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Generalized Subresultants for Computing
the Smith Normal Form of Polynomial Matrices
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‘We describe a new algorithm for the computation of the Smith normal form of polynomial
matrices. This algorithm computes the normal form and pre- and post-multipliers in
deterministic polynomial time. Noticing that the computation reduces to a linear algebra
problem over the field of the coefficients, we obtain a good worst-case complexity bound.
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1. Introduction

This paper establishes that pre- and post-multipliers for the Smith normal form of poly-
nomial matrices can be computed in deterministic polynomial time. The Smith normal
form is generally defined over a principal ideal domain, it is entirely computed within the
domain and consists in a diagonalization of the input matrix. We will also deal with the
Hermite normal form as an intermediate form: the Hermite form is a triangularization of
the input matrix. Those normal forms are well known from a theoretical point of view,
the reader may refer to Gantmacher (1966), but some problems remain to be solved when
they have to be computed.

In the case of matrices with integer entries, as shown by Frumkin (1977) for the Hermite
form and by Kannan and Bachem (1979) for the Smith form, the two normal forms
can be computed in polynomial time. The diagonalization is computed using repeated
triangularizations of the matrix. The bounds on the number of digits of the integers
appearing during the calculations have been first improved by Chou and Collins (1982)
by changing the order in which the computations were done, and then by several authors
using modulo determinant arithmetic: Domich et al. (1987), Lliopoulos (1989), Kaminski
and Paz (1986) and Schrijver (1986). More recently, asymptotically faster algorithms
have been given in Hafner and Mc Curley (1991), and a rigourous study of modulo
determinant methods has been developed by Labhalla et al. (1992) for the general case
of non full rank matrices.

These methods may also be applied for polynomial matrices over K[z] and bound the
degrees of the polynomials involved in the calculations. But, for instance when working
with ground field K = Q, the field of the rationals, they are not sufficient to correctly
bound the coefficients of these latter polynomials. The related problems are similar to
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those encountered when computing a polynomial greatest common divisor using Eu-
clid’s algorithm. A first direct polynomial time method bringing a masrix into Hermite
normal form with ground field Q was given by Kannan (1985). Following Kannan and
Bachem (1979), Kannan has also proposed to compute the Smith normal form by re-
peated applications of his algorithm, but it is not clear that this way, the solution would
be obtained in a polynomial number of bit operations. The first polynomial time algo-
rithm for the Smith normal form appeared in Kaltofen et ol (1987): for a polynomial
matrix over the rationals, SMITH FORM (computing the normal farm) is in P, the
class of sequential polynomial time problems. The solution is obtained via the Chinese
remainder algorithm, but the process does not apply to the computation of associated
multipliers of size polynomial in the input size in a deterministic manner. Multipliers (or
equivalence transforms) are unimodular polynomial matrices U and V such that if § is
the Smith form of A then AV = S. The last breakthrough was done by Kaltofen et
al. (1987,1990). In these papers a Monte-Carlo and a Las Vegas probabilistic algorithm
are given for computing the Smith form. The authors have shown that with high prob-
ability, the cost of the computation of the Smith form is the cost of the computation
of the Hermite form. The Smith form and the multipliers can be obtain in randomized
polynomial time. In particular, they have established the existence of multipliers for the
form, which entries are polynomially bounded in the dimensions and coefficient lengths
of the input matrices. Their key idea is to “pre-condition” the input matrix by multi-
plying it with a certain randomly chosen constant matrix, say a “conditioning” matrix.
The Hermite form of this new randemized matrix has, with high probability, the coef-
ficients of the Smith form on its diagonal. Unfortunately “good-conditioning” matrices,
i.e. directly leading to the Smith form without repetition of Hermite, were characterized
as being matrices which entries do not form a root of a polynomial of a large degree in
many variables, thus randomization was necessary. Adapting the Monte-Carlo algorithm
of Kaltofen et al. (1987), the Las Vegas complexity of the computation of the Smith
form has been improved by Storjochann (1994). Nevertheless, the problem of computing
multipliers of size polynomial in a deterministic way was still an open question.

For matrices over F[z], F a commutative field, we propose in Section 3 a determin-
istic algorithm that returns the Smith form and multipliers after a polynomial number
of operations in F. As a consequence, we establish that REDUCTION TO SMITH
FORM {(computing the normal form and multipliers) over F[z] is in 7 when F is a
concrete field such as Q or GF(p), the field with p elements. We obtain the result by ex-
plicitly computing a good-conditioning matrix. We triangularize the input matrix in such
a way that at each step, the diagonal coefficient we obtain is exactly the corresponding
coefficient of the Smith form.

Furthermore, the idea we use can be combined with the recent method of Labhalla
et al. (1995) to obtain good complexity bounds. By viewing the computation of the
Hermite form as the computation of a “big ged”, the suthors have developed an efficient
method based on generalized subresultants. They have shown that the computation of
the Hermite form over F|z] reduces to the computation of a row echelon form of a big
matrix over F. Using their idea we will show in Section 4 that the computation of the
Smith form over F[z] may also be computed by triangularizing a big matrix over F.

Throughout the paper we assume the field F to be large enough (#F = 0(n?)).
In any case, if F is too small, we may compute over an algebraic extension having
the required number of elements. This method is widely used to obtain fast algorithimns
over any fields, we refer for instance to Kaltofen et al (1987,1990). Its drawback is
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that returned multipliers are polynomials over the used algebraic extension. Another
approach for small fields, since there is no coefficient growth in this case, could be to use
repeated triangularizations as proposed by Kannan (1985); or to apply the reduction to
the computation of the Frobenius normal form that we have given in Villard (19895).

In order to simplify the presentation, throughout the paper to introduce the new
ideas, we will restrict ourselves to square non-singular input matrices. We will show in
Section 4.3 that this can be done without loss of generality. Our main results are valid
for singular or rectangular matrices.

2. Previous results

We recall some basic results that can be found in Gantmacher (1966} concerning the
Hermite and Smith normal forms of an input matrix A of dimension n which entries
are polynomials of F[z], with F a commutative field, and the main algorithms for their
computation. The degrees of the entries of A are bounded by d. A matrix of F[z]?*" is
called unimodular if its determinant is a non-zero element of F,

A non-singular square matrix H of F[z|"*" is in Hermite normal form if it is upper-
triangular, its diagonal entries are monic and in each column the entries above the diag-
onal entry are of lower degree.

(i) Every non-singular matriz A of F[z]™*™ is left equivalent to a unique matriz H
which is in Hermite normal form: UA = H, U unimodular.

{(#) Let h} denote the greatest common divisor of ell the i X © minors formed with
the first i eolumns of A; the diagonal entries of the Hermite normal form H of A
are Hy g =h and Hi; = h{/h]_{,i1=2,...,n.

Any upper-triangular matrix left equivalent to A and with the &; ;'s as diagonal entries
will be said to be a non-normal Hermite form of A.

A non-singular square matrix S of F{z]™*" is in Smith normal form if it is diagonal,
its diagonal entries are monic and each divides the next.

{(#i1) Fvery non-singular matriz A of F[z]"*™ is equivalent to o unique matriz S
which is in Smith normal form: UAV = S5, U and V unimodular,

(iv) Let s} denote the greatest common divisor of all the i X i minors of A; the
diagonal entries of the Smith normal form S of A are s; = s end 5; = s7/s}_4,
1=2,...,n. The i-th diagonal entry s; is called the i-th invariant factor of A.

The following standard lemma shows that, when computing the Smith normal form of
A, the difficulty is essentially in computing a triangular form equivalent to A with the
correct entries on its diagonal.

LeEmMMA 2.1, Let T be o non-singular upper-triangular matriz of Fiz|**"*, with T;; the
i-th diagonal entry, 1 < i < n. If T;; is the i-th invariant factor of T' then there ezists a
unique unimodular matriz V. such thet TV is in Smith normal form. In other words, the
Hermite normal form of 'I" and the Smith normal form of T are equal.

In the following, we will say that a matrix T satisfying the conditions of lemma 2.1
is in triangular Smith form. We apply the lemma to focus on the computation of this
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triangular form, this will give the algorithm F-TSF at Section 4. The Smith form will
then be directly obtained by reducing the off-diagonal entries using column operations.

2.1. KANNAN’S ALGORITHM FOR HERMITE

The algorithm of Kannan (1985) is an elimination process to compute the Hermite
normal form. It works in n — 1 steps, after step ¢ the (i + 1) x (¢ + 1) principal minor is
in Hermite form, and the matrix is denoted by A(.

Algorithm KHNF
Input: A — A4, n x n matrix.
forifrom lton—1

Put the (i + 1) x {i + 1) principal minor in upper-triangular form.

Reduce off-diagonal entries of the (i + 1) x {i + 1) principal minor.
Output: H «— A1),

At step i unimodular row operations are performed on the first ¢ 4 1 rows only. The

entries Aiy1,5, j = 1,...,¢, become zerc by left multiplying by the Bezout’s matrices:

p q
—Airg/r Azilr ]’
with r = gcd(AJ'|J’,A,'+1,j), and p, g defined such that r = p4;; + 9415, Then it is easy
to perform unimodular row operations so that each off-diagonal entry has degree strictly
lower than that of the diagonal entry in its column.

THEOREM 2.1. Kannan (1985). Algorithm KHNF finds the Hermite normal form (and
the multiplier) of a square non-singular matriz over Q[z] or over GF(p)[x] in a polynomial
number of bit operations.

A different polynomial time algorithm for computing the Hermite form can be found
in Kaltofen et al. (1987). From the unicity of the form, one can also deduce that the
multiplier is unique: U == HA~!. It is possible to build from A, in a pclynomial number
of operations, a linear system over F whose unique solution is (#,U). This method has
been developed from a parallel point of view and seems to be costly in sequential. We
will use instead, the next result.

2.2. SUBRESULTANTS FOR HERMITE

We present in this section the method of Labhalla et al. {1995). As in Kaltofen et
al. (1987), the Hermite form computation over F|[z] is reduced to a linear system solution
over F, but the cost of finding the appropriate system is avoided. The main idea of the
method is to generalize the use of the Sylvester matrix and of the subresultants for
the computation of polynomial ged to the computation of the Hermite form. Indeed,
we know from Laidacker (1969) or Geddes et al. (1992) that if the Sylvester matrix is
brought into row echelon form (by row operations only}, then the last non-zero row gives
the coefficients of the polynomial ged.

The method begins by associating to the input matrix A a matrix A{®) with entries in
F, where 6 is a bound on the degrees of the entries of the multiplier L (U A = H). A®
plays the role of the Sylvester matrix. If d is a bound on the degrees of the entries of A,



Smith Normal Form of Polynomial Matrices 273

we can take 6 = (n — 1)d. Then the Hermite form is obtained by bringing A®) into row
echelon form, using row operations only. At Section 4 we will extend this method, and
compute a row echelon form with some column operations for the computation of the
Smith form.

The lemma and theorem below give an incomplete insight into the results of Labhalla
et al. (1995). This will be sufficient for our purpose, the reader will refer to the original
paper for more details, especially about the proofs.

Let e1,...,e, be the canonical basis of the module Fiz]®. A natural basis of the F-
vector space formed by the elements of F[z]™ whose entries have degrees less than d + §
is provided by

BE = (g8t . er,...,25% 0, .. en).
Let L; be the row-vectors of A, A®) is the n(6 + 1) x n(d + & 4+ 1) matrix with entries in
F whose row-vectors are
[@®Ly,..., 2L, 2 Ly, 2%, Ly, L)
written in the base B},

It can be shown that by construction, the row-vectors of A% generate a ['-vector space
that contains the row vectors of the Hermite form H of A. Next lemma from Labhalla
et al. (1995) indicates how to compute a non-normal Hermite form of A from A, The
form computed is in fact “almost normal”: in each column the entries above the diagonal
entry are of lower or equal degree.

LEMMA 2.2. The matriz H® is o row echelon form of A8 computed by row operations
only. Well chosen n row vectors of H®) gre n row vectors, written in the base B®) of a
non-normal Hermite form of A.

PROOF. We just give the construction. Each block of A = (d 4+ 6§ + 1) columns of A{¢)
corresponds to a column of 4. In the same way, intuitively, each block of A columns of
H®) will give the index of one of the target row vectors. Let these blocks be denoted by

Héaj, 1 € 4 < n. Since a triangular form is computed, we need to point out the same

structure in H (%), For each block H,;(G) let £; be the set of the indices of the rows whose
first +A entries are not identically zero: the first ¢ entries of the constructed row vector
are not all equal to zero. Now the good candidate must give the row vector which first
entry has the lowest possible degree, Precisely, this will be the case if the index of the
chosen vector is the maximum in £;.

Let k; be the maximum in £;, then the k;-th row-vector of H® is exactly the i-th
row-vector of a non-normal Hermite form of 4, written in the base 89, O

If the normal form is needed, a degree reduction of the upper-diagonal entries of the
non-normal form, with respect to the diagonal ones, completes the algorithm.

THEOREM 2.2. Labhalla et al. (1995). The row-vectors of the Hermite normal form of
A (written in the base B(‘s)) are compuled by bringing A into row echelon form, using
row operations only, then by reducing the degrees of the off-dingonal entries.

The Hermite form is triangular and is computed by a Gaussian elimination. The Smith

form is diagonal, we are going to compute it by elaborating a Gauss-Jordan like elimina-
tion on 4},
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2.3. RANDOMIZED ALGORITHM FOR SMITH

As found in Kannan and Bachemn (1979), a usual method to compute the Smith nor-
mal form consists in iterating Hermite normal form computations on the matrix and on
its transpose. The number of iterations is theoretically bounded by O{n?2d) although in
practice two iterations suffice. The randomized algorithm of Kaltofen et al. (1990} begins
by pre-conditioning the input matrix A by multiplying it by a randomly chosen constant
matrix C: A* = AC. With high probability, the diagonal entries of the Fermite T, of this
new matrix A’, are the invariant factors of A. As defined above, T is in triangular Smith
form. Consequently, by lemma 2.1, a second application of Hermite, on the transpose of
T, gives the Smith form & of A.

Algorithm RSNF
Input: A, n x n matrix.
C « unit lower triangular matrix whose entries are chosen at random in F.
A — AC.
T « Hermite normal form of A’.
S « Hermite normal form of 7.
Output: S if it is in Smith normal form or Failed.
In fact, provided that F is large enough (working in an algebraic extension of F if
needed), the entries of C' can be chosen in a subset of F. Otherwise it may happen that
such a matrix € does not exist.

THEOREM 2.3. Kaltofen et al. (1990). Let A be a matriz over Q[z] or over GF(p)lz]
of dimension n with the degrees of the entries bounded by d. There is a polynomial 7
in n(n — 1)/2 variables of degree O(n3d) such that if the entries of € do not form a
root of w, then the algorithm RSNF computes the Smith normal form and multipliers in
polynomial time.

The polynomial time complexity is the simple consequence of the two previous theo-
rems on Hermite. This theorem does not provide a way to compute good pre-conditioning
matrices (which entries do not form a root of 7): the algorithm chooses them at random.
The key point of our method in subsequent sections, is precisely to show how such matri-
ces can be computed in a deterministic manner. This will immediately give a deterministic
polynomial time algorithm to compute the Smith form.

Before concluding this overview of the previous algorithms, let us point out the seldom
cited results of Kazimirski and Petrichkovich (1977} and of Petrichkovich (1993) that
have been available to us in the meantime.

When equivalence of matrices over Flx] is satisfied with one constant multiplier, the
matrices are said to be semiscalar equivalent. For instance, above we have T = UAC
with C' constant, T is semiscalar equivalent to A. In Kazimirski and Petrichkovich (1977)
for fields of characteristic zero and in Petrichkovich (1993) for finite fields, it is shown
{when the field is large enough) that any matrix is semiscalar equivalent to a matrix in
triangular Smith form. This result, even if non fully constructive, is very similar to the
property used in the previous probabilistic algorithm and thus to the method we are
going to explain.
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3. A new method for Smith

We have seen that the algorithms computing the Hermite form perform only row op-
erations. The main stage of the method we propose for the Smith form also computes
a triangular form, but does sorne simple column operations to ensure that the diagonal
entries that are computed are those of the Smith form. We give the main idea of the
method in this section. A corresponding algorithm, based on the generalized subresul-
tants, is studied in next section. As said previously (lemma 2.1), if the triangular form
has the correct diagonal entries, i.e. is in triangular Smith form, the Smith form is then
directly obtained by reducing the off-diagonal entries by column operations.

DEFINITION 3.1. Let B be an n x n non-singular matriz. A good-conditioning of B is
an (n — 1)-tuple (ag, @3,...,0y) of F*! such that if the first column of B is replaced
by the linear combination of the other columns given by:
Gy+— By+asBas+a3zBz+ ...+ apBp,
then
ged)<hen(Gr,1) = gedi<picn(Br)-

The gcd of the entries in the first column of B is now equal to the ged of all the entries
in B.

A triangular Smith form is computed by an elimination process in n — 1 steps. After
step i, in each columm j, 7 < i, the entries under the diagonal entry are zero and the

diagonal entries in the i first rows are the s;, j < i, the diagonal entries of the Smith
form:

51 %k * * *
0 x ok * *
A= o s % * * |, (3.1)
0 ]
0 0 AL+
0 0

Let A(i) be the j-th column-vector of A®} and let AU+ denote the submatrix formed

by the n — i last rows and columns of A, We compute the triangular matrix 4= as
follows.

Algorithm F[z])-TSF (Triangular Smith form)
Input: AQ — 4, nxn non-singular matrix.
forifromlton—1

Compute a good-conditioning of A®: (« (_21, e ,ag)) € Fni,
¢ — ATV SHAfle) +ad Al

[Now gcd1<k<ﬂ<ck D= gcd,q,;gn(Ai‘;”).l
Zero the sub- d1ag0nal entries in column 7 using unimodular transformations
onthelast n —i+1 TOWSs.
Output: T « A{n~1),
The temporary value of the matrix after the good-conditiening at step i is denoted
by G%). Let us notice that unlike in the Hermite form, the off-diagonal entries in the
triangular Smith form need not to be of lower degree than the diagonal ones, thus no
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such reduction is done here. Provided that a good-conditioning can always be found, we
prove with the proposition below that the algorithm is correct, i.e. that it computes a
triangular Smith form. Then we will show how to compute such good transformations.

PROPOSITION 3.1. For ¢ non-singular input metriz 4 of F[z|™*®, the algorithm F[z]-
TSF computes, by unimodular trangformations, o matriz T in trigangular Smith form.

Proor. Clearly, the transformations are unimodular. We prove by induction that at the
end of each step i, A‘®) has the form (3.1).

At step i = 1, the algorithm F[z]-TSF computes Agli = gcdlskSn(GSj). Indeed, when
the sub-diagonal entries are zeroed in the first column using unimodular transformations,
the diagonal eutry is replaced by the ged of the entries in the column. Since unimodular
row transformations are used, the ged of the entries in the column remains unchanged,

this ged is Agli after the transformations. Now, from the definition of & grod-conditioning,

gcdl_‘;kgn(GE%) = gcdlsk,gsﬂ(Ag?g) thus Agf% = 5. We proceed by induction for 1 < i <

n. At step i, denoting GE? by gi, the algorithm F[z]-TSF computes:
81 * * * K * *
0 * * ok * *
5 0 $i1 * % * *
A® = 0 gi ¥ * *
0 0
0 0 AU+
0 0

Since a good-conditioning has been used (A is non-singular), g; = gcfdigk,tgn(AE:}_l))

for the same reasons as above. We have to prove that g; = s;. Frorn the definition,
5189...8¢—1 divides all (i — 1} x (i — 1) minors and by construction, ¢; divides all the
entries in the last n — i + 1 rows and columns. Now, all ¢ x ¢ minors can be computed
from entries in these latter rows and columns multiplied by (s — 1) x {{ -- 1) minors: they
are multiple of sys5...5;_19;. Since sys3...5;_1g; is a minor, it is the ged of all ¢ x ¢
minors, and g; = s;. O

We now turn to the problem of finding the good-conditionings. We give an algorithm
to compute them, the associated proposition studies its cost.

Before, let us partly re-formulate a lemma of Kaltofen et al. {1990). This lemma gives
a construction for a good-conditioning in the case of a n x 2 matrix. We also refer to
lemma 2 of Petrichkovich (1993).

LEMMA 3.1. Let B be a n x 2 matriz of rank £ in F[z] with the degree of the entries
bounded by d. There erists a “test polynomial” 7 in Fla), of degree at most 2d, such that
for any og that is not a root of ,

nglgign(Bi,l +azBig) = nglgisn(‘Bi,l:Bi,Z)'
In other words, as is e good-conditioning for B.

PROOF. B is a matrix in F{z]"*? of rank 2. From Kaltofen, Krishnamoorthy and Saun-
ders (1990), we know that there is a polynomial = in F[e], of degree at most 2d, such
that if:
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- R in F?*? ig unit lower triangular,
- H is the row equivalent echelon form of BR,
- 81 is the first invariant factor of B,

then sy = H) 1 unless the entry below the diagonal in R is a root of w. Clearly, = is the
desired polynomial:

By B2

BR = Ba2i Bag ( 1 90 )
az; 1
Bn.l Bn,2

Biag+azB12 Bz
B2y 4+ aaBas  Bag

Bn,l + a2Bn.2 Bn,2
since H is obtained from B R by unimodular row operations,
Hi1 = gedicica(Bin + a2Bip),
and by definition, the first invariant factor of B is the ged of all the entries of B:
51 = gedy<;<,(Bi1, Bigz),
the assertion of the lemma is simply the previously obtained identity s; = Hy 1. O

For a square input matrix B of dimension n, the algorithm GC computes a good-
conditioning in n — 1 steps. Let B; be the I-th column-vector of B. At step j only B,
and Bj are involved, throughout the algorithm only B; is modified.

Algorithm GC (Good conditioning)
Note: we assume #F > 2d.
Input: B, n x n non-singular matrix.
f~{f1, fa, ..., fodr1} o subset of F with 2d + 1 elements
for § from 2 to n
gz} + gedy<icn(Big, Bij)
§(z) « gedy<icn(Bi)
k10
while (z) # g(z)
k—k+1
§(z) — gedicicn(B1 + f1B;)
aj; — fi
By — B; +a;B;
Output: (ag,e3,...,24).

ProPOSITION 3.2. Let B be o non-singular square matriz of dimension n (n > 1) over
Flz] with the degree of the eniries bounded by d; we assume that the field F has at
least 2d + 1 elements. With B in inpuf, the algorithm GC finds a good-conditioning
(2, 3,...,an) in o polynomial number of operations in F: in at most O(nd) com-
putations of greatest common divisors of n polynomials. Quer the rationals this good-
conditioning cen be computed such that |aj| < d for all 5. If ##F < 2d, the good-

conditioning is computed over an algebraic extension of F having the required number
of elements.

Proor. Algorithm GC works by applying lemma 3.1 iteratively with the first and the
n—1 other columns of B. We begin by showing that the algorithm terminates after O (nd)
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iterations of the while loop. The lemma may be applied: since the matrix is non-singular,
the first column associated with another column j forms a n x 2 matrix of rank 2. From
the lemma, we may associate to each column j a test polynomial of degree at most 2d:
with at most 2d roots. Each time the algorithm passes through the while loop a new
value fy is tested. Consequently, after at most 2d + 1 tests, the treatment of column j
is finished, With j varying from 2 to n we obtain that the algorithm passes through the
while loop at most (n — 1)(2d + 1) times.

Now we show that a good—cond1t1on1ng is computed. Recall that only B is modified.
The column-vector By during step j will be denoted by B§ ) and its entries by B(J ). We

have the relation: ijl) = B("T —1) +aj_1B;j-1. At the end of step j = 2, ag is such that

god,; (B ) = ged;(Biy + aaB; ) = ged(Biy, Bia).

We proceed by induction for 2 < j < n. At the end of step j, a; is computed such that,
1 j—1
gcdi(BEJ)) = ged; (B(J } +a;B;;) = gcdi(BE:’l ), B i)

Now, from step 5 — 1 we know that,

j—1)

ngi(Bi(:?1 ) = ged; ( ( 2 +aj18;;_ 1) = ged, (B,(J1 2 v Bij- 1}
with the previcus identity, this gwes,
; - -
ngi(Bi(,Jl)) = gcdi(B,-(ﬂ )+ aj_1Bijo1 +a;Bij) = gcci.r(Bi(ﬂ D Bij_1,Bi;).
Applying the same reasoning from j — 2 to j = 2 finally leads to the expected result,
ngi,(B-g,Jl)) = ngi(Bi,l +agB;a+... + ijB,;,j) = ged;(By1, Bi2, - .. ,B,;J).

From there, the cost of the whole process is easily shown to be polynomial in the dimen-
sion and the degree of B. The greatest common divisors are computed on polynomials
that are constant linear combinations of the input ones. If F is the field of the rationals,
we can choose every a; between —d and d: |a;] € 4,2 £ j < n. If #F < 2d, we can
construct an algebraic extension of F having the required number and take the fi’s in
this extension, The corresponding cost will be studied at Section 4.2. Ul

REMARK 3.1. Algorithm F(z]-TSF associates to A o matriz C in Flz|"*",

1 0 ... .. 0
1 0 ... 0

oo | &V P 1 . o
P Y

such that the Hermite form of A' = AC is a triangular Smith form of A.

To compute a good-conditioning in polynomial time is clearly not sufficient to prove
that the algorithm F[z]-TSF itself is polynomial. This latter result could certainly be
obtained by reasoning as done in Kannan (1985): by performing a direct elimination
in Flz]. We prefer to combine the results of this section with the use of generalized
subresultants that we have presented in section 2.2 This will lead to more satisfying
complexity bounds.

4. Subresultants for Smith

To reduce a problem over Fiz] to a problem over F is of main interest both from a
theoretical and from a practical point of view. We have seen how this can be done for the
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computation of the Hermite form in Section 2.2. The problem of limiting the coefficient
growth when computing ged's over F[z] is solved: the normal form is computed by a
Gaussian elimination process. Reducing the computation to some linear algebra over
F will lead to much simpler bounds both for the coefficients of the polynomials and
for the global complexity. For the triangularization of a matrix over a field we refer to
Bareiss (1972) and to Cabay and Lam (1977). All the results we will use about the
Hermite normal form come from Labhalla et al. {1995).

In this section we show that computing the Smith form also reduces to the computation
of a row echelon form of a matrix over F. We first give the algorithm. A detailed cost
study will be done in Section 4.2,

4.1. THE NEW ALGORITHM

The algorithm of Section 2.2 can be extended to compute the Smith form: it suffices
to introduce some block-column operations that correspond to good-conditionings. As
previously, without loss of generality, we focus on the computation of a triangular matrix
which has the same diagonal entries as the Smith form.

First of all, we have to determine the dimension of the F-vector space we need. In other
words, we have to find the dimension of the big matrix that we associate to the input
matrix A. This dimension is given by the following lemma: we show that proposition 4 of
Labhalla et al. (1995) can be used for the Smith form. We keep the same notation as in
section 2.2. In particular, the vectors of F'{z]™ whose entries have degrees less than a fixed
degree, will be also viewed as belonging to a F-vector space. Let € be the constant matrix
constructed by the algorithm F[z}-TSF, and let L be the row-vectors of A’ = AC. OQur

target matrix, a triangular Smith form T of A, is going to be obtained as a non-normal
Hermite form of 4’.

LEMMA 4.1. If § = (n — 1)d, where d is a bound on the degrees of the entries of A, the
veetors L., 1 < j < 6, generate a F-vector space that contains the row-vectors of a
trienguler Smith form of A.

PrOOF. Let U be the multiplier for the Hermite form H' of A": UA' = UAC = H’,
H' is a triangular Smith form of A. Let A’* be the adjoint matrix of A’, we have,
det(A")U = A" H’. For any matrix M, we denote by deg(M) the maximum degree of
the entries of M. The previous identity gives:

deg(U) < deg(A") + deg(H') — deg(det(A")).

Since
deg(H'} < deg(det(A)) = deg{det(4"))
and
deg(A™) < (n— 1)d
we get,

deg(U} < {(n—1)d = §,
and the assertion of the lernma follows. O

By applying the lemma, we know that it is sufficient to work in the F-vector space
formed by the elements of F[x]™ whose entries have degrees less than d 4+ 6. As in Sec-
tion 2.2 we use the canonical basis

BY) = (%8¢, . ey,..., 2% 00, . C en).
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Let L; be the row-vectors of A. To the matrix A we associate the matrix A% whose
row-vectors are the

[#%L1,...,2%Lp, 2% Ly, .., 2 L, ... L1,...,La)
written in the base B®), We know by lemma 2.2 that a non-normal Hermite form of A
is obtained by bringing A% into row echelon form.

REMARK 4.1. Let A = d+ & + 1. Each block of A consecutive columns in A stends
for a column-vector in Flz]™8+1} A consists in n consecutive blocks of A columns.
For instance adding a times e block Bcek; to a block Bek; consists in edding, for all k,
1<k <A, a times the k-th column of Bek; to the k-th column of Bek;. Conversely, to
each block-column one may associate in a natural way a vector of F(z]*¥+1) (the entries
of the matriz give the coefficients of the polynomials), a block-column operation therefore
corresponds to the same operation in Flz]*(¢+1),

In this new framework, we rewrite here the algorithm F[z]-TSF: we compute a row ech-
elon form of A in n —1 steps by a usual Gaussian elimination, following Bareiss (1972)
for instance. The matrix after step i is denoted by A%, The n ~ 1 steps correspond to
a block-triangularization: at step i the sub-matrix consisting of the i first block-columns
of A% is in row echelon form.

At each step ¢ & good-conditioning is computed; the associated operations that were
column operations over F[z] are now block-column operations over F applied on AED

to obtain A%, In the following, let Ags’i) be the j-th block-column of A®%, And let

A%+ denote the submatrix formed by the (n —i)(6 + 1) last rows and n — i last block-
columns of 4%,

Algorithm F-TSF (Triangular Smith form)
Input: A60) — A
[The n — 1 steps of the Gaussian block-elimination.]
forifromlton—1
Compute a good-conditioning of A(59: (agle, e ag)) € Fni,
[Block-column operations]
B R I B
[Usual operations of Gaussian elimination over F)
[Zero the sub-diagonal entries in block-column ]
A®D  for k from (i —1)(d+ 86+ 1)+ L toi(d+8+1)
Elimination of the sub-diagonal entries in column k.
Output: T — Al6m-1)

The temporary matrix after the good-conditioning at step ¢ is denoted by GEE’i). The
proposition and the corollary below lead to our main result. They establish that the
algorithm F-TSF outputs the correct triangular Smith form and deduce the Smith form.

A detailed cost study will be done in the next section. First let us look at the behaviour
of the algorithm on a basic example.

(6,i—1)
n .

r—1 3z +2

ExXAMPLE 4.1. Let A = ( e 1 2z 4+ 3

). Toking 6 = 1, A 4s
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1 -1 0 3 2 0
1 -1 0 2 3 0
601 -1 0 3 2
01 -1 0 2 3

Rows 2 and 4 of the row echelon form of A (following the fraction free elimination
of Bareiss (1972) without column operations) would lead to o non-normal Hermite form

of A:
1 -1 0 3 2 0
0 1 -1 0 3 2 |_{z-1 3z+2
0 0 0 -11 ¢ - 0 z—1 }
0 0 0 g 1 -1

This is not a triangular Smith form of A. But if we first add the second block of three
colurnns (6 =1, d =1} to the first block (thus teking az = 1),

4 1 0 3 2 0 410 3 2 0
320 2 3 0 5 0 -1 6 O
0 41032 }|7}lo0oo065 4 -9 10 |
0 3 2 0 2 3 00 0 -5 10 -5

rows 3 and 4 of the row echelon form of the new matriz give

5 4z% — 9z 4+ 10 o 1 4/522—-9/5z 42
0 —522+10z-5 /)" % Lo 2? —2x +1 ’

which is in triengular Smith form. The upper-diagonal entry may be zeroed by e column
operation to give the Smith normeal form.

PROPOSITION 4.1. For a non-singular input matric A of degree d in Flz]*™™, F is q
field with at least 2nd + 1 elements, the algorithm F-TSF computes, in a polynomial
number of operations in F, o triangular motriz T in Fz]™""™ whose diagonal entries are
the entries of the Smith form of A, a unimodular matriz U in F[z]™*™ and an invertible
constant matriz C in F™" guch that T = UAC. If #F < 2nd, the constant matriz ¢ is
computed over an algebraic extension of F having the required number of elements.

PrOOF. Each block-column of A has A columns: A = d + 6 + 1. Using blocks of A
columns in A® and in its row echelon form H‘® (obtained with row operations only),
we have seen, at lemina 2.2, how a non-normal Hermite form of A is deduced from H (%),

We now turn to the computation of the triangular Smith form. Computing a non-
normal Hermite form of the conditioned matrix A’ = AC will give a triangular Smith form
of A. By extension of definition 3.1 in the previous section we define a good-conditioning
of A9 In a natural way (remark 4.1) we associate to A% (which is written in the
base B®)) a matrix A® over Fiz]. A good-conditioning for A% is defined to be a
good-conditioning for A®)| with the associated block-column operations.

We look at what happens at the first step i = 1 of the algorithm. The proposition is
obtained by applying the same reasoning to all steps i, 1 < i < n. At any time during
the first step, to each block-column we associate a vector in F[z]***+1) (remark 4.1).
The Gaussian elimination on the first A columns computes the gcd of the polynomial
entries in the first column-vector in F[z}*®+1). Since a block-column operation stands
exactly for the same operation over F[z|"5+1) once the good-conditioning is applied
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the Gaussian elimination on the first A columns computes the ged of all the polynomial
entries of the matrix over F[z]. In the same way, at each step 7, the Gaussian elimination
on the first A columns of A®%) computes the ged of all the polynomial entries of A(.
Finally, we know from the proof of the algorithm F{z]-TSF (propositior: 3.1), that those
ged’s are the diagonal entries of the Smith form. When the row echelon form is obtained,
the triangular Smith form is deduced as above by considering the sets £; of the indices
of the rows whose first i{A entries are not identically zero.

Concerning the multipliers U and €' such that UAC = T: we have scen that the
entries of ¢ are the good-conditionings (remark 3.1), U is computed using a bordering
identity matrix. At the beginning of the elimination, A® is augmented on the right by
an{f+ 1) x n(é + 1) identity matrix to record the row transformations. At the end, as
done for T, the matrix U is obtained by considering the rows which indlices are in £;.

It remains to see that the triangular form is computed using a polynomial number of
operations. The number of operations is bounded by the Gaussian elimmination and by
proposition 3.2. Indeed, from lemma 4.1 the degrees are implicitly bounded by A — 1, so
each step i computes at most (n — i})(A — 1) ged’s {(n — i) block-columns are involved)
of at most (n — i + 1)(6 + 1) polynomials (number of rows of A(64),

The good-conditionings are computed with polynomials of degree at rnost A—1 = nd,
by proposition 3.2, F must have at least 2A + 1 = 2nd + 1 elements. Otherwise an
algebraic extension has to be constructed to provide enough candidates for the entries
of ¢. O

COROLLARY 4.1. The Smith normal form of a non-singular matriz A of degree d in
F[z]™*™ can be computed using a polynomial number of operations in F .

PRrROOF. By proposition 4.1 we compute & triangular Smith form T of A, its entries are of
degree at most A —1. As seen at lemma 2.2, in each column the entries above the diagonal
entry are of lower or equal degree. We now construct the matrix V' of lemma 2.1 to get
the Smith form. We may use a procedure similar to the reduce-off-dingonal procedure
of section 3.1 in Kannan (1985). This procedure is used to ensure that the off-diagonal
entries of the Hermite form have degree strictly less than that of the diagonal entries. In
our case, we know that it will result in a diagonal matrix, the Smith form. Indeed, since
V exists, each off-diagonal entry in T is a polynomial multiple of the diagonal entry in
its row.

We may first add a suitable polynomial multiple of column » — 1 to the column n so
that the (n — 1, n) entry is zerced. Let d,, and d,,_, be the degrees of the invariant factors
$p and sp_3. Since in each column the entries above the diagonal entry are of lower or
equal degree, the new column n is obtained by adding to the old one the column n — 1
multiplied by a polynomial of degree at most d,, — d,_1. The new entries in column n
are the old ones plus polynomials of degrees at most (dy, — dn—1) + dn—1 < dy. Thus the
property on the degrees in the column remains true. Next we add a suitable multiple
of column n — 2 to the column n to zero the {rn — 2,n) entry. As previously, we add to
the column n the column n — 2 multiplied by a polynomial of degree at most d, — dn_2.
The degrees in column n remains bounded by d4,. Next we add suitable multiples of
columns » — 3,...,1 to the column n so that all its off-diagonal entries are zeroed. We
repeat this process with columns » — 1, n — 2, ..., 2 and obtain the Smith form. The
matrix V built this way is upper-triangular with diagonal unity. If d; is the degree of the
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j-th invariant factor, the {(i,j) entry, 1 £ i < § € n, is a polynomial of degree d; — d;.
Clearly this algorithm is polynomial time bounded. O

4.2. COST STUDY

‘We have seen in the corollary above that the Smith form is computed using a polyno-
mial number of operations in the ground field. We now precisely estimate this number.
Further, we prove that over the rationals, the number of bit operations is polynomially
bounded in the dimension, the degree and the coefficient len%ths of the input matrix. We
are going to use soft O notations: O(f(n)) = O(f(n)) log®W(n).

THEOREM 4.1. Let REDUCTION TO SMITH FORM be the problem of computing
the Smith normel form end associated multipliers for ¢ matriz of dimensions and degree
bounded by O(n). Using esymptotically fast erithmetic, for a non-singular square maotriz
over F[z], the problem can be solved with O (n%) operations in F. Quer F =Q, the field
of the rationals, if the coefficients of the input polynomials heve numerators end denom-
inators bounded in magnitude by 2™, then the problem is in P, it can be solved with
O (n'7) bit operations using standard arithmetic.

Proor. We first recall the cost for computing a ged of many polynomials. Next we
derive the bound for computing the form over F' and we will terminate by measuring the
coefficient growth over Q. A function C*(r) will denote a cost in terms of operations in
F with fast arithmetic. Without the star, C(n) will denote a cost over the rationals using
standard arithmetic. When F = GF(p) is too small for computing a good-conditioning,
for any given I we can construct an algebraic extension F of F having I elements. This
can be done by computing an irreducible polynomial of degree O(logi) in F[z] using
the algorithm of Shoup (1993). Then the arithmetic operations in F can be done with
O(P(logl) loglog!) operations in F. [If the product of two polynomials of degree { can
be computed with P(I) operations in F.] Since in the following, the required number {
of elements in F will be a polynomial in n, this will never increase the costs by a factor
more than poly-logarithmical in n and this will be omitted.

We know from Aho, Hopcroft and Ullman {1974) that k! ged’s of kI polynomials of
degree | can be computed with

G*(k,1) = O (2P (1) logl) = O(k*1®) (4.1)

operations in F. Qver the rationals, with input coefficients bounded in magnitude by
b, the computation can be done via the Chinese remainder algorithm, we apply for
that the results and the costs given in Aho, Hoperoft and Ullman (1974). We know
from Loos {1982), that we can compute the ged's using O{l log(lb)/q) primes of length
g = O(log!+loglogb), the number of “bad primes” being also bounded by O{! log(lb)/q).
Using standard arithmetic, a ged of k! polynomials of degree ! modulo one prime is
computed in time O(kl x [2¢?). One application of the Chinese remaindering for one
number costs O(I12log?(th)). Thus the cost of the computation of the residues of the ki
ged’s dominates, the overall cost is

GC(k,1,b) = O (ki x ki3g® x llog(ib)) = O (k1® log(b)) (4.2)

bit operations.
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We know look at the cost of the computation of the normal form aad of multipliers.
If d is the input degree, A = d + & + 1, with § = (n — 1)d, bounds all degrees during the
computation. As seen during the proof of proposition 4.1, each step i of the algorithm
F-TSF, 1 < i < n, firstly consists of the computation of O((n —i)A) ged’s of O{(n — i)8)
polynomials of degree A. This is the computation of a good-conditioning. From (4.1) with
k = n—iandl = O(nd) this can be done with O ((n —i)?n3d®) operations in F. Secondly
we have to perform A steps of triangularization of a (n—i+1)(6+1) x (n ~i+1)A matrix.
This is done in time O ((rn—i)?n3d?). If the left multiplier U/ is computed, transformations
are applied to a bordering matrix with k! columns. This is done within the same cost.
Summing over the n steps, this gives O(n®d®) operations. After these two phases, the
triangular Smith form is known. It remains to bring the matrix into diagonal form, this
is of lower cost. As seen at lemma 4.1, the upper-diagonal entries are zeroed by exact
divisions of polynomials. The associated right transformation matrix is computed as
the product of C by a triangular matrix of degree A: in time O(n3P(nd)) = O(n'd).
Taking d = O(n}, the Smith form and associated multipliers can be computed with
§*(n) = O(n® x n?) = O(n?) operations in F.

We now assume that the coeflicients of the input polynomials are rationals with nu-
merators and denominators bounded in magnitude by 8. As given by proposition 3.2, the
entries of C, the matrix of the good-conditionings, are bounded in magaitude by A. The
triangular Smith form is computed by triangularizing the big matrix A’(®) associated to
A" = AC. The entries of A’ are bounded in magnitude by 8 4+ (n — 1)A8 = 0(n%dg), its
dimensions are O(n2d). At step i of the elimination, we take k = n — ¢ and { = O(nd)
in (4.2). The lengths of the numerators and denominators of the coefficients of the poly-
nomials are bounded by (n2dg)C("®, Identity (4.2) clearly bounds the overall cost at
step i by O((n — i)? x n°d% x indlog(ndB)). Summing over the n steps we get that
the triangular Smith form and U are computed with O (n1%d%log(rdg)) bit operations.
As previously, the final computation of the diagonal form is of lower cost. Indeed, the
column j of the right multiplier is computed in j — 1 steps. At each step we compute
an exact division by an invariant factor and multiplications involving the corresponding
quotient and entries of the triangular Smith form. It is easily seen the sizes the numbers
are multiplied by n, thus the final bound on the magnitudes is b = (nzdﬁ)o(“sd) but this
does not affect the averall cost. With d = O(n) and 8 = 2°("), over the rationals using
standard arithmetic, the Smith form and associated multipliers can be computed with
8(n) = O(n'"} bit operations. O

These bounds are very large and need some comments. In Kaltofen et al. (1987) the
problem of computing the Hermite normal form is reduced to the problem of solving
constant linear systems of dimension O(n3d). Thus the reduction in Labhalla et al. (1995)
is better, the problem is solved via the triangularization of the matrix A% of dimensions
O(n%d). Consequently, the lengths of the rational coefficients in the Flermite form and
in the corresponding multiplier are bounded by O(n’dlog(ndB)) = O(n%). One can
take advantage of the structure A% to reduce the number of operatioas needed for the
triangularization (as it can be done when computing a ged with the Sylvester’s matrix).
It can be seen that the triangularization can be done in nd steps of n? eliminations thus
giving a cost of O (nd x n? x n?d) = O(nd?) operations in F. Using standard arithmetic
via Chinese remaindering this asks for O(n%d? x n3d) = O(n8d®) bit operations. Thus
using the reduction to linear system solution the bit complexity for the Hermite form
using standard arithmetic is O (n!!). This is slightly more than the Las Vegas complexity
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O(n®) in Storjohann (1994) for computing the Smith form (without the multipliers}. The
difference is essentially due to the fact that coefficients in the Smith form are smaller
than in the multiplier for Hermite, their lengths are only in O(n(d + log 8)) = O(n?).

Now we see that the ratio of the deterministic complexity for the Smith form and
multipliers to the one for the Hermite form is O(n%). This is quite large and we may
hope that more investigations, especially to also take advantage of the structure of A%
will reduce this ratio.

4.3. SINGULAR OR RECTANGULAR MATRICES

The normal forms has been originally developed for square matrices. However, the
definition of the Smith form remains valid in the general case, A matrix A of rank
r in F{z]™*™ is equivalent to a unique diagonal form with r non-zero invariant fac-
tors s1,...,8,. To compute the form for singular or rectangular matrices and extend
theorem 4.1, we may follow the treatment in Kaltofen et ol (1990).

For a rectangular matrix A of F[z]®*™ of rank r, it is easily seen that the algorithm
F-TSF leads to a slightly different form than in lemma 2.1 and in proposition 3.1, We get
a unimodular matrice IV of dimension » and an invertible constant matrix C of dimension
m such that T = UAC is in row echelon form, with non-zero entries only in its first »
rows and with its diagonal entries given by T;; = 38;, 1 <i <7 — 1. As we have done at
corollary 4.1 we can zero the off-diagonal entries in the first r — 1 rows using unimodular
column transformations. We are led to

81 0 0
0 0 0
' 0 r—1 0 0
T = UAW = g TO:',r l{,f‘+1 e T;,m
0 0 0
0 0

If g is the gcd of the entries in row r then s1s3 ... 8,19 is the ged of all the r xr minors
of T'. Thus g is the last invariant factor s,. From T’, U and W the Smith form of A and
multipliers are thus computed by solving a diophantine equation. Clearly, the overall cost
given at theorem 4.1 in terms of field operations is not increased. Unfortunately, even if
it will not either increase the bit complexity, the rational coefficients of the polynomials
will grow again. In 7” their lengths are bounded by O{n3dlog(ndB)), the polynomials
in row r are of degree O(nd) so the solution of the diophantine equation may generate
numbers of length O{n*d? log(ndg)).

COROLLARY 4.2. The problem REDUCTION TO SMITH FORM for general poly-
nomial matrices can be solved with O-(ng) operations in F using asymptotically fast arith-
metic and with O_(n”) bit operations using standard arithmetic when F =Q.

5. Conclusion

We have established that computing the Smith normal form and multipliers can be
done in deterministic polynomial time. The proposed algorithm is interesting from a the-
oretical point of view. Concerning practical aspects, input matrices may be far from the
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worst-case and our approach has to be used together with the previously known proba-
bilistic algorithms. In addition, the method presented in the meantime in Villard (1995),
should allow to improve the complexity bounds that remains very large compared with
the ones for the Hermite form or with the probabilistic ones.
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