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ABSTRACT

New algorithms are presented for computing annihilating poly-
nomials of Toeplitz, Hankel, and more generally Toeplitz+Hankel-
like matrices over a field. Our approach follows works on Cop-
persmith’s block Wiedemann method with structured projections,
which have been recently successfully applied for computing the
bivariate resultant. A first baby steps/giant steps approach—directly
derived using known techniques on structured matrices—gives a
randomized Monte Carlo algorithm for the minimal polynomial
of an n X n Toeplitz or Hankel-like matrix of displacement rank
a using O (n”_c(“)ac(“’)
exponent of matrix multiplication and ¢(2.373) =~ 0.523 for the
best known value of w. For generic Toeplitz+Hankel-like matrices a
second algorithm computes the characteristic polynomial; in partic-
ular, when the displacement rank is considered constant, its cost is

) arithmetic operations, where w is the

0] (nz_l/ “)). Previous algorithms required O (n?) operations while

the exponents presented here are respectively less than 1.86 and
1.58 with the best known estimate for w.
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1 INTRODUCTION

We consider the problem of computing the minimal or the charac-
teristic polynomial of Toeplitz-like and Hankel-like matrices, which
include Toeplitz and Hankel ones. The necessary definitions about
those structures are given in Section 2.

Throughout the paper T € K™ is non-singular and either
Toeplitz-like or Hankel-like, where K is a commutative field. The
structure is parameterized by the displacement rank 1 < a <
n of T [12, 21]. In particular a Toeplitz or a Hankel matrix has
displacement rank a = 2.

The determinant of T can be computed in O (a“’_ln) operations
in K, where w < 3 is a feasible exponent for square n X n ma-
trix multiplication. For the best known value of w one can take
® ~ 2.373 [1, 20]. When T has generic rank profile (the leading
principal submatrices are non singular) a complexity bound O (a2 n)
for the determinant is derived from [21, Cor. 5.3.3]. In the general
case, for ensuring the rank profile one uses rank-regularization
techniques initially developed in [13, 16] that lead to randomized
Las Vegas algorithms assuming that the cardinality of K is large
enough; see [21, Sec. 5] and [3] for detailed studies in our context.
Taking advantage of fast matrix multiplication is possible using the
results in [3, 4], where fundamental matrix operations, including
the determinant, are performed in time O («®~'n) for a wide spec-
trum of displacement structures. In this approach the determinant
is revealed by the recursive factorization of the inverse.

The characteristic polynomial det(xI, — T) of T is a polynomial
of degree n. Using an evaluation-interpolation scheme it follows
that it can be computed in O (a‘*’_lnz) operations in K. We also
refer to [21, Ch. 7] for a Newton-Structured iteration scheme in
time O (aznz).

For a Toeplitz or Hankel matrix these complexity bounds for
computing the characteristic polynomial were quadratic; our con-

tribution establishes an improved bound O (nz_l/ “’) for generic

matrices (given in compressed form), which is sub-quadratic in-
cluding when using » = 3. We build on the results of [25] where
especially the case of a Sylvester matrix was treated, and show
that the approach can be generalized to larger displacement rank
families. In particular, the Hankel-(like) case requires the use of
sophisticated techniques in order to handle the Toeplitz+Hankel
structure [7, 9] and its generalizations [21].


https://doi.org/10.1145/3452143.3465542
https://doi.org/10.1145/3452143.3465542
https://doi.org/10.1145/3452143.3465542

Contributed Paper

The algorithms we propose fit into the broad family of Cop-
persmith’s block Wiedemann algorithms ; we refer to [17] for the
necessary material and detailed considerations on the approach.
Another interpretation in terms of structured lifting and matrix
fraction reconstruction is given in [25].

From T € K™" the problem is to compute the determinant
(or a divisor) of the characteristic matrix M(x) = xI, — T. For
1 < m < n and well chosen projection matrices V and W in K™,
the principle is to reconstruct an irreducible fraction description
P(x)07 (x) of VIM(x)'W € K(x)™™, where P, Q € K[x]™™,
from a truncated series expansion of the fraction. The denominator
matrix Q carries information on the Smith normal form of M(x) [17,
Thm. 2.12]. Using random V and W allows to recover the minimal
polynomial of T from the largest invariant factor of M(x), and for a
generic matrix T the characteristic polynomial is obtained [17, 25].

The matrix Q is computed from a truncation $(™ e K[x]™*™
of the series expansion of VTM(x)~1W,

2[n/m]
Z VT(T_k_I)ka,
k>0

S (x) = - 1)

using for example matrix fraction reconstruction [2, 6]. We will
not detail these latter aspects in this paper since they can be found
elsewhere in the literature: see [17, 25] for the general techniques
involved; [24, Cor. 6.4] for the power series truncation; and [18]
for alternative fraction reconstruction possibilities. The results we
need on matrix polynomials are recalled in Section 3.

We focus on the computation of the power series terms Hy =
VT Y W of Eq. (1). The idea for improving the complexity
bounds is to use structured projections V and W in order to speed
up the computation of the expansion, as has been done in [5, 25]. A
typical choice is such that the matrix product by V and W is reduced.
The central difficulty is to show that the algorithm remains correct;
special choices for V and W could prevent a fraction reconstruction
with appropriate cost, or give a denominator matrix Q with too
little information on the invariant structure of T.

For a generic input matrix and our best exponent, in Section 5
we follow the choice of [25] and work with V = W = X where
X = (Im O)T € K™™_An n x n Toeplitz or a Hankel matrix is
defined by 2n — 1 elements of K, and our algorithm is correct except
on a certain hypersurface of K2"~1. The same way, a Toeplitz-like
or Hankel-like matrix of displacement rank « is defined by the
2na coefficients of its generators, and our algorithm is correct for
all values of K?"® except for a hypersurface. If T is Hankel, the
matrix M(x) = xI, — T is Toeplitz+Hankel and the algorithm in-
volves a compressed form that generalizes the use of generators
associated to displacement operators [9, 21]. The algorithm com-
putes a compressed representation of M(x)~! modulo x? [n/ml+1
and exploits its structure to truncate it into a compressed represen-
tation of S(™ (x) = XTM(x)™1X mod x2["/™m1*1 at no cost. The
parameter m can be optimised to get an algorithm using O (nz_l/ "’)

operations when the displacement rank is considered constant.
Before considering the fast algorithm for the generic case, in
Section 4 we consider the baby steps/giant steps algorithm of [17].
Indeed, thanks to the incorporation of fast matrix multiplication
in basis structured matrix operations [3, 4], the overall approach
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with dense projections V and W already allows a slight exponent
improvement. Taking into account that the input matrix T is struc-
tured, a direct cost analysis of the algorithm of [17] improves on
the quadratic cost for Toeplitz and Hankel matrices as soon as one
takes w < 3. However it is unclear to us how to compute the char-
acteristic polynomial in this case (see the related Open Problem 3
in [14]). The algorithm we propose is randomized Monte Carlo and

we compute the minimal polynomial in O (n"’_c(“’)) operations
with ¢(w) = (5"_—_&1) For Toeplitz-like and Hankel-like matrices with

displacement rank a, the cost is multiplied by O (ac(“’)).

Notation. Indices of matrix and vectors start from zero. The vec-
tors of the n-dimensional canonical basis are denoted by e(’)’, ., ez_l.
For a matrix M, M; j denotes the coefficient (i, j) of this matrix,
M; +, its row of index i and M, j its column of index j.

2 RANK DISPLACEMENT STRUCTURES

A wide range of structured matrices are efficiently described by the
action of a displacement operator [12]. There are two types of such
operators: the Sylvester operators of the form

VMmN : A MA - AN,
and the Stein operators of the form
AM,N :A— A—- MAN,

where M and N are fixed matrices. A Toeplitz matrix T is defined
by 2n —1 coefficients t_p+1, ..., ty—1 € Ksuch that T = (¢;—); ;. Its
image through AZn,Z,Tl’ where Z,, = (8 j+1)o<i,j<n—1 has rank at
most 2. Similarly, a Hankel matrix H is defined by 2n— 1 coefficients
ho, ..., han—2 such that H = (h;4;); j and its image through VZn,ZZ K

where Zy 1 =Zn + e(’)‘eZIl has rank at most 2.

As a generalization, the class of Toeplitz-like (resp. Hankel-like)
matrices is defined as those matrices whose image through A Zn T
(resp. VZn,Zl 1) has a bounded rank « [8, 21], called the displacement

nXa

rank, and can be represented by a product GH', where G, H € K
are called generators. These operators are non-singular and a matrix
can be uniquely recovered from its generators.

Lastly, any sum of a Toeplitz and a Hankel matrix, (forming the
class of Toeplitz+Hankel matrices) has an image of rank at most 4
through the displacement operator Vy, v, where U, = Z, +Z,I [7].
This operator is singular and the low rank image does not suffice
to uniquely reconstruct the initial matrix: additional data (usually
a first or a last column) is required for a unique reconstruction [9,
21]. The class of Toeplitz+Hankel-like matrices is formed by those
matrices whose image through Vi, has a bounded rank.

2.1 Product of Structured Matrices

PROPOSITION 2.1 ([3, THEOREM 1.2]). Let A € K™ be a Toeplitz-
like or Hankel-like matrix with displacement rank « given by its
generators and B € K™™ be a dense matrix. The multiplication of A
by B can be computed in O (n max(a, m) min(a, m)‘*’_z) operations
in K.

PROPOSITION 2.2. Let A, B € K™ be two Toepliiz-like matrices
of displacement rank a and f respectively, then their product AB is a
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Toeplitz-like matrix of displacement rank at most o + f§ + 1. Further-
more, given generators for A and B w.r.t. A, 1, one can compute

generators for AB w.r.t. the same operator in O (n(a + B)°~") field
operations.

Proor. Let G4, Hy and Gp, Hp be the generators of A and B
respectively. They satisfy A-Z,AZ) = GAHI; and B - Z,BZ} =
GBH; Consequently

AB = (ZnAZY + GaH))(ZnBZ) + GpHE)
= ZnABZ) — ZpAsn-1Bn-1,.Z) + (ZnAZY Gp)H]
+Ga(H)ZnBZ)y + HyGpHp),

and therefore AB — ZnABZ,I = GABHX g for

Gapg = ( Ga ‘ ZnAZ;Il—GB ‘ —ZnAsn—1 )
Hap = ( ZnBTZ}Hy + HgGLHa | Hp | ZnB]_, )

thus showing that AB has displacement rank at most o + f§ + 1.
Computing these generators involves applying A on a dense
n X f matrix and B on a dense @ X n matrix, and computing the
product of an & X n by an n X f# matrix and the product of an a X
by a § x n matrix. Using [3, Thm 1.2], these cost O (n(a+ P71
field operations. O

PROPOSITION 2.3. Let A, B € K™ be two Hankel-like matrices
of displacement rank a and p respectively, then their product AB
is a Toeplitz-like matrix of displacement rank at most a + f + 2.
Furthermore, given generators for A and B w.r.t. VZ,.,ZL’ generators

for AB wrt. Ay g7 can be computed in O (n(a+p@71).

Proor. Let G4, Hy and Gp, Hp be the generators of A and B
respectively, satisfying Z,A — AZ;[1 = GAH[Tl and Z,B — BZ,Il =
GBHE- Using a similar reasoning as for Proposition 2.2 we can

deduce that

AB - Zy,ABZ;, = GogH), j, for

( Ga | AZ} \Gp | Aun-1 | AZ) Ben )

n
e ).

showing that AB has displacement rank at most « + f + 2.

Gap =

( (HBG]T3 —BTZT +enB!

#,n—1

e

Hap =

thus
Computing these generators again costs O (n(a+ p)®71) field op-
erations. o

PROPOSITION 2.4. Let A € K™ be a Toeplitz-like (resp. Hankel-
like) matrix of displacement rank a, then for an arbitrary (resp.
even)r, A is a Toeplitz-like matrix of displacement rank at most
(e + 1)r and its generators can be computed from the generators of A
in O (n(ar)®™1) field operations.

ProoF. Using fast exponentiation one computes A" as:

[logr] ol logr
A = l_[ (Az ) where the I satisfy Z L2k =7,
k=0 k=0

which only requires squarings and products between matrices of

the form A%". When A is Toeplitz-like the result is a straightforward
consequence of Proposition 2.2; when it is Hankel-like the product
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A? is computed using Proposition 2.3, the remaining products are
between Toeplitz-like matrices, and the result again follows from
Proposition 2.2. m]

2.2 Reconstruction of a Toeplitz+Hankel-like
Matrix from its Generators

The operator Vi y, is defined in [21, Section 4.5] as partly regu-
lar, which means that a Toeplitz+Hankel-like matrix is completely
defined by its generators and its irregularity set that may be all the
entries in its first column.

A formula to recover a dense representation of the matrix from
its generators and its first column is given in [21].

THEOREM 2.5 ([21, TuM. 4.5.1]). Let M € K™ be a Toeplitz+Hankel-
like matrix, G, H € K™% its generators and cy = Me(')’ its first column,
then

a-1

M =11, (c0) = ) 70, (Ge )7z, (ZnHi )T
=0

@)

where for an n X n matrix A and a vector v of length n t4(v) denotes
the matrix of the algebra generated by A which has v as its first
column.

We show that one can derive a fast reconstruction algorithm
for a Toeplitz+Hankel-like matrix from Eq. (2) and first detail the
structure of the various 74 (v) matrices.

LEMMA 2.6. Tz, (0)7 is the Toeplitz upper-triangular matrix with

o' as its first row.

LEMMA 2.7. 1y, (0) = nz_jl 0;Q;(Up) where Qo(x) =1, Q1(x) = x
i=0
and Qi+1(x) = xQi(x) — Qi-1(x).

ProoF. The first column of Q;(Uy) is €. O
CoRroLLARY 2.8. Column j of 1y, (v) is Q;(Un)o.

Proor. With Lemma 2.7 and after checking the property for j €
{0, 1}, it suffices to prove Q; (Un)x, j+1 = UnQi(Un)s,j — Qi (Un)s, j—1.
This is true for i € {0,1} and if it is for i and i — 1, then

Qist (Un)s j+1 = U2Qi(Un)s,j — UnQi(Un)s,j—1
= UnQi-1(Un)sj + Qi—1(Un)xi-1

]

From these we can write the following proposition, inspired
by [7, Prop. 4.2]. It enables fast recursive reconstruction of the
columns of a Toeplitz+Hankel-like matrix from the first one.

PROPOSITION 2.9. Let M € K™ be a Toeplitz+Hankel-like matrix,
G, H € K™% its generators for Vy, v, andco = Mef} its first column.
With the notation c—1 = 0, the columns (cx )<k <n—1 of M follow the
recursion:

a-1
Ck+1 = Unck = Cp—1 — Z Hy Gy j.
Jj=0

©)
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ProOF. Let C be the matrix defined by the recursion formula
and initial conditions of Proposition 2.9, we will prove C = M.

By definition cy is the first column of M; assume now that for
i <k, c;is column i of M. Using Lemma 2.6 and Corollary 2.8 on
Eq. (2) that is

a-1i-1
¢i = Qi(Un)eo = ) > Hi_1_1jQ1(Un)Gs,j 4
j=0 I=0
and Eq. (3) can be detailed as

a—1k-1

k+1 = Un | Ok (Un)eo - Z ZHk—l—i,jQi(Un)G*,j
Jj=0 i=0
a-1k=2 a—1
= Qk=1(Un)eco — Z Hk—Z—i,jQi(Un)G*,j - Z Hk,jG*,j
Jj=0 i=0 j=0
a-1 k
= Qk+1(Un)eo — ZHk—i,jQi(Un)G*,j
Jj=0 i=0

3 MATRIX POLYNOMIALS

We rely on the material from [17, 25]. For matrix polymonials
and fractions the reader may refer to [11]. The rational matrix
H(x) = VTM(x)"'W over K(x) can be written as a fraction of
two polynomial matrices. A right fraction description is given
by square polynomial matrices P(x) and Q(x) such that H(x) =
P(x)Q(x)~! € K(x)™™ and a left description by P;(x) and Q;(x)
such that H(x) = Q;(x)"!P;(x) € K(x)™ ™. Degrees of denomi-
nator matrices are minimized using column-reduced forms. A non-
singular polynomial matrix is said to be column-reduced if its lead-
ing column coefficient matrix is non-singular [11, Sec. 6.3]. We also
have the notion of irreducible and minimal fraction descriptions.
If P and Q (resp. P; and Q;) have unimodular right (resp. left) matrix
ged’s [11, Sec. 6.3] then the description is called irreducible. If Q
(resp. Qy) is column-reduced then the description is called minimal.

Foragiven m, define 1 < v < nto be the sum of the degrees of the
first m largest invariant factors of M(x) = xI,, — T (equivalently, the
first m diagonal elements of its Smith normal form). The following
will ensure that the minimal polynomial of T, which is the largest
invariant factor of M(x), can be computed from the Smith normal
form of an appropriate denominator Q(x).

THEOREM 3.1. ([17, Thm. 2.12] and [24].) LetV and W be block
vectors over a sufficiently large field K whose entries are sampled
uniformly and independently from a finite subset S C K. Then with
probability at least 1 — 2n/|S|, H(x) = VTM(x)™'W has left and
right irreducible descriptions with denominators of degree [v/m], of
determinantal degree v, and whose i invariant factor (starting from

the largest degree) is the ith invariant factor of M(x).

The next result we need is concerned with the computation of an
appropriate denominator Q as soon as the truncated power series
in Eq. (1) is known. We notice that H(x) = VIM(x)" W is strictly
proper in that it tends to zero when x tends to infinity. For fraction
reconstruction we use the computation of minimal approximant
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b~ases (or o-bases) [2, 23], and the algorithm with complexity bound
O (m®~n) in [6, 10].

TueoreM 3.2. ([6, Lem.3.7].) Let H € K(x)™ ™ be a strictly
proper power series, with left and right matrix fractions descriptions
of degree at most d. A denominator Q of a right irreducible descrip-
tion H(x) = P(x)Q(x)~! can be computed in O (m®d) arithmetic
operations from the first 2d + 1 terms of the expansion of H.

In our case, from Theorem 3.1 we will obtain the existence of ap-
propriate fractions of degree less than [n/m], and use Theorem 3.2
for bounding the cost of the computation of Q.

4 A BABY-STEP GIANT STEP ALGORITHM

In this section, we propose a direct adaptation of the baby steps/giant
steps variant of Coppersmith’s block-Wiedemann algorithm devel-
opped in [17, Sec. 4] to the case of structured matrices. In order
to compute the terms of the series (1), we will assume that the
input matrix T has been inverted, using [3, Theorem 6.6]. In this
section we will therefore denote by T this inverse and compute the
projections of its powers.

4.1 Description of the Algorithm

Let V,W € K™ be the block vectors used for the projections.
Algorithm 1 performs r baby steps and s giant steps to compute
the first terms of the sequence Hy = ViTkly = vy T+ W
for0 <k <2[n/m],0<i<r,0<j<sandrs>2[n/m]+1.

Algorithm 1 [17] Compute H, = VI T**1W for 0 < k < 2[n/m]

Input: Generators of T € K™, Toeplitz-like or Hankel-like
Input: m,r,s € Ns.t.rs > 2[n/m] + 1, r even if T is Hankel-like
Input: V,W € K™
Output: H = (Hrj+i)j<s,i<r where Hy, = yTTk+lyy

Wy — TW

22 for1<i<r-1do

3: W; «— TI/VI'_I

4 R«—T"
5: Vo <V
6 for1<j<s-1do
T T
7: ij (—‘/j_lR .
8: H « (V() Vs—l) (W() Wr—l)

This algorithm relies on three main matrix operations:

(1) The product of a structured matrix by a dense rectangular
matrix, supported by Proposition 2.1 for Steps 3 and 7;

(2) The exponentiation of a structured matrix, supported by Propo-
sition 2.4 for Step 4;

(3) The product of two dense rectangular matrices for Step 8.

4.2 Cost Analysis

w=1 -1

PROPOSITION 4.1. Algorithm 1 runs in O (n”_S—m aso ) opera-

tions in K for well chosen m, r and s.

Proor. From Proposition 2.1, applying an n X m block to T can
be done in O (n max(m, &) min(m, (x)“_z) field operations. Hence
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the r baby steps, Step 3, computing the (T*W)y<;<, cost overall
®)

6) (nr max(m, ) min(m, a)w_z)

field operations.

By Proposition 2.4, the initialization of the giant steps at Step 4
is the computation of a structured representation for T, which can
be done in

0 (nr“’flawfl) (6)
operations in K.

Then each of the giant steps, at Step 7, is a product of an m X n
dense matrix by an nxn matrix of displacement rank ar. From Propo-
sition 2.1, these s steps cost

™)

Lastly, the computation of the product resulting in H at Step 8
uses O (n max(mr, ms) min(mr, ms)‘“_z) or equivalently

6) (ns max(m, ar) min(m, ar)"’_z)

0 (nm“’_1 max(r, s) min(r, s)“’_z) (8)
field operations.
nes oo

Let m = [ and setr = s = [\/Zn/mw. Note that

a < m < ar, therefore the bound of Eq. (5) is dominated by the
one of Eq. (8). Moreover the bound of Eq. (7) can be rewritten as
w+1 w—1

6) (nzm“)_?’a), and from Eq. (8) we have 0 (nT T), and these
two quantities are

~ w=1 w=1
O (n(/) 5—w (f S—w )
w+1 2 1

Finally, the bound of Eq. (6) can be rewritten as O (nT (%) %),

m

which is dominated by the one of Eq. (8). O

When the displacement rank « is constant, and with the best
known estimate w = 2.373 [1, 20] the cost bound given in Proposi-
tion 4.1 becomes O (n'#°1), while it is O (n?) for = 3.

Let us now suppose that the entries of V and W are sampled
uniformly and independently from a finite subset S C K, we then
have the following.

THEOREM 4.2. The minimal polynomial of an n X n Toeplitz-like
or Hankel-like matrix with displacement rank a can be computed by
a randomized Monte Carlo algorithm using

6} (n“’_ =Pt )
field operations, with probability of success at least 1 — (n® + 3n +
2n53a2)/|S|.

Proor. The first step is to compute the inverse of T, using [3,

Theorem 6.6] in O (na®~1) operations in K. Then running Algo-

w=1l w-1

rithm 1 on T~! costs O (n“’_ 5-o aﬁ) which dominates O (na‘”_l)
since a < n. From the sequence of matrices (Hy )o<k <2n /m> ONe can
compute a minimal denominator Q for H(x) = V' (xI, - T)"'W €
K[x]™™ in O (nm®~!) field operations, by Theorem 3.2.

Using Theorem 3.1, the minimal polynomial is then obtained as
the first invariant factor in the Smith form of Q, computed by [22,
Proposition 41]. This step also costs O (nm®~1) field operations
and since m < n we have
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which shows that the cost of these last two computations will al-
ways be dominated by the cost of the product in Eq. (8). The probabil-
ity of failure for the computation of T~! is at most n(n+1)/|S| by [3,
Lemma 6.2]. For the computation of the minimal polynomial it is at
most 2m?n < 2n°/302, from [22, Concl.] and [15, Thm 3.3]. A union
bound combining this probability and the failure probablity of The-
orem 3.1 yields a probability of failure of (n? +3n+2n°3a2)/|S|. O

Note that this result carries over to the computation of the char-
acteristic polynomial of any Toeplitz-like or Hankel-like matrix T
having fewer than m invariant factors in its Frobenius normal form.

5 USING STRUCTURED INVERSION

In this section we develop a new approach for computing the
characteristic polynomial of generic structured polynomial matri-
ces T € K™" with displacement rank a. Following [25, Sec. 7],
in the Toeplitz-like case the idea is to exploit the structure of
the XLUrepresentation [12]. For Hankel-like matrices (see the dis-
cussion after Theorem 5.4), we generalize the approach using both
generators and irregularity sets that has been introduced in Sec-
tion 2.2 [21].

Principle of the approach. Here, rather than using successive
applications and powering of T~! as in Section 4, the first terms
of the sequence sequence {Hy}, = {V'T*~1W}, are obtained
as the matrix coefficients of the series expansion of VTM(x)"w.
Since 2[n/m] + 1 terms are required, and with the special choice
V=W=X=(In O)T € K™ this boils down to computing a
dense representation of the m X m leading principal submatrix of
M(x)~! mod x2["/m1+1 The outline of the algorithm is as follows.

(1) Compute the inverse M(x)~! mod x? [n/ml]+1

representation;

(2) Crop this representation to form a representation of the
m X m leading principal submatrix;

(3) Extract (™ (x) = XTM(x)"'X mod x2["/m1+1 in dense
form.

ina compressed

Below we specialize the approach for the two classes of interest.
Our algorithms in Theorems 5.2 and 5.4 are correct for generic
matrices T (in the Zariski sense), see Assumptions (A1) and (A2)
in Section 6 to which the discussion on genericity is deferred.

5.1 Generic Toeplitz-like Matrices

If T is Toeplitz-like, so it is M(x) = xI,, — T. If M(x) is represented
in LUform by generators G,H € K[x]™? such that M(x) =
Z?’:_Ol L(G*,i)L(H*,i)T, where L(v) is the lower triangular Toeplitz
matrix with o as its first column [12, 13]. The m X m leading prin-
cipal submatrix of any product L(v)L(w)T is the product of the
m X m leading principal submatrix of these factors, which in turn
is L(vo..m—1)L(wo..m-1)". Algorithm 2 relies on this property to
produce S from the m first rows of the generators of M1,

PROPOSITION 5.1. Algorithm 2 is correct for M(x) = xI, — T; if T
has generic rank profile it uses
2
~(n® -
0 (—a‘” Ly nma)
m

operations in K.
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Algorithm 2 Compute S(™): Toeplitz-like case

Input: (G, H) generators of M € K[x]™", a Toeplitz-like matrix
of displacement rank «
Output: Sm) = XTA~1X mod x2["/m1+1 in dense form
1: (E, F) « generators for M~! mod x2[?/m1+1
2 E' « X'E; F « FX
3 SM — @V L(E, )L(F,)T mod x?[m/m1+1

Proor. From the discussion at the beginning of the section, E’ =
Eo..m-1,+ and F' = Fy_m—_1,« are generators for stm = xTa-1x.
We use the algorithm of [4, Prop. 5] for computing the generators of
the inverse. Note that no division by x in the ring K [x] /(x> [n/ml+1y
will occur in Step 1 since M(0) = T has generic rank profile, and
consequently all leading principal minors of M(x) are not divisible
by x which shows the correctness.

By [4, Prop. 5], computing the generators of M1 at Step 1 can
be done in O (na”_l) operations over K[x]/(x? [n/m1+1y which in

turn is
2
o[ g0t
m
operations in K.

The dense reconstruction of (™ in Step 3 is achieved by a
products of an m x m Toeplitz matrix L(E} ;) by an m X m dense

matrix L(F, l.)T for a total cost of

©

O (nma) (10)

operations in K. O
From the efficient computation of the first terms of the expansion

of XTM(x)~'X and using fraction reconstruction, the characteristic
polynomial of T is obtained.

THEOREM 5.2. The characteristic polynomial of a genericn X n
Toeplitz-like matrix with displacement rank a (assumptions (A1)

1 ((ufl)z
opera-

and (A2) in Section 6) can be computed in O [n®> " wa™ o

=2

tions in K when a = O (nfw2+4w72 ), and O (n%a%) otherwise.

ProoF. From Lemma 6.1 (genericity assumption (A2)), irreducible
left and right fractions descriptions of XTM~1X have degree at
most [n/m]. Thus Theorem 3.2 ensures that a denominator Q of
a right description can be computed from s(m) (x) = X™M(x)"1x
mod x2[m/m1+1 By Lemma 6.1 again, the determinant of Q gives
the characteristic polynomial of T.

Besides the computation of S (m) by Proposition 5.1 (genericity
assumption (A1)), the computation of the denominator Q of its
irreducible right fraction description costs

0 (nm‘”fl) (11)
operations by Theorem 3.2. Computing the determinant of Q has
same cost using the algorithm in [19]. The total cost depends on «.
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=2 w—
Case 1: a = O(nfw2+4w72). We set m = niocTl so that ¢ =
O(m"’_z) and the term in Eq. (10) is dominated by the one in Eq. (11).
For the chosen value of m the terms in Eq. (9) (decreasing in m)

and Eq. (11) (increasing in m) are equal, leading to a full cost of

1 (1071)2
oy w

- 1

O (n2

) operations in K.

_w=2 w—

Case 2: o = Q(n—w2+4w—2). We set m = nia s so that a =
Q(m®~2). In this case the term in Eq. (11) is dominated by the one
in Eq. (10) and for this value of m we have equality between the
terms in Eq. (9) and Eq. (10), leading to a full cost of 6) (n%a%)

operations in K O

1.579) 1.667))

=2
constant and w = 2.373 (resp. w = 3). When a = © (n ~w?+Hw-2 ) and

1.74)

The exponent in Theorem 5.2 is O(n (resp. O(n for a

taking w = 2.373 (resp. w = 3), both expressions become O (n
(vesp. O (n%)). The complexity bound when « is small can also be
written as

o (nw*f(w)af(w))’

similarly as in Proposition 4.1, which can be interpreted as a transfer
of part of the exponent from n to a by using the structure of the
matrix.

5.2 Generic Toeplitz+Hankel-like Matrices

We now adapt the previous approach to more general structures.
If T is Hankel-like then M(x) = xI,, — T is Toeplitz+Hankel-like. In
this section we consider generic matrices with such a structure.

Compared to the Toeplitz case in Section 5.1, only the computa-
tion of the truncated expansion of XTM(x)~'X is modified. Com-
puting the characteristic polynomial from there does not depend
on the structure of M or T (dense matrix polynomial operations).

In addition to the generators one has to consider an irregularity
set for M~!. These data are computed by Algorithm 3 at Step 1 using
the recursive matrix decomposition in [21, Ch. 5]. The irregularity
set we consider is the first column. The dense form of S(™ (x) =
XTM(x)~1X mod x? [n/m1+1 i5 then recovered from its compressed
representation using Proposition 2.9.

Algorithm 3 Compute s(m), Toeplitz+Hankel-like case

Input: (G, H,v) generators and irregularity set of M € K[x]|™*",
a Toeplitz+Hankel-like matrix of displacement rank .
Output: (™ = XTM~1X mod x2I"/™m1+1 in dense form
1. (E, F,c) « generators and irregularity set for M1, the irregu-
larity set is the first column (Mc = eff

2: Co (Igm_l O)C
a-1
3: ¢1 < Uam-1c0 — 2. EojFo..2m-2,j
j=0
4: for1<k<m-2do
a—1
5 Cky1 < Uzm—1ck — o1 — 2 FrjEo.2m—2,j
Jj=0

6 S (x) = (In 0)(co " cm-1)
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ProPosITION 5.3. Algorithm 3 is correct for M(x) = xI,
T has generic rank profile it uses

~ n2 2
O|—a” + mna
m

~T;if

operations in K.

ProoF. As discussed in the proof of Proposition 5.1, no division
by x occur in the ring K[x]/(x? [n/m1+1y gince since M(0) =
has generic rank profile. Step 1 can be performed in O(a?n) opera-

tions on truncated power series, so 0 (”mzaz) operations in K [21,
Corollary 5.3.3]. Each step of the for loop consists of a number of
polynomial operations modulo x2["/™1*1 linear in ma as Uzp_1
has only two non-zero entries on each row. Lines 2 to 5 can be per-
formed in O(m?a) power series operations, so O(nma) operations
in K. By Proposition 2.9, if the first 2m — k coefficients of ¢, _; are
equal to the ones of column k — 1 of M1, then the first 2m — k — 1
coefficients of ¢y are equal to the ones of column k of M~1. Since
co gives the 2m — 1 first coefficients of column 0 of M~1, Step 6

outputs $(m) (). O

The characteristic polynomial is then obtained following our
general strategy.

THEOREM 5.4. The characteristic polynomial of a generic n X

n Toeplitz+Hankel-like matrix with displacement rank a (assump-
~ 2(w-1)

tions (A1) and (A2) in Section 6) can be computed in O (nz_ 5 )

o
-2 ~ 3 3
field operations when o = O(nﬁ), and O (nf ai) otherwise.

Proor. The arguments are similar to those of the proof of Theo-
rem 5.2, we do not repeat them here. We have only have to discuss
the slighlty different cost bound. The overall cost is that for comput-
ing the matrix denominator Q and its determinant in O (nm®1)
operations in K, plus the cost of computing the sequence {Hy }.

We distinguish two cases:

(=2 1 2
Ifa= O(nf*)—T): we take m = nw g so thata = O(m
_1 Z((ufl))

w=2 ) with

o ©

overall cost bound O (n2

Ifa= Q(nf—;f)); we take m = n%a% so that a = Q(m“’_z), with

overall cost bound O (n% a% ) |

Given V, 1 -generators of length o for a Hankel-like matrix T,
nmen1

Vu,,.u, -generators of length O(a) can be computed in time O (na).
T can be written as a sum of « terms of the form LU J,,, where L
and U are Toeplitz and J, = (513"—1—1')09,]'9—1 [21, Example 4.4.4].
Constant-length V, /1-and V,r ,
terms can then be derlved from V; Zn,Z,-and V 77 71-generators for
the products LU using [21, Theorem 1.5.4] and the fact that Jn is
in the kernel of V Zn 7T and VZT . Concatenation of the obtained
generators yields the result.

Note that the complexity bound in n in Theorem 5.4 is the same
as in the Toeplitz-like case (Theorem 5.2), we obtain however a
stronger dependence in . Indeed, we have used a Toeplitz+Hankel-
like inversion in O(na?) [21], a better cost bound in O(na®1)

-generators for each of the a
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would require to generalize the results of [3, 4] to partly regular
operators.

6 SPECIAL MATRICES FOR GENERICITY

In order to identify the matrices T for which the algorithms of Sec-
tion 5 output the characteristic polynomial (Theorems 5.2 and 5.4),
we use the rank of the block Hankel matrix [17]

_ Tri+j
HKpy, [n/m] = (X T X)osi,jsrn/m—l'

We indeed have the following.

LemMA 6.1. Let T € K™". If rankHKy, 1,/m1 = n then the irre-
ducible left and right fractions descriptions of X7 (xI, — T) !X have
degree at most [n/m]. Furthermore, the determinant (made monic) of
the denominator Q € K[x]™™ of such a right irreducible description
is the characteristic polynomial of T.

Proor. The determinant of a denominator Q of an irreducible
right fraction description of X' (xI, — T)"'X is a divisor of the
characteristic polynomial of T [17, Thm 2.12], hence has degree at
most n. The claims then follow from [25, Lem. 2.4] since Hkp, 1/

has maximal rank n. ]

Genericity Assumptions. To apply Theorems 5.2 and 5.4, a matrix
T is “sufficiently” generic if it satisfies the following assumptions:

(A1) T has generic rank profile, so that the truncated generators
of M(x)~! can be computed fast [4, 21];

(A2) there exists an n X n submatrix Hk(™ of Hk,y,, [n/m7 Whose
determinant is nonzero, so that Lemma 6.1 can be applied.

The genericity in the Zariski sense can be expressed either based
on the coefficients of T or on its generators. Indeed, the determi-
nant of an n X n submatrix Hk("” of Hk,,; [n/m] is @ polynomial
in the coefficients of T. Toeplitz and Hankel matrices have 2n — 1
independant coefficients. With non-singular displacement oper-
ators, the coeflicients of a Toeplitz-like or Hankel-like matrix of
displacement rank « are themselves polynomials in the coefficients
of its generators, so det Hk (™ is by composition a polynomial on
the 2na coefficients of the n X & generators of T.

In Sections 6.1 and 6.2, we show that we can constructan n X n
submatrix Hk (" of Hky, 1n/m such that det Hk (™ is not uniformly
zero on the space of Toeplitz (resp. Hankel) matrices, by finding
one Toeplitz (resp. Hankel) matrix for which Hk,, p, /7 has rank n.
This establishes that assumption (A2) is satisfied for all matrices
of each class except for those with coefficients in a certain hy-
persurface of K?"~1. As the displacement rank of the matrices
we show is at most 2, they are Toeplitz-like (resp. Hankel-like)
and can be represented with larger generators (padded with ze-
ros). (A2) is thus also satisfied for matrices with displacement
rank a > 2 whose generators’ coeflicients are not in a certain
hypersurface of K?**, The special matrices we construct are also
Toeplitz+Hankel and Toeplitz+Hankel-like so the same reasoning
shows that (A2) is satisfied for all Toeplitz+Hankel matrices except
for those with coefficients in a certain hypersurface of K42 and
all Toeplitz+Hankel-like matrices with displacement rank o > 4 ex-
cept for those on a certain hypersurface of K2"*, Using the fact that
in the Toeplitz+Hankel-like case the operator is partly regular [21,
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Sec. 4.5], the hypersurface can also be defined by considering the
coefficients of the generators together with the irregularity set.

The generic rank profile condition (A1) can be handled similarly
by considering the product A of the principal minors of T, though
we omit details. This polynomial in the coefficients of T is non-zero
for T = I, in the Toeplitz case. For the Hankel case, the determinant
of an n X n Hankel matrix H defined by hy, . . ., hap—2 such that H =
(hi+)i,j has a unique term in h??_,, hence is a non-zero polynomial
in the h;’s; the same holds for A.

From the polynomial (detHk(™) - A in the entries of T, one
can then define the general hypersurfaces outside of which our
algorithms are correct.

6.1 A Toeplitz Point

Let
(0 In
T‘( Im 0 )

and M(x) = xI, — 7. Let P(x) € K[x]™ defined by:

Pn7m+k,k =1, for0 < k < m;
Pi g = xPiym ko for0<k<mo0O<i<n-m-1
With
0 xln/m]g
D(x) = ( Ln/m]-1 n mod m
x I mod m 0

T
we can write P(x) = (D(x)T R(x) Im) for some polynomial

T
matrix R. From there we have M(x)P(x) = (xD(x)T Iy 0)
and thus

XTM™1(x)X = XTP(x) (xD(x) = In) L.

That is XTM™1(x)X = D(x)Q™'(x) (we have used the form of P)
with Q(x) = xD(x) — Ip. As (xIy) - D(x) — I, - Q(x) = I, the
fraction DQ™! is irreducible and

det Q(x) — ix( [n/m]+1)(n mod m)+|n/m](—n mod m) _ 1

from which we get deg det Q = n. By [25, Lemma 2.4], Hkp, [/m7
has rank n.

6.2 A Hankel Point

Consider the n X n Hankel matrix H = (I, + Z') Jn (with J, =
(5i,”—1—f)osij5n—1)' For j such that 2j < [n/m] — 1, rows jm

to (j + 1)m — 1 of H¥ X are I, and the following rows are 0.

This can be seen by recursively applying the band matrix H? =
ZM 4+ I + ZMZMT 4+ 2T to X. By applying H to H* X we get
that the rows n — (j + 1)m to n — jm — 1 of H?*1X are Jp,, and the
preceding rows are 0.

Let K be the first n columns of (X|‘HX| ... |7{fn/m1—1x). This

matrix K is non-singular, as its columns can be permuted to get a
matrix of the form
LT o
( 0 Lp )

where L; and Ly are lower triangular with ones on the diagonal.

Since H is symmetric, the n X n principal submatrix of Hk, /m)
is K} Ky, hence Hk,y, [n/m] has rank n.
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