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Short Papers

Retiming DAG’s Last, our result on DAG'’s may help further the efficiency of retiming
general circuits.

P. Y. Calland, A. Mignotte, O. Peyran, Y. Robert, and F. Vivien  Our new algorithm for retiming a DAG only requires two passes
over the network graph, as opposed |16| passes in [9], where
|V is the number of nodes in the network graph. The paper is

et T ; ; organized as follows. Section Il is devoted to our target application.

retiming circuits without cycles, i.e., those whose network graph is a A Ireadv stated. Section Il is d ted t . f isti
direct acyclic graph (DAG). On one hand, DAG's have a great practical _S already stated, - ection IS devoted 1o a rev_le\{v or existing
importance, as shown by the on-line arithmetic circuits used as a target literature, together with a formal statement of the retiming problems.
application in this paper. On the other hand, retiming is a costly design Our algorithms are given in Section IV. Section V is devoted to
optimization technique, in particular when applied to large circuits. Hence experimental results: we compare the execution time of our new

the need fo design a specialized retiming algorithm to handle DAG'S oiming aigorithm against that of Leiserson and Saxe. We give some
more efficiently than general-purpose retiming algorithms. Our algorithm

dramatically improves on current solutions in the literature: we gain an  final remarks and conclusions in Section VI.
order of magnitude in the worst case complexity, and we show convincing
experimental results at the end of this paper.

Abstract—This paper is devoted to a low-complexity algorithm for

Il. MOTIVATING EXAMPLE

In on-line arithmetic, operands circulate through operators in a
digit-serial fashion, most significant digit first. On-line arithmetic was

Retiming is a technique used to optimize synchronous verjtroduced by Ercegovac and Triveli [6], who proposed algorithms for
large-scale-integration (VLSI) circuits. The basic idea is to relocagm-line multiplication and division. The operands enter the design at
registers along the paths in the circuit so as to reduce combinatiofigle ¢, and the first digit of the result is output at tirhé 6, wheres is
rippling. The rule of the game is that the functional behavior ahe latency of the design. The main advantages of on-line arithmetics
the circuit as a whole is preserved. There are different cost critetige the low resulting clock period even for complex applications and
to evaluate the efficiency of the retiming, but minimizing the clockne simplified accuracy control. Each new digit of the result improves
period (longest path without registers) and/or the state (total numhee final result precision. The computation can stop as soon as the
of registers) are the most frequently used. The survey paper refuired accuracy is reached.

Leiserson and Saxe [9] gives several polynomial-time algorithms toThis serialization is possible only if all the operands circulate the
compute the optimal retiming of a given circuit using the previousost significant digit first. Unfortunately, the usual serial algorithms
two cost criteria. Pipelining VLSI circuits can be viewed as anothésr addition and multiplication work the least significant digit first.
instance of the retiming problem. Given a circuit with combinationgd specific number system is then used, namely, the signed digit
elements, the problem is to determine the minimum number gfdundant number system, lmorrow-savesystem, whose redundancy
registers that should be added and to determine where to insert th@g&es it possible to perform addition and multiplication with no
registers so as to achieve a fixed clock period (when operatingdarry propagation. For instance, Fig. 1 shows a borrow-save adder
pipelined mode, hence the namipelining). The rule of the game is for redundant arithmetic. This borrow-save adder is made out of plus
still that the functional behavior of the circuit is preserved, but thglus minus (PPM) cells, as illustrated in Fig. 2.

price to pay here is an increase in latency. Section Ill is devoted to aSeveral algorithms and corresponding architectures have been
review of known results concerning various instances of the retimipgoposed to perform basic and complex operators such as addition,
problem. multiplication, division, square root, and trigonometric functions [1],

Retiming is a powerful design optimization technique. Howevemost significant digit first. These operators are already temporized
retiming algorithms have a large cost that limits their use: th& as to satisfy a specific behavior. They define a pipelined operator
efficient retiming of large circuits remains computationally veryibrary for on-line arithmetic. For instance, Fig. 2 corresponds to one
demanding, even though sophisticated optimization techniques hawege of the adder of Fig. 1. Registers are inserted to make sure that
been introduced [13], [10], [16]. e _y» b, _, of the previous stage is used to compsife ; ands, _,.

The main contribution of this paper is a new algorithm for retiming Thus, a given application using on-line arithmetic is pipelined by
circuits without cycles, i.e., those whose network graph is a diregbnstruction. This determines a given laterfcyand a given clock
acyclic graph (DAG). DAG's are very commonly encountered iperiod corresponding to the critical path of the design (i.e., the longest
VLSI design, hence the importance of deriving efficient specializgshth in terms of cells with no register). Let us illustrate this on the
algorithms for retiming such circuits. Section Il emphasizes thgpplication of Fig. 3(a): the critical path of the application is six
practical importance and usefulness of scheduling DAG circuitsPM cells.
by providing a target example: the design optimization of on-line Nevertheless, the resulting clock period may not be satisfactory
arithmetic operators. We point out that several other applicaties the designer. Therefore, one may have to transform the design
domains, such as real-time design, and more generally applicatigysgrouping digits to increase the clock period or, at the opposite,
where data are circulated in a serial way, lead to acyclic circuitsy inserting timing barriers (latches) between operators to reduce

_ _ _ ~ the clock period. We will focus on the second transformation, as
Wa“ﬁg‘éiﬁ:ﬁ;?:&f? gscstggieartezgdiltg?% rg‘g’;;%dos'\g% 18, 1998. This papgfe first one only deals with the pipelined operator library. Suppose

The authors are with CNRS, Laboratoi.re LIP, EcoIeINormaleéﬁapre that the_ deslgner Inserts a”tlmlng bgrrler (a latch on every path) as
de Lyon, Lyon Cedex 07, 69364 France. shown in Fig. 3(b); the critical path is reduced to four PPM cells.

Publisher Item Identifier S 0278-0070(98)09357-9. Unfortunately, in that case, the critical path is not optimized: it can
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Fig. 1. A borrow-save adder made of PPM cells. The digits b;, and s;, whose values are-1,0, or 1, are represented by the biib§+, a;, b;r,
b such thata; = af —a;, b = b} — b ,..-.
+ o + For any simple path? = v, <% v 2 ..o 5% 4, we
“z ] __{:l— —-D— Sp—2 define thepath tail #(P) = v, as the tail of its first edge, the
by | ] 3 path headt(P) = v; as the head of its last edge, tpath delay
= Sn—2 d(P) = Y% d(v;) as the sum of the delay of the vertices Bf
an J— 1=0 &
b= - and thepath weightw(P) = 3"~ " w(e;) as the sum of the weights
n n—1 of the edges ofP. We denote byi(P) the length of P, i.e., the

Fig. 2. A latency-two borrow-save serial adder, working the most significarrll{““ﬂber of edges itP. If k = 0, we let/(P) = 0, d(P) = d(vo)

digit first. Square cells are registers. and 'l_“(P) =0 _
Leiserson and Saxe [9] deal with network graghghat do not

contain any zero-weight cycle: in any directed cy€leof G, there
be reduced to three PPM cells by moving some registers, as shawrsome edge with strictly positive weight, i.es(C) > 0. This
in Fig. 3(c). condition ensures that the operation @f is well defined (in the
The problem of moving registers to optimize the clock period whilgase of VLSI circuits, we sag is synchronous). Thelock period
preserving the whole behavior is the well-knowatiming problem of G is then well defined by®(G) = max{d(P);w(P) = 0}.
Moreover, on-line arithmetic has two main properties: the design listuitively, the clock period is the maximum amount of propagation
only made up of two basic cells (PPM and half-adders) and it calelay through which any signal must ripple between clock ticks (as
be described with a DAG. These two properties will be exploiteglelays are integer values, clock period is an integer value). The
to reduce the algorithm complexity of retiming as described in thgtate of G is defined as the sum of the registers over all edges:
next sections. S(G) = Y .cpwle).
Retimingis an assignment of an integer lagv) to each vertex
v € V:r(v) registers are subtracted from (respectively, added to) the
lll. REVIEW OF RETIMING TECHNIQUES weight of each edge leaving (whose tail isv), while r(v) registers
are added to (respectively, subtracted from) the weight of each edge
enteringv (whose head i®). Formally, a retiming function- is a
) i o mapping fromV"’ to Z such thatr (vrom_host) = 7(Vio_host) = 0.
Computational devices (VLSI circuits or VHDL programs) arg; |eads to a new edge-weighting function. defined for an edge
rgpresented py a finite, connected, verteg-weighted, edge-weighted, by w,(e) = w(e) + r(v) — r(u). A retiming islegal if the
directed multigraphG: = (V, E, d,w). Vertices of the graph (or hey edge weights:, are all nonnegative. Obviously, a legal retiming
nodes) model the computational elements. Each vertex V' is  y4e5 not change the global behavior of the computational gfgph

weighted with its nonnegative delaj(v). Vertex delaysi can be t poth the clock period, (G) and the total number of registers
rational numbers, but since the graph is finite, we can always charyRG) are altered.

the time unit tp have integer delays. The dire_cted edfesf the Several problems can be formulated.
graph model interconnections between functional elements. Eac . . .
. . . . N . roblem 1) Given a graplé? = (V. E,d,w) and a maximum
edgee € FE is weighted with a “register” couni(e), which also . ; -
_— . N . allowable clock period:, find a legal retiming- such
corresponds to the number of “wait until clock” statements in VHDL
o that @, (@) < c.
programs. Edge delays are nonnegative integers. _ ) o
We need a few definitions and notations, which we borrow from the Problem 2) Given a grapty = (V, E, d, w), find a legal retiming
reference paper of Leiserson and Saxe [9]. For an edge — v, r such that the clock perio@. () of the retimed
we write u = #(e) the tail of ¢ andv = h(e) the headof ¢. We circuit G, = (V. E. d,w,) is as small as possible.
define asnput nodegrespectivelyputput nodesthe nodes whose in-  Problem 1) is the basic feasibility problem and can be solved in
degree (respectively, out-degree) is zero. We add two special vertic¥$V || E|) in the most general instance [9]. There are two variants to
Vfrom_host @Nd vto_host, With zero delay, to model the interface ofthe optimization problem. The first variant is tfegjister minimization
the graph with the external world(vom host) = d(vto_nost) = 0. problem given ¢, we ask to determine a legal retimimgsuch that
We let V' = V' U {Urom_host» Vio_host }- Finally, we define a null- &,(G) < ¢ and S, (G) is as small as possible. The complexity of
weighted edge fromg.om_nhost t0 €ach input node and a null-weightedthis variant is dominated by the solution of a minimum cost-flow
edge from each output nodes ta, n.s:. These edges are called,problem; see [9], [14], and the references therein for several bounds.
respectively,input edgesand output edgesThey form the set of  Problem 2) is the second variant, tbleck minimization problem
interface edgeshat we denote by. We let E' = E U I (see Fig. 4 and can be solved i®(|V||E|log |V]) in the most general formu-
for an illustration). lation [9]. In fact, it turns out that a way to solve Problem 2) is to

A. A Graph-Theoretic Framework
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a) a design made up of 4 serial adders

IR
i

b) design a) with one timing barrier

0 :memory point
: PPM cell r ) o
. ¢) design b) after retiming

Fig. 3. Adding and moving registers to decrease the period.

repeatedly solve several instances of Problem 1) using a binary sedabblem 2) using an as-soon-as-possible pipeline algorithm. However,
for c. A particular case for Problem 2) supposes that the maximihley did not formally explain the way registers are moved within the
delay of a nodeD = max{d(v),v € V}, grows subpolynomially circuit, which is the most important step in terms of complexity.
with respect to the number of functional elements in the circuit, i.e., In a later paper [9], Leiserson and Saxe improved their technique
that there exists a polynomial functidh such thatD(G) < P(|V]). and proposed several algorithms to solve Problem 2) by capturing
In this case, the algorithm complexity beconiéq§V'|| E|log D) (see it into a linear programming problem, the best one running in
[12]). O(|E||V|log|V|). They also have a solution to the register mini-
Our main result is that the generic algorithms of [9] can bmization problem in the case of sequential circuits. They express this
specialized when applied to DAG’s. Section IV presents a solutiggroblem as a minimum cost flow problem, after having augmented the
to Problem 1) that runs i®(|E|) and one to Problem 2) that runsgraph representing the circuit with virtual vertices and edges, in order
in O(|E|(log |V| + log D)). to have a good cost function. The complexity(d$|V|* log [V|).
Several recent developments are nicely surveyed by Shenoy [15].
In particular, retiming large circuits remains a practical problem
B. Review of Related Problems because of the long running time of the (polynomial but) costly

Retiming techniques have been applied to several related proble@{§0rithms of Leiserson and Saxe. Efficient optimizations to reduce
Retiming was first introduced by Leiserson and Saxe in [8] in ordét€ number of constraints are described by Sapatnekar and Deokar
to solve Problem 1) for systolic circuits (unit-delay circuits with at13] and by Maheshwari and Sapatnekar [10]. Szymanski [17]

least one register between two functional units). Their solution, usiR§eP0ses several algorithms to generate (and process) relevant linear
the Bellman—Ford algorithm, requiré3(|E||V|) time. constraints only. See also Shenoy and Rudell [16] for heuristics

Wehnet al. linked high-level synthesis and retiming in [2], using(Pased on retiming selected subgraphs) that dramatically reduce
the correspondence between “wait until” statements and registdf¢ overall computation time. Last, several extensions of retiming
Using the conditions defined by Leiserson and Saxe, they stated @foblems to incorporate multiplexing and time folding are discussed
ferent problems, like as-soon-as-possible scheduling or minimizatiBi Fluiter et al. [S]. o ) _
of registers, as linear programming problems. They expressed thes&n€ high complexity of retiming algorithms motivates the need
problems with various objective functions. However, they did nder low-complexity solutions specialized to some classes of network
provide any solution to these problems. graphs. We present our low-cost algorithm to retime DAG's in the

Some researchers proposed interesting results for simpler problefit section.
like Papaefthymiou [12], who proposed an algorithm that gives the
minimum clock period of a circuit with at mogtlevels of registers, IV. CLOCK PERIOD MINIMIZATION FOR A
where! is a given value. The algorithm runs @(| E|log [V]), but DAG WITH OPERATORS OFANY DELAY
the initial circuit has to be empty of registers. Therefore, it is only Let G = (V,E,d,w) be a DAG. In this section, the function

interesting when one needs to pipeline a combinational circuit. ; - . .
. oo L A d:V — N can take any nonnegative value. However, we consider
In the same idea of optimizing a combinational circuit, Munzetr

and Hemme [11] proposed an algorithmd|E|-|V|?) to solve the hatd(veo nost) = d(Vrom hose) = 0 in all cases.

register minimization problem. From a register-empty circuit, the )

apply as-soon-as-possible and as-late-as-possible register IocatiéwsTWO'PaSS Algorithm

with the constraint of satisfying a given clock period. The two The following algorithm operates through two passes daveto

locations determine the parts of the circuit where registers are likalgtermine a legal retiming such that®, (G) < T'. In the first pass,

to be moved. Within these parts, they use a maximal flow algorithall registers are moved as close as possible to the nege_1ost,

to find the minimal number of registers. with respect to retiming rules: when processing a node, we can add
Considering sequential circuits, Chetal. showed the relationship (suppress) the same number of registers on each incoming (outgoing)

between retiming and loop folding [4]. They propose a solution tedge, provided that the weight on each edge remains nonnegative. In
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Fig. 4. Initial register distribution. Note that operators have different delays.

Fig. 5. Resulting distribution after the first pass of the algorithm.

the second pass, all registers are moved as far as possible from the Ve € E| h(e) =v,w(e) — w(e) —n
nodevs.om_host,» With respect to the same rules, and also with respect Ve € E | t(e) = v, w(e) — w(e)+n
to the target period’ .

Algorithm: Remember thal” is the set of vertices ofi with

nonzero in- and out-degrees and that the set of all vertices &f

Jl— Y 2 "
Vi=Vu {Lﬁo]n_hostw L’tn_host}-

Consistency test
If T < max,cv d(v) then ERROR endif
First pass
for (each vertexws € V' in reverse topological order)

do

7 = Milcemje(e)= w(e)
Ve € E | t(e) = v,w(e) — wle) —n
Ve € E | hie) =v,w(e) — w(e)+n

enddo
Second pass
A(Ufrom host ) — 0
for (each vertexwo € V' in topological order)

do

N — Mingepip(e)=0 w(e)
\* A computationstatement,
taken over all edges whose headvisnd whose weight
is n *\
A(v) «— d(v) 4+ max{A(t(e)): e € E.h(e) = v and
w(e)=n}
if (A(v)>1T)then
\* Leave a registecasex\
if (n =0) then ERROR endif
ne—n-—1
A(v) — d(v)
endif

enddo.

Theorem 1: Let G = (V, E,d,w) be a DAG, and lefli.s;, be an
integer. If there exists a register distributian. on G whose clock
period is less than or equal fh..:, then the “two-pass algorithm”
called withT set toT:..: succeeds to find such a register distribution.

Complexity: A detailed proof of the correctness of the two-pass
algorithm (Theorem 1) is available in the companion research report
[3]. The topological sort o6 can be done i (|E|+|V]) = O(|E|)
(recall thatG is connected). The first and second passes of the
algorithm process all nodes ¢f once. For each node, all its input
and output edges are processed. The complexity of these passes is
thereforeO(|E|). The complexity of the two-pass algorithm alone
is then O(|E]).

B. Period Minimization and Complexity

Algorithm: The algorithm below finds the minimum achievable
period for a DAG and a valid retiming for this period.

General algorithm
tmin — maxeey d(v)
tmax — P(G)
Repeat
o
if the “two-pass algorithm” succeeds with= ¢
then tmax — ®(G,)
else  tmin —t+1
tmax — Min(tmax, (Gr))
endif
Until tmax = tmin-
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TABLE |
CoMPUTATION TIMES (IN SECONDS FOR DIFFERENT APPLICATIONS

7 vertices | # edges | clock period | timers | time;y,

. @n . SVD 44 56 26 0.19 0.07

3-Way 25 33 8 0.10 0.06

., ., , Correlator 10 19 28 14 0.09 0.06
Ay A2 By

Correlator 50 99 148 14 0.56 0.09

Fig. 7. Digital correlator. Adders have a delay equal to seven, whileCorrelator 100 199 298 14 2.05 0.11
b-operators have a delay equal to three.

in [9]. We use correlators of size = 10, ¥ = 50 andk = 100 in

This algorithm uses the “two-pass algorithm” as a kernel in a bina r experiments.

search of the minimum clock period: if there exists a valid retiming

for the tested period value then the two-pass algorithm succeeds

to find one, else it fails, and in both cases the set of possible peri@dThe Three-Way Circuit

values is refinedG, is the resulting graphiG, = (V. £, d, w,)). Retiming is widely used to introduce pipelining in large operators.
We illustrate the execution of the algorithm on an example (s&8g. 8 shows the graph of an operator that performs the squaring

[3] for a detailed proof). The original graph to be retimed is given iaf big numbers: a numbed is decomposed into three partdy,

Fig. 4. We assume that the optimal peribd,(G) = 18 is known, 4;, and A,. The squaring ofd uses only the squaring of thé;, and

and we apply the two passes. The graph obtained after the first pgissple operations (additions, shifts, and a final division by three) [18].

is shown in Fig. 5. Fig. 6 represents the graph obtained after t&r aim here is to insert one level of pipeline. Therefore, we insert

second pass of our algorithm. one register on each input edge, and we run the retiming algorithms
Complexity: The complexity of the two-pass algorithm@¥|E]).  to determine where to place these registers in order to obtain the

Thus, the complexity of the general algorithm G¥|E|(log [V'| + optimal clock period.

log D)), where D = max,ev d(v); indeed, ®.p: (G) is upper

bounded by|V|D. -
Hence, we have proposed a solution to Problem 1) that runsqh The SVD Circuit

O(|E|), and a solution to Problem 2) that runs @h|E|(log |V| + Consider the circuit represented in Fig. 9, which is used to compute

log D)). the singular value decomposition (SVD) of a rectangular matrix (see

[7]). The SVD is a factorization technique used in many signal-

processing transformations. It aims at factorizing a mattixas

) _ _ o A =UsV?, whereU?U = I, V'V = I, andX is a diagonal

In this section, we present some practical applications of our tWRyairix with nonnegative elements. The principle is to perform a

pass algorithm, and we compare its computation times with thoseQfries of 2x 2 SVD along the main diagonal of, where each

the original retiming algorithms introduced by Leiserson and Saxe, > svp s realized by a two-sided rotation that diagonalizes the
[9]- submatrix (algorithm FHSVD). Fig. 9 is the graph corresponding to
the SVD scheme based on the on-line arithmetic implementation of
A. The Digital Correlator the FHSVD algorithm.
Consider the example of the digital correlator (see Fig. 7) that
Leiserson and Saxe have chosen to illustrate their retiming technigyerasyits

[9]. The digital correlator is a DAG that takes a stream of bits All timi it ized in Table I whe is th
9, x1,... as input and compares it with a fixed-length pattern Irtnltr_lg r?_su sarz scljthnmiTz_e trl1n at_e ’IWI rllme,w?:js 'ti
o, a1, ax_s. It produces as output the valye computation time needed to obtain the optimal clock period with our

two-pass algorithm, antdme.s is the corresponding time with the
At modified algorithm of Leiserson and Saxe. The correlator circuit was
bi = Zé(wi*f’“f)' used to create larger graphs, to show the efficiency of our method
=0 when it comes to processing medium-size graphs.
Let Cor;, denote the correlator of length(i.e., with k §-operators Roughly speaking, the gain is 50% for small circuits, and becomes
andk — 1 adders). Leiserson and Saxe @er, as a target example more and more significant as the size of the circuit increases.

V. APPLICATIONS
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Fig. 8. Introducing one level of pipeline into the three-way method.

v
trom_host

Fig. 9. On-line scheme for algorithm FHSVD.

VI. CONCLUSION

We have dealt with various instances of the retiming problem
Our initial motivation was dictated by our target application: on-line
computer arithmetic circuits are naturally pipelined circuits without
cycles, hence the search for more efficient retiming algorithm$2]
applicable to DAG's.

We have succeeded in improving the known complexity of clock[3]
minimization problems for DAG’s, and we have given experimental
evidence of the superiority of our new retiming algorithms. Further
work could be aimed at improving the complexity of the register[4]
minimization problem. It is not clear that a more efficient solution can
be found for DAG'’s than for arbitrary graphs with cycles. However,[5]
computer arithmetic circuits usually involve regular computational
elements, and this characteristic may prove helpful. For instance, the
borrow-save adder of Fig. 1 only involves identical devices of input6]
degree three and output degree two. Thus, in this case, our two-pass
algorithm also minimizes the total register number, as registers atél
pushed, in the second pass, from inputs to outputs.

There remain many interesting open problems in the area. For
instance, computational devices are usually selected from a cdB]
library, and we can have the freedom to select, say, among several
adders with different delays and input/output degrees. For exampléq,]
if a borrow-save adder has a very interesting delay, this is due to 8]
redundant number representation used, which means twice as many
registers to memorize a number. This could be yet another parameiei
of the fundamental design optimization problem to be solved: match
a clock period constraint while minimizing the total register numbef2]

(1]
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