt�r�R�~ikp<¸bj¥S-�rckj¥p�f%�H�rf��¢T��Fg~�ri��rf;ceT�TH�»«	Dtp�¡�T�¯FT�i1y<�Fa�¡	TPfRp�¡&a£O~p�¡�y�¡	T�����f��F�R�r�Rc�pFgRioakTH�ri���O
cep)�r¤¥¡��<_ba 7~f~��ckO~T�p��bcej¨S)�r¤�j¥f#�¢pF¤¨_`fRpFS-j¥��¤�ckj¥S�TF«

F�G&H�FJI
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]bpt§M�ri�¡�T	O~�<¯FTog~akTH��]`_badceT�S  
 "�cep���ORT1��±Z¡�O~T
ckO~T�i�p�gRi��Riep��R¤¥T�SÂO~�Fa��Za£pF¤¨gRckj¥p�fV¡�ORp;a£T	S)��¸bj¨S¬gRS
¡�T�j¥��O;ceTH� % p�¡ÂjmaZakS)�r¤¥¤¨THitckO¢�rfakp�S-T%pF�bqdTH�
ckj¥¯�TV¯���¤¨gRT F «Zµ¼T¬fRp�¡�a£O~p�¡BceO~��cv¡�T%����f�g~akT%j¨cXckp��O~TH��±¶¡�ORT�ckORTHi)p�gRi-�Riep��R¤¥T�S O~��a)�ªa£pF¤¨gRckj¥p�f §°p�i®akp�S-T��¢�rikckjm�
gR¤m�ri !$% /101�|pr§�p��bqdT1�(cej¨¯FT�¯��r¤¥gRT1a�«
x���ceT�iV¡�T�akORp�¡ O~p�¡Ccep�bj¥¯;jm�bT)ceORT®¡�ORpF¤¨T�a£T1�ri���Oªak�~����T)j¨f;cep�|�5p�¤¥_;f~p�S-j¥��¤of`gRS%�5T�i¬pr§takTH�ri���O
i��rf~��THaH«

H�j¥iea£cHy3¤¥T
c-g~a�a£gR�~�¢p;a£T�ckORTHikT�T
¸bj¥a£c%cd¡�p�¯��r¤¥gRT1a F1
�rf~� F2

y F1 < F2
yoa£g¢��O¶ckO~�rc¬ceORT�ieT�¤m��¹

cej¨¯FT%pFie�bTHitpr§3ceORT%ieT�¤¥TH�Fa£T¬�R��ceTHaX��f~���bT1���b¤¥j¥fRTHaHy
r1, . . . , rn, d̄1(F), . . . , d̄n(F)

y5¡�O~T�f�pFie�bTHikT1�#j¨f
���~akp�¤¥gbckT%ckj¥S�TFy»jmaZj¥f~�bTH�¢THf~�bTHfFc�p�§ockORT�¯��r¤¥gRT�pr§ F ∈]F1;F2[

«%NPORTHf»y�p�fckORT�p��RqdTH�(cej¨¯FT¬j¥f;ckTHik¯��r¤
]F1,F2[

y;�Fa3�5T
§°p�ieT�y;¡�TX�bT�7¢fRTZ��f)T��5p`��O¢�r¤Rcej¨S-TX�Faz�vcej¨S-TZ¯<��¤¨g~TX��cz¡�O~j¥��O®pFfRT�p�i	S-p�ieT��¢pFj¨f;cea	j¥f
ceORTva£T�c {r1, . . . , rn, d̄1(F), . . . , d̄n(F)} pb����gRi�a�«3Utp�ckTZckO~�rcP��f�TH�¢pb��O~��¤~cej¨S-Tv¡�ORjm��O��
pFikieTHak�5p�f~�Racep��Z�bTH�F�b¤¥j¨fRT�jma�f~pX¤¥p�fR�FT�i��Z��p�f~a£ce��fFc��Rgbc3�rf���Ã)fRT	§°gRf~�(cej¨pFf%j¥f F «�wZa��RikTH¯`j¨pFg~a£¤¥_�y<¡�ORTHf%pFie�bTHikT1�j¥f¶�r�~akp�¤¥gbceT%cej¨S-T�y�����q£���
THf;cvTH�¢pb��O~��¤�ckj¥S-THa��bT�7~fRT®�#a£T�cVpr§:= � � ����/ = � ! � % � �(y�ceO~��cV¡�T)�bT�f~prckT-�`_
I1, . . . , In � ��� (F)

«ZNPO~T¬�bgRi���cej¨pFf~atp�§�ckj¥S�T�j¥fFceT�ie¯��r¤maX�rieTVfRp�¡��rÃ-f~T�§°gRf~�
ckj¥p�f~a�j¥f F «ZWXakj¨fR��ckORT1a£Tf~T�¡C�bT�7~fRj¨ckj¥p�f~av��f~�f~prce�rckj¥p�f~aHy�¡	T-����f¼akp�¤¥¯�T¬p�gRi��Riep��R¤¥T�S pFf�ckO~T�pF�bqdTH�
ckj¥¯�T¬j¨f;ckTHik¯���¤
[F1,F2]g¢a£j¥fR�®]`_badceT�S  
 "�¡�j¨ckO�ceORTV���R�Rj³cej¨pFf~�r¤»��p�f~a£cki��rj¥f;c�ceO~��c F �¢TH¤¨pFfR�Fa�cep [F1,F2]

 F1 6 F 6 F2
"(y

��f~��¡�j³ceO�ceORT�S-j¨f~j¨S-j¥¿H��cej¨pFf#pr§ F ��a�ckO~T�p��bqdT1�(ckj¥¯�TF«3NPORj¥aP�Fj¨¯FTHaPg~at]b_`a£ckTHS  J��"(«

� Q�SUQ�Y Q��"T F ,XUSU` T+d cegUT�f][ S	V�ced3^	Q�SecUV




 J�r� " F1 6 F 6 F2

 J��� " ∀i, ∀j, ∀t, rj > sup It ⇒ α
(t)
i,j = 0

 J�r��" ∀i, ∀j, ∀t, d̄j 6 inf It ⇒ α
(t)
i,j = 0

 J�r� " ∀t, ∀i,
∑

j

α
(t)
i,j .pi,j 6 sup It − inf It

 J��T " ∀j,
∑

t

∑

i

α
(t)
i,j = 1

 ´��"

�%. , . � �X�b�<� � ���$M�b�	�-� � Å �r� � � Å �(.
NPO~T�ikTH¤¥�rckj¥¯�T�p�i��bT�iej¨f~�¬p�§�ceORT�ikTH¤¨T1��akT��~��ckT1at�rf¢���bT1���b¤¥j¥fRTHa�pFfR¤¥_���O~�rf~��THa	§°pFit¯��r¤¥gRTHaPp�§ F ¡�O~T�ieTpFfRT-�bTH�F�b¤¨j¥fRT)�
pFj¨f¢�
jm�bTHa�¡�j¨ckO©��ieT�¤¥TH�Fa£T��R��ceT-p�iv¡�j³ceOª��fRprceORT�i��bT1���b¤¥j¥fRT�«�µ¼T)�H�r¤¥¤�akg~��O©��¯���¤¨gRT
p�§ F � � ���8����= � /]��
�« � fBpFgRi#�RikpF�R¤¥T�S#ytceORT�ieTª��ikTª��c#S-pFa£c

n
�bj¥a£ckj¥f~�
c#ieT�¤¥TH�Fa£Tª�R��ceTHa��rf~�8��a

S)��f;_¶�bjma£ckj¥f~�(c)�bTH�F�b¤¥j¨fRT1a�«¶NPO`g~aHy�ckORTHikT��rieT��rc�S-pFa£c n(n−1)
2

S-j¥¤¨T1adcep�fRT1a¬�rc¬¡�ORjm��O �¼�bTH�F�b¤¥j¨fRT
§°g~f~�(cej¨pFfª��p�j¥f~�
jm�bTHaZ¡�j¨ckO©��ieT�¤¥TH�Fa£T%�~��ckTF«%NPORTHikT-�rieT¬��¤¥akp��rc�S-pFa£c n(n−1)

2

S�j¥¤¥THa£ckp�f~THav��cv¡�ORjm��O
cd¡�p��bTH�F�b¤¥j¨fRTP§°g~f~�(cej¨pFf~ao�
pFj¨f¢�
jm�bTHa� °cd¡	pV�rÃ-f~T	§°g~f~�(cej¨pFf~aoj¥f;ckT�i�akTH�(c3j¥f)��coS-pFa£cop�fRTP�5p�j¥f;c�"(«3x�T
c

n ��5T�ckORTvf`gRS¬�¢THi�pr§��Rj¥a£ckj¥f~�(ctS-j¥¤¨T1adcep�fRT1a�«3NPORTHf»y
1 6 n � 6 n2 − n

«3µªT��bT�f~prckTv�`_ F1,F2, ...,Fn ceORTtS-j¥¤¨T1adcep�fRT1a3p�i��bT�ieTH���`_%j¥f~��ikT1��akj¨fR�v¯��r¤¥gRT1a�«3N�pVa£pF¤¨¯FT�p�gRio�~ikpF�R¤¨THSC¡�T�qdg~a£c	fRTHTH�¬ckpV�5T�ik§°p�ieS �
��� �� !�&%������������ � ���'������� � � � � % � ��� � � � H  ��� �������#� ��� ��!#" � ����� ������� �%$�������� �'& ���� %��� ����% �� ���($���������)+*

H	H�� �"!$#$#$%



@`� �����	� 0 !$% /3�������	� ,
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�~j¨f~��ik_VakTH��ie��O%p�fVceORT�a£T�c�p�§¢S-j¥¤¨T1adcep�fRT1a F1,F2, ...,Fn 
y�TH�F��OVcej¨S-T���ORTH��±`j¥fR��¡�ORT
ceORT�io]`_ba£ckT�S  ´��"

O¢��aP�¬akp�¤¥gbcej¨pFf®j¨f�ckO~T�pF�bqdTH�
ckj¥¯�TZj¨f;ckTHik¯���¤
[Fi,Fi+1]

 °T�¸R�
T��Rc�§°pFi
i = n �

j¥f�¡�ORj¥��O����Fa£T�¡	TvakTH�ri���O
§°pFi¬��akp�¤¥gbcej¨pFf²j¨f²ckORT�ie��fR��T

[Fn  , +∞[
"(«¼NPORT�ieT�jma%��¢pF¤¨_`fRpFS�jm�r¤	f`gRS%�5T�i¬pr§tS-j¨¤¥THa£ckpFfRTHa¬�rf~�

]b_`a£ckTHS  ´��"P����f��5TVa£pF¤¨¯FTH��j¨f#�5p�¤¥_`fRp�S-jm�r¤5ckj¥S-T�«zNPORTHikT�§°p�ieT�·
� � Å`É � Å ����. 〈R|rj ;

����� |max wjFj〉
��� � � � ��/ � � � % �	3 � ��/2� � ������/10 =�)2� � % ��� � , � � ���90�)6=>�*� � �"�

��� % � � � ��/ � � � % � � !$� ���8� � � ��/C=�)2�'�"���&���������8� � ��% � � � ����� �

�%. , . � ��� Å � È%É � 	 ��$ É`È � ��� � É �R��� �@É ��� �����@É � � # �R��� ����Å �
� f²akTH�
ckj¥p�f²�~«8
F«8
�y�¡�T®�RieTHakT�f;ckT1�ªx�j¨f~TH�ri%�RikpF��i��rS 
®ckp��ORT1��±¡�ORT�ckORTHiVceORT�ieT®T
¸bjmadc�a%�|ae��ORTH�RgR¤¨T
¡�O~pFakT�S)�r¸`j¥S%g~S\¡�T�j¥��O;ckT1� % p�¡ jma�fRp|�FikT1��ckTHi�ckO~��f²�#��j¥¯�T�fªp��RqdTH�(cej¨¯FT�«�NPO~j¥a%¤¨j¥fRTH��i��Riep���i��rS
akp�¤¥¯�T1a�ceORj¥a��Riep��~¤¨THS j¥f�ceORT�gRfRieT�¤m��ckT1�|S)����ORj¥fRT1aZ�H��akT�y5ckO~�rc�jmaHy¢ceORT�S�p;adcv��THfRT�i��r¤�p�fRTF« � f�§M���
cHy
j¥f�ckORT�gRf~j³§°pFikS S)�F��ORj¨f~THa	§°ie��S-T�¡�p�ie±5y;p�f~Tv�H�rf�a£pF¤¨¯FTXceORj¥at�RikpF�R¤¥T�S g~akj¨f~�-��fRT�cd¡	pFik± % p�¡BS)��¸bj³¹
S-j¥¿H�rckj¥p�f#�r�R�RiepF�F��O»«�NPORTv��i��r�RO�j¥aP�~gRj¨¤¨cZ�Fa�§°p�¤¥¤¨p�¡taH·
��Å �<� � � Å � . NPORTv��i��r�~O���p�f;ce��j¨f~aH·

K w�akp�g~ie��T C
K w�akj¥fR±@C
K �Zf~T�¯FT�ikckT�¸ Jj

y`§°p�iXTH����O%qdp��
Jj
y
1 6 j 6 n

C
K �Zf~T�¯�T�ikckT�¸ (It, Mi)

§°p�itT1����O#�
pFgR�R¤¥T�S-�F�bT�pr§3��ckj¥S-TVj¥fFceT�ie¯��r¤
It
y
1 6 t 6 n + ,2� y~�rf¢�p�§���S)����O~j¨fRT

Mi
y
1 6 i 6 m

«

 Ê �¢Å �(. NPORTv��i��r�~O���p�f;ce��j¨f~aH·

K �Zf~T)TH�b�FT)§°ikpFS ceORT�akp�gRi��
T�cep�TH�F��Oªf~p`�RT
Jj
pr§������~����j³cd_

Wj
y�ckO~T�a£j¥¿�T�pr§PckORTVqdp��»«

NPO~j¥aPT1�b��T�ieT��RieTHakT�f;c�azceORTV�rS-pFgRf;cPp�§�¡�p�ie±-ckO~�rctS%g~a£ct�5TV�bp�fRT�§°pFiPckORTPqdpF�
Jj
«

K �Zf~TVTH�b�FTV§°iep�S TH�F��O|fRpb�bT
Jj
cep�T1����O|fRpb�bT

(It, Mi)
j³§dy��rf¢�|p�fR¤¥_�j³§dy;qdp��

Jj
����f��¢T

T�¸bTH�
gRckTH��bgRiej¨fR�®ckORT%ckj¥S�T¬j¨f;ceT�ie¯<��¤
It

 Mj´« T�«¥y
rj 6 inf It

�rf~�
sup t 6 d̄j

"
«ZNPORjmatT1�b��T
jma��r¤makp�p�§��H�r�~�F�
j¨cd_

Wj
 M��f~��j¥a�ceO`g~a�fRp�c���p�f~a£cki��rj¥fRj¥fR� "
«

K �Zf~T�T1�b��TZ§°iep�S T1����O�f~p`�RT
(It, Mi)

ckp�ceORTVa£j¥fR±�ybpr§������~����j³cd_ sup It−inf It

ci

·�ckORjma�jma�ckORT
��S-p�gRf;c�pr§�¡	pFik±-ceO~��ctS)�F��ORj¨f~T

Mi
�H�rf#�5T�ik§°p�ieS �bgRiej¨f~�¬ceORTvckj¥S-T�j¨f;ceT�ie¯<��¤

It
«

H�j¥��gRieT ���RikT1a£THf;ceaP�rf#T
¸R��S��~¤¨Tvpr§�a£g¢��O#���Fie���RO»«
NPORTHikTzT
¸bj¥a£cea��tak��O~TH�bgR¤¥T3¡�ORp;a£T3S)��¸bj¥S%gRS8¡�T�j¥��O;ckT1� % p�¡¼jma»fRp��FikT1��ceT�i�ckO¢�rfV���Fj¨¯FT�fvp��bqdT1�(cej¨¯FT

F j¨§�ckORT¼fRT
cd¡�p�ie± % p�¡ S)�r¸`j¥S-j¨¿1��cej¨pFf �RikpF�R¤¥T�S §°p�i®ceORT�Fie���RO¾�bT�7~fRTH� �r�5p�¯�T  °§°p�i®ceORT�cej¨S-T
j¥f;ckTHik¯��r¤maX��p�ieikT1a£�5p�f¢�bj¨f~�-ckp F "�O¢��a���akp�¤¥gbckj¥p�f|¡�ORp;a£T % p�¡Âj¥aZTHl;g~��¤�cep ∑j Wj

«vwXaZ�RikTH¯`j¨pFg~a£¤¥_�y
pFfRT��H�rf|qdg¢adc-��ORTH��±ªckO~T®§°TH�Fa£j¥�Rj¥¤¨j¨cd_©pr§tceORT�f~T
cd¡�p�ie± % p�¡ �~ikpF�R¤¨THS�§°p�iVceORT � ���8����= � /]�����bT�7~fRT1�j¥f&ckORT|�~ikTH¯;j¥p�g¢a)a£T1�(ckj¥p�f�«¾NPORT�f»y�¡�ORTHf&j¨c®jma)±`fRp�¡�f �5T
cd¡�T�THfÀ¡�ORj¥��O&cd¡�p©S�j¥¤¥THa£ckp�f~THa-¤¥j¨T1a-ckORT
pF�bckj¥S)�r¤Jy�ceORT�p�i��bT�iej¨f~��pr§��bT1���b¤¥j¥fRTHazj¥a�±`fRp�¡�f»y`�rf~���rf®{z��ik¤¥j¥THa£c � T1���b¤¥j¥fRT:H�j¥iea£c�ae��ORT1�bgR¤¥j¨fR�¬¤¨T1���Ra
cep���f¼pF�bckj¥S)�r¤3akp�¤¥gbckj¥p�f»« Dtp�¡�T�¯FT�i1y¢ceORjma�ak��ORTHS-T�pFfR¤¥_|¡	pFik±baZj¨f¼ckORT-gRf~j³§°pFikS S)�F��ORj¨f~THava£T�c£cej¨fR�
�Fa-{ � H jma)fRp¶¤¥p�f~��T�i)pF�bckj¥S)�r¤�§°pFi)gRfRj¨§°p�ieS S)�F��ORj¨f~THa-¡�j¨ckO ieTHa£ckiej¥�
ckTH�&�<¯��rj¥¤¥���Rj¥¤¨j¨ckj¥THa  ´a£THT|ckORT

F�G&H�FJI



�G��/ � � ������/10 = )+�I��= ! ��=>(?) @1;

���������
	

J1

(I1, M1)

(I1, M2)

(I1, M3)

������

(I2, M1)

(I2, M2)

(I2, M3)

(I3, M1)

(I3, M2)

(I3, M3)
J2

W1

W2

sup I1−inf I1
c1

sup I2−inf I2
c2

sup I2−inf I2
c3

sup I3−inf I3
c3

sup I1−inf I1
c2

sup I1−inf I1
c3

sup I2−inf I2
c1

sup I3−inf I3
c1

sup I3−inf I3
c2

H�j¥��gRieTC�~·&s�i��r�RO g~a£T1� cep&��ORT1��±�yXp�fBgRfRj¨§°p�ieS!S)����ORj¥fRTHa��rf¢� ckO~ikpFgR��OBfRT
cd¡�p�ie± % p�¡ S)��¸bj³¹
S-j¥¿H�rckj¥p�f»y�¡�ORT�ckORTHi�ckORTHikT�T
¸bjmadc�a���ak��O~TH�bgR¤¥T�pr§�����j¥¯�THfS)��¸bj¥S%gRS ¡�T�j¥��O;ckT1� % p�¡�«%NPO~j¥a�T
¸R��S¬¹
�~¤¨T#O~�Fa�cd¡	p�qdp��¢a�y	ckORieT�T#S)����O~j¨fRT1a�y��rf~� ckO~ikTHT#ckj¥S�T|j¥f;ckTHik¯��r¤ma-�bT�7¢fRTH�&�`_¶ckO~T|T��5p`��O¢�r¤Pckj¥S-THa
r1 < r2 < d̄1 < d̄2

«

T�¸R�rS-�R¤¥T)pr§bH�j¨�FgRikT�� "(«�NPORTHikT�§°p�ieT�y�¡	T��Rp|fRprc%±`fRp�¡ÁORp�¡ ckpg~a£T®ckORT®f~T
cd¡�p�ie± % p�¡Á�r�R�~ikp;����O
cep¶S-j¨fRj¥S-j¨¿HT|ckO~T�S)��¸`¹@a£ckieT
c���O pFfÀgRfRj¨§°p�ieS S)����ORj¥fRT1a)¡�j³ceO ikT1adceikjm�(ceTH�À�<¯��rj¥¤¥���Rj¥¤¨j¨ckj¥THaHy	�~gbc®ckO~j¥a
���R�RiepF�F��O©�H�rf²pF�`¯;j¥p�g¢a£¤¥_¼�5T�g~a£T1�²j¥f akg~��O ��§°ie��S�TH¡	pFik±¼ckpª��ORTH��±©¡�ORT�ckORTHi����j¥¯�THf²p��bqdT1�(cej¨¯FT
jma�§°T1��akj¨�~¤¨TF« HRgRikckO~T�ieS�pFikTFybckO~j¥aZfRT
cd¡�p�ie± % p�¡Â���R�RiepF�F��O#�H�rfRf~prcX�5T¬a£cki��rj¥��O;c£§°pFik¡P�ri��b¤¥_)T
¸`ckTHf~�bT1�
cep��bTH��¤o¡�j¨ckO©ckO~T®��THfRT�i��r¤o�H��akT)pr§PgRfRieT�¤m��ckT1�ªS-�F��ORj¥fRTHa  MT�¯FT�f©¡�ORT�f©ceORT�ieT®�rieT-fRp|�Riep��R¤¥T�S)a�p�§
�<¯���j¨¤m�r�Rj¥¤¥j³cej¨T1a�"
«

�)( ' , 1+6�1 � 1���1+6�8 /���� ,.5 �91 ��	� � ��1+8 � / �%� � >A- � � 14/�� !*�����%� <9/21+-B6
� � 	)/ 6�- � 14391 �
1���1+>714/ � �

� f©ceORjma¬akTH�
ckj¥p�f»y�¡	T®§°p`��g~aVpFf©ckORT�S-p�ieT®�
¤m��aea£jm����¤o�Riep��R¤¥T�S�¡�j³ceO¶�RieT�T�S-�bcej¨pFf¶�Rgbc�¡�j³ceORp�gbc¬ckORT
�Rj¨¯`jma£j¥�R¤¥T®¤¨p;���¶�FakakgRS-�bckj¥p�f�«�µ¼T�a£O~p�¡ ceO~��c-�
pFS%�Rj¥fRj¥fR�|ckO~T�¤¥j¨fRT1�ri¬�RikpF��i��rS-S-j¨f~�#���R�RiepF�F��Oªp�§
ceORTX�~ikTH¯;j¥p�g¢aoa£T1�(cej¨pFf®¡�j³ceO)ckO~TX¡�p�ie±%pr§�x��<¡�¤¨THiz�rf¢�)x��r�5T
cep�gR¤¥¤¥T4� �r���¤¨T1���Raockp%�%�¢pF¤¨_`fRpFS-j¥��¤³¹Jckj¥S-T
��¤¨�Fp�iej³ceORS8ckpva£pF¤¨¯FToceORj¥a��~ikpF�R¤¨THSÂp�f%g~fRikTH¤¥�rckT1�VS)����ORj¥fRT1a�«�UtprceTzceO~��c�ceORTPfRT
cd¡�p�ie± % p�¡ �r�R�~ikp;����O
¡�T�qdg~a£ctikT1���r¤¥¤¥TH��T�f~���R¤¨T1a�ckp-S-j¨f~j¨S-j¥¿�TvckO~T�S-�r¸`¹@a£ckieT
c���O�¡�j¨ckO#�RieT�T�S-�bcej¨pFf#p�f�p�fRTvS)����ORj¥fRTF«

H~p�¤¥¤¨p�¡�j¥fR��ceORT#¡	pFik±ªpr§vs�p�fR¿1�r¤¥T�¿#�rf~�&]b�rORf~j:��
H��Jyzx��<¡�¤¨THi���f~� x��r�5T
cep�gR¤¥¤¨T�� �r����RieTHakT�f;c��
ae��ORTHS�T%ckp��RgRj¥¤¥�¼j¨f¼�¢pF¤¨_`fRpFS-j¥��¤³¹Jckj¥S-T¬�®�~ikTHT�S-�bckj¥¯�T�ak��O~TH�bgR¤¥T%p�§zS)�r±FTHak�~�rf C §°p�i���akT
cvpr§�qdpF�~a

H	H�� �"!$#$#$%
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J1, ..., Jn
pr§of`gR¤¥¤�ieT�¤¥TH�Fa£TV�~��ckT1a  ∀j, rj = 0

"
y�gRf~�bTHitckO~T¬�
pFf~�bj¨ckj¥p�f|ceO~��cvx»j¥fRTH��i�]`_ba£ckTHS  ;�"XO~��a
�-akp�¤¥gbckj¥p�f�«�NPO~j¥atak_badceT�S akj¥S��~¤¨_�adc���ckT1a�ckO~�rcH·

�«��r¤¥¤bqdp��¢aPS%g~a£ct�¢Tv§°g~¤¨¤¥_��Riepb�
T1akakTH�  °{zl;g~�rckj¥p�f  �;F��"�" C

�b«�ckORT�¡�O~p�¤¥T��~ikpb�
T1akakj¥fR�¬p�§��ZqdpF�#�H�rfRf~prcPce��±�T��¬ckj¥S�T�¤m�rie��THi�ckO~��f C  M{zl;g~��cej¨pFf  ;r� "�" C

;R«�ckORT�¡�ORpF¤¨T�gbckj¥¤¥j¨¿1��ckj¥p�fVckj¥S�T�pr§5�tS)����ORj¥fRT����rf~fRprc��¢T�¤¨pFfR��THi»ceO~�rf���ckj¥S-T C  M{zl;g~��cej¨pFf� ;�� "�"(«
�Z�`¯`j¥p�g~ak¤¨_Fy;ckORT1a£T��
pFf~a£cki��rj¥fFc�a�S%g~a£c��¢T�ae��ckjma 7~TH���`_��rf`_)�RieT�THS��Rckj¥¯�T�ak��O~TH�bgR¤¥Tv¡�ORpFakT�S-��±�T1a£�~��f
jmaPfRp-¤¥p�fR�FT�iPckO¢�rf C «oNPORT���p�f~a£ckieg~�(cej¨¯FTvikT1a£gR¤¨c�p��bc��rj¥fRTH���`_�x��<¡�¤¨THiP��f~��x��r�5T
cep�gR¤¥¤¥TvakORp�¡ta�ceO~��cakg~��O#�-ak��ORT1�bgR¤¥TvT
¸bj¥a£ceaPj¨§dy¢��f~��p�fR¤¥_®j¨§dybckORjmatakT
ctp�§��
pFf~a£cki��rj¥fFc�a�O~��a��)akp�¤¥gbckj¥p�f�«





 ;�� " ∀j,
m∑

i=1

αi,j = 1

 �;r� " ∀j,
m∑

i=1

αi,j · pi,j 6 C

 ;�� " ∀i,
n∑

j=1

αi,j · pi,j 6 C

 �;�"

�ZgRiP�Riep��~¤¨THS j¥aPak¤¨j¥��O;ce¤¨_)S-p�ieT���T�f~T�i��r¤�j¨f�ckO¢��c�¡	Tv�r¤¥¤¥p�¡ �rie�Rj¨cki��rie_¬ieT�¤¥TH�Fa£Tv�R��ceTHaH«3w��R�bj¨ckj¥p�fb¹
��¤¨¤¥_�y�p�gRi%p��bqdT1�(ckj¥¯�T)jmavcep|S�j¥fRj¥S-j¨¿HT)ckORT�S-�r¸bj¨S¬gRS\¡�T�j¥��O;ckT1� % p�¡ i���ceORT�ivceO~�rfªceORT®S)�r±FTHak�~�rf»«
x�T
c�g~aX��p�f~akj¥�RT�iZ�®S-�r¸bj¨S¬gRS½¡�T�j¥��O;ceTH� % p�¡Âp��RqdTH�(cej¨¯FT F «XwXaZ¡	T¬�bj¥��j¨f¼]bTH�(cej¨pFf�R«�
�«�
ry5¡	T%g~a£TceORjma%pF�bqdTH�
ckj¥¯�T�¯���¤¨gRT�ckpª�bT�7~f~T®§°p�i�TH�F��O#qdp��

Jj
��bT1���b¤¥j¥fRT

d̄j(F) = rj + F/wj
«©wXa¬�¢T�§°p�ieT�y

ceORT¬akT
cZpr§oieT�¤¥TH��akTV�R�rckTHaZ�rf~��bTH�F�b¤¨j¥fRT1aX�bT�7~fRTHaZ��akT
cXp�§oT��5pb��O~�r¤�ckj¥S�T1aX¡�O~j¥��O»y5j¥f|ckgRief»y��bT�7¢fRTHa
��a£T�c�p�§3ckj¥S-T¬j¥f;ckT�ie¯��r¤matceO~��cv¡�T¬�bTHfRprceT%�`_

I1, . . . , In � ��� (F)
«�NPORTHf»y�¡�T¬�
¤m�rj¥S ckO~�rcZceORT�ieT%T�¸bj¥a£cea

���RieT�T�S-�bcej¨¯FT¬ae��ORTH�RgR¤¨T¬¡�ORpFakT%S)�r¸`j¥S%g~S ¡�T�j¥��O;ceTH� % p�¡�jma�fRp��FikT1��ckTHi�ckO¢�rf F j¨§dy»�rf~�|pFfR¤¥_�j¨§dyx�j¨f~TH�rit]`_ba£ckTHS  @�"�O~��a��-akp�¤¥gbckj¥p�f�«�x�j¨f~TH�riX]b_`a£ckTHS  �@�"Pa£j¥S-�R¤¥_�a£ce��ceTHa�ceO~��c1·

�«PTH�F��O�qdp���S%g~a£c��5T��Rikpb��THaea£T1�-ckp-�
pFS��~¤¨T�ckj¥p�f  M{zl;g~��cej¨pFf  @;��"z¡�ORjm��O��
pFikieTHak�5p�f~�Raockp¬{zl;g~��¹
ckj¥p�f  �;F��"�" C

�b«�ckORT%�Rikpb��THaea£j¥fR��pr§o�Zqdp��|�bgRiej¨f~�-ckORT�cej¨S-T�j¥f;ckT�ie¯��r¤
It
�H�rfRfRp�cPce�r±FTV��ckj¥S-T�¤¥��ik�FT�i�ckO~��f#ckORT

¤¨THfR�rceO®pr§
It
�Fa�yFj¨f)ceORTX��gRikieT�f;co§°i��rS-TH¡	pFik±�y���qdpF������fRfRprco�5TZakj¥S%gR¤¨ce��fRT�pFg~a£¤¥_%�~ikpb�
T1akakTH���`_

cd¡	p)�bj8��T�ieT�f;ctS)����ORj¥fRTHa  M{zl;g~��cej¨pFf  �@�� "�¡�O~j¥��O|�
pFikieTHak�5p�f~�Razckp){	lFg¢��ckj¥p�f  �;�� "�" C

;R«�ckORT¬gbckj¥¤¥j¨¿1��ckj¥p�f|p�§o�)S)����ORj¥fRT%�bg~ikj¥fR���-cej¨S-TVj¥f;ckTHik¯��r¤�����fRfRprcZT
¸R�
THTH�#j¨ceaX�H�r�~�F�
j¨cd_  M{zl;g~��¹
ckj¥p�f  @;��"�¡�ORjm��O#�
p�ieieTHak�¢pFf~�Ra	ckp-{zl;g~�rckj¥p�f  �;F� " " C

@~«�ckORT��~ikpb�
T1akakj¥fR�¬p�§��ZqdpF�#�H�rfRf~prctadc��rikc��¢T�§°p�ieT�j¨ctjmaPikTH¤¨T1��akTH�  °{zl;g~�rckj¥p�f  @F� " " C

Ab«��Zqdp��#S%g~a£ct�5T��Rikpb��THaea£T1�®�5T
§°p�ieTvj³c�at�bT1���b¤¥j¨f~T  °{zl;g~�rckj¥p�f  @�T "�"
«

F�G&H�FJI
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 @;��" ∀j,
∑

t

∑

i

α
(t)
i,j = 1

 @F� " ∀t, ∀j,
∑

i

α
(t)
i,j .pi,j 6 sup It − inf It

 @F� " ∀t, ∀i,
∑

j

α
(t)
i,j .pi,j 6 sup It − inf It

 @;� " ∀i, ∀j, ∀t, rj > sup It ⇒ α
(t)
i,j = 0

 @�T " ∀i, ∀j, ∀t, d̄j 6 inf It ⇒ α
(t)
i,j = 0

 @ "

wXf;_¬�RieT�T�S-�bcej¨¯FTtak��O~TH�bgR¤¥TP¡�ORpFakTPS)��¸bj¨S¬gRSC¡�T�j¥��O;ceTH� % p�¡ jma�fRp��FikT1��ckTHi�ckO~��f F S%g~a£cop��`¯`j³¹pFg~ak¤¨_)ae��ckjma£§°_®x»j¥fRTH��iP]`_ba£ckTHS  @ "
«	}	p�f`¯�THieakT�¤¥_�y;a£g~�R�¢p;a£TXckO~�rctx»j¥fRTH��iP]`_ba£ckTHS  @ "zO~�Fa��¬a£pF¤¨gRckj¥p�f»«
NPO~T�f»y�§°pF¤¨¤¥p�¡�j¥fR��x��<¡�¤¨THi���f~�ªx��r�5T
cep�gR¤¥¤¥T � �r��@y»¡�T-fRprceT%ceO~��cvckO~T)¡�ORp�¤¥T�ak_badceT�S T��5T1�(cej¨¯FT�¤¥_��bT
¹
��p�S-�5pFakTHaZj¨f;ckp#��akT
c�p�§z¤¨j¥fRT1�riva£gR�R¹@ak_badceT�S)a�y�pFfRT%§°pFivTH����Opr§oceORT%cej¨S-T-j¥fFceT�ie¯��r¤ma�y��rf¢�|ckO¢��cvckORT
akgR�b¹ºak_`a£ckTHS���p�ieikT1a£�5p�f¢�bj¨f~�#ckpªj¨f;ckTHik¯���¤

It
jma%T�¸R���(ce¤¨_©T1lFg~j¨¯��r¤¥T�f;c¬ckp¼x�j¨f~TH�ri-]`_badceT�S  �; "V¡�O~T�ieT

ceORTvp��bqdT1�(cej¨¯FT�jma�ckO~T�¤¨THfR�rceO�p�§�ceORT�ckj¥S�T�j¥f;ckTHik¯��r¤! Mj´« T�«¥y C = sup It − inf It
"
«oNPORT�ieT
§°pFikTFy`a£ce��i£cej¨f~�

§°iep�S ��akp�¤¥gbcej¨pFf|pr§zx»j¥fRT1�riZ]`_ba£ckTHS  �@ "t¡	T¬g~a£TVckORT¬�¢pF¤¨_`fRpFS�jm�r¤¨¹Jckj¥S�T%ikT1�
p�f¢adceikg~�
ckj¥p�f�ae��ORT�S-TVp�§
x��<¡�¤¨THi���f~��x��r�5T
cep�gR¤¥¤¨TZckp��RgRj¥¤m���¬�RieT�T�S-�bcej¨¯FTZae��ORTH�RgR¤¨TZ§°p�iPT1����O�p�§»ckO~TXcej¨S-Tvj¨f;ceT�ie¯<��¤¥a

It
«oNPORT

��p�f~�H��ceT�f~�rckj¥p�f�p�§�ceORTHakTv�~�rikckjm�r¤»ae��ORT1�bgR¤¥THaP��j¥¯�T1a�g~at�-a£pF¤¨gRckj¥p�f�ckp-p�gRi��~ikpF�R¤¨THS#«
NPO`g~at§M�ri1yR¡	T%O~�<¯�T�akORp�¡�f�ckO~�rcX¡	T¬�rieTv���R¤¥T�ckp®��ORT1��±®ceORT�§°TH�Fa£j¥�Rj¥¤¨j¨cd_�pr§o�)a£�5TH��j975��p��bqdT1�(cej¨¯FT

¯���¤¨gRT�§°p�i-S)��¸bj¥S%gRS ¡	THj¨�FOFceTH� % p�¡ j¨f&�5p�¤¥_;f~p�S-j¥��¤�ckj¥S�TF«&Y�p�ieT�p�¯�THiHy�j¨§�akg~��O ��f pF�bqdTH�
ckj¥¯�T�j¥a
§°T1��akj¨�~¤¨TP�Zae��ORT1�bgR¤¥T	ceO~��co�F��ORj¨TH¯�T1a»ceORj¥a�S)�r¸`j¥S%g~S�¡	THj¨�FOFceTH� % p�¡ ����f���¤¥akpX�5TP�RgRj¥¤³coj¥f��¢pF¤¨_`fRpFS�jm�r¤
cej¨S-TF«ÀN�p�7~f~��¤¨¤¥_ akp�¤¥¯�T�p�gRi-�Riep��R¤¥T�S#y	¡	T#ieTH����¤¨¤�ceORT|S-T
ckO~p`�Rp�¤¥p���_¶�~ikT1a£THfFceTH� j¨f¾]`T1�(ckj¥p�fÀ�R«�
r·
x�j¨f~TH�ri�]`_badceT�S  @ "o���rf-�5TXg~akTH��cepVa£T1�ri���O�§°p�iz�Vakp�¤¥gbcej¨pFf�j¥f®��i��rfR�FTPpr§�p��bqdT1�(cej¨¯FT�¯<��¤¨g~THaHy;�bT�7~fRT1�
�`_��p�f~akTH��gbckj¥¯�T � ���8����= � /3���(y�p�¯FT�iv¡�ORjm��OceORT-¤¨j¥fRT1�riVak_`a£ckTHS jmav¯<��¤¨jm�  °jJ« TF«¨y�ceORT)ieT�¤m��ckj¥¯�T�p�i��bTHi�p�§
ieT�¤¥TH�Fa£TZ�R��ceTHaP�rf~���bTH�F�b¤¥j¨fRT1a	�Rp;T1a�fRprc���O~�rf~��T "
«�]bj¨S-j¥¤¥��ik¤¥_�yb�V�~j¨f~��ik_®akTH��ie��O)p�¯FT�izckORT�S-j¨¤¥THa£ckpFfRTHa
[ ¡�ORjm��O²�rieT®j¥f¶�¢pF¤¨_`fRpFS�jm�r¤	f`gRS%�5T�i£[ THf~�r�R¤¥THa%g~a�cepG7~f~� �rf~�¶�~gRj¨¤m�²��f¶p��bcej¨S)�r¤�a£pF¤¨gRckj¥p�f¶j¥f
�5p�¤¥_`fRp�S-jm�r¤�cej¨S-T�«oNPO~T�ieT
§°p�ieT�·

� � Å`É � Å � ,���. 〈R|rj ; �@� = / |max wjFj〉
��� � � � ��/ � � � % �13 � ��/2� � ������/10�= )+� � % �R� � , � � ���90�)-= �*�

� �"� � � ��=�) � ! �*� �9� = � � /2�i��� % � � � ��/ � � � % � � !$� ���8� � �

� ��� �
��� � ��� �~����������� �  ��������� �v��
"V� �V����� �������" �  ���H� �V� �
����

� (+* ! 5 ��� / - � � <9/21 � 50>+1A/ �
� f®ckORjma	akTH�
ckj¥p�f®¡�Tt�RieTHakT�f;cP�v§°T�¡ �;�rS-TtceORT�pFik_�fRprcej¨pFf~az��f~�)ORp�¡&ceORT�_�cki��rf¢a£¤m��ceT�ckp¬p�gRi��
p�f;ceT
¸`cH«
NPO~j¥aZT�f~���R¤¥THatg¢atcep�gRf~�RT�i�adc��rf~�|��S-�rqdp�i % �<¡Âpr§3ckO~T%�RieT�¯`j¥p�g~aXS-�r¸`¹J�~�Fa£T1�#S-T
ckiejm�Vj¥f�)��THfRT�i��r¤
§°i��rS-TH¡	pFik±)�rf¢��O~p�¡¾ckp)��p�ieikT1�(ck¤¥_®�bT�7~fRTV��fRT�¡8S-T
ceikjm�r«

H	H�� �"!$#$#$%



@;� �����	� 0 !$% /3�������	� ,
�	����	��������/

sv��S�TVckORTHp�ie_��Riep�¯`j¥�bT1a��-��THfRT�i��r¤�§°i��rS-T�¡�p�ie±)cep)S�pb�bTH¤�akj³ceg~��cej¨pFf~a�¡�ORTHikT�S)��f;_�g~akT�i�at�
pFS¬¹
�5T
ceT�§°p�izikT1a£pFgRie��THaH«»{z�F��O)g~a£THi  °j¥f)p�gRi	�
p�f;ceT
¸`cHy;��qdp�� "�jmaz��O¢�ri����(ceT�iej¨¿HTH�%�;_�� ,-= ���9��=���§°g~f~�(cej¨pFf

uj
«

NPO~T%gbcej¨¤¥j³cd_�§°gRf¢�(ckj¥p�f¢aXieT��RieTHakT�f;ctceORT¬ae��cej¥a£§M���
ckj¥p�f|�5T�i��
THj¨¯FTH�#�`_�ckORT¬g~a£THi  °cd_;�~j¥�H�r¤¥¤¨_�§°gRf~�
ckj¥p�f�p�§
ceORTt�bTH¤¥�<_VpFi�pr§5ckORTt�H�r�~�F�
j¨cd_ "
«�NPORT��FpF��¤;jma�cep 7¢f~�)ak��O~TH�bgR¤¥j¥fR��adceie�rckT��Fj¨T1a�a£g~��O¬ckO¢��c3ckO~T�gbckj¥¤¨j¨cd_%p�§
� % (?)|g~a£THiPj¥aPS)��¸bj¥S-j¨¿HTH��« � f#p�g~iP��p�f;ckT�¸`cPj¨ctjmaPS�pFikTvieT�¤¥T�¯��rf;c�ckp)�
pFf~akj¥�bTHit�
p;adc�§°gRf~�
ckj¥p�f~a�i���ceORT�i
ceO~�rf#gbcej¨¤¥j¨cd_�§°gRf¢�(ckj¥p�f¢a�« � f~�bTHTH��y5ak��ORT1�bgR¤¥j¨f~�)�RikpF�R¤¥T�S)at�rieT�cd_`�Rj¥�H�r¤¥¤¨_�S-j¨fRj¥S-j¨¿1��cej¨pFf|�RikpF�R¤¥T�S)at��a
¡�T�ckie_Vcep�S�j¥fRj¥S-j¨¿HTPckORTX��p�S-�R¤¥T
cej¨pFf%cej¨S-T�yFckO~T % p�¡ pFi�ckORTta£ckieT
c���O-pr§�TH����OZqdp��  M¡	T�¡�j¥¤¨¤RckORTHikT�§°p�ieT
�FakakgRS-Tvj¨f�ceORTv§°p�¤¥¤¨p�¡�j¥fR��ckO¢��ctceORTV�
p;adc

γj
p�§¢qdpF�

Jj
jmat��§°gRf~�
ckj¥p�f#pr§�ckO~TV�
p�S-�R¤¥T
cej¨pFf�ckj¥S�T1a

C
"(«

DXp�¡	TH¯�THiHyb��a�ceORTHakT�g~akT�i�aPS)�<_��
pFS-�¢T�ckTv§°p�iPceORTVae�rS-T�ikT1a£pFgRi��
THaHy`j³ctjma��FT�fRTHie��¤¨¤¥_®fRp�cP�5pFaeakj¨�R¤¥Tvckp
akj¥S%gR¤¨ce��fRT�pFg~a£¤¥_�S-j¥fRj¨S-j¥¿�T�ckORT���pFa£cVpr§�TH�F��O©g~a£THiH« � f²�#S%g~¤³cej³¹@g~akT�i%��p�f;ckT�¸;c1y�pF�bckj¥S)�r¤¥j³cd_¼j¥a%fRprc
�RT�7~fRT1����aZa£j¥S-�R¤¥_��Fatj¥f|ckORT�a£j¥fR�F¤¨T�¹Jg~akT�iZ�
p�f;ceT
¸`cHy��rf~�#j¨cZjma��
p�S-S-p�f#cep®g~akT � %"! ��= � 5 � � = � � % �.��= ��y�RT�7~fRT1�#��a�§°p�¤¥¤¥p�¡ta�·
��Å������ � �MÉ� �  Mn3�rieT
ckp�¹JpF�bckj¥S)�r¤¥j³cd_ " .

C
��� � %�! ��= � 5 � � = � � % � � � % /3� � / � ��� � 3

∀C̃, ∃i, γi(C̃) < γi(C)⇒ ∃j, γj(C) < γj(C̃)
� f²p�ckORTHi%¡�p�i��RaHy

C
j¥a¬n3�rieT
cep|p��bcej¨S)�r¤	j³§tj¨c¬jma¬j¨S-�5pFaea£j¥�R¤¥T)ckpªadceikjm�(ce¤¨_©�bTH��ikT1��akT-ckORT��
p;adc%p�§

���R¤m�<_�T�iX¡�j³ceORp�gbc�a£ckiej¥�
ck¤¥_�j¥f~��ikT1��akj¨fR�-ceO~��cvpr§z��fRprceORT�i1«ZwXf`_�f~p�fb¹@n3�rieT
ckp�¹JpF�bckj¥S)�r¤�ae��ORT1�bgR¤¥T%����f
ceO`g~az�5Tv�
p�f¢a£jm�bT�ieTH�)�Fazf~p�fb¹@T
Ã®�
j¥T�f;cP��a�adceikjm�(ce¤¨_)�V�5T
ckckTHi�g¢ak����Ttp�§�ikT1a£pFgRi��
THaz�
p�g~¤¥�)�5Tv�bp�fRTF«3x»T
c
g¢a��
p�f¢a£jm�bT�iPceORTV�
p;adctakT
c

Γ ⊆ (R∗
+)n �bT�7~fRTH�#�Fa�ckORTVakT
ctp�§��r¤¥¤�§°T1��akj¨�R¤¥T��
p;adc�¯�T1�(cep�i�a�·

Γ = {(γ1(C), . . . , γn(C)| ckORTHikT�T�¸`jma£cX�¬¯���¤¨jm�#ak��ORT1�bgR¤¥Tv¡�j³ceO#��p�S-�R¤¥T
cej¨pFf�cej¨S-THa C}
H�j¥��gRieT F��RT��Rjm�(c�aVp�f¶T1����O²akgR�-7~�FgRieT�y�§°p�i���a£j¥S-�R¤¥T�ak��O~TH�bgR¤¥j¥fR��j¥f~adc��rf~��T)ckO~T�¯��riej¨pFg~aV��pFa£c¬a£T�cea
�Fakakpb�
jm��ceTH�-cep%ceORT��
p�S-�R¤¥T
cej¨pFf®cej¨S-T�y % p�¡ ckj¥S-Tv��f~��a£ckieT
c���O�S-T
ceikjm��aH«3NPORT��R��akORT1�`¹@�Rprc£ceTH�)¤¥j¥fRTvj¥a
ceORTVpF�bckj¥S)�r¤�jmakp�¤¥j¨fRTv§°pFitceORT%�
pFf~akj¥�bTHikT1��S-�r¸`¹J�~�Fa£T1��S-T�ckiej¥�  

maxj Cj
§°pFi H�j¨�FgRikT'F  °� "(y

maxj Fj§°pFi H�j¨�FgRieT F  ´��"�yt��f~�
maxj Sj

§°p�i H�j¥��gRieT F  ´� "�"
«>wtf`_ �5p�j¥f;c  ceORT�5p�¤m�À¤¥j¨fRT1a�")�¢TH¤¨pFfR��j¥fR�©ckp
�5prceO©ckORT�j¥akp�¤¥j¨f~T®�rf~�¼ckO~T��
p;adc%akT
c%jmavceO;g¢aVp��Rckj¥S-��¤3§°p�iVckORT®S)�r¸;¹@�~�Fa£T1�S-T
ceikjm�|« Dtp�¡�T�¯FT�iv¡	T
�H�rf akT�T®ckO~�rc�¯FT�ie_§°TH¡ pr§tceORT�S+�rieT�n3��ikT�ckpr¹@p��Rckj¥S-��¤´«¼NPORj¥a¬jma¬�bg~T®ckpckORT�§M���
c%ceO~��c-p�fR¤¥_ªckORT
2 ! ��=�S-�r¸bj¨S¬gRS O¢��aV�5T�THf²S-j¨f~j¨S-j¥¿�TH�»« � c¬jmaV¡�T�¤¥¤¨¹J±`fRp�¡�f¶j¥f¶ckO~T�fRT�cd¡	pFik±ª�
p�S-S¬gRfRj¨cd_  ´a£THT)§°p�i
T�¸R�rS-�R¤¥T � �Ry���A� "�ckO¢��cVS)��¸`¹@S�j¥fª§M�rj¥ikf~THaea�a£ORpFgR¤m��5T ! �*(�, ! �*������� ��bT�7~fRTH�»« � f©p�gRiVakT
ckckj¥fR�~y�ckO~j¥a
S-T1�rf~a�ceO~��cPckO~T 7~iea£c�S)��¸bj¨S¬gRS½akORpFgR¤¥���5T�S�j¥fRj¥S-j¨¿HTH��ybceORT�f�ceORTVa£T1�
pFf~��akORp�g~¤¥���¢T�S-j¥fRj¥S�j¥¿�T1��y
��f~�ªa£p|pFf»«�]`gRS�¹@�~��akTH�¼S-T
ckiejm��a�pF�;¯`j¥p�g~ak¤¥_��bp|fRprcVakg-��T�i�§°iep�S\ckORjma % �<¡ �rf~�©�r¤¥¡P�<_`aZ�Riepb�bg~�
T
n3��ikT�ckpr¹@p��Rckj¥S-��¤;ae��ORT1�bgR¤¥THaH«�NPO~�rc3j¥a�¡�O`_%¡�TP�Riep��5pFakTzcepv��p�f~akjm�bT�i�ckO~T�fRT�¡ S�T�ckiej¥�Ha

Cmax
� %�! ��= � y

Fmax
� %�! ��= � y;�rf~� Smax

� %�! ��= � «�NPORTHakT�ak��ORT1�bgR¤¥j¨f~�ZS-T
ceikjm��a���ikT�¤¨j¥±�TH¤¨_vcepv�¢TPS%g¢��O%S-p�ieT��Rj³Ã®�
g~¤³c
 M�RgbcP�r¤ma£p�S¬g~��O)S-p�ieT�S�T1�rfRj¥fR��§°gR¤ "3ckO~��f-ckORTX�RikTH¯`j¨pFg~a3p�f~THaz�Fa3¡�TX�bpVfRp�czO~�<¯FTPckpVpFfR¤¨_�p��Rckj¥S�j¥¿�T
ceORTV�
p;adc�p�§�ckO~T�S�pFikT���p�f~a£cki��rj¥fRj¥fR�XqdpF�#�Rgbc�ckp-pF�bckj¥S-j¨¿HTvckORTV��pFa£cPp�§���¤¨¤bqdpF�~a���c�ceORTVae�rS-TXcej¨S-TF«

� ( ' � � 	� 1 � /21+? ! 5 ��� / -=,.1+6�1 � 1�� 5&/21A- 6 - � , 5�� � � / ��� /2?/� -B6 � 6�� , 50?���1+6�

wX¤¨�Fp�iej³ceORS 
�j¥a���f�p��`¯`j¥p�g~aP�r¤¥��pFikj¨ckO~S ¡�O~j¥��O�ikT1�
gRi�akj¨¯FT�¤¥_%ceikj¥THa�cep¬S-j¥fRj¨S-j¥¿�T�ckO~Tva£ckieT
c���O�p�§~qdp��¢a�·
7¢iea£c%j¨c%S-j¨fRj¥S-j¨¿HTHa%ckORT�S-�r¸`¹@a£ckieT
c���O»y�ceORT�f©ceORT�f`gRS¬�¢THi%p�§�qdpF�~aV¡�O~pFakT®adceikT�ce��O¶jmaVTHl;g~��¤ocep|ckORT
S)�r¸;¹ºa£ckieT
ce��O�yrckO~T�f®ceORTXS)�r¸`j¥S%g~S adceikT�ce��O)pr§�ceORT�prckO~T�i�qdp��~aHy;��f~�®akp%pFf»«�µ¼T�a£ORp�¡ÀceO~��c�j¨f�a£pFS-T
�H��akTHaPwt¤¥��pFikj¨ckO~S 
v�Rikpb�bg¢�
THaPn3��ikT�ckp-p��bcej¨S)��¤»ak��ORT1�bgR¤¥THa�§°pFitadceikT�ce��O�S�j¥fRj¥S-j¨¿1��ckj¥p�f�«

F�G&H�FJI



�G��/ � � ������/10 = )+�I��= ! ��=>(?) @b�

� $ �¢É � � ����� , ·EDtT�g~ikjmadcej¥�vn3��ikT�ckp�S�j¥fRj¥S-j¨¿1��ckj¥p�f#p�§�S)��¸`¹ºadceikT�ce��O�p�f�p�fRTvS)����ORj¥fRTF«
FixedStretch ← ∅�

FreeStretch ← {J1, ..., Jn}�

È � � $ Å
FreeStretch 6= ∅ Ê É�

}	p�S-�RgbceTvckORT�S-j¥fRj¥S%gRS½S-�r¸bj¨S¬gRS a£ckieT
ce��O S pr§�ckORTPqdpF�~aPj¥f FreeStretch
ce��±`j¨fR�-j¥f;ckp�

���H�
p�g~fFcPceO~��c�§°pFit�rf`_vqdp��
Jj
a£g¢��O�ceO~��c

(Jj ,Sj) ∈ FixedStretch
y
Jj
O¢��aPT
¸R�F�(ck¤¥_��

adceikT�ce��O�pr§ Sj
«

�@É � Å �R���
Jj ∈ FreeStretch

Ê É�

x�T
c
d̄j ← rj + S × pj

�

�@É � Å �R���
(Jj ,Sj) ∈ FixedStretch

Ê É�

x�T
c
d̄j ← rj + Sj × pj

�

]b��ORT1�bgR¤¥T�{z�rie¤¨j¥THa£c � T1���b¤¥j¥fRTIH�j¨i�adc  M{ � H "���¤¨¤»ckORT�qdp��¢a  °�RieTH��±`j¨fR�¬ckj¥THatie��f~�bp�S-¤¥_ " CRx»T�c�

Cj
�5TvckORTV��p�S-�R¤¥T
cej¨pFf�cej¨S-T�pr§5qdp��

Jj
gRf~�bTHi�ckO~j¥a�ae��ORTH�RgR¤¨T

�@É � Å �R���
Jj ∈ FreeStretch

Ê É�
	

���
Cj = d̄j

��� Å�����

FreeStretch ← FreeStretch \ {Jj}���

FixedStretch ← FixedStretch ∪ {(Jj ,S)}��

�@É � Å �R���
(Jj ,Sj) ∈ FixedStretch

Ê É��

x»T�c
d̄j ← rj + Sj × pj

���

]b��O~TH�bgR¤¥T�{z��ik¤¥j¨T1adc � TH�F�b¤¨j¥fRTIH�j¥iea£c  °{ � H "��r¤¥¤�ckO~TPqdp��~a�
�

H	H�� �"!$#$#$%
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σ1

σ2

σ3

σ4

r2 = 2, p2 = 1

r1 = 0, p1 = 4





{

� ���(' ����� ������ � �  � ��%�� � ��� � � � $����  �����*)�� ����� ����#����������+
��������*

σ4

σ3

σ1

σ2

C1

C2

� ���,�-� ��	
�
�
�
�
�
�
	

�� �/. ��� % � �&%0) ���
Cj

* " ����� �� � ��� ����1���&% �21�% 43 ���
������� ������� � ��� � ���

σ1

�
σ2

� � �
σ3

�5) ��� % ���
maxj Cj3 �&%������*76 ��� �+$�������� � � �

σ1

� � �
σ2

�����98 �����&% �$+
�21�% 43 ��� *

σ2

σ4

σ3

σ1

F2

F1
� ������� �,	
�
�
�
�
�
�
	

��� �:. ��� % ���&%;) ���
Fj

*
σ1

� � � � � � ���������������
� ����� % � � %

F1

� � �
F2

�����$��3 ��������� %�� � �(< ��(�21�%�43 ���2) ���
maxj Fj

*
6 ��� �+$�� ��� � � � �

σ1

��;8 ������%��$+ �21�% 43 ���=) ���
maxj Fj

*

� � � �
�

�

�

� σ1

σ4

σ3

σ2

S2

S1

��� �>. ����% ���&%0) ���
Sj

*
σ2

� � � � � � ������� ������� � �����
%���� %

S1

� � �
S2

����� ��3 ��������� %���� �	� * %2? �� �21�% 43 ���
) ���

maxj Sj

*@6 ���$��$������ � � � �
σ2

��A8 �����&% �$+ �21 %�43 ���
) ���

maxj Sj

*

H�j¨�FgRikT F~·�Y�pFa£cPpF�bckj¥S)�r¤�akp�¤¥gbcej¨pFf~a�ckp-S)��¸`¹@�~��akTH��S�T�ckiej¥�Ha��rieTvfRprctn3�rieT
cepr¹@p��bcej¨S)��¤´«

� � Å`É � Å � ,/, . � � 0 ��! ��= ) � � � !$� ��,2(*��� % � %"! ��= � � � = � � % �6��(*)+�*�",-�8� � �"! � % �R5 ��= ! ��=>(*) � ��/2� � ��� % = � � /� / � /]� � % (*)6��/3� � ��= ) � ! �*� ��� = � � /G� � % = / � ��=>� !$% = � � / � �b= )+� � )6����� � ��� � = )+� ! � %�! �:= � � 0 � ��� � ) � ���
�R� % �6�.��/3��� �Z����2i/]�*� % = � =>� � �CB % /]�2D �"! � � %"! � � ��, % � �
� !$�&� � �tµªTX¡�j¥¤¥¤~�Riep�¯�TPceORTZ��p�ieikT1�(ckj¥p�f-p�§�wX¤¨�Fp�iej³ceORS 
tj¥f-cd¡	p%a£ckTH�~aH« H�j¥iea£cz¡�Tt¡�j¥¤¨¤�a£O~p�¡ ceO~��c	ckORT
��¤¨�Fp�iej³ceORS ��¤¨¡P�<_bazceT�ieS-j¨f~�rckT1a�«oNPORTHf#¡	T�¡�j¥¤¨¤�a£ORp�¡ ckO~�rcXj¨ct�Rikpb�bg¢�
THa���f#p��bcej¨S)�r¤�ak��ORT1�bgR¤¥T�j³§3��c
f~p¬j¨ckTHie�rckj¥p�f�p�§»ckO~T�¡�O~j¨¤¥TZ¤¥p`p���ckORTHikT��rieTtcd¡�pZqdp��~a�¡�ORp;a£Tv�bTH�F�b¤¥j¨fRT1a�yb�bT�7~fRT1���rc�];ceT��~a����rf¢�FE<pFi
�Ry~�rieTvTHl;g~�r¤J«

�«Pµ¼T 7¢iea£coa£ORp�¡²ckO~�rcz�r¤¥¤R�r¤¥��p�iej¨ckORS)a�adceT��~a3��ikT	§°TH�Fa£j¥�R¤¥T��rf~�%ckO~�rc3ckORTt��¤¨�Fp�iej³ceORS)a»ceT�ieS-j¨f~�rckT1a�«
� fRj¨ckjm�r¤¥¤¨_Fy

FixedStretch
j¥avTHS��Rcd_¼�rf¢��ceORT®S)��¸`¹ºadceikT�ce��OS-j¥fRj¥S�j¥¿H�rckj¥p�f©pr§�];ckTH� @|jma��r�~akpr¹

¤¨gRckT�¤¥_)THl;gRj¥¯��r¤¥T�f;cocep%¡�O~�rc	¡�TXO~�<¯FTt�bp�fRTZj¨f�]`TH�
ckj¥p�f��¬�rf~�)jma3ceO`g~aoceikpFgR�R¤¥T
¹@¤¨T1akaH«�x���ceT�i	p�f»y
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ckORT%�RikpF�R¤¥T�S a£pF¤¨¯FTH����c�];ceT��G@)p�§3�-�Fj¨¯FT�f#j¨ckT�i���cej¨pFf#pr§�ckORT%¡�ORj¨¤¥T�¤¥p;pF�|O~��aHy~�Fat�)a£pF¤¨gRckj¥p�f»y
ckORTVae��ORT1�bgR¤¥TX§°pFgRf~���;_){ � H ��cPckORTv�RieT�¯`j¥p�g~a�j¨ckTHie�rckj¥p�f�p�§�ceORTv¡�ORj¨¤¥Tv¤¨p`pF�»y`�¢T1���rg¢a£Tvpr§�ckORT
¡��<_�¡�T 7R¸VckO~TtadceikT�ce��O%¯���¤¨gRT1a�§°p�i�qdp��¢a�j¥f

FixedStretch
«�NPORTHikT�§°p�ieT�y<ceORTP�RikpF�R¤¥T�S>��cz];ceT�� @

j¥aX�r¤¥¡��<_baz§°TH��akj¥�R¤¨TF«
NPORT|�r¤¥��pFikj¨ckORS ckTHikS-j¥f~��ceTHa-��a¬ceORT�akj¥¿�T�pr§

FreeStretch
adceikjm�(ce¤¨_²�bT1�
ieTH�Fa£T1aV¡�j¨ckO&TH����O j³ck¹

T�i���cej¨pFf²pr§�ceORT�¡�O~j¨¤¥T�¤¥p`p��»« � f~�bTHTH��yz�rc-];ceT�� 
�
)ceORT���p�f~�Rj³cej¨pFf²j¥a%ckiegRT�§°p�i-��c¬¤¥TH�Fadc�p�fRT
qdp��©��c�TH�F��Oj¨ckTHie�rckj¥p�fp�§zceORT-¡�ORj¨¤¥T-¤¨p`pF�»«)�XceORT�ie¡�jma£TFy�g~a£j¥fR��{ � H¾¡�T�¡�p�g~¤¥�O~�<¯�T¬§°p�gRf¢�
�|ak��O~TH�bgR¤¥T)gRf~�RT�iV¡�ORjm��OªckORT)S)�r¸;¹ºa£ckieT
ce��Oªpr§�ckO~Tvqdp��~a�j¥f

FreeStretch
¡	pFgR¤¥�ª�5T®adceikjm�(ce¤¨_

a£S)��¤¨¤¥T�iPceO~�rf�ckO~T�¯<��¤¨g~TZ§°pFgRf~�#��cX];ceT�� @-¡�ORjm��O�jmaPj¥S��5pFaeakj¨�R¤¥T�«
�b«Pµ¼T-fRp�¡ a£gR�~�¢p;a£T¬ckO~�rcHy»¡�O¢��ckTH¯�THiZceORT-j³ceT�i���cej¨pFf�pr§	ckORT-¡�ORj¥¤¨T-¤¥p`p��»y�ceORT�ieT��Rp;T1avfRprcvT
¸bjmadc
cd¡	p¬qdp��¢aX¡�ORp;a£T-�bT1���b¤¥j¨f~THaHy��RT�7~fRT1�¼�rcv];ceT��~a����rf~� E<p�i �by»��ikT¬THl;g~�r¤J«�µªT%ceORT�fª�Riep�¯�TV�`_
j¨f¢�bg~�(cej¨pFf�ckO~�rc�ckORTV��p�S-�RgbceTH�#ak��O~TH�bgR¤¥Tvj¥aPn3��ikT�ckp-p��bcej¨S)��¤´«
� fRj¨ckjm�r¤¥¤¨_FyrckO~TXa£T�c

FixedStretch
jma3THS��Rcd_¬�rf¢�-]`ckT���@V�
pFS��~gbckT1a�ckORTXS�j¥fRj¥S%gRS S)��¸`¹@a£ckieT
c���O

S∗ ����ORj¥T�¯��r�~¤¨TF«�NPORT)pFfR¤¨_ªl;gRTHa£ckj¥p�f©¡�T®O~�<¯�T�cep��rf~ak¡	THiVjmavckO`g~aH·%jmavckO~T®f`gRS%�5T�i¬pr§�qdp��~a¡�ORpFakTta£ckieT
ce��O-jmaE7R¸bT1��ckp S∗ S-j¨fRj¥S)�r¤ 	 µ¼TX¡�j¨¤¥¤R�Riep�¯�T��Va£ckiep�fR�FT�i3ieTHakgR¤¨cH·�j¨§�p�gRi	�r¤¥��p�iej¨ckORSa£T�cea�ckO~TPa£ckieT
c���O%p�§¢�oqdpF�
Jj
ckp S∗ y�ckO~T�f%j¥f-�r¤¥¤`ae��ORT1�bgR¤¥THa�¡�ORpFakTzS)�r¸;¹ºa£ckieT
ce��O%j¥a�¤¥THaea»ceO~�rf�p�iTHl;g~��¤�ckp S∗ y`ckORTVa£ckieT
c���O�p�§ Jj

j¥a��F�(ceg~�r¤¥¤¨_)T1l;g~�r¤�cep S∗ «3µªT��Riep�¯�TtceORjmaP�;_��
p�f;ceie�F�bj¥�
ckj¥p�f»«µ¼T#ceO`g~a®��aeakgRS-T�ceO~��c)ceORT�ieT#T
¸bjmadc�a)a£pFS�T|ae��ORTH�RgR¤¨T
Θ
¡�ORpFakT#S)��¸`¹@a£ckieT
c���O jma)¤¨T1aka�ceO~�rf

p�iVT1l;g~�r¤3cep S∗ y��rf~�ªgRf~�RT�i%¡�O~j¥��O©ceORT�a£ckieT
ce��O©p�§ Jj
jmaVT1lFg¢�r¤3cep S(Θ)

j < S∗ «�NPORTHf¶¡	T�bT�7¢fRT�ckORT¬§°p�¤¥¤¨p�¡�j¥fR��j¨f~a£ce��f~�
T�pr§��bTH�F�b¤¨j¥fRT-ak��O~TH�bgR¤¥j¥fR�~·�ceORT-�bTH�F�b¤¨j¥fRT�pr§	��f`_-qdp��
Ji 6= Jjj¥a¬ceORT�ae�rS-T���a¬gRf~�bTHi¬pFgRi���¤¨�Fp�iej³ceORS#y�j´« T�«¥y

d̄i = ri + S∗ × pi
yz��f~�©ceORT��RTH���R¤¨j¥fRT�pr§

Jij¥aVTHl;g~�r¤�cep
d̄i = ri + (S∗ − ε) × pi

y�¡�ORT�ieT
ε > 0

j¥a���ORp;a£THf¼akS)�r¤¥¤¨THi�T�fRpFgR��O©a£g¢��OceO~��c
S(Θ)

j 6 S∗ − ε
y3�rf~�¶akg~��OªckO~�rc%ceORT�pFie�bTHi�pr§�ceORT��bT1���b¤¥j¨f~THaV¡�T�qdg~a£c��RT�7~fRT1��y3a£pFi£ceTH�ª�`_

fRp�fR¹@�bT1�
ieTH�Fa£j¥fR��¯<��¤¨g~THaHy�jma�ckORTtae�rS-Tt�Fa�§°p�i3ceORT�p�fRT1ao�bT�7~fRTH���`_�]`ckT��®�� M¡�ORjm��O�jma�ceORT�p�i��bT�i
§°p�gRf¢�©¡�ORT�f

ε = 0
"(«�]bg~��O¶�rf

ε
T
¸bjmadc�a �*�?( % ,6����¡�T�O¢�<¯�T-S)���bT-ceORT)O`_;�5prceORTHakjmavckO~�rcVfRp

cd¡	pvqdpF�~a�O~�<¯FT�ckORT%ae�rS-T��bT1���b¤¥j¨f~TV��ctceORT 7~i�adctj¨ckTHie�rckj¥p�f#pr§�ckORT%¡�ORj¨¤¥T�¤¥p;pF�»«P�Zg~i�j¨f~a£ce��f~�
T
pr§z�bT1���b¤¥j¥fRT�ae��ORT1�bgR¤¥j¨fR��j¥aX§°TH�Fa£j¥�R¤¥T¬��aZj¨c����RS�j¨cea

Θ
��a���akp�¤¥gbckj¥p�f�«ZUtp�¡�y5¡�T¬ae��ORTH�bg~¤¨T¬p�gRi

j¨f¢adc��rf~��T�g¢a£j¥fR��{ � H�«~wZa�{ � H �r¤¥¡��<_ba 7~f~�Ra��¬¯��r¤¥j¥��ae��ORTH�bg~¤¨T�j³§�p�fRT�T
¸bjmadc�a:�8
�;�Jybj¨cZ7~f~�~a��
a£pF¤¨gRckj¥p�f-§°p�iockORjmazj¥f~a£ce��f~�
TF«�{ � H©ak��O~TH�bgR¤¥THaockORToqdp��~azgRf~�bTHiockO~j¥azj¨f~a£ce��f~�
TXT
¸R���
ck¤¥_��Fa3j³cP�bjm�
j¨f|wX¤¨�Fp�iej³ceORS 
ry~�Fa�ckORT�pFie�RT�iPpr§�ckORTV�bT1���b¤¥j¥fRTHa��bjm��fRprct��O~��fR��TFyb�rf~��ckO`g~a 7¢f~�RaPceORTVak��S-T
adceikT�ce��ORT1a�«ZNPORT�ieT
§°pFikTFy~{ � H 7~f~�Ra��®a£ckieT
c���O�pr§ S∗ §°p�i Jj

¡�ORjm��O�jmaXj¥S-�¢p;akakj¨�~¤¨TV¤¥p`p�±`j¥fR����c
ckORTV�RT�7~fRj¨ckj¥p�f#p�§

Jj
� a��bT1���b¤¥j¨f~T�y

d̄j
«iDtTHf~�
T��)�
pFf;cki����bjm�(cej¨pFf»«

NPORT���THfRT�i��r¤��H��akTZp�§�ceORTvj¨f~�Rg~�(cej¨pFf�jmaP�Riep�¯�THf®ckO~TVak��S�Tv¡P�<_®��aPj¨ct�r¤ma£p-ieT�¤¥j¨T1a	pFf�ceORTv§M���
cea
ckO~�rcI
 "	TH�F��O�cej¨S-TV�-a£ckieT
ce��O�jma 7R¸bTH��ybj¨ctj¥a�ceORT�S-j¨f~j¨S)�r¤�S-�r¸bj¨S¬gRS �bgRTvcep®];ckTH� @ C~�rf~�#��"
{ � H akg~����T�T1�RaP¡�ORT�f~T�¯�THiPckORTHikTvjma���¯<��¤¨jm�#ak��O~TH�bgR¤¥T�«
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µªT 7~i�adctakORp�¡¾ceO~��cXwX¤¨�Fp�iej³ceORS½�¬j¥a���p�ieikT1�(c1«�NPORTHf#¡	T��
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§°pFikT�cep��~ikp�¯FT%cd¡�p#�RikpF�¢THi£cej¨T1a�· 
 "
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�
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d
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d
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d
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d
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Pi
j¥aPjm�b¤¥T�y~��f~��ckORTHf»·

sup Itd
− inf Itd

>
∑

j

α
(t)
i,j .pi,j >

∑

j|d̄j=d

α
(t)
i,j .pi,j .

�b«
Pi
�Rikpb��THaea£T1a��ZqdpF��¡�O~pFakTv�RTH���R¤¨j¥fRTvj¥a�a£ckiejm�(ck¤¥_��FikT1��ceT�i	ckO~��f

d
y~�rf¢�®ceORT�f»·

∑

j|d̄j=d

α
(t)
i,j .pi,j <

∑

j

α
(t)
i,j .pi,j 6 sup Itd

− inf Itd
.
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sup Itd

− inf Itd
−
∑
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F�G&H�FJI



�G��/ � � ������/10 = )+�I��= ! ��=>(?) A+


� $ �¢É � � ������� ·EDtT�g~ikjmadcej¥�vn3��ikT�ckp�S�j¥fRj¥S-j¨¿1��ckj¥p�f#p�§�S)��¸�¡�T�j¥��O;ceTH� % p�¡�«
FixedStretch ← ∅�

FreeStretch ← {J1, ..., Jn}�

È � � $ Å
FreeStretch 6= ∅ Ê É�

}	p�S-�RgbceT�ckORTvS-j¨f~j¨S¬gRS S)��¸®¡�T�j¥��O;ceTH� % p�¡ S pr§»ceORT�qdp��~aPj¥f FreeStretch
ce��±;j¥fR�-j¥fFcep�

���H�
p�g~fFcPceO~��c�§°pFit�rf`_vqdp��
Jj
a£g¢��O�ceO~��c

(Jj ,Sj) ∈ FixedStretch
y
Jj
O¢��aPT
¸R�F�(ck¤¥_��

adceikT�ce��O�pr§ Sj�@É � Å �R���
Jj ∈ FreeStretch

Ê É�

d̄j ← rj + S × pj
�

�@É � Å �R���
(Jj ,Sj) ∈ FixedStretch

Ê É�

d̄j ← rj + Sj × pj
�

D ← {d̄j | Sj ∈ FreeStretch}�

�@É � Å �R���
d ∈ D Ê É�	

� f�ceORTVa£T�c�pr§�ckj¥S�T�j¥f;ckTHik¯��r¤ma��bT�7~fRTH���`_®ceORT�ikTH¤¨T1��akT��~��ckT1a��rf~���bT1���b¤¥j¨f~THa  MakT�T���

]bTH�(cej¨pFf��~«8
F«8
 "(yR¤¥T
c
Itd

�¢TvceORTvckj¥S-T�j¨f;ceT�ie¯<��¤�T�f~�Rj¨fR�®�rct�R��ceT
d
·
sup Itd

= d]bp�¤¥¯�TV]`_badceT�S  A�"  M¡�ORj¥��O|�rc£ckTHS-�bceaPcep)�
p�S-�R¤¥T
ceTVadceikjm�(ce¤¨_��¢T�§°p�ieT
d
�r¤¥¤`qdp��~a�p�§�
�

�RTH���R¤¨j¥fRT
d
"

� ^��	Q�Y Q��"T δ ,X	SU`	T+d c3g	T�f3[ S	V�ced3^	Q�SUceV




∀i, ∀j, ∀t, rj > sup It ⇒ α
(t)
i,j = 0

∀i, ∀j, ∀t, d̄j 6 inf It ⇒ α
(t)
i,j = 0

∀t, ∀i, ∑j α
(t)
i,j .pi,j 6 sup It − inf It

∀j, ∑t

∑
i α

(t)
i,j = 1

∀i, ∑j|d̄j=d α
(t)
i,j .pi,j 6 (sup Itd

− inf Itd
)− δ

 A�"

���
δ = 0

��� Å ���

Sd ← {Jj ∈ FreeStretch | d̄j = d}� �

}	p�S-�RgRckT��)a£g~�~a£T�c
S′

d
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ck¤¥_�akS-��¤¨¤¥T�iPceO~�rf S «�@É � Å �R���
Jj ∈ S′

d

Ê É�
�

FreeStretch ← FreeStretch \ {Jj}� �

FixedStretch ← FixedStretch ∪ {(Jj ,S)}��

�@É � Å �R���
(Jj ,Sj) ∈ FixedStretch

Ê É�
�

d̄j ← rj + Sj × pj
��	

Ë gRj¥¤¥�#�-ae��ORTH�bg~¤¨T����H�
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− inf Itd
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∑

j|d̄j=d

α
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i,j .pi,j


 .
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+
∑
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Jj
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i,j

 MikT1a£�»«
α
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i,j
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Θ3
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Θ3
y�ceORT�ieT®jma%fRp®qdp��
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d
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cHyoj¥f ceORT#��THfRT�i��r¤P���Fa£T�ckORjma-�Riep��R¤¥T�S�jma�UXn3¹
��p�S-�R¤¥T
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p�S-�R¤¥T
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wZa�¡�T²�bp¾fRp�c�O~�<¯�T²��f;_BikTH¤¨T1��akT¶�R��ceTHa|j¥fÂckORT �r�5p�¯�T©ckO~T�p�ieT�S#y�¡�T¶j¨fÂ§M�F�(c�~ikp�¯FT¼ceO~��c
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� %"! ��= � 〉 yvjma�UXn3¹º�
p�S-�R¤¥T
ceT�« � fB§M���(c|¡�T¼�~ikp�¯FTª��f T�¯FT�fÂadceikpFfR��THi�ieTHakgR¤¨cHyZckO~�rc|j¥a

ceO~��c®S-j¥fRj¥S�j¥¿�j¥fR�©ceORT�f`gRS%�5T�i)p�§	qdpF�~a)¡�ORp;a£T|��p�S-�R¤¥T
ckj¥p�f �R�rckT|jma)THl;g~��¤Pckp©ceORT|S)�r±�T1a£�¢�rf&j¥a
UXn3¹º�
p�S-�R¤¥T
ceT�p�f�gRfRieT�¤m��ceTH��S-�F��ORj¥fRTHaHyR�rf~��gRf~�RT�i�ceORTV�bj¥¯;jmakj¨�R¤¥TvS-p`�RT�¤J«

� !$�&� � �XNPO~j¥aPieTHakgR¤¨ctj¥aP�Riep�¯�T1�®¡�j¨ckO|��ikT1�bg~�
ckj¥p�f�§°ikpFS � Q�S	Q�Y XUY � Q�c3ceQ�S�� � T-c �8
�A�@«
x�T
c	g¢a	��p�f~akj¥�RT�i	��f`_¬j¥f~a£ce�rf¢�
T I1 pr§ � Q�SUQ�Y X	Y � Q�c3ceQ�S�� � T-c « I1 jmaz�bT�7~fRTH���`_��¬�
p�¤¥¤¥TH�(cej¨pFf

C = {S1, ..., S|C|}
pr§�a£gR�¢a£T�ceaPpr§��47¢fRj³ceT�a£T�c

S
�rf~���;_®��f�j¥f;ckTH��T�i

K
«oNPO~T�l;gRT1adcej¨pFf�jma�·3jma	ckORTHikT

��akgR�~akT
c
S′ pr§ S

y�akg~��O�ceO~��c |S′| 6 K
��f~�ªa£g~��OckO~�rc

S′ �
pFf;ce�rj¥f~a���c�¤¥TH��a£cvp�fRT-T�¤¥T�S-THfFc�§°iep�ST1����Oªa£gR�¢a£T�cVj¨f
C
·v§°p�i�T1����O

i ∈ [1, |C|], Si ∩ S′ 6= ∅ «�µ j¨ckO~p�gbcV¤¥pFaeavpr§P��THfRT�i��r¤¥j³cd_|¡�T)��aea£g~S�TceO~��c
S = ∪iSi

«
H~ikpFSBj¥f~a£ce�rf¢�
T I1 pr§ � Q�S	Q�Y XUY � Q�c3c3Q�S	� � T-c y<¡	TzfRp�¡¼�~gRj¨¤m�V��f�j¨f~a£ce��f~�
T I2 pr§bpFgRi»�Riep��R¤¥T�S#«

I2
j¥a�S-�F�bT�p�§

n = |S| qdp��¢a��rf¢�À¡	T�jm�bTHfFcej³§°_ ckO~T®qdp��¢a J1
y�«¨«¥«¥y

J|S|
¡�j¨ckO ceORT�T�¤¥T�S-THfFc�a

x1
y

«¥«¥«¨y
x|S|

pr§
S
«8NPORTakj¨¿HT

Wj
pr§PqdpF�

Jj
jma®T1l;g~�r¤�cep©ckORTf;g~S%�5T�i®p�§�akgR�~akT
c�a®�
pFf;ce�rj¥fRj¥fR�

xj
·

WJ = |{Si ∈ C | xj ∈ Si}|
«|µªT®¡�j¥¤¨¤�O~�<¯FT-ckpae��ORTH�RgR¤¨T®ckORT1a£T�qdpF�~aVpFf

m = |C| �Riep`��THaea£pFiea

F�G&H�FJI
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��f~�|¡�T¬jm�bTHfFcej³§°_#ceORT��Rikpb��THaea£pFiea�¡�j¨ckOckORT-akgR�~akT
cea
S1
y�«¨«¥«¨y

S|C|
«�µ¼T-�bT�7¢fRT%ceORT-�
p�S-�RgRce��cej¨pFf~�r¤

��O¢�ri����(ceT�iej¥a£ckjm��a	pr§�ckO~T��~ikpb�
T1akakp�i�aP��a	§°p�¤¥¤¥p�¡ta�·

pi,j =

{ 1
|Si|

j¨§
xj ∈ Si,

∞ prceORT�ie¡�jma£T
.

.

DXT�ieTVceORT�l;gRT1adcej¨pFfjma�·Xj¥aXckORTHikT-��ae��ORT1�bgR¤¥TV§°p�i�¡�ORjm��O�ceORT¬f`gRS¬�¢THivpr§�qdp��¢aZ¡�O~pFakT % p�¡�jmaXT1l;g~�r¤
cep�ckORT�pF�bckj¥S)�r¤»S)��¸`¹ % p�¡¾jmaP¤¨T1aka�ceO~�rf#pFi�T1l;g~�r¤�cep

K 	µªT�7~i�adc¬ikTHS-��ik±�ckO~�rcVckORT�p��bcej¨S)�r¤zS-�r¸bj¨S¬gRS % p�¡ jma�THl;g~��¤ocep 
�« � f~�bT�T1��y�ckORT)ceprc��r¤z¤¥pF�F�
cep¼�5T#�Riep`��THaea£T1�¶jma ∑

j Wj =
∑

j |{Si ∈ C | xj ∈ Si}| =
∑

i |Si|
��f~��yz�rc��5THa£cHy	�Rikpb��THaea£pFi

Pi
���rf¶�~ikpb�
T1aka%��¤¥pF���©p�§Xa£j¥¿�T |Si|

�bgRiej¨fR�¼�|gRfRj¨c�p�§Pckj¥S�TF«¼NPORTHikT�§°p�ieT)ckO~T�p��Rckj¥S-��¤zS)��¸`¹ % p�¡
jma-��ieTH�rckTHi%ceO~�rf&p�i-THl;g~��¤Pckp 
�«Àw S)��¸`¹ % p�¡ pr§ 
�jma-ikT1�r¤¥j¨¿HTH� �;_ �rf`_²ak��O~TH�bgR¤¥T#gRf~�bTHi)¡�ORjm��O
�~ikpb�
T1akakp�i

Pi
�bTH¯�prceTHao��§°i����
ckj¥p�f 1

|Si|
pr§�ckO~T�ckj¥S-T�j¨f;ckTHik¯���¤

[0, 1]
ckpV�rf`_Xqdp��

Jj
akg~��O�ckO~�rc

xj ∈ Si
«

� f¢�bT�T1��y¢g~f~�bT�ivakg~��O��®ae��ORTH�bg~¤¨TFy~ceORT¬akO~�rieT�pr§�qdpF�
Jj
�Riepb�
THaeakTH�|�bgRiej¥fR�)ckO~TVckj¥S-T%j¥f;ckT�ie¯��r¤

[0, 1]�`_¬�Rikpb��THaea£pFi
Pi
akg~��O�ckO~�rc

xj ∈ Si
j¥aoTHl;g~�r¤`cep

1
«�NPORT�ieT
§°pFikTFy�ckO~T�p�¯�T�i��r¤¥¤ba£O¢�rieT�p�§FqdpF�

Jj
�~ikpb�
T1aka

�RgRikj¥fR��ckO¢��c�ckj¥S-T�j¨f;ceT�ie¯<��¤�j¥aPT1l;g~�r¤�cep ∑
i|xj∈Si

1 = |{Si ∈ C | xj ∈ Si}| = Wj
«

H~gRi£ceORT�ieS-p�ieT�yFckORjma��Riep;p�§�a£O~p�¡ta3ckO¢��cPj³§���f`_��~ikpb�
T1akakp�izj¥a  M�rc�¤¥TH�Fadc "3�~��i£cej¥��¤¨¤¥_-j¥�b¤¥Tv�bgRiej¨fR�%ckORT
cej¨S-TVj¥f;ckTHik¯��r¤

[0, 1]
ceORT�f#ceORTVS)��¸`¹ % p�¡Â����ORj¥T�¯FTH��¡�j¨¤¥¤��5T%a£ckiej¥�
ck¤¥_��FikT1��ckTHi�ckO~��f|p�fRTF«�NPORTHikT�§°p�ieT�y

g~f~�bT�it��f`_®ak��ORT1�bgR¤¥T��F��ORj¥T�¯`j¨f~�%ceORTvp��bcej¨S)�r¤�S)�r¸;¹ % p�¡ÀceORT�ieTvj¥aHybp�f�TH�F��O��Riepb�
THaeakp�i1y;�Xqdp���¡�ORjm��O
jma	ikgRf�gRf;ckj¥¤5ckORTv�R��ceT'
Fy;��f~�)ceO`g~az¡�O~j¥��O�O~��a��VS)��¸`¹ % p�¡ pr§i
F«3NPORT�akT
c�pr§RqdpF�~a�¡�ORpFakTtS)��¸`¹ % p�¡
jmaPp�f~T�j¥f I2 ckORTHf#THl;gRj¥¯<��¤¨THf;ck¤¥_��bT�7~fRTHa���ORj¨c£cej¨f~�®a£T�ctpr§ S

j¥f I1 «

� Q�SUQ�Y XUY g	Q�c]ceQ�S�� V&T-c j¥aVTHl;gRj¥¯<��¤¨THf;c�ckp � Q�S	Q�Y XUY V&T-c f3[�� T2d ��
�@�J«�NPORT�ieT
§°pFikTFy»p�fRT)p�§
ceORT)�5THa£cV�¢pF¤¨_`fRpFS�jm�r¤�cej¨S-T®�r¤¥��pFikj¨ckO~S ckp|�r�~�Rikp<¸bj¥S)��ckT � Q�S	Q�Y XUY gUQ�c3ceQ�S�� V�T+c jma�ckORT)�FikTHTH�b_
��¤¨�Fp�iej³ceORS ¡�ORjm��O��rcPT1����O�adceT����Rj¥��±ba�ceORTvT�¤¥T�S-T�f;c�¡�ORjm��O��5T�¤¥p�fR�;a	ckp�ckORT�¤m�rie��T1adc�f`gRS%�5T�i�p�§�a£ckj¥¤¨¤
g~fb¹JO~j³coakgR�~akT
ceaH«�NPORj¥a��FikTHTH�b_V��¤¨�Fp�iej³ceORS�O~�Fa3�rf-�r�R�Riep<¸bj¨S)�rckj¥p�fVi���cej¨pvpr§

1+ln |S| ��
��by";F��@y�¡�O~T�ieT
|S| jmaPckO~TVa£j¥¿�Tvpr§�ckORTVakT
c1«µªT%�bp)fRp�ct±`fRp�¡ ¡�O~�rctj¥a�ckORTV��p�S-�R¤¥T
¸bj³cd_�pr§�ckORT�n3��ikT�ckp)S-j¨f~j¨S-j¥¿H��cej¨pFf#pr§�ckORT�S)��¸`¹ºadceikT�ce��O»«
]bT�T�j¥fR��ORp�¡ T�Ã®�
j¥T�f;c�j¥a	ckO~T���ieT�TH�R_)ORT�gRiejmadcej¥�X§°p�iPceORTvS�j¥fRj¥S%gRS ORj³ckckj¥fR�®akT
c��Riep��R¤¥T�S#y`¡	T�akj¨S-�R¤¥_
akgR�F��THa£cvckp|g~akT-j³c%ckp�akp�¤¥¯�T-j¨f©�Ri����
ckjm�
T®];ceT��M
�Ab« HRgRikckO~T�ieS�pFikTFy»p�f~T®���rf©T1��akj¨¤¥_akT�T�ckO~�rc%¡�ORTHf
ceORT�akT
c

Sd
�rc�];ckTH�M
�@|jma%��¤¨¡P�<_bavikT1�bg~�
T1�ªckp�|akj¥fR��¤¥T
cep�f»y�wt¤¥��pFikj¨ckORS+���Riepb�bg~�
T1aV�rf¶pF�bckj¥S)�r¤

ae��ORT1�bgR¤¥T�«3NPORT�ieT
§°pFikTF·
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% = �]= � � � � ��� % � � % ��� ! �?�",2(*�?�= � % ����/10��8��= � /@�

µªT%�5T�¤¥j¨TH¯�T%ckO~�rcHy5j¨f��~ie�F�(ckjm�
TFyRceORT¬akT
c
Sd
¡�j¥¤¥¤���¤¨¡P�<_baP�¢T¬ikT1�bg~�
T1��ckp��®a£j¥fR�F¤¨T�ckp�f�y5��f~��ckO`g~a

ceO~��cXwX¤¨�Fp�iej³ceORS ��¡�j¥¤¥¤��r¤¥¡P�<_`a��Riepb�bg~��T�p��bcej¨S)�r¤�ak��ORT1�bgR¤¥THa�j¥f#�Ri����(cej¥��T�«  MUtp�ckTvceO~��ctceORT%�H��akT�p�§
qdpF�~aPpr§3ae�rS-T�a£j¥¿�T��rf¢��ae�rS-TvikTH¤¨T1��akT��~��ckT�jmaPfRp�cX�¬�~ikpF�R¤¨THS#« "
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� f®ckORjma	akTH�
ckj¥p�f»y;¡�Tb7~i�adc	j¨S-�Riep�¯�TX�V¤¨p�¡�T�i	�¢pFgRf~�)pFf)ckORT��
pFS��5T
cej³cej¨¯FTXi���cej¨pVp�§»p�fR¤¥j¥fRTX�r¤¥��pFikj¨ckO~S-a
§°pFiXS)��¸`¹ºadceikT�ce��O|S-j¥fRj¨S-j¥¿H�rckj¥p�f�T1adc��r�R¤¥j¥akORT1�|�`_ Ë THf~�bT�i1y»}	O~�r±`i��r�~��i£cej´y5�rf~��Y�gbckO`gR±`iej¥akORf~��f � A�J«
NPO~T�f�¡	T��RieTHakT�f;c	ceORT�cd¡	p-�
pFS-�¢T�ckj¨ckj¥¯�T��r¤¥��pFikj¨ckORS)azckO~�rc�O~�<¯�TZ�RikTH¯`j¨pFg~a£¤¥_)�5T�T�f��Riep��5pFakTH��j¨f�ckORT
¤¥j¨ckT�i���cegRieT � Aby���@«�x���a£c�¡�T	O~j¨�FOR¤¨j¥��O;c3a£pFS-T	�Ri����
ckjm����¤F¤¥j¨S-j¨ce�rckj¥p�f~a�pr§~ckORT1a£TP�r¤¥��pFikj¨ckORS)a��rf~�%�Riep��5pFakT
f~T�¡ O~T�gRiej¥a£ckjm��a�ceO~��cX��j¨i��
g~S%¯�THf;c�ceORTHakTv¤¨j¥S-j³c���cej¨pFf~a�«
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NPORjma»ieTHakgR¤¨c»j¥a��rfvj¨S-�Riep�¯�THS-T�f;c�§°ikpFS¾ckO~To�¢pFgRf~��pr§ 1
2∆

1
3
THa£ce���R¤¨jmakORTH���`_ Ë T�f¢�bT�i1y<}	O~��±`ie���~�rikckjJy

��f~��Y|gbckO`gR±`iej¥akORf~��fC� A�@« � f�§M���
cHyb¡�T�THa£ce�r�~¤¨jma£O�ckO~j¥a�f~T�¡ �5p�g~f~���;_��bp�j¥fR�)�-S-p�ieTZ�RieTH��j¥akT��rf~��¤³¹
_bakj¥atpr§�ckORT¬T
¸R���
cXak��S-TV���b¯FT�i�ak��ik_F« � f#ckO~T�j¥iX�Riep`pr§dy Ë THf~�bT�i1y5}	O~��±`ie���~�rikckjJy~�rf¢�|Y|gbckO`gR±`iej¥akORf~��f
j¥S-�R¤¥j¥��j³ce¤¨_-��aea£g~S�T1�VceO~��czckORTt��¤¨�Fp�iej³ceORS>±`fRT�¡Àj¥f)���b¯��rf¢�
TPckO~T�ie�rckj¥p

∆
pr§5ckO~TXa£j¥¿�T1a3pr§5ckO~T�¤¥��ik�FTHa£c

��f~��a£ORpFi£ceTHa£c�qdp��~aH«
µªT�¡�j¥¤¥¤PakT�T�j¨f ckORT�fRT�¸;c)akTH�(cej¨pFf¶ckO¢��c�ckORTHikT�T
¸bj¥a£c)a£pFS�T

O(
√

∆)
¹º�
pFS-�¢T�ckj¨ckj¥¯�T���¤¨�Fp�iej³ceORS)a�«

NPO~T�ieT
§°p�ieT�y¢¡	T¬O~�<¯�T�iep�g~��OR¤¥_��~ikjm�b��T1�#O~�r¤¨§opr§3ceORT��F�r�|�5T
cd¡�T�THf#ckORT��RieT�¯`j¥p�g~aX¤¨p�¡�T�it�5p�g~f~���rf¢�
ceORT��5THa£ctT
¸bj¥a£ckj¥fR�)�r¤¥��pFikj¨ckO~S-aH«
� !$�&� � �tµªT-�Riep�¯�T�ceORj¥avieTHakgR¤¨c��`_���p�f;cki����bjm�(cej¨pFf»«VNPORTHikT�§°p�ieT�y�¤¥T
cvg~a���aea£g~S�T%ckO~�rcvckORTHikT�T
¸bjmadc�a��
1
2∆

√
2−1 ¹º�
pFS��5T
cej³cej¨¯FTX�RieT�THS-�bckj¥¯�TtpFfR¤¥j¨fRT��r¤¥��pFikj¨ckORS A S-j¨f~j¨S-j¥¿�j¥fR�¬S)�r¸;¹ºa£ckieT
ce��O�«�wtf����b¯FT�i�ak��ik_akT�f¢�Ra�ckORTv§°pF¤¨¤¥p�¡�j¥fR��akT�iej¥THaPpr§¢qdp��~aH·

� ���R� Å ,5� �Fp��~a�
)��f~�¶��O~�<¯�T��¢p�ckO²�#akj¨¿HT)pr§
δ
��f~�©�rieikj¥¯�T-��c�cej¨S-T®�Ry�j´« T�«¥y

p1 = p2 = δ
�rf~�

r1 = r2 = 0
«

� §�ckO~THakT�cd¡�p�qdp��~a-¡�T�ieT�ckORT|pFfR¤¨_ p�fRT1a-ikT1�
T�j¥¯�T1�²�`_¶ceORT|�Riep`��THaea£pFiHy�ceORT|p��Rckj¥S-��¤�S)��¸`¹@a£ckieT
c���O
¡�p�g~¤¥���¢T

2
«

� ���R� Å �»� ];c��rikckj¥fR�ª�rc-ckj¥S�T
2δ − k

y	��f~�²TH¯�T�ie_
k
cej¨S-T#gRfRj¨ceaHy	��ikiej¥¯�THa¬�®qdpF� p�§�akj¨¿HT

k
 M¡�j³ceO

k < δ
"(«oNPO~T�ieT���ikT

x
a£g~��O¬qdp��¢a�« � f�prckO~T�i�¡�p�i��Ra�yF§°p�i

1 6 j 6 x
y�qdp��

J2+j
�rieikj¥¯�T1a	�rc	cej¨S-T

r2+j = 2δ + (j − 2)k
��f~��jmaPpr§3akj¨¿HT

p2+j = k
«

w'2 ! ��= ( � � � � 2 ! �*= ��� ! ���*�  �)���9� "Pp�i��bT�iej¥fR�-pr§o�r¤¥¤�ckO~Ttqdp��¢a�O~��aX�®adceikT�ce��O#pr§z�-�Fa�y¢gRf~�bTHiXa£g¢��O
�-ae��ORTH�RgR¤¨j¥fR�¢y

J2+j
jmaPT
¸bTH��gbckT1�#�bgRiej¨fR��ceORT�j¨f;ceT�ie¯<��¤

[rj + k, rj + 2k]
«

NPORT|��¤¨�Fp�iej³ceORS A jma¬�`_¶O`_`�¢p�ckORT1a£jma 1
2∆

√
2−1 ¹@��p�S-�¢T�ckj¨ckj¥¯�T#�rf~�»yz��a-�ªadceikT�ce��O p�§��¼���rf �¢T

�F��ORj¥T�¯�T1��yFckORT��R�rckT
C1
�rc�¡�ORj¥��O�ckORTvT�¸`T1�
gbcej¨pFf�p�§

J1
T�f¢�RaPS%g~a£ctak�rckjmad§°_�· C1−r1

p1
6 1

2∆
√

2−1 × 2
 M¡	T¬O~�<¯�TvceORT-ak��S�T¬�
p�f¢adceie��j¨f;cXpFf

C2
"(«�]`p�§M�ri1y

∆ = δ
k

 °ieT�S-THS%�5T�iZckO~�rc
∆
j¥aXckO~T¬i���cej¨p®p�§3ckORT

akj¥¿�THatpr§�ckORT%¤¥��ik�FTHa£c���f~�#a£O~p�ikckTHa£c3qdp��¢atj¥f#ckORT%ak_badceT�S "���«�NPORTHikT�§°p�ieT�ybceORT%��p�f~a£cki��rj¥f;ctp�f
C1

����f
� 	����  ��� � � ��$% ���� % ��� % � � � %����'� � � ��� %��� �����������  �� "$� � ������� .$� ��� ���� ��� %  � � � ��� � %�� �	� � �� � � � �  !��� �������'� �

� ��3 ���
� % � � %
∆ = δ

k

� � ��� � % ���+� ��� ���
∆ = δ

1
= δ

�����  )�% ���+� � ��� ��� ���3 ��� % � � %$% ��� ���������  % �3�� � �+�  � ����$�� � ���
%�� � %'% ���#��� %  � �$) % ��� ������� �$) % ��� � ������� ��% � � � ��������% ��� %����� ��'���� 3  % % ��� %�� % ��� ��� � % ��3 � �������  !�

δ
*
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C1 6
1

2
∆

√
2−1 × 2× δ =

δ
√

2

k
√

2−1
.

NPORT©S-pFa£c�§M�<¯Fp�i��r�R¤¥T�H��akT§°pFi���¤¨�Fp�iej³ceORS A jma�¡�O~T�f j¨c|j¥a#���R¤¨T¼ckp  °�¢�rikckjm�r¤¥¤¨_ "®�RT�¤m�<_ÀckORT
T�¸bTH�
gRckj¥p�f|pr§

J1
�rf¢�

J2
��f~�#cep�T
¸bT1�
gbceT%TH�F��O|pr§3ceORTtqdpF�~a

J3
y�«¨«¥«¥y

J2+x
��cZj¨ceaZieT�¤¥TH��akT%�R�rckTF«XN�p

§°pFik�~j¥��akg~��O���¢THO~�<¯`j¨pFiHy¢¡	TXqdg~a£c�O~�<¯FT�ckp���ORp`pFakT
x
y¢ceORT�f;g~S%�5T�i�pr§�qdp��¢aXp�§	a£j¥¿�T

k
y~cep��5T%¤m�rie��T

THfRp�g~��O¼§°p�i%��¤¨�Fp�iej³ceORS A fRprc�cep|�¢T����R¤¥T-ckp��bTH¤¥�<_|ceORT®�
pFS-�R¤¨T�ckj¥p�f©pr§
J1
�rf~�FE�p�i

J2
�r§ ckTHi�ckORT

��p�S-�R¤¥T
cej¨pFf�pr§��r¤¥¤�ckORT�qdp��¢a	p�§�akj¨¿HT
k
« � §�TH�F��O�pr§�ckORT�qdp��¢a

J3
y�«¥«¨«¥y

J2+x
j¥aPT�¸`T1�
gbceTH����c�j³c�a�ikTH¤¨T1��akT

�~��ckTFy`ckORTHf
C2+x = 2δ + (x− 1)k

«3µ¼TV�RT�7~fRT
x
�Fa�§°p�¤¥¤¨p�¡taH·

x =

⌊
2 +

(
δ

k

)√
2

− 2δ

k

⌋
.

NPO~T�f»y
2δ +(x−1)k > δ

√
2

k
√

2−1

�rf~��ceORTtT�¸`T1�
gbcej¨pFf)pr§
C1
��f~�

C2
S%g¢adc��¢TX��p�S-�R¤¥T
ceTH�)�`_VceORTZ�~��ckT

2δ + (x − 1)k
«��XckORTHik¡�jmakT�y�ceORT)�r¤¥��p�iej¨ckORS A §M�rj¥¤¥a�cep|����ORj¥T�¯FT¬j¨ceav�Fg~�ri��rf;ckTHT��FaZckORT®�F�b¯�THieae�rie_¡�p�g~¤¥��ckORTHf�a£THf~�#��cPckj¥S-T

2δ + (x − 1)k
�Zqdp��#pr§3akj¨¿HT k+δ

2

ckp)�5T�T
¸R���
ck¤¥_®gRf~�RT�i�ceORT%�
pFf~�bj¨ckj¥p�f~a
a£ce�rckT1���`_®ceORT�ckORTHp�ieT�S#«
]`p¢y��r¤¥��p�iej¨ckORS A S¬g~adc��
pFS-�R¤¨T�ckT%ckORT�T
¸bTH��gbckj¥p�f�p�§ C1

��f~�
C2

�;_�ceORT��~��ckT
2δ + (x − 1)k

«
NPO~T�f�ckORTV�F�b¯�THieae�rie_)a£THf~�Ra�ckO~Tv§°p�¤¥¤¨p�¡�j¥fR��ckORj¥i���akT�iej¥THa�pr§5qdp��~aH«
� ���R� Å ��� ];c��rikckj¥fR� �rc�ckj¥S-T

2δ + (x − 1)k
yX��f~� TH¯�T�ie_ ckj¥S�TªgRfRj¨cHy��rieikj¥¯�T1a®�#qdpF�¾pr§¬akj¥¿�T

1
«

NPORT�ieT#�rieT
y
akg~��O�qdpF�~a�« � f prceORT�i-¡�p�i��Ra�y�§°pFi

1 6 j 6 y
y»qdp��

J2+x+j
��ikiej¨¯FTHaV�rc¬cej¨S-T

r2+x+j = 2δ + (x− 1)k + (j − 1)
�rf~��jmaPpr§3a£j¥¿�T

p2+x+j = 1
«

x�T
c®g~a-TH¯��r¤¥g~��ceT�ceORT|�5THa£c®S-�r¸`¹@a£ckieT
c���O²ckO¢��c�����f �5T�����O~j¨TH¯�TH� �`_ �rf`_ ae��ORT1�bgR¤¥T�« w �¢p;akakj¥�R¤¨T
ae��ORT1�bgR¤¥T�¡�p�g~¤¥���¢TF·

�«P{3¸bTH��gbckT

J1
�RgRikj¥fR��ckO~Tvckj¥S�T�j¥f;ckTHik¯��r¤

[0, δ]
yRO~T�f~��Tv�-a£ckieT
c���O�p�§

1
§°p�i

J1
«

�b«P{3¸bTH��gbckTV�)��O`gRfR±�pr§
J2
�bgRiej¨fR��ceORTvckj¥S-T�j¨f;ckTHik¯���¤

[δ, 2δ − k]
«

;R«P{3¸bTH��gbckT�T1����O�p�§�ceORTPqdp��~aPp�§�akj¨¿HT
k
�rf¢�

1
��cPckO~TZcej¨S-T�p�§�j¨cea��rieiej¨¯��r¤Jy`ORT�f¢�
T��-adceikT�ce��O�p�§

1§°p�i�T1����O�pr§�ckORTHS�«

@~«X}	p�S-�R¤¥T
ceTXceORTvT
¸bTH��gbckj¥p�f®p�§
J2
�bgRiej¥fR�VceORT�ckj¥S�T�j¥fFceT�ie¯��r¤

[2δ + (x− 1)k + y, 2δ + xk + y]
y

ORT�f¢�
TV�-adceikT�ce��O�pr§ 2δ+xk+y
δ

§°p�i
J2
«

NPO~T�ieT
§°p�ieT�y;ceORT�p��bcej¨S)��¤�S-�r¸`¹@a£ckieT
c���O�jmaP¤¨T1aka�ceO~�rf#pFi�T1l;g~�r¤�cep~· 2δ+xk+y
δ

«
x�T
c%g~a%fRp�¡ÁT�¯��r¤¥g~�rckT-ckO~T�adceikT�ce��O¶ieTH��¤¨j¥¿�T1�¼�`_ª�r¤¥��p�iej¨ckORS A « � c�a¬ae��ORT1�bgR¤¥T®���rf¶THf~�¶��c%ckORTT1�rie¤¨j¥THa£c��rc	cej¨S-T

2δ + xk + y
«�wZa�¡	T�O~�<¯�TX§°p�i��
T1���r¤¥��pFikj¨ckO~S A ckp�T�f~��ckO~TZT�¸`T1�
gbcej¨pFf�p�§ C1

�rf¢�
C2
�`_-ckORT��R�rckT

2δ + (x− 1)k
y;ckO~Tvae��ORT1�bgR¤¥TZ����f�THf~�®THj³ceORT�iP¡�j¨ckO#��qdp���pr§�akj¥¿�T

1
p�i�¡�j¨ckO�pFfRT�pr§

akj¥¿�T
k
·
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�« � §�ceORT�¤m��a£c3qdp���j¥a�p�§�akj¨¿HT
1
yR¡�T��bT�fRp�ckTvj¨c

J2+x+j
«oNPO~T�f»yRj¨cea�a£ckieT
c���O|ak�rckjma 7~T1a�·

adceikT�ce��O
(J2+x+j) >

(2δ + xk + y)− (2δ + (x − 1)k + (j − 1))

1
= k +(y− j)+1 > k +1.

�b« � §�ceORT�¤m��a£c3qdp���j¥a�p�§�akj¨¿HT
k
yR¡�Tv�RT�fRp�ckT�j¨c

J2+j
«oNPORT�f»ybj¨ceaXadceikT�ce��O#ak�rckjma 7~T1a�·

adceikT�ce��O
(J2+j) >

(2δ + xk + y)− (2δ + (j − 2)k)

k
= (x − j + 2) +

y

k
> 2 +

y

k
.

NPO~T�ieT
§°p�ieT�y;ceORT�S)��¸`¹@a£ckieT
c���O®ceO~��cX��¤¨�Fp�iej³ceORS A �H�rf|����O~j¨TH¯�T�j¥aP�FikT1��ckTHi�ckO~��f�pFiPTHl;g~�r¤�cep

min
{

k + 1, 2 +
y

k

}
.

µªTvckO~T�f#�bT�7~f~T
y
ckp-S)��¸bj¥S�j¥¿�T�ceORj¥at¯<��¤¨g~T�«3µªTZceO`g~a��Rjm��±)§°p�i

y
ceORTVakS-��¤¨¤¥THa£cP¯<��¤¨g~TvckO~�rcPTHf~�r�~¤¨T

g¢a�ckp)O~�<¯FT
2 + y

k > k + 1
ybj´« T�«¥yR¡�T���ORp`pFakT

y = dk(k − 1)e «]`p¼§M�ri1yo�r¤¥��pFikj¨ckO~S A ����ORj¥T�¯FTHa���S)��¸`¹@a£ckieT
c���O¶��ieTH�rckT�i%ckO~��f pFi¬T1lFg¢�r¤	ckp
k + 1

yo¡�O~T�f²ceORT
pF�bckj¥S)�r¤�S)��¸`¹ºadceikT�ce��O�j¥a�¤¥THaea�ckO¢�rf#p�iPTHl;g~��¤�ckp 2δ+xk+y

δ

«oNPO;g¢a�ybj¨§�¡�TV����f���O~p;p;a£T
k
a£g¢��O�ceO~��c1·

k + 1 >
1

2
∆

√
2−1 2δ + xk + y

δ
,

¡�T�¡�j¨¤¥¤`O~�<¯�T	ikT1����ORT1�vckORT��bT1a£j¥ieT	�
pFf;cki����bjm�(cej¨pFf»«	DtTHikTFyr¡�TzO~�<¯FT
∆ = δ

1 = δ
«�µªTP�Rj¥��±

k = δ2−
√

2 «µªTvckO~T�f#O~�<¯�TF·

(k + 1)− 1

2
δ
√

2−1 2δ + xk + y

δ
= k + 1− 1

2
δ
√

2−1

(
2 +

⌊
2 +

(
δ

k

)√
2

− 2δ

k

⌋
k

δ
+
dk(k − 1)e

δ

)

> k + 1− 1

2
δ
√

2−1

(
2 +

(
2 +

(
δ

k

)√
2

− 2δ

k

)
k

δ
+

1 + (k(k − 1))

δ

)

= δ2−
√

2 + 1− 1

2
δ
√

2−1
(
2δ1−

√
2 + δ3−2

√
2 + δ5−4

√
2 − δ1−

√
2 + δ−1

)

=
1

2
+

1

2
δ2−

√
2
(
1− δ2−2

√
2 − δ2

√
2−4
)

> 0

NPO~T�¤m��a£cvj¨fRT1l;g~�r¤¥j³cd_¼�
p�S-T1aX§°iep�S ceORT-§M���
cvckO~�rc
2 − 2

√
2 < 0

��f~�
2
√

2 − 4 < 0
y»�rf~�¼j¨cvO~p�¤m�Ra

¡�O~T�f
δ
jma�¤m�rie��T�T�fRpFgR��O  °TF« �¢«¨y

δ > 2
1

2(
√

2−1)
"(«
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µªT�O~�<¯FTv��¤¨ieTH�F�b_�akT�THf�j¥f]`T1�(ckj¥p�fG;~« �%ckO¢��c��)���9��ybckORT�pF�bckj¥S)�r¤���¤¨�Fp�iej³ceORS §°pFi�ckORT%p�fR¤¥j¨f~T�S�j¥fb¹
j¥S-j¨¿1��cej¨pFf²pr§XS)�r¸;¹ % p�¡�y3jma�p�fR¤¥_

∆
¹º�
pFS-�¢T�ckj¨ckj¥¯�T�§°p�i¬ckORT#p�f~¤¨j¥fRT�S-j¥fRj¥S�j¥¿H�rckj¥p�f pr§XS)��¸`¹ºadceikT�ce��O»«

NPO~j¥a�akT�THS�j¥fR�F¤¨_®�¢����ikT1a£g~¤³c�jmaPp��`¯`j¨pFg~a£¤¥_)�~��i£cej¥��¤¨¤¥_®T
¸b�R¤m�rj¥fRT1���`_�NPORTHp�ieT�S 
&@R«

F�G&H�FJI
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µªTvfRp�¡¾ieTH����¤¨¤5cd¡�p%T�¸`jma£ckj¥fR�-p�fR¤¥j¨f~T���¤¨�Fp�iej³ceORS)ao§°pFi�S)�r¸;¹ºa£ckieT
ce��O�S�j¥fRj¥S-j¨¿1��ckj¥p�f��5T
§°p�ieT�j¨f;ckiepr¹
�Rg~�
j¥fR�|��fRT�¡ p�fRTF« Ë THf~�bTHiHy�Y�gbckO`gR±`iej¥akORf~��f»y���f~�¼uX��q£�ri��rS)��fJ� ��	�bT�7~fRTH�»y»§°p�iV��f`_)qdp��

Jj
y��

�¢a£THg~�bpr¹ºa£ckieT
ce��O Ŝj(t)
·

Ŝj(t) =

{ t−rj√
∆

j³§
1 6 pj 6

√
∆,

t−rj

∆

j³§ √
∆ < pj 6 ∆.

NPO~T�f»y¢ckORTH_�ae��ORT1�bgR¤¥TH��ckO~Ttqdp��¢at�`_��RTH�
ieTH�Fa£j¥fR�-�~akT�g~�Rpr¹ºadceikT�ce��ORT1a�yR�5prceT�f;ckjm�r¤¥¤¥_��RieT�THS-�bckj¥fR�®iegRfb¹
f~j¨fR�Vqdp��~aXTH����O�cej¨S-T%�)f~T�¡&qdp�����ikiej¨¯FTHaPj¥f#ckORT�a£_ba£ckTHS�«�NPORTH_��RT�S-p�f~a£cki���ceTH��ckO¢��ctceORj¥aXS-T
ckO~p`�
jma��

O(
√

∆)
¹@��p�S-�¢T�ckj¨ckj¥¯�Tvp�f~¤¨j¥fRTV�r¤¥��pFikj¨ckO~S�«

Ë T�f¢�bT�i1y¢}	O~�r±`i��r�~��i£cej´y`�rf¢��Y|gRckO`gR±`ikjmakORf~�rfC� A�»O~�����RieT�¯`j¥p�g~ak¤¨_®�RTHae�
iej¨�5TH���rfRp�ckORTHi
O(
√

∆)
¹

��p�S-�5T
ckj¨ckj¥¯�T�p�f~¤¨j¥fRT��r¤¥��pFikj¨ckORS §°pFi�S-�r¸`¹@a£ckieT
c���O»«�NPO~j¥aP�r¤¥��pFikj¨ckO~S ¡	pFik±ba���a	§°p�¤¥¤¨p�¡taH·�TH����O�ckj¥S-Tv�
f~T�¡Àqdp��ª�rieikj¥¯�T1a�y~ckORT-�
g~ikieT�f;ck¤¥_#ikg~fRfRj¥fR�VqdpF�jmaX�RieT�THS-�bckT1��«�NPORT�f»y�ceORT�_���p�S-�RgbceTVceORT¬pF�bckj¥S)�r¤
 Mp"B)j¥fRT "PS)�r¸;¹ºa£ckieT
ce��O S∗ pr§o�r¤¥¤bqdp��¢a�O~�<¯`j¨f~�®�rieikj¥¯�T1��gR��cep)ckORT¬�
gRieikTHf;c�cej¨S-TF«PUXT
¸`cHy5�)�bTH�F�b¤¥j¨fRTjma)�
pFS-�RgbckT1�²§°pFi-TH����Oqdp��

Jj
·

d̄j(F) = rj + α × S∗/pj
H�j¥f~�r¤¥¤¨_Fy	�©ae��ORTH�bg~¤¨T�j¥a-ieTH��¤¨j¥¿�T1�²�`_

T�¸bTH�
gRckj¥fR�VqdpF�~aX�F���
pFie�Rj¨fR�®ckp®ceORT�j¥iv�bTH�F�b¤¨j¥fRT1a�y5g~akj¨fR��ckORT�� %�! �9������= � � % �6�9��/]��� � ! ��=Xa£cki���ckTH��_F«XN�p
pF�bckj¥S-j¨¿HTPckORTHj¨i��
pFS��5T
cej³cej¨¯FT�ie�rckj¥p~y Ë THf~�bT�i:��= % � �3a£T�cockO~T�j¥i � � � % /2�*� � /®§M�F�(ckpFi α

cep √
∆
«EH~p�io�5prceO

O~T�gRiej¥a£ckjm��aHybceORT�ie�rckj¥p
∆
pr§�ceORTVa£j¥¿�T1a�pr§�ckO~T�¤¥��ik�FTHa£c���f~�#a£O~p�ikckTHa£c�qdp��~aXa£gR�~S�j¨c£ceTH��cep-ckORTVak_badceT�S

jma�ckO`g~aX��aea£gRS-T1�®cep��5T�±`fRp�¡�f�j¨f|���R¯<��f~�
TF«
µ ORTHfªckORTH_¼�bT1a£j¥��fRT1�|ceORT�j¥i%�r¤¥��pFikj¨ckO~S�y Ë THf~�bT�i ��= % � �®�Rj¥�ªfRp�cv±`fRp�¡CORp�¡>cep#��p�S-�RgbceT-ckORT

 Mp"B)j¥fRT "vpF�bckj¥S)�r¤	S-�r¸bj¨S¬gRS�a£ckieT
c���O»«|NPORjmaV�Riep��R¤¥T�S j¥a%fRp�¡Áp�¯�THie��p�S-T�«�NPORT®S)�rj¥f¶ikTHS)�rj¥fRj¨f~�
�~ikpF�R¤¨THS j¥f©ckORjmaV�r�~�Rikp;����O»y�§°iep�S p�gRi��5p�j¥f;cVpr§P¯`j¨TH¡�y�jma�ckO~�rc¬akg~��Oª��f¶�r¤¥��p�iej¨ckORS ceikj¥THavpFfR¤¥_�ckp
pF�bckj¥S-j¨¿HToceORT�a£ckieT
c���OVpr§~ckORT�S-pFa£c��
pFf~a£cki��rj¥fRj¨f~�3qdp��~aH«�NPORj¥a��Riep��R¤¥T�SÂjma��
p�S-S-p�fVckpZ��¤¨¤`�r¤¥��pFikj¨ckO~S-a
S-j¥fRj¥S�j¥¿�j¥fR�-� � % ��pF�bqdTH�
ckj¥¯�TF« � f~�RT�TH�»yRa£g~��O��rf���¤¨�Fp�iej³ceORSÁS)�<_�¯FT�ie_-TH��akj¥¤¨_)ae��ORTH�bg~¤¨Tv�r¤¥¤;qdp��~aPakpceO~��c�ceORT�j¥ita£ckieT
ce��O�jmaPTHl;g~�r¤�cep-ckORTvpF�bqdTH�
ckj¥¯�T�ybTH¯�THf�j¨§�S-p;adc�pr§�ckO~T�S½��p�gR¤m��O~�<¯�T��¢THT�f|ae��ORTH�bg~¤¨T1�
cep)����ORj¥T�¯FTX§M��i�¤¨p�¡�T�iPadceikT�ce��ORT1a�«3NPORjma��Riep��~¤¨THS j¥aP§M��i�§°ikpFS �¢THj¨f~�)S�THikTH¤¨_®ckORTHp�ieT
ckjm����¤´yb�FaP¡	Tv¡�j¥¤¨¤
akT�Tvj¥f�]`TH�
ckj¥p�f�
H�b«3µªT�¡�j¨¤¥¤�ceik_)cep®�
j¥ie��gRS%¯FT�f;cPj³ct¡�ORTHf|�bTHakj¨�FfRj¥fR�-p�gRiPp�¡�f�ORT�gRiejmadcej¥�Ha�«
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pFgR¤m�²�bT�iej¥¯�T-§°iep�S�p�gRi¬p"B)j¥fRT��r¤¥��pFikj¨ckO~S ¡�p�gR¤m�©�5T��r¤¥p�f~�|ckORT
ae�rS-T�¤¨j¥fRT)��aZceORT)�r¤¥��p�iej¨ckORS pr§ Ë T�f~�bTHiHy�}	O¢�r±`ie���~�rikckjJy��rf~�¼Y|gbceO;g~±;iejma£ORf¢�rf»·�TH�F��O|ckj¥S-T®��fRTH¡
qdpF�ª��ikiej¥¯�THaX¡	T-¡�p�gR¤m���~ikTHT�S-�bcvckORT-iegRfRfRj¥fR��qdp��  °j¨§���f`_ "
y��
pFS-�RgbckT¬ckO~T)p��bcej¨S)�r¤�S)��¸`¹ºadceikT�ce��O»y
��f~�&ak��ORT1�bgR¤¥T#ckORT-qdpF�~a)���H�
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ak�5TH�
j87~T1aZ¡�O¢��c�§°ie�F�(ckj¥p�f¼pr§zT1����O�qdp��¼akORpFgR¤¥��¢T-T�¸`T1�
gbceTH�p�fT1����O¼�Rikpb��THaea£pFiZ�bgRiej¥fR��T1����O|cej¨S-T
j¥f;ckTHik¯��r¤J«�µ¼Tt¡�p�g~¤¥��j¥S��~¤¨THS�THf;cockORjmaoakp�¤¥gbckj¥p�f-�`_%�~ikT1�r±`j¨f~�V�rie�Rj³ceie��ikj¥¤¥_vckORT�cej¨T1a�ckO¢��czS)�<_¬���R�5TH�ri
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�ZgRi 7~i�adctS-pb�bj87¢���rckj¥p�f#ckp®ckORjmaXae��ORT�S-TVjmaPceO~��c1y¢i���ceORT�i�ceO~�rf���p�S-�Rgbcej¨f~�)ckORT:�dpF�bckj¥S)�r¤�S)�r¸;¹

a£ckieT
c���O6�(yt¡	T¼�
p�S-�RgRckT¼ckORTG�d�5THa£c��F��ORj¥T�¯��r�R¤¥T�S)��¸`¹ºadceikT�ce��O¾��p�f~akj¥�RT�iej¨fR�²ckORT©�bTH��j¥akj¥p�f~a��r¤¥ikT1���b_
S)�F�bT��(« � f&prceORT�i)¡�p�i��RaHyo¡�T�c��r±FT�j¥f;ckp¶���H�
p�g~fFc-p�g~i�±`fRp�¡�¤¥TH�R��T�pr§Z¡�O~j¥��O¼qdp��~a-¡�T�ieT#�r¤¥ikT1���b_
 M�~�rikckjm�r¤¥¤¥_ "oT
¸bTH��gbckT1��yR�rf¢�®¡�ORTHf»«3NPORTZg~f~�bT�ie¤¥_;j¥fR��j¥�RTH�V�5T�j¥fR�¬ckO~�rc�¡	T����rf~fRprc���O~�rf~��TtceORT��~��a£cH«
wX¤¥akp~y�akg~��O �rfÀp��Rckj¥S�j¥¿H�rckj¥p�fÀ¡�j¥¤¨¤Z��ieTH��ce¤¨_ a£j¥S-�R¤¨j¨§°_ ckORT�¤¥j¥fRTH��i�a£_ba£ckTHS�«8NPORjma®S-pb�bj975����cej¨pFfÀj¥a
j¥S-�R¤¥T�S-T�f;ckT1���;_�S-��±`j¨fR��ceikj¥¯`j¥��¤�S�pb�bj87¢�H��ckj¥p�f¢a�ckp®]`_badceT�S �`«
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S-pFikTPceO~�rf-ceORTXS)��¸`¹ºadceikT�ce��O»«�NPORTZ7~i�a£cz�¢p;akakj¥�Rj¨¤¥j¨cd_¬¡�p�gR¤m�-�5T�ckpVg¢a£Ttj¥f���f)p�fR¤¥j¨f~T�§°ie��S-T�¡�p�ie±Vp�gRi
p�B)j¨fRT)O~T�gRiej¥a£ckjm�-§°pFi�ckORT�n���ikT�ckp|S-j¥fRj¨S-j¥¿H�rckj¥p�f¶pr§PS)��¸`¹ºadceikT�ce��O»«�N�p�Rp�a£p¢y�j¥f~a£ckTH�F�ªpr§�g~akj¨fR���
�~j¨f~��ik_¬a£T1�ri���O¬�rf¢��]`_ba£ckTHS �Zckp���p�S-�RgbceTPckORT��5THa£cz����ORj¥T�¯����R¤¨TPS)��¸`¹ºadceikT�ce��O»y�¡�T�g~akT�wt¤¥��p�iej¨ckORS �
¡�O~T�ieT�yb��cX];ceT�� @~yb¡�T���p�S-�RgbceTZceORTv�¢T1adcX�F��ORj¥T�¯��r�R¤¥TXS)�r¸;¹ºa£ckieT
ce��O�ie�rckORTHi�ckO~��f�ceORTvp��bcej¨S)�r¤�pFfRT�«
NPO~j¥aP¡P�<_®¡�Tv�RT�7~fRT�pFgRi L'SUP1Q�SUT6O � ^	deT+ce[ ORT�gRiejmadcej¥�Ha�«
wXfRprceORT�i��5pFaea£j¥�R¤¥T����R�RiepF�F��O�¡	pFgR¤m���5T¬cep|a£�5TH��j³§°_|ceO~��c�T1����O®qdpF�¼akORp�g~¤¥�¼�¢T)ae��ORTH�RgR¤¨T1��j¥fª�

S)��fRfRT�izckO~�rc	S-j¥fRj¨S-j¥¿�T1azj¨cea	p�¡�f�a£ckieT
ce��O)¯���¤¨gRTFyF¡�O~j¨¤¥TXS)�rj¥f;ce��j¨fRj¥fR��ceORT�p�¯�T�i��r¤¥¤bS)��¸bj¥S-��¤¢a£ckieT
c���O
¯���¤¨gRTZp��bc��rj¥fRTH�»« H~p�i�T
¸R�rS-�R¤¥T�y;p�f~TZ�
pFgR¤m�)ckO~T�p�ieT
cej¥�H�r¤¥¤¨_¬ckie_�ckp�S-j¨fRj¥S-j¨¿HTXceORTZakgRS�¹ºadceikT�ce��O®gRf¢�bT�i
ceORT©�
p�f¢�bj³cej¨pFf¾ceO~��c�ckORTªS)��¸`¹ºadceikT�ce��O �5TªpF�bckj¥S)�r¤J« Dtp�¡�T�¯�THiHyt�Fa�¡	T¼O~�<¯�Tªa£THT�f»yZS�j¥fRj¥S-j¨¿Hj¨fR�
ceORTakgRS�¹@a£ckieT
c���O j¥a��rf pF�¢THf �RikpF�R¤¥T�S#«>]`p²¡�T��
p�f¢a£jm�bT�i��¶ORT�g~ikjmadcej¥��r�R�RiepF�F��O T�¸b�RikT1akakTH�&�`_
]b_`a£ckTHS  M� "(«

� Q�SUQ�Y Q���T
n∑

j=1

wj

((
∑

t

(
m∑

i=1

α
(t)
i,j

)
sup It(S∗) + inf It(S∗)

2

)
− rj

)
,
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 M�F��" ∀i, ∀j, ∀t, rj > sup It(S∗)⇒ α
(t)
i,j = 0

 M��� " ∀i, ∀j, ∀t, d̄j(S∗) 6 inf It(S∗)⇒ α
(t)
i,j = 0

 M��� " ∀t, ∀i,
∑

j

α
(t)
i,j .pi,j 6 sup It(S∗)− inf It(S∗)

 M�F� " ∀j,
∑

t

∑

i

α
(t)
i,j = 1

 M��"

NPO~j¥a�a£_ba£ckTHS THf~akgRikT1a)ceO~��c#TH�F��O©qdp��¾jma���p�S-�R¤¥T
ceTH�¾f~p²¤¥�rckTHi�ceO~�rf ceORT©�bTH�F�b¤¨j¥fRTª�bT�7~f~TH� �`_
ceORT#p��bcej¨S)��¤  °p"B)j¥fRT "�S)�r¸;¹ºa£ckieT
ce��O S∗ «&NPORTHf»y�gRf~�bTHi-ckORjma)�
pFf~adceie��j¨f;c1y3ckORjma®ak_badceT�S �rc£ckTHS-�bcea
cep#S�j¥fRj¥S-j¨¿HT-��f¼pF�bqdTH�
ckj¥¯�T�ckO¢��c�ikT1a£THS%�R¤¥THav��i���ckj¥p�f¢�r¤�ikTH¤¥�r¸R��ckj¥p�fpr§zceORT®akgRS�¹@a£ckieT
c���O  °pFi�S-p�ieT
�FT�fRTHie��¤¨¤¥_®p�§�ceORT%akgRS½¡�T�j¥��O;ceTH� % p�¡ "�g~akj¨fR�®�Fat�rf|���R�Riep<¸`j¥S)��cej¨pFf�p�§�ceORT%�
pFS-�R¤¨T�ckj¥p�f�ckj¥S-T�y¢ckORT
¡�T�j¥��O;ceTH�#a£g~S pr§�ceORT%�<¯�THie����T�T
¸bTH��gbckj¥p�f�cej¨S-THaXpr§3��qdp��»«PwXaX¡	TV�Rp)fRprcX±`fRp�¡BckO~TV�RieTH�
jmakTZcej¨S-T
¡�j¨ckO~j¨f��rf�j¥fFceT�ie¯��r¤;¡�ORT�f%�X�~�rikc�p�§~�3qdpF�V¡�j¨¤¥¤;�¢TPak��O~TH�bgR¤¥TH�»y1¡�T	���R�Riep<¸bj¨S)��ceToj¨c��`_�ckORT�S-TH�rfvcej¨S-T
p�§�ckORT¬j¨f;ckTHik¯���¤´«  MNPO~j¥aZORT�g~ikjmadcej¥�Vp��`¯`j¨pFg~a£¤¥_�p��5THieatfRp®��g¢�ri��rf;ckTHT�p�f#ckO~T%a£g~S¬¹ºa£ckieT
ce��O��F��ORj¥T�¯�T1��« "
NPO~j¥aP¡P�<_�yb¡�Tvp��bc��rj¥f�ceORTv§°p�¤¥¤¨p�¡�j¥fR�-p�f~¤¨j¥fRT��r¤¥��pFikj¨ckORS#«�{z�F��O�cej¨S-TV��fRT�¡ qdp��#�rieiej¨¯FTHaH·


�«PnoieT�T�S-�bc�ceORT�iegRfRfRj¥fR��qdp��  °j¨§3�rf`_ "(«
�b«X}	p�S-�RgbceT�ckORT��¢T1adct�F��ORj¨TH¯��r�R¤¥TXS)��¸`¹ºadceikT�ce��O S∗ yR��p�f~akj¥�RT�iej¨fR�%ckORTv�bT1�
jma£j¥p�f~aP��¤¨ieTH�F�b_¬S)�F�bT�«

;R«Pµ j³ceO#ckORTV�RTH���R¤¨j¥fRTHa���f~��j¨f;ckTHik¯���¤¥a��bT�7~fRT1���`_)ceORT�S)��¸`¹ºadceikT�ce��O S∗ y¢a£pF¤¨¯FTv]`_ba£ckTHS  M��"(«

w�c¬ckORjma¬�¢pFj¨f;cHy�¡�T��bT�7~fRT�ckORieT�T®¯���ikjm�rf;ceaVckp��~ikpb�bg~��T)ckO~T�ae��ORTH�RgR¤¨TF«�NPORT 7¢iea£cHy�¡�ORjm��O²¡�T�����¤¨¤
L'S	PRQ�SUT y1�Fakakj¨�Ff~a�¡�p�ie±Xakj¨S-�R¤¥_Zg¢a£j¥fR��ceORTo¯��r¤¥gRTHa�§°p�gRf~�V�;_XckORTz¤¨j¥fRTH��i»�Riep��Fie��S §°p�i�ckORT α

¯��riej¥���R¤¨T1a�·
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@~«ZHRpFi¼� �Fj¨¯FT�f��Riepb�
THaeakp�i
Pi
y��rf~���¾��j¥¯�T�f�j¥f;ckTHik¯��r¤

It(S∗)
y¬��¤¨¤Xqdp��~a

Jj
ckO~�rcª��p�S-�R¤¥T
ckT

ckORTHj¨i¬§°i����(cej¨pFf©p�f¶ceO~��c%�~ikpb�
T1akakp�iV�RgRikj¥fR�|ceORT�ae�rS-T®j¥f;ckTHik¯��r¤  °jJ« TF«¨y��r¤¥¤»qdpF�~a
Jj
a£g~��O©ceO~��c

∑
t′>t α

(t′)
i,j = 0

"V�rieT�ae��ORTH�RgR¤¨T1�¶gRf~�RT�i¬ckORT ��� � � �½�¢pF¤¨jm�
_©j¥f²ceO~��c�j¨f;ckTHik¯���¤´«¼µ¼T����r¤¥¤
ckORT1a£TZqdp��¢a'=>� ! � ��/ % ��0 � ���  °§°p�i Pi

��f~�
It(S∗)

"(«¬NPORT%fRpFfb¹JckT�ieS-j¨f¢�r¤¢qdp��~avae��ORTH�bg~¤¨T1�|p�f
Pi�bgRiej¨f~�Vj¨f;ceT�ie¯<��¤

It(S∗)
��ikTtpFfR¤¥_¬T�¸`T1�
gbceTH�-j¥f

It(S∗)
��§ ceT�i��r¤¥¤~ceT�ieS�j¥f~��¤rqdp��¢aoO~�<¯FTZ7~fRjma£O~TH��«

NPO~T¬akTH�
pFf~�|¯��riejm�rf;cZ¡�T¬��p�f~akj¥�RT�i1y L'S	PRQ�SUT-O���� �Zy5�rc£ceT�S-�bceaZcep�S)�r±FT¬��O~��fR��T1a�cep®ckO~T�ae��ORTH�RgR¤¨T
�rcPckORT��Riepb�
T1akakp�iP¤¥T�¯�TH¤�ckp-j¥S��~ikp�¯FTXceORT�p�¯�THie��¤¨¤5S)��¸`¹z�rf~�#akgRS�¹@a£ckieT
c���O��rc£ce��j¨f~TH��·
@~«X}	p�f~akjm�bT�iz�V�Rikpb��THaea£pFi

Pi
«�NPO~T�§°ie�F�(cej¨pFf~a

αi,j
pr§�ceORT3qdp��¢a3ckO¢��czS¬g~adc	�¢Tt�¢�rikckjm�r¤¥¤¨_¬T
¸bTH��gbckT1�

p�f
Pi
�rieTZ�Riepb�
T1akakTH��p�f

Pi
g~f~�bT�it��¤¥j¥a£cXae��ORTH�bg~¤¨j¥fR���¢pF¤¨jm�
_®�¢��akTH��p�f�ckORTv§°pF¤¨¤¥p�¡�j¨f~�¬pFie�bTHiH·

ckORT�qdpF�~a��rieT¬pFie�RT�ieTH���F���
pFie�Rj¨fR��ckp�ckORT-j¥f;ckT�ie¯��r¤3j¥f¡�ORjm��O¼ckORTHj¨iVakO~�rieT%jma��
pFS-�R¤¨T�ckT1�  ´���(¹
�
pFie�bj¥fR��cep�ckO~TZakp�¤¥gbckj¥p�f)p�§5ceORTX¤¥j¥fRTH��iz�Riep��Fie��S�"
y�¡�j¨ckO)cej¨T1ao�5T�j¥fR�%�~ikpF±�T�f-�`_¬ckORT���� �����

�¢pF¤¨jm�
_F«
H�j¥f~�r¤¥¤¥_�yb¡�T��RikpF�¢p;a£Tv�¬ckORj¥i���¯���ikjm�rf;cHy L'SUP1Q�SUT6O������ �ZybckO¢��ct�
ieTH�rckTHa����F¤¨pF�~�r¤��Riej¨pFikj¨cd_)¤¥j¥a£cH·
@~«�NPORT  M�F�(cej¨¯FT "�qdp��¢a��rieT��~ikpb�
T1akakTH��gRf~�RT�iX��¤¥j¥a£cXak��O~TH�bgR¤¥j¥fR�-�¢pF¤¨jm�
_FyRg~akj¨fR�-ceORTVa£cki���ckTH��_)pFgbc£¹
¤¨j¥fRT1�²j¥f&]`T1�(ckj¥p�f&�b« ;|ckpª�bTH��¤	¡�j¨ckO ikT1adceikjm�(ceTH�²�<¯���j¨¤m�r�Rj¥¤¥j³cej¨T1a�« DtTHikTFy�ckORT¬qdp��~a��rieT)ceprce��¤¨¤¥_
p�i��bT�ieTH���`_)ckORT�j¥f;ckTHik¯��r¤�j¥f�¡�ORj¥��O�ceORT�j¥i = � = % � � ��!$# jma��
pFS-�R¤¨T�ckT1��yR¡�j¨ckO�ckj¥THa��5T�j¥fR�-�Riep�±�THf
�`_®ckO~T ��� �������5p�¤¥j¥��_�«

NPO~T¬¯��r¤¥jm�bj³cd_pr§zceORTHakT�ORT�gRiejmadcej¥�-�r�~�Rikp;����ORT1at¡�j¥¤¨¤3�5T)��aea£T1akakTH�|ckORiep�gR�FO¼akj¨S¬gR¤m��ckj¥p�f¢aZj¥f¼ckORT)akTH�(¹
cej¨pFfC
1�b«

� � �#�!� ��� �^"%$
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N��r�~¤¨Tb
�a£g~S�S)��ikj¥¿�T1a�ckORT	S)�rj¥f%�
pFS��~¤¨T�¸`j¨cd_�ikT1a£gR¤¨cea��RieTHakT�f;ckT1�vj¨f�ceORjma��bpb��gRS-T�f;c��Fa»¡�T�¤¥¤;�Fa»ieT�¤m��ckT1�
¡�p�ie±�«�Y|j¨f~j¨S-j¥¿�j¥fR�

maxwjFj
jmaZ�5p�¤¥_`fRp�S-jm�r¤���a�a£p`pFf¼��a��bj¥¯`j¥akj¨�~j¨¤¥j³cd_|pFiv�RikTHT�S-�bcej¨pFf�j¥av��¤¨¤¥p�¡	T1�

¡�O~T�ieTH��a ∑
wjFj

jma)�r¤¥¡��<_ba¬adceikpFfR��¤¥_²Utn3¹@O~��ie��« ∑
Fj
jma-TH��ak_©p�fR¤¥_²pFf akj¨S-�R¤¥T|a£T�c£ckj¥fR�;a� Mp�fRT

�~ikpb�
T1akakp�iZ¡�j³ceO¼�~ikTHT�S-�bckj¥p�fpr§	ieT�¤m��ceTH�|�~ikpb�
T1akakp�i�at¡�j¨ckO©�bj¥¯`j¥akj¨�~j¨¤¥j³cd_ "Z�rf~�j¥ava£ckiep�fR�F¤¨_|UXn3¹JO¢�ri��
j¥f|�r¤¥¤»prceORT�iZa£T�c£ckj¥fR�;a�«zNPO~TVS)�rj¥f��~ikpF�R¤¨THS ¡�ORp;a£TV��p�S-�R¤¥T
¸bj³cd_�j¥aZadcej¨¤¥¤»p��5T�f#jma 〈1|rj , �@� = / |

∑
Sj〉TH¯�THf j³§  ´��a�¡	T��¤¨ieTH�F�b_ O¢�<¯�T�S-T�f;cej¨pFfRTH� j¥fB]`T1�(cej¨pFf Ab«�
�")n�p�¤¥_`fRp�S-jm�r¤�NPj¨S-T¼wX�R�Riep<¸bj¨S)��cej¨pFf

]R��ORT�S-T� °nzN�wZ] "PO~�<¯�Tv�5T�THf��~ikpF�¢p;a£T1�)§°p�iPceORjma��Riep��R¤¥T�S#«

�� � ���+��� �v��
"%���

N�pVTH¯<��¤¨g¢��ckTXckORTZT
Ã®���F�
_-pr§»¯���ikj¥p�g~azak��ORT1�bgR¤¥j¨f~�¬a£cki���ckTH��j¥THa3¡�O~T�f®pF�bckj¥S-j¨¿Hj¨fR��adceikT�ce��Ob¹@�~�Fa£T1�-S�T�c£¹
iejm��aHy3¡	T�j¨S-�R¤¥T�S-T�f;ceTH�&�akj¨S¬gR¤¥�rckpFi%g~akj¨f~�ceORT#]bj¨S®s�iej¥�²ckp`p�¤¥±`j³c � �+
�@yo�~��akTH�²p�f¶ceORT#�Rj¨pF¤¨pF��jm����¤
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T|��p�S-�~�riejma£pFf ae�
T�f¢�riej¨p¢«ÀNPO~T��r�R�R¤¥jm����cej¨pFf&��f~� �R¤¥�rc£§°pFikS S�pb�bTH¤¥a®g~a£T1� j¥f&ckORTikT1a£gR¤¨c£¹
j¥fR��a£j¥S%gR¤m��cep�i��rieT%�bT�iej¥¯�TH��§°iep�S pFgRiXj¥fRj¨ckjm�r¤�p��~akT�ie¯���cej¨pFf~a�pr§3ceORT)s�ikj¥non	]a£_ba£ckT�S#y��bT1ak��ikj¥�¢T1�|j¥f
]bTH�(cej¨pFf �`«ª�ZgRi%�Rikj¥S)�rie_�FpF�r¤zj¥aVckp�TH¯<��¤¨g¢��ckT®ckORT��RikpF�¢p;a£T1�ªORT�gRiejmadcej¥�HaVj¥f¶ikT1�r¤¥j¥a£ckjm�®�
pFf~�bj¨ckj¥p�f~a
ceO~��c�j¥f~�
¤¥g~�bT��~��i£cej¥��¤5ieT��~¤¨jm���rckj¥p�f�p�§»ce��ik�FT
c�a£T1l;gRT�f~��T��~��ce���~��akTHa�����ikp;akaockORT��<¯��rj¥¤m�r�R¤¥TZ��p�S-�Rgbcej¨fR�
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model = ∅ model = �@� = / model =
�����

〈1|rj ; model|max wjFj〉 NP
 � A� " ↓ ↓

〈P |rj ; model|maxwjFj〉 ↑ ↓ ↓
〈Q|rj ; model|max wjFj〉 ↑ ↓ ↓
〈R|rj ; model|max wjFj〉 ↑ P

 ´x»j¥f»«3noiep��~«~]bTH�r«~�R« � "
P
 Mx»j¥f»«3noiep��¢«R]`TH��«~�R«�
�"

〈1|rj ; model|∑Fj〉 NP
 � ��@� "

P
 ´]bu�n	N ��
� " ↓

〈P |rj ; model|∑Fj〉 ↑ NP
 ´UtgRS-THikjm����¤³¹>; � Y � ;� " ↓

〈Q|rj ; model|∑Fj〉 ↑ ↑ P
 ´]bu�n	N � ]`T1�r«5�b« ;�"

〈R|rj ; model|∑Fj〉 ↑ ↑ NP
 �; � Y¶y~]`T1�r«2@ "

〈1|rj ; model|∑Sj〉 NP
 ´]bTH�r«]Ab«�
�" 	 	

〈P |rj ; model|∑Sj〉 ↑ 	 	
〈Q|rj ; model|∑Sj〉 ↑ 	 	
〈R|rj ; model|∑Sj〉 ↑ 	 NP

 ; � Y¶y~]`TH��« AR«8
�"
〈1|rj ; model|∑wjFj〉 NP

 � ��@� "
NP

 ´UtgRS-THikjm����¤³¹>; � Y ��
&F" "
�

〈P |rj ; model|∑wjFj〉 ↑ ↑ ↑
〈Q|rj ; model|∑wjFj〉 ↑ ↑ ↑
〈R|rj ; model|∑wjFj〉 ↑ ↑ ↑

N��r�R¤¥T 
�·o]`gRS-S)�rie_®pr§3�
pFS-�R¤¨T�¸bj³cd_®ieTHakgR¤¨ceaH«

ieTHakp�g~ie��THaH«8NPORTikTHS-��j¨f¢�bT�i®p�§�ckORjma�akTH�
ckj¥p�f pFgbck¤¥j¨f~THa)ceORTT�¸b�¢THikj¥S-T�f;ce��¤X¯��riej¥���R¤¥THa)¡�T�
pFf~akj¥�`¹
THikT1�®�rf¢�®�RieTHakT�f;cea	ieTHakgR¤³c�a	�RTHae�
iej¨�Rj¥fR�%ckORTv�5T�O~�<¯`j¥p�izp�§»ckO~TZORTHgRiej¥a£ckjm��a�j¥f�l;gRTHa£ckj¥p�f�gRf~�bTHi�¯���ikj¥p�g~a
�¢�ri��rS-T
ceT�iej¨¿1��ckj¥p�f¢azp�§�ckO~T��R¤¥�rc£§°pFikS �rf~���r�R�~¤¨jm���rckj¥p�f�S�pb�bTH¤¥aH«
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NPO~Tz�R¤m��ck§°p�ieSÂ��f~�V���R�R¤¥j¥�H��ckj¥p�f�S-pb�bTH¤¥a�ckO~�rc�¡�T	�F�R�bieTHaea»j¥f�ckO~j¥a�¡	pFik±v�rieTzl;gRj¨ckT % T
¸bj¥�R¤¥T�y�ieTHakgR¤³cej¨f~�
j¥f�j¨fRf`gRS-THie���R¤¨T�¯��riej¥�rckj¥p�f~a�j¥f�ceORTvie��fR��T�pr§��¢p�ckTHfFcej¥��¤¨¤¥_®j¥f;ckT�ieTHa£ckj¥fR�-�
pFS%�Rj¥f~��cej¨pFf~aH«�N�p�§M���
j¥¤¥j³c���ckT
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