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Abstract

We show that certain matrices built from Vandermonde matrices are of full rank. This result
plays a key role in the construction of the “limit theory of generic polynomials”.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Let V =V, (x1,...,x,) denote the n x (d + 1) Vandermonde matrix built from
the complex numbers xi, ..., x, (thatis, V;; = xij _1). The main purpose of this note
is to prove the following result.

Theorem 1.1. Let n, r and d be three positive integers. Let A be anr x (d + 1)
matrix with entries in an algebraically closed field K C C. Let x = (xq, ..., x,) be
a vector of n distinct elements of C \ K.

If A has rank r then the (n +r) x (d + 1) matrix

Vi A) = [Vd(xl,A..,xn):|

has rankn +r as soonasd +1 > n(r +1).

One may of course assume without loss of generality that K is the algebraic clo-
sure of the extension of (2 generated by the entries of A.
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This theorem and Theorem 1.2 below (a kind of nonlinear version of Theorem 1.1)
play a key role in the construction of the “limit theory of generic polynomials”.
Readers interested in this model-theoretic construction may consult [1-4].

Theorem 1.2. There exists a function ¢ : N2 — N such that the following property
holds for anyr > 1, anyn > 1 and any D > ¢(r, n).

Let V be an algebraic subset of CP of codimension r, defined over an alge-
braically closed subfield K C C. Given two sequences x = (xq,...,X,) and y =
(V15 - -+, yn) of complex numbers, denote by W(x, y) the affine subspace of all o in
CP satisfying the system of equations ZjD=1 xijozj =y i=1,...,n). Then VN
W(x,y) # D if x and y satisfy the following two conditions:

(1) The x;’s are pairwise distinct and all lie outside K.
(ii) There exists uy € {x1, Y1}, ..., Uy € {xu, yn} such that (uy, ..., u,) is of tran-
scendence degree n over K.

An equivalent formulation of condition (ii) (the “marriage condition”) can be
found in [1]. Theorem 1.1 implies that one may take ¢(r,n) =n(r + 1) if we
restrict our attention to algebraic subsets V which are affine subspaces (set d =
D — 1). Moreover, there is no need for condition (ii) in this case. As pointed out
in Section 1.1, this condition is nevertheless necessary in the general case.

The remainder of this note is organized as follows. Section 2 is devoted to some
special cases. In particular we show that Theorem 1.1 is tight for all values of n and
r. As explained in Section 1.1 below, this implies that the function ¢ in Theorem 1.2
must satisfy the condition ¢ (r, n) > n(r 4+ 1). We then propose two different proofs
of Theorem 1.1. The first one in Section 3 relies on dimension arguments. An alter-
native proof in Section 4 is based on methods from the theory of linear recurrences.
The latter proof does not use any special property of the field of complex numbers
besides its algebraic closedness, so that Theorem 1.1 holds in fact for any algebra-
ically closed field. The first proof uses the fact that C has infinite transcendence
degree, but this is not a real restriction because any field can be embedded in a field
of infinite transcendence degree.

1.1. Remarks on Theorem 1.2

We have seen that one may take ¢ (r, n) = n(r + 1) for affine subspaces, which
yields the bound D > 4 forn = 2 and r = 1. Without condition (ii) this bound is not
valid for arbitrary algebraic subsets of codimension 1. Indeed, let D = 4 and let V
be the hypersurface ojoes — a3 = 1. Let x1 be a transcendental number (in fact it
would be enough to have x; # 0). Set x, = —x; and y; = y» = 0. One can check
that VY W(x, y) =0.

We now generalize this construction to higher values of D. This shows that
Theorem 1.2 would not be true without condition (ii). We keep y; = y» = 0 and
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x3 = —x1. Let Py(X) and Q4 (X) be the two polynomials Zi';l ;i X'~ and
Zil ai(—X)i’l. Their resultant R(«q,...,ap) is a nonzero polynomial in
o1,...,ap (this follows for instance from the fact that the polynomials

XP14+X+1 and (=X)P~' — X +1 have no common root). Let V be
defined by the equation R(«q,...,ap) =1. We claim that VN W(x, y) = 0.
Indeed, for any o € W(x, y) we have P,(x1) = Qu(x1) = 0 since x1 # 0. Since
P, and Q4 have a common root one must have R(«) = 0, hence a¢V.

Let d =n(r + 1) — 2. In Proposition 2.4 we show that there exists a vector
(x1, ..., x,) of distinct transcendental numbers and an r x (d + 1) matrix A of rank
r with rational (even boolean) entries such that V(x, A) has rank n + r — 1. This
implies that Theorem 1.2 fails for D = n(r 4+ 1) — 1. Indeed, let (yq, ..., y,4+-) be a
vector of complex numbers which are algebraically independent over Q(x1, ..., x;).
Let K be the algebraic closure of Q(y;,+1, - .., Yntr) and let V be the affine subspace
of CP defined by the system of equations A = (Yp41, ..., Yusr) . The sequences
(x1,...,xy)and (yy, ..., y,) satisfy conditions (i) and (ii), but still V. N W = @. To
see this note that € V N W is equivalent to the satisfaction of a system of equations
of the form V'a = (y1, ..., yo4r)T where V' has its entries in Q(x1, ..., x,) and
same rank as V (x, A). This system is not satisfiable since the transcendence degree
of (¥1, ..., Yuar) over Q(xy, ..., x,) is higher than the rank of V.

2. Some special cases

In this section we assume as in Theorem 1.1 that the field K is algebraically closed.
In the case of algebraically independent x;’s we can prove the main theorem with an
improved (and optimal) bound: d > n 4+ r — 1. We need a very simple but crucial
lemma.

Lemma 2.1. Given x € C, denote by vy(x) the vector (1, x, xZ . xh of cétl,
For any proper linear subspace E C CH vy(x) € E for at most d values of x.
Moreover, if E is defined over a field k C C these values of x are in the algebraic
closure of k.

Proof. We may assume without loss of generality that E is a hyperplane. The condi-
tion vy (x) € E is equivalent to P(x) = 0, where P € k[X] is a nonzero polynomial
of degree at mostd. [

Theorem 2.2. Ifxy, ..., x, are algebraically independent over K, V (x, A) has rank
n—+rassoonasd >n+r —1.

Proof. By induction on n. For n = 1, since A is of rank r, V(x, A) can fail to be
of rank r + 1 only if vy (x]) belongs to the subspace of C¢*! spanned by the rows of
A. By Lemma 2.1, this would imply x; € K.
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Induction step: assume that n > 2 and that the result is true for n — 1. It follows
from the induction hypothesis that the n — 1 + r last rows form a minor of V (x, A)
of rank n — 1 4 r. Hence V (x, A) can fail to be of rank n + r only if v;(x1) belongs
to the subspace of C?*! generated by the last n — 1 4 r rows. By Lemma 2.1, this
would imply that x; belongs to the algebraic closure of K(x2, ..., x,). U

A variation on this argument gives the same bound in a few other cases. For
instance, we have the following result.

Proposition 2.3. Let P € K[X] be a polynomial of degree at least two. If x1¢K,
V((x1, P(x1)), A) has rankr + 2 as soonasd > r + 1.

Proof. Consider the sequence (xx)x>1 generated by the iteration xxy; = P (xg).
Since x1¢K the same is true of all the elements of this sequence. This implies in
particular that these elements are pairwise distinct since P has degree at least 2.
Note also that the case n = 1 of Theorem 2.2 implies that V (x1, A) has rank » + 1.
Assume by contradiction that xj is a counterexample. This implies that v (x7)
belongs to the linear space E spanned by vy (x1) and the rows of A. More generally,
since xj is transcendental over K for any k > 1, vg (xx+1) belongs to the linear space
spanned by vg(xx) and the rows of A. We conclude by an immediate induction on k
that the vectors vy (xx) all belong to E. This is in contradiction with Lemma 2.1. [J

The conclusion of Proposition 2.3 does not hold for the degree one polynomial
P(x1) = —x1 and for several other functions f satisfying f o f = id. The following
matrices have rank 2, for instance if a and ¢ are algebraic numbers:

2 2
1 X1 x; 1 X1 X , 1 x| xlz
a a” ax ax| _ _ 2
1 X1 x| 1 cx1—a (cx1 —a) ’ 1 a lxl (@—x1)
-1 0 a c a 0 0 4

Our proof of the optimality of Theorem 1.1 is based on a generalization of the exam-
ple with P(x1) = —x1.

Proposition 2.4. Let n and r be two positive integers, d = n(r + 1) — 2 and let
K C C be an algebraically closed field. Then there is a vector x = (x1, ..., X,) of n
distinct elements of C\ K and an r x (d + 1) matrix A of rank r with entries in K
such that the (n +r) x (d + 1) matrix V(x, A) has rankn +r — 1.

Proof. Ifn = 1andifa (1 + r,d + 1) matrix has rank 1 + r then of coursed + 1 >
1+ r. Suppose now that n > 2 and let d = n(r + 1) — 2. Let x; be transcendental
over Kand b = exp(2imr/n). Let x = (x1, bxy, ble, e, b"‘lxl). Note that we use
the function f (x) = bx which satisfies f o ---o f = f" =id. The (r,d + 1) ma-
trix A is defined as follows: for every integer i between 1 and r the (i, ni) entry is 1
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and others entries are 0. Its rank is clearly r. Let Cy, ..., C4 denote the columns of
V(x, A):
_CO Cl te Cnfl Cn e Cnrfl Cnr T Cd ]
1 XI PRI xil_l 1 xil ... xilr_l 1 .x’llr PR ‘xld
L R A L Nt
Vix,A) =| - : :
1 b lxy - bx;l_1 X bx?r_l X bzxf
1
L 1 i

For every integer j € [0, n — 2] we have
-1 -2
7 Cr =TV Crn = TP Clian = - = X Chirmtn = Clarn.

Thus it is easy to check that a basis of the space spanned by the columns is
Co,Ct,...,Ch-1,C20—1,C3p—1,...,Cry—1 and that the rank of V(x, A) is
n+r—1 10

3. First proof of the main theorem

Let D(n,r) = n(r + 1) — 1 be the bound in the statement of Theorem 1.1. Call
.o/ (n, r,d) the assertion which is to be established for d > D(n, r). The case n =
1 was taken care of in Theorem 2.2. Note also that the theorem still makes sense
for » = 0: in this case V(x, A) is just an n x n Vandermonde matrix. We there-
fore fix two integers n, r such that n > 2 and r > 1. Our induction hypothesis is
that .o (n’, r’, d’) holds for all triples (n’, r’,d") such thatn’ +r' < n +r andd’ >
D(n’, r"). Our first goal is to show that ./ (n, r, d) holds for d = D(n, r).

Assume by contradiction that V (x, A) is a counterexample, i.e., has rank at most
n+r — 1. Assume also without loss of generality that K is the algebraic closure
of the extension of @ generated by the entries of A. Since D(n,r) > D(n — 1, r),
by induction hypothesis the last n +r — 1 rows of V(x, A) form a minor of rank
n +r — 1. The first row vy (x1) of V(x, A) thus belongs to the linear space spanned
by the last n 4+ » — 1 rows. We consider now r “copies” y(]), el y(r) of x which are
independent over K. More precisely, we assume the following two properties:

(i) yV) = (yl('j), R y,(,j)) has same type over K as x = (xq, ..., Xp).
In field-theoretic terminology, this means that there is an isomorphism of fields

from K(x,...,x;) to K(y{j), e, y,(zj)) which leaves K invariant and maps
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) () o .. T,
X1ye-nXp Oy, Yy . Since xp,...,x, are distinct, this implies in
particular that yi] )y are distinet.
(i1) The n(r 4+ 1) components of x and its copies are pairwise distinct.

These r copies exist since xy, ..., x, are transcendental over K. It follows from
(1) that the first row vy (yfj )) of V( y(j ). A) belongs to the linear space spanned by
the last n + r — 1 rows, since the corresponding property is true of x. Let E be the
linear space spanned by the r +n — 1 last rows of V(x, A) and the corresponding
rows in the matrices V (y/), A) as j ranges from 1 to r. This space has dimension at
mostr + (r +1)(n — 1) <d + 1 sinced + 1 = n(r + 1). We have just shown that
v4(z) € E, where z is any component of x or of its » copies. There are n(r + 1) > d
such components, and they are pairwise distinct. This is in contradiction with Lem-
ma 2.1, and the proof of .«/(n, r, d) for d = D(n, r) is thus complete. To finish off
the proof of the theorem, we show by a second induction (on d) that .7 (n, r, d) also
holds for d > D(n, r). Assume therefore that .oZ(n, r, d — 1) holds. In order to show
that V(x, A) has rank n + r under the hypotheses of Theorem 1.1, we distinguish
two cases.

First case: the first d columns of A have rank r. We conclude from our second
induction hypothesis that the first d columns of V (x, A) have rank n + r, and this
must also be the rank of the whole matrix.

Second case: the first d columns of A have rank r — 1. Sinced — 1 > D(n,r) >
D(n,r — 1), we conclude from our first induction hypothesis that the first d columns
of V(x, A) have rank n 4+ r — 1. But the last column of V(x, A) does not belong to
the span of the first d columns since the same is true of A itself. The rank of V (x, A)
is therefore equalto 1l + (n +r — 1) =n +r.

4. A proof based on linear recurring sequences

This alternative proof will also give a slightly more precise result for » = 1 (see
Lemma 4.5 below). We rely on a generalization of linear recurring sequences. The
case r = | can be handled with the standard notion of a linear recurring sequence,
and the corresponding proof can be found in [5]. We recall that K is a subfield of C.
We do not need to assume that K is algebraically closed until Lemma 4.5.

Definition 4.1. Let ¢ be a nonzero vector in C". A sequence (A;)i>0 of vectors
in K" is a g-recurrent sequence of order n if one can find a polynomial f(X) =
fo+ fiX+ -+ fX" € C[X] such that

q" - (foAi + fidiz1 + -+ fuAizn) =0 Vi = 0. (1)

For r = 1 or for any fixed g, the set of the generating polynomials f is an ideal
that can be determined from the first 2n terms of the sequence (see for instance [6]
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or Corollary 5.6.3 of [7]). For r > 2, the set of all possible f in (1) contains an ideal
of K[ X] that can be determined from the first n(r + 1) terms:

Lemma 4.2. Let g be nonzero vector in C" and let (A;)i>o be a q-recurrent se-
quence of order n > 1 in K", where n is as small as possible. There exists a poly-
nomial ¢ € K[x] of degree m € [n, nr] such that

q" - (coAi + c1Ais1 + -+ CmAigm) =0 Vi > 0. )

Such a polynomial can be computed from the first n(r + 1) terms Ag, ..., Aue41)—1
of the vector sequence.

Note that by definition of a g-recurrent sequence, there exists a polynomial ¢
of degree m = n which satisfies (2). The point of the lemma is that we can find a
generating polynomial in K[ X] even though ¢ is in C". Note also that the fact such
a polynomial can be computed from the first n(r 4 1) terms of the sequence implies
in particular that we do not need to know the actual value of ¢ to compute c. Before
proving the lemma we illustrate these points on two examples.

Example 4.3. LetK = Q, Ay; = (%l),and Agiy1 = (g) .Letg = (\}2) andv; =
qT - Aj. The sequence (v;) ;>0 satisfies the linear recurrence v;y1 = \/Evj, but the

corresponding polynomial X — /2 is not in @[X]. By going from order 1 to order 2
we can find a generating polynomial in Q[X] since vj 2 = 2v;.

Example 4.4. Take againr =2and A; = (Zi ), where a; and b; are the coefficients
of the expansions at infinity

1 a;
a(x) = i xiil and
i>0
1 1 o 1 b;
b = S e T @+ﬁ+0<w> =D

i=0

For any o we have a(x) + ab(x) = 1/(x" — «) thus the minimal polynomial of the
sequence (qTA,-)i>o for gT =[1 «]is x* — . This example expresses the opti-
mality of Lemma 4.2 since only the 3nth term of b fixes the value of & and hence of
a generating polynomial.

Proof of Lemma 4.2. The construction of ¢ is the computation of a simultaneous
generating polynomial of degree lower than nr for the » component sequences of
(A;)i=0. This polynomial may be seen as a common multiple of at most r polyno-
mials of degree n in (1). It is therefore natural to introduce nr shifts of the sequence
and to work with the (r x 1)-block Hankel matrix
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AO Al e Anr—l Anr
Ay As T Anr Anr+1
%n,r — c Knrx(nr—i—]).
A2 Ap—1 - Ape+n-3  Ang+n-2
An—t An o o Apgrn—2  Angen-1

This matrix is constructed from the first n(r 4+ 1) terms of (A;);>0. We claim that
one can find the coefficients of ¢ from a vector in its kernel. We first notice that the
first n columns of 7, , are linearly independent. Otherwise, the Hankel matrix

uTAo uTAl e uTAn_l
uT A, utA, .. uTA,,
H,(n,n) = . . . e K™
MTA,,_l uTA,, s uTAzn_z

would be singular for any u in K”, therefore using (1) the infinite Hankel matrix
H, (n, co) would have rank less than n for any u and n would not be minimal as
assumed for u = ¢. Now, let ¢ = [co, ¢1, ..., Cm, 0, ..., 0 € K" *1 be a nonzero
vector in the kernel of ', , (n < m < nr). Such a vector exists since ', , has
a greater number of columns than of rows. The vector ¢ is in the kernel of
H,(n,m+ 1) € K™ +D for any u. In particular, the corresponding polynomial
¢ € K[X] is thus a generating polynomial for g. [J

Lemma 4.5. For d > n(r + 1) — 1 and any nonzero vector q € C" there exists,
under the hypotheses of Theorem 1.1, a submatrix of rank n + 1 made up of n + 1
consecutive columns of V (x, gT A).

Proof. Assume by contradiction that for some ¢ the determinants of all matrices
made up of n 4 1 consecutive columns of V (x, g A) are equal to zero. Let us expand
the determinant made up of columns i through i + n with respect to its last row. After
factoring out (x1x7 - - - x,)! we obtain the relation

Vog Ai + VigT A1 4+ + Vg Ay =0,

where Vj, ..., V, are cofactors of V(x, gTA) restricted to its first n + 1 columns.
This relation is nontrivial since V,, =detV,_1(x1,...,x,) #* 0. The sequence
(A;)o<i<a 1s thus g-recurrent of order n with minimal order greater than 1 (A has
rank ) and Lemma 4.2 provides a generating polynomial ¢ € K[X] for (T A;)o<i<a.
This implies that Vo + Vix + - - - + V,x" must be a multiple of a nontrivial divisor
of ¢ (for any ¢ the minimal polynomial is nontrivial). This yields a contradiction
since the roots xi, ..., x, of the first polynomial are all outside K and the roots of
the second polynomial must be in K. [

Proof of Theorem 1.1. If rankV (x, A) < n + r there must exist a ¢ such that rank
V(x,qTA) < n + 1. This is in contradiction with Lemma 4.5. [
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For r = 1, Lemma 4.5 gives a property stronger than Theorem 1.1 but does not
generalize to minors of higher dimensions, as shown by the following example with
r =2. Take n =1 and (for instance) d = 100. Take a;; identically O except that
ai,1 = land ap 50 = 1. Then no submatrix of V (x1, A) made up of three consecutive
columns has rank 3. Still, this matrix has rank 3 since the minor made of columns 1,
2, and 50 has rank 3 for any x; # 0.
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