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Three types of numerical invariants of smooth vector fields and diffeomorphisms which preserve
the volume form on a two-dimensional disc or on a homology three-sphere are considered. Those
are the asymptotic Hopf invariant, introduced by Arnol0d (it measures the mean asymptotic value
of the linking number of two nearby orbits of a volume-preserving vector field on the threesphere), the Calabi invariant of a symplectomorphism of the two-disc (it is equal to the integral of
the generating function of the symplectomorphism), and the invariant of Ruelle (this is the mean
value of the rotation number of the differentials of the flow diffeomorphisms).
The properties (some of them new) of the latter two invariants are discussed in detail in a clear
geometric way. Their invariance with respect to conjugation by a homeomorphism is proven.
However, these invariants cannot be extended to the case of homeomorphisms. Certain properties
are shown to remain valid for a general measure form on the disc.
For a non-singular vector field on a homology three-sphere the Ruelle invariant is constructed
provided that the normal bundle to the field is trivial. In this case its value does not depend on the
trivialisation and it is proven to be a topological invariant.
To a symplectomorphism of the disc (equal to the identity near the boundary) one associates a
volume-preserving vector field on the solid torus, whose Poincaré section mapping is the initial
symplectomorphism. The asymptotic Hopf invariant of this field happens to coincide with the
Calabi invariant of the symplectomorphism.
The results and techniques might be interesting to specialists in symplectic topology and hydrodynamics.
Reviewed by V. M. Zakalyukin
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