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ABSTRACT

Quasiseparable matrices are a class of rank-structured matrices
widely used in numerical linear algebra and of growing interest
in computer algebra, with applications in e.g. the linearization of
polynomial matrices. Various representation formats exist for these
matrices that have rarely been compared.

We show how the most central formats SSS and HSS can be
adapted to symbolic computation, where the exact rank replaces
threshold based numerical ranks. We clarify their links and compare
them with the Bruhat format. To this end, we state their space and
time cost estimates based on fast matrix multiplication, and compare
them, with their leading constants. The comparison is supported
by software experiments.

We make further progresses for the Bruhat format, for which we
give a generation algorithm, following a Crout elimination scheme,
which specializes into fast algorithms for the construction from a
sparse matrix or from the sum of Bruhat representations.
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1 INTRODUCTION

Quasiseparable matrices arise frequently in various problems of
numerical analysis and are becoming increasingly important in
computer algebra, e.g. by their application to handle linearizations
of polynomial matrices [2]. Structured representations for these
matrices and their generalisations have been widely studied but
to our knowledge they have not been compared in detail with
each other. In this paper we aim to adapt SSS [9] and HSS [5, 16],
two of the most prominent formats of numerical analysis to exact
computations and compare them theoretically and experimentally
to the Bruhat format [22]. These formats all have linear storage
size in both the dimension and the structure parameter. We do not
investigate the Givens weight representation [7] as it strongly relies
on orthogonal transformations in C, which is more challenging to
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translate in the algebraic setting. See [13, 26, 27] for an extensive
bibliography on computing with quasiseparable matrices.

DEFINITION 1.1. Ann X n matrix A is s-quasiseparable if for all
k € [1,n]), rank(A; g g+1.n) < s andrank(Agiq 1) < 5.

Complexity bound notation. We consider matrices over an abstract
commutative field K, and count arithmetic operations in K. Our
comparison focuses on the leading term in the complexities, namely
a function Tyxx(n,s) such that running Algorithm XXX with pa-
rameters (n,s) costs Txxx(n, s) + o(Txxx(n, s)) asymptotically in n
and s. We proceed similarly for the space cost bounds with the
notation Sxxx (n, s). We denote by w a feasible exponent for square
matrix multiplication, and C,, the corresponding leading constant;
namely, using above notation, Ty(n) = C,n®. The straightforward
generalization gives Tuy(m, k, n) = C,,mnk min(m, k, n)“’_3 for the
product of an m X k by a k X n matrix.

1.1 Rank revealing factorizations

Space efficient representations for quasiseparable matrices rely on
rank revealing factorizations: a rank r matrix A € K™*" is repre-
sented by two matrices L € K™*",R € K"*" such that A = LR. In
exact linear algebra, such factorizations are usually computed using
Gaussian elimination, such as PLUQ, CUP, PLE, CRE decomposi-
tions [8, 15, 25], which we will generically denote by RF.

Cost estimates of the above factorization algorithms are either
given as O(mnr®~2) or with explicit leading constants Tgr (m, n, r) =
Kn® under genericity assumptions: m = n = r and generic rank
profile [8, 15]. We refer to [21] for an analysis in the non-generic
case of the leading constants in the cost of the two main variants
of divide and conquer Gaussian elimination algorithms. We may
therefore assume that Trr (m, n, ) = Cremnr®~2 for a constant Crr,
for w > 1+log, 3, which is the case for all pratical matrix multipli-
cation algorithm. Note that for w = 3, these costs are both equal to
2mnr. Unfortunately, the non-predictable rank distribution among
the blocks being processed leads to an over-estimation of some
intermediate costs which forbids tighter constants (i.e. interpolat-
ing the known one K3 = 2/3 in the generic case). The algorithms
presented here are still valid for smaller values of w, but for the
sake of clarity, we will not state their more sophisticated constants.

Our algorithms for SSS and HSS can use any rank revealing
factorization. On the other hand, the Bruhat format requires one
revealing the additional information of the rank profile matrix, e.g.
the CRE decompositions used here (See [8]).

THEOREM 1.2 ([8, 17]). Any rank r matrix A € K™*" has a CRE

decomposition A = CRE where C € K™*" and E € K™*" are in
column and row echelon form, and R € K'*" is a permutation matrix.

The costs related to Bruhat generator therefore rely on constants
Crr from factorizations allowing to produce a CRE decomposition,
like the ones in [21].
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Table 1: Summary of operation and storage costs

w=3
SSS HSS Bruhat SSS HSS Bruhat

Storage 7ns 18ns 4ns 7ns 18ns 4ns
Gen. from Dense 2Crrn2s®2 2 Crpn?s®@ ™2 Cren?s©@~2 4n%s  16n’s 2n2s
X Dense block vector(n X v) 7Cnsv® 2 18C, nsv® 2 8C,, nsv® 2 14nsv  36nsv 16nsv
Addition (10 + 2°)Cpyns® 1 %Cw + 2CRF) ns®~llogn/s | 36ns? 24ns?logn/s
Product (31 +2°)Cpns®~1 78ns?

Ay o AN

1.2 Contributions

In Section 2 we define the SSS, HSS and Bruhat formats. We then
adapt algorithms operating with HSS and SSS generators from the
literature to the exact context. The HSS generation algorithm is
given in a new iterative version and the SSS product algorithm
has an improved cost. We focus for SSS on basic bricks on which
other operations can be built. This opens the door to adaptation
of fast algorithms for inversion and system solving [3, 4, 10] and
format modeling operations such as merging, splitting and model
reduction [4]. In Section 3.3 we give a generic Bruhat generation
algorithm from which we derive new fast algorithms for the gener-
ation from a sparse matrix and from a sum of matrices in Bruhat
form.

Table 1 displays the best cost estimates for differents operations
on an n X n s-quasi-separable matrix in the three formats presented
in the paper. The best and optimal storage size is reached by the
Bruhat format which also has the fastest generator computation
algorithm. However, this is not reflected in the following opera-
tion costs as applying a quasiseparable matrix to a dense matrix
is least expensive with an SSS generator and addition and product
of n X n matrices given in Bruhat form is super-linear in n. We
notice in Proposition 2.5 that HSS is twice as expensive as SSS and
gives no advantage in our context. We thus stop the comparison
at the generator computation. We still give in Table 1 the cost of
quasiseparable X dense product which is proportional to the gener-
ator size [16]. We complete this analysis with experiments showing
that despite slightly worse asymptotic cost estimates, SSS performs
better than Bruhat in practice for the construction in Section 3.5
and the product by a dense block vector in Section 4.3.

2 PRESENTATION OF THE FORMATS
2.1 SSS generators

Introduced in [9], SSS generators were later improved indepen-
dently in [10] and [4] using block-versions, which we present here.
In particular, the space was improved from O(ns?) to O(ns).

An s-quasiseparable matrix is sliced following a grid of s X s
blocks. Blocks on, over and under the diagonal are treated separately.
On one side of the diagonal, each block is defined by a product
depending on its row (left-most block of the product), its column
(right-most block), and its distance to the diagonal (number of
blocks in the product).

DEFINITION 2.1. LetA = € K™*" ywith txt blocks

Ang - ANN
Ajj fori,j < N and N = [n/t]. A is given in sequentially semi-
separable format of order t (t-SSS) if it is given by the t X t matrices
(P, Vi)ie2.N]» (Qis Udicpi,N—-1]» (Ris Wh)ie[a,N—1] » (Di) ie 1N St

PiRi—1...Rj+10Q; ifi > j
Aij= D; ifi=j (1
UiWiy1 ... Wj—1V;  otherwise

PROPOSITION 2.2. AnynXn s-quasiseparable matrix has an s-SSS
representation. It uses Ssss(n, s) = 7ns field elements.

Proor. Direct consequence of Proposition 3.1. m]

2.2 HSS generators

The HSS format was first introduced in [6], although the idea origi-
nated with the uniform H -matrices of [12] and in more details with
the H2-matrices of [14], with algorithms relying on [24]. The H?
format is slightly different from HSS, more details in [13].

The format is close to SSS (see Proposition 2.4) as the way of
defining blocks is similar. Yet, the slicing grid is built recursively
and the definition of blocks product depends on the path to follow
in the recursion tree. Also, both sides of the diagonal are treated
jointly and the format is therefore less compact, which as will be
shown makes HSS less efficient.

The structure is complex and notations differ in the literature. We
made the following choices: we avoid the recursive tree definition
inherited from the Fast Multipole Method [6] and thus only consider
constant-depth recursive block divisions. We made this choice to
focus on linear algebra and quasiseparable matrices with no pre-
requisites (no notion of where the rank is). For the same reason
we focus on uniform subdivisions. Most literature on HSS uses non-
uniform grids in order to adapt to matrices with a structure within
the quasiseparable rank structure [6]. Despite being more general,
this adds confusion which is not needed in our case.

We use a notation similar to [28] with transition matrices.

DEFINITION 2.3. Let A € K™*" and the uniform block divisions

Akra o Aggak
A= : : . (2)
A A

fs2k1 T ek ok

A is given in hierarchically semi-separable format of ordert (t-HSS) if
it is given by the txt matrices (Uk.;, Vk.i» Di) ie[LN]’ (Riesi» Wi ke [2.K]
ie1,2¥]
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and (Bk;i)ke[[l,K]] with N = [n/t] and K > log N such that for
ie[1,2F]
i € [1,N], Ak.i; = Di and if we define recursively for k from
K—-1tolandie [1,2%], Uy; = Ukst:2i-1Rern;2i-1 and Vi.; =
’ Uk+132iRic+1521 ’

[Wier12i-1Vier1:2i-1 Wee12iVier1.21] then

Agpi-12i =  Uk2i-1Br2i-1Vk2i 3)
Appizi-1 = Ukp2iBriVii-1

The HSS generator can be seen as a recursive SSS generator with
two differences : the use of the B matrices, and the distribution of the
translation matrices. The similarity is made clear in Proposition 2.4.

ProrosiTION 2.4. Let Uk;, Vi, Dis Ric;i» W,i» B;i for appropriate
k < K,i < 2K a t-HSS generator for A. Let I, ] € [1,2K] and k the
highest level of recursion for which Ak.1 y is not included in a diagonal
block. For iy = [I/2K7%=1] iy = |1/2K7k] and j; = |J/2K-*1]
we have

Ak.1.) = UkiaRK. - Rieq 150, Brsig Wi 1, - Wi Vi g - (4)
Proor. By induction on Equation (3). O

PROPOSITION 2.5. Any n X n s-quasiseparable matrix has a 2s-HSS
representation. This is the optimal block parameter and the represen-
tation uses Syss(n, s) = 18ns field elements.

Proor. Consequence of Proposition 3.2. For optimality let A be
s-quasiseparable given in t-HSS form. We use Proposition 2.4:

Uk 3Rk
K;3 K’3:|H (5)

[Ak3.41.2 Aks.as.6] = [UK-4RK'4

where H € K***_ The quasi-separability of A bounds the rank
of the left part of Eq. (5) by 2s while the one of the right side is
bounded by t. When the first bound is tight we get t > 2s. O

2.3 Bruhat generators

The Bruhat generator was first defined in [20, 22]. Contrarily to
SSS and HSS, it does not use a pre-defined grid but relies on the
rank profile information contained in the rank profile matrix [8] of
the lower and upper triangular parts of the quasiseparable matrix.
Recall from [22] that a matrix is t-overlapping if any subset of
t + 1 of its non-zero columns (resp. rows) contains at least one
whose leading non-zero element is below (resp. before) the trailing
non-zero element of another. We call J,, the anti-identity matrix of
dimension n and define the Left operator [ : K" — K" g ¢,
ifi+j<n
otherwise

7 (A); = {A(l)’] (6)
DEFINITION 2.6. An n X n matrix A is represented in t-Bruhat
format if it is given by a diagonal matrix D € K"*" and 6 matrices
¢ R gL W) W) EW) yyhere CF) € K™ and C(U) €
K™ are in column echelon form and t-overlapping, EL) e KX
and EWY) € K®*™ are in column echelon form and t-overlapping and
R e kwxu RWU) ¢ K¥XV gre permutation matrices and satisfy

A=D+],V7 (CWRBED) +[7 (¢ RVIEW)) g,
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PROPOSITION 2.7. Any n X n s-quasiseparable matrix has an s-
Bruhat representation. It uses Sgruhat (n,s) = 4ns field elements
which is optimal.

Proor. By [22, Theorem 20]. As 2ns coefficients are necessary
to represent all rank s triangular matrices, 4ns is optimal. O

3 CONSTRUCTION OF THE GENERATORS

3.1 SSS generator from a dense matrix

We recall in Algorithm DENSETOSSS the construction of an SSS
generator from a dense s-quasiseparable matrix A € K™*". 1t is
adapted from [4, §6.1] and [10, Alg. 6.5] where the SVD based
numerical rank revealing factorizations are replaced by RF.

The blocks D; are directly extracted from the dense matrix in
Line 3. Each block-triangular part is then compressed independently.
Each step eliminates a chunk made of a block-row of A and a
remainder from the previous step. The result is three blocks of the
generator and a remainder to be eliminated at the subsequent step.

Algorithm 3.1 DENSET0SSS

Input: A an n X n s-quasi-separable matrix with s < ¢
Output: P;, Qi, R, U, Vi, W;, D; for appropriate i € [1, N] a t-SSS
representation of A

Ay o AIN Hyy -+ Hon

1. A= ,H=

—0

ANy ANN Hyi -+ HNN

2 fork=1...N—-1do
3: Dk‘_Ak,k

([gff] NVien Hk,k+2...N]) “ RF( Hk_l’kH'"N])

kol

A k+1...N

o

([Hk?;ﬁj\]k] , [Rk Pk]) — RF ([ His1..N.k-1 Aks1.Nk |)

6: DN :AN,N

PROPOSITION 3.1. Algorithm DENSETOSSS computes a t-SSS gen-
erator for an s-quasiseparable matrix (s < t) in TpenseTosss (1, t) =
2Cren®s® =2 field operations.

Proor. For k € [1,N — 1], the dimensions of the output of
Lines 4 and 5 are sufficient since the input of the factorisation is
a concatenation of a block of A with a rank-revealing factor of
another block of A on the same side of the diagonal, and is hence
of rank at most s.

Leti, j € [1,N]. If i = j Line 3 for k = i gives D; = A;;. If i < J,
Line 4 gives

Wj-1Vj = Hj-2,; ™)
WiHy j = Hy_1j (ke[1j-2] 8)
UiH; j = Aij (i< N) 9)
UiVis1 = Aiin (10)

which combines to UjWj41 ... Wj—1V} = A; j. The same way, if i > j
then P;R;_1 .. -Rj+1Qj = Ajj.
The cost is 22’:_11 2Tre (¢ (N — k), 2t,'s) = 2Cgpn®s® 2. ]
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3.2 HSS generator from a dense matrix

The first construction algorithm for a general quasiseparable ma-
trix is presented in [6]. We present in Algorithm DENSETOHSS an
iterative version of the faster and simpler algorithm of [28].

Each step of the loop on k passes block-row-wise and block-
column-wise on the matrix inherited from the previous step, fac-
torising block rows and block columns two by two. At each step
each block is hence factorised twice, producing transition matrices
R and W, the remainder being either passed to the following step
or finally stored as a B matrix.

Algorithm 3.2 DENSETOHSS

Input: A an n X n quasiseparable matrix of order s
Output: Uk.;, Vk.i> Di, Ri.i» Wi.i» B.; for appropriate k < K, i < 2k
a t-HSS representation of A with t > 2s
1 H— A > Use the block division of Eq. (2) with k = K
2z fori=1...2K do
3: D; «— AK;i,i
4 fork=K...1do
5: fori=1...2F do
> Ric+1.2i (resp. Wics1:2i ) has row (resp. column) dimension 0
Rit1:2i-1 z /
6 ([ Resyoi |’ [Hk;i,l...i—l Hk;i,i+1...2k] -
RF ([ Hrir..io1 Hrisr 2k 1)

H' . . H
kil..i- o ieli
o AV Wizier Wiz | | < RF Hk’l”" L
ksivt..2k i Ksivt..2k i

8: fori=1...2x"1 do

> All operations are in this loop

3

> Only renaming from here

% Brai1  Hlyi 1y

10: Brai <= Hily iy

11: forjzl...zk_l,j;&ido
7 /.

12: Hi_yj < Hk,%i_l’Zj ! Hléfzf_l’w }
k:2i,2j—1 k2i,2j
24 24
k:2j,2i-1 k:2j,2i

14: fori=1...2K do

15: Uk;i < Rk+12i-1

16: Vk;i — Wkt1,2i-1

PROPOSITION 3.2. Algorithm DENSETOHSS computes a t-HSS gen-
erator for an s-quasiseparable matrix if 2s < t in Cren?t® =2 field
operations. For t = 2s, this is TpenseToHss (1, 8) = 2©Cren?s®©~2.

ProoF. Let k € [1,K], i # j € [1,2K]. The dimensions of the
output in Lines 6 and 7 are sufficient since the matrices being
factorized are each time a concatenation of two blocks of rank at
most s and are hence of rank at most 2s < t. If |i — j| = 1, the
instructions give

Ryyq.9i—

Hy,ij = k+1;2i M Bri [Wies12j-1 Wisi2j] - (11)
Ry,

Otherwise,

_ [Rk+1;2i—l

44
Hy,j = Risrzs ]Hk;i,j [Wir12j-1 Werrzi] - (12)
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Letnow I, J € [1, N]. If I = J, Line 3 gives Dy = Ag.y j. Otherwise,
let k be the highest level of recursion for which Ak j is not included
in a diagonal block. From Line 1, Ag.1; = Hg.1 7. Equation (12) can
be used K — k times, together with Line 12 to get

44
Akiry = Revrar-1- - Revzsip Hiyy g 5 Wiezsj, - - Wierniz-1 (13)

where iy = [I/2K-k=2] i = [1/2K-k-1] j; = |J/2K-*-1] and
ja = 1J/2K7K"2]. Rgyr1-1, Wice127-1 and HY\y, j, can be re-
placed in Eq. (13) using Lines 15 and 16 and Eq. (11) (from the
definition of k we have |i1 — ji| = 1) in order to get Eq. (4); this
concludes the proof of correctness.

Line 6 at k < K and i peforms a rank revealing decompositions

on an input formed by the 2¢ x (i — 1)t block H; ,, . | and the
2tx2¢(2% —7) block Hy;iv1.. ok atcost Trr (IY(ZkJrl —1i), 2t,t). The cost

. . . 1 n k
is equal for Line 7. The overall cost is then Z::gf t le:l 4Crr (21 -
Nt < 4CRFn2t"’_2 < szRFnZSw—Z. [m}

Because the blocks of each side of the diagonal are defined by the
same matrices, Algorithm DENSETOHSS and any HSS construction
algorithm applies rank revealing factorisations on blocks with rank
bounded by 2s for s-quasiseparable matrices instead of s in Algo-
rithm DENSETOSSS. The optimal HSS block size of s-quasiseparable
matrices is thus 2s, which makes HSS less efficient in terms of stor-
age and operation cost.

As the costs are higher and HSS has the same drawbacks as SSS,
namely needing a fixed slicing grid and a previously computed
quasiseparability order, we do not detail more algorithms for HSS.
For information in the numerical context we mainly refer to [16, 23].
Note that faster construction algorithms exist, probabilistic in [18]
and with constraints on the input in [6].

3.3 Bruhat generator from a dense matrix

The construction of a Bruhat generator from a dense matrix is
achieved by [22, Alg. 12] run twice, once for each of the upper and
lower triangular parts of the input matrix, and the diagonal matrix
D is directly extracted from the dense matrix.

We give in Algorithm LBRUHATGEN an updated version of [22,
Alg. 12], where Schur complement computations are delayed until
they are needed. This allows for faster computations when the input
is not given as a dense matrix and will be used for computing the
sum of two matrices in Bruhat form and generators from a sparse
matrix.

Algorithm LBRUHATGEN can be as input a matrix under any
structured format, provided we have a way to compute for any
submatrix B of the input matrix

(1) CRE(B, G, H) a CRE decomposition of B— GH';

(2) for R a set of indices, Bg . and B, g the rows and columns

of B with indices in R.

We use the notation TRSM for TRiangular Solve Matrix: TRSM(L, A)

outputs L™!A for L triangular.

PRroposITION 3.3. An s-Bruhat generator can be computed from
annxn dense s-quasiseparable matrix in TpenseTos (1, $) = Crr n2s®=2,

Proor. Algorithm LBRUHATGEN is adapted from [22, Alg. 12];
we therefore refer to the proof of [22, Theorem 24] for its correct-
ness. Apart from the order in which they are made, the operations
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Algorithm 3.3 LBRUHATGEN

Algorithm 3.4 SPARSECRE

Input: A € K™*™ left triangular s4-quasiseparable
Input: G,H € Kmxt > t = 0 on the first call

Output: C,R,E aleft-Bruhat generator for A — Z¢ (GHT)

o [at 402 _[cWw 1
1: SplitA = [g(ﬂ) A ],G— [g<2)],H [Z(z)]whereA( ) e
KZ%%

2 Co, Ry, Eg — CRE(AUD), () F(1))
3: R < RRP(Cy); C < CRP(Ep);rp « #R
4 [U V] < E¢Qc¢ where U € K00 is upper triangular.

5: [ ]61] «— PgCy where L € K'0*"0 is lower triangular.
(12) (1) (2)T
6 X — Ag) G H®
7. BU2)  [7(TRSM (L, X)) g, > ALY = V(LB“Z) +G;€11H(2)T)

R,
4 @) _ AT
8: Y(—f*’c G HC,*
o B(2D) <—V(TR5M(UT, YT)) .
*s
21 T
> A»(«,c) = V(B(Z”U+G(2>H“>*,c)*,c
10: C1,R1, E1 <
21
LBruhatGen Ai,E)Ia*’ [c® B 1 & [Hg’ VT ])
11: Co, Ry, Ey «—
12 (
LBruhatGen (I*ﬁA%*)’I*ﬁ [GEU M] [ g® gaaT]

12: Py; « the permutation which sorts the rows of Ey and E; by
increasing column of pivot

13: Ppp < the permutation which sorts the columns of Cy and Cy
by increasing row of pivot

Co G Py,
14: C «— [B<21>R0T C1] [ 02 I

Ro T
Rz] [ ]
Ry

Ey R,TB12)
16: E [P‘” I] [El
E;

. Py"
15AR<—[ 02 I]

17: return C,R E

are the same in both algorithms when the input is dense and the
cost is hence the same. Computing a Bruhat generator from a dense
matrix is two applications of Algorithm LBRUHATGEN. The cost
satisfies:

Tieg(n,s) < CRF/4nzs“’_2 +2T1gg(n/2,s) < CRF/answ_Z. m]

3.4 Bruhat generator from a sparse matrix

In applications, matrices are often presented in a sparse structure.
In order to detect and/or harness their quasiseparable structure,
it is crucial to exploit the sparsity in the construction of the qua-
siseparable generators. For the construction of a Bruhat generator,
the generic algorithm Algorithm LBRUHATGEN can be applied on a
sparse matrix, provided two operations are specialized:
(1) the extraction of a subset of < s rows or columns into a
dense format, which is straightforward for a sparse matrix;
(2) the computation of a CRE decomposition, which is special-
ized in Algorithm SPARSECRE which in turn uses Algorithm
SPARSERANKPROFILES

Input: A € K™ ™ arank < s sparse matrix

Input: G,H € K™*?

Output: C, R, E such that A = CRE + GH"
1: R, C < SPARSERANKPROFILES(A, G, H)

[IR*] 0= IC I*C]

> With A1V e KIRXIRI rite P (A - GHT) Q = [

cO11gm1T
G o
5 MY — A0 _ 50 (g))T
& M2 402) _ ) (g@)T
5. M2 — 4D _ 5@ (g)yT
6: (L,R,U) « DenseCRE (M(ll))
7. C « TRSM(L, M(12)) »C=L"1 (A1 - GH®)
8 D « TRSM(A(ZD yT) > D= (A - @ gD)y-1
% E—|U R'C|QT

2: P=

A 4(2)
A1) A(zz)]

L
10: C e PT [DRT]

11: return (C,R,E)

Algorithm 3.5 SPARSERANKPROFILES

Input: A € K"™" a sparse matrix of rank < s.

Input: G,H € K™ dense matrices

Output: R4, Ca the row and column rank profiles of A — GH'

: T — a unif. random n X (s +t) Toeplitz matrix from S € K
T®) — a unif. random (s +t) x n Toeplitz matrix from S € K
: K H'TM

: Le—T?G

: P AT —GK

Qe T@A-LHT

: return RowRankProfile(P), ColRankProfile(Q)

N2y s Wy o

LEMMA 3.4. Algorithm SPARSERANKPROFILES is correct with prob-
ablity at least 1 — 2r/|S| and runs in Tsparserp(n, 1) = 2(Cyp +
Cre)nr®~1 + 2r|A| withr =t +s.

Proor. Applying the Toeplitz preconditioners in Lines 3 and 4

costs —O(r) which is dominated by nr© =1, O

ProposITION 3.5. Algorithm SPARSECRE computes a CRE decom-
position ofA—GHT with probability at least 1-2r [|S| in Tsparsecre (1, 7) =

(Zzﬁ—z__alcw + ZCRF) nr®~1 4 2r|A| field operations fors +t < r.

PROOE. Let p be the rank of A — GHT.
Tsparsecre (1, 7) = 2Tum(n, 7, 1) + Tere(p, p, p) + 2T1rsM(n — p, p)

+ Tsparserp(n, 1)

< nro! (4Cw + © S+ 2Crr | + 2r|Al.
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PROPOSITION 3.6. Algorithm LBRUHATGEN computes a Left-Bruhat
generator from an sparse s-quasiseparable matrix A € K™ in

Tspcen (1, s, |A]) = (%Cw + CRF) ns®~logn/s + 2s|A| field

operations with probability at least 1 — 2n/|S|.

Proor. First, remark that the G and H matrices correspond to
delayed Schur complement updates for pivots processed in the
previous calls. Hence, in every call to Algorithm LBRUHATGEN,
these pivots are located to the left, to the top or in the left-top
corner of the work matrix. The quasiseparable condition imposes
that there are t < 2s of them. Moreover, in the call to Algorithm
SpARSECRE, the ranks verify r4 + rg + t < s. Hence we can bound
t and write the cost of Algorithm LBRUHATGEN only in terms of
n the dimension of the matrix, s the initial quasiseparability order,
and | - | the amount of non-zero coefficients of the submatrices we
consider.

T(ns,|Al) < T(n/2,s1A2]) + T(n/2,s,|As])
+ TsparseCRre (n/2,s,1A1])
+ ZTMM(S, 2s, n/2) + 2T1RsM (S, n/2)
< T(n/2,5,]A2]) + T(n/2,s,|As]) + 25| A1

2w+1 -9 _

mcw + Crr ns® 1.
The failure probability is obtained by a union bound on the failure
probability of each of the n/s calls to Algorithm SPARSECRE. O

We are not aware of any similar algorithm for computing an SSS
or HSS generator using the sparsity of the input matrix and can
hence only compare our result to the quadratic generation from a
dense matrix.

3.5 Experimental comparison

To complement the asymptotic cost analysis, we present in Fig. 1
experiments comparing the computation time for the construction
of SSS and Bruhat generators. The timings for Bruhat are sub-
linear in s, as could be expected from Proposition 3.3 but also slightly
depends on r which comes from neglected costs arising e.g. from
the numerous permutations. The SSS cost is constant on our values
for reasons we are unable to explain yet. It is almost always lower
than the Bruhat cost. Yet remember that Algorithm DENSETOSSS
takes the quasiseparable order as input, so it has to be computed
first (for example with Algorithm LBRUHATGEN).

4 APPLICATION TO A BLOCK VECTOR

We study here the application of an s-quasi-separable matrix A €
K™ given by its generators (SSS or Bruhat) to a block of v vectors
B € K™ We give the costs for v < s (they can be otherwise
deduced by slicing B in blocks of s columns).

4.1 SSS x dense

We here recall the algorithm of [4, §2] for computing the product
of an SSS matrix with a dense matrix (independently published
in [10, Alg. 7.1]). For simplicity, Algorithm LowSSSXDENSE only
details the computations with a strictly lower-block-triangular SSS
matrix, that is a matrix whose SSS representation is zero except
for the P;, Q; and R;. Extrapolating from there to the product with
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any SSS matrix can be done by transposing the algorithm for the
upper-block-triangular part, and adding the product with the block-
diagonal matrix made of the D;.

Algorithm 4.1 LowSSSXDENSE

Input: P;,Q;, R; for i € [1,N] an s-SSS generator for a strictly
lower-block-triangular matrix A; B and C dense n X v matrices

Output: C+=AB

By C1

:[,C=1: [insxsblocks

By CN

: Hy < 018

:fori=2...Ndo

H; < QiBi + RiH;—1

Ci «— Ci+ P;H;j_4

1: Split B =

G W N

PropPosITION 4.1. The product of an nXn matrix given by its s-SSS
generator with an n X v dense matrix withv < s can be computed in
Tsxpense (7, 5,0) = 7Cwnsvw_2-

Proor. In Algorithm LowSSSxDENSE we have by induction that

1
forie [1,N],H; = ) Ri...Rj+1Q;B;. (14)
Jj=1
As the blocks of the product follow
i-1
Cj :PizRi71~-~Rj+leBjs (15)
Jj=1
H;_1 can be multiplied once by P; to compute C; and once by R;
to compute the following blocks. The cost is N X C,s20° ™2 for the
diagonal blocks and two applications of Algorithm LowSSSXDENSE
in which each step costs 3C,,s%0® 2. O

4.2 Bruhat X dense

PROPOSITION 4.2. The product of an n X n matrix given by its s-
Bruhat generator by a dense n Xv matrix withv < s can be computed
in Taxpense (1, 5,0) = 8Cgonso® 2.

Proor. This is given by [22, Alg. 14] called twice on the lower
and upper triangular part of the quasiseparable matrix. O

Note that in order to benefit from fast matrix multiplication, the
Bruhat generator (using 4ns space) needs to be transfered into a
Compact-Bruhat form, by storing each echelon from into two block
diagonal matrices using twice as many field elements (additonal
ones being zeros). This compression can be done online, hence the
space storage remains 4ns, but the cost of the product by a dense
matrix becomes 8C,,nst~2 hence losing the advantage over the
SSS format (with cost 7C,,nsv® =2 for the same operation).

4.3 Experimental comparison

Experimental results are given in Fig. 2 (Appendix A). As expected
from Propositions 4.1 and 4.2 we obtain costs that are linear in s;
we can also observe the same slight dependance in r of the Bruhat
cost as in Section 3.5. On the parameters we chose, SSS is about
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four times faster than Bruhat. This can be explained by the com-
pactification of the Bruhat generator needed for the product. This
operation involves numerous data tranfers, non-negligible in prac-
tice, although they they do not appear in the cost of Proposition 4.2.

5 SUM OF QUASISEPARABLE MATRICES

The sum and product of two quasiseparable matrices of order sg
and sc are quasiseparable matrices of order at most sg + s¢. In this
section we show how to compute SSS and Bruhat generators for
the sum of two quasiseparable matrices.

The result we give in Proposition 5.1 for the sum of matrices
given in SSS form can only be used on two generators defined on
the same grid. This is a drawback of most operations in SSS which
is avoided with the Bruhat format. As a consequence, in a large
sequence of operations, the SSS grid size needs to be chosen accord-
ing to the maximal quasi-separability order among all intermediate
results, while the Bruhat always fits to the current quasiseparable
order. This can impact the overall cost. The slower original SSS
format of [9] avoids this issue, at the expense of multiplying space
and time costs by the quasiseparability order, as in [1, 2].

5.1 SSS sum

Consider two matrices B and C with the same order s. We first note
that the concatenation of the blocks of both input generators leads
to matrices which satisfy Eq. (1) for A = C + B [4, §10.2].

Let P;K),VI.(K),QI.(K), Ui(K),Rl.(K),WZ.(K),Di(K) for appropriate
i € [[1,N] be an s-SSS representation of K for K € {B,C}. The
following matrices satisfy Eq. (1) with A = B+ C:

(B) (B)
) R:
P,-:[Pi(B) P;c)],Q,.: ol Ri= %o (16)
1 L
(B) (B)
c v, W,
vi=|u® u©]vi= Jo ,Wi=[ o] @
11 1
p;=D® +p{® (18)

Such sets of matrices with these dimensions satisfying Eq. (1) will
be called an (s, 25)-SSS generator for A. The granularity of their
description remains that of s X s blocks, but the dimension of the
matrices in the representation is doubled and leads to a suboptimal
storage size. A second step therefore uses Alg. SsSCOMPRESSION to
form a 2s-SSS generator and reduce the storage size by 4s(n — 2s).

PROPOSITION 5.1. A 25-SSS representation of B+C € K™ can be
computed from s-SSS representations of B and C in time Ts+s(n,s) =
(10 + 29) Coons® 1.

ProoF. For any s X s block A; j of A= B+ C, it can be checked
that the representation in the output of Algorithm SssCOMPRESSION
called on the generator of Section 5.1 matches. The additions of
Eq. (18) are dominated by the call to Algorithm SssCoMPRESsSION
whose cost is of M steps with four 2s X 2s by 2s X s products, two
2s X 2s square products, and two s X 2s by 2s X s products. O

Note that the (s, 25)-SSS generator is intermediate between the
SSS form and the original definition of quasiseparable matrices
given in [9], where the generators are s X s matrices but the granu-
larity of the description is of dimension 1.
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Algorithm 5.1 SsSCOMPRESSION

Input: P;, Qj, R, Uj, Vi, W;, D; for appropriate i € [1, N], an (s, 2s)-
SSS generator for A € K™
Output: Pi’, Ql’.,Rl'., Ui” Vi/’ VVL.’,D; for appropriate i € [1,M], a 2s-
SSS representation of A with M = [N/2]
1: fori«—1...Mdo

2: P/ —
3 Qf — [ReiQai-1 Quil
4: Rl'. «— RyiR9i—1
Uzi—1W2i]

Uzi
6: V) [V2i—1 WZi—IVZi]
7 W e Wo Wy
[ Dai—1 U2i—1V2i]
P2iQ2i-1 Dy

5: Ull — [

8: D) «

i

5.2 Bruhat sum
As with SSS, the sum of two matrices in Bruhat form can be com-
puted by first concatenation of both generators, then by retrieving
the Bruhat format in a second step.

Given two left triangular matrices A and B given by Bruhat gen-
erators C(A),R(A), E(A), C(B),R(B), E(B), their sum indeed writes

R(A) E@A)
— A B
AvB=F(jew c®) ol [sm) 09

A Bruhat generator for the right side in Eq. (19) can be obtained
from a call to Algorithm LBRUHATGEN, viewed here as a compres-
sion algorithm. This relies on a specific CRE decomposition (Algo-
rithm BRUBATSUMCRE), and on having Dg , for D a submatrix of a
sum given as in Eq. (19) and R a set of row indices (Proposition 5.3).

Algorithm 5.2 BRUHATSUMCRE

Input: A,B € K™ of rank < r4 and < rp given by generators
c(A) R g(A) cB) gpB) EB) gt A = cCARMEM) and
B = CBIRBIE(B) which are submatrices of Bruhat genera-
tors of matrices comprising A and B
RA EMA)
1 €, R, ()  Densecre ([Rw)E(B) )
—_HT
4 CX) RX) EX) DenseCRE(X)
5: C — ccX)
6 R — RX)

Input: G,H € K™
2. C) RW) E(L)  DenseCRE ([ c) ¢® G])
7. E «— EXE®)

Output: C,R,E such that A+ B = CRE + GH'
3. X « RIDEL) cRIR(R)

ProposITION 5.2. Algorithm BRUHATSUMCRE computes a CRE de-
composition of A+ B — GHT in Tgsumcre (n,r) = (3C, + 2Cgr) nre =1
forra+rg+t<r.

Proor. The matrices C and E are in column and row echelon
form respectively as they are products of two echelon forms. The
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cost is that of two dense CRE decompositions of size nX (rq +rg+t)
and products of an n X (r4 + rp + t) matrix by two (rq +rp +1) X
(ra+rg+t)and one (r4 + rg +t) X n matrices. O

PROPOSITION 5.3. ForD € K"*" q submatrix of a the left-triangular

part of a sum as in Eq. (19) and R a set of s row indices, Dg , can be
computed in Tsunexp (N, $) = Cpons@™ 1L,

ProoF. There are at most s4 (resp. sg) pivots of A (resp. B) im-
pacting D. We can thus write D = CRE with C made of n rows and
sA + sg columns of [C(A) C(B)], R a permutation and E made of

n columns and s4 rows of E@ and SB TOWS of EB), o

PROPOSITION 5.4. The Bruhat form of the sum of two n X n matri-
ces of quasiseparable order s and sg inBruhat form can be computed

L9wW=2 _ _
inTg+g(n, s) = (92§J_2_18Cm + ZCRF) ns®~logn/s fors = sa +sp.

Proor. Each lower and upper triangular part is converted to a
left triangular instance and computed independently. Algorithm
LBRUHATGEN is then called twice with ¢ = 0 on an input matrix in
factorized form as in (19).

The proof is the same as for Proposition 3.5 except that in the
cost, the Tsparsecre terms are replaced by Tgryhatsumcre terms and
the rows and columns of the submatrices are computed at a cost
given by Tsymexp. Then we have

T(n,s) < 2T(n/2,s)+ Tgsuncre (n/2,) + 2Tsumexp(n/2,s, )
+2Twm(s, 25, n/2) + 2T1rsM(s, n/2)
L ow=3 _ 4 B
< 2T(n/2,s)+ v — Cy + Cre | ns®
for one call to Algorithm LBRUHATGEN. ]

6 PRODUCT IN SSS

The product of two matrices given in SSS form uses two tricks
we have seen previously. The first one is to start by computing an
(s, 25)-SSS representation before compression, as in the sum. Unlike
the sum, computations are needed in addition to concatenation
to get this representation. The second trick is to speed up these
computations by using a Horner-like accumulation as in Algorithm
LowSSSxDENSE. This accumulation will be done on both sides for
the computation of all necessary products A; By ; where A; . is
under (resp. over) the diagonal and By ; is over (resp. under) it.

Algorithm SSSxXSSS details these computations, using the G; and
H; as accumulators. It presents an improvement over the algorithm
of [4, §3] and [10, Alg. 7.2]: 4 products have been avoided at each
step by keeping them in memory in the T; and S;. They can also be
avoided in the numerical context.

THEOREM 6.1. Algorithm S55xSSS computes a 2s-SSS genera-
tor for the product of two n X n matrices given in s-SSS form in
Tsssxsss(m,s) = (31 +2?) Cons® 1.

Proor. Using Lines 2 and 4 for G; and Lines 10 and 14 for Hj,
induction on i shows that

i-1
G- 3,8 A0 U T o
k=1

Clément Pernet, Hippolyte Signargout, and Gilles Villard

Algorithm 6.1 SSSxSSS

Input: Forboth M € {A, B}, "™ M) RM) y M) (M) /(M)
Di(M) for appropriate i € [1, N] an s-SSS generator for M
Output: A 2s-SSS generator for C = AB
> All values not given as input are initialised to 0
1: fori«<1...Ndo
5 G — Q(A)U(B) +Ty (B)
3: T; « Rl( )Gl
s 8PV

(B)
s 0| @,
oWp® 41V,
(B)
R 0
6: R; «
P g@p®) g

no U |u® Dl.(A)Ul.(B) +s;w P
WA vy
1

1

8: W «
i o w(®

9: fori < N.
o SV
11: T; « Ul.(A>
12 Dy~ DDB L5y B 410
5 PC e [D@p® LR pA]
1w T wAH
v p® +Tin_(B>}
v(®

1

15: Vi «—

16: return SssCoMPRESSION((P;, Q;, R, Uj, Vi, Wi, Di)ie[[1,N]])

(A)1,(A) p(B) p(B) (B)
'Wk—IVk Pk Rk— <R (21)

N
Hi= ) wi
k=i+1
Combining these results with Line 3 for S;, Line 11 for T; and finally
Line 12, we get that D(C) Zlkvzl A;kBy; =Ci;.
When i < j, the products A; x By, j take five shapes: lower block
of A x upper block of B, diagonal block X upper block, upper x

upper, upper X diagonal and upper X lower. The equality
N
(C) /(O ©)y(©) _
Ul oW WV = N Ay (22)

and its counterpart when i > j can be checked with tedious but
straightforward calculations.

The cost is that of 21 products and 8 sums of s X s matrices at
each of the N steps and on call to Algorithm SssCoMPRESSION. O

Again the result of Theorem 6.1 is limited to matrices defined
on the same grid and the result always has the same storage size,
whatever its quasi-separability order. This is also true for product
with HSS generators in numerical analysis [23]. The Bruhat format
can avoid these issues, but to our knowledge no sub-quadratic algo-
rithm exists for the product of two Bruhat generators. The method
used for the sum in Section 5.2 opens the door towards a linear or
quasi-linear product algorithm using Algorithm LBRUHATGEN.
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A EXPERIMENTS

We report here on experiments of an implementation of algo-
rithms handling SSS and Bruhat generators over a finite field in
the fflas-ffpack library [11], at commit 33474b31aa. This library
provides efficient dense basic linear algebra routines, such as matrix
multiplication, TRSM and Gaussian elimination revealing the rank
profile matrix. It was compiled with the GNU C++ compiler g++ ver-
sion 9.3.0 and linked with the OpenBLAS library version 0.3.8! The
benchmarks are run on a single core of an Intel i5-i7300U@2.6GHz
running a Linux Mint-20 system.

For all experiments, the matrices have a fixed dimension n =
3000, over the finite field Z/131071Z. We draw the computation
times depending on the quasiseparability orders, on three type of
instances, indexed by a rank parameter r € {1000, 1500, 1750}. This
parameter informally measures the rank of the lower and upper
triangular parts. It is defined as the number of pivots in the left
triangular part of the rank profile matrix of JL and U], where L
and U are the lower and upper triangular part of the matrix. For a
given quasiseparability order, a larger rank parameter forces pivots
to be closer to the main diagonal.

Each point corresponds to the mean of the running times of 50
random instances with same parameters. Figure 1 compares the
running times for the generation from a dense matrix. Figure 2
compares the running times for the product by a random dense
n % 500 block vector, using the same generators.

We did not consider in these experimental comparisons the
straightforward divide and conquer formats such as RRR [22] or
H [13], for they incur at least a logarithmic overhead in their cost
estimates. However recent work by [19] suggests that these formats
may be competitive for small dimensions, as this overhead may be
compensated by a smaller leading constant.
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