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Abstract
One may consider that the algebraic complexity of basic linear algebra over an ab-
stract field K is well known. Indeed, if ω is the exponent of matrix multiplication
over K, then for instance computing the determinant, the matrix inverse, the rank or
the characteristic polynomial of an n×n matrix over K can be done in O (̃nω) oper-
ations in K. Here the soft “O” notation indicates some missing logarithmic factors.
The same complexity estimate holds for the solution of many other problems [2,
Chap. 16].

Over more concrete domains like K[x] or Z, the impact of data size—the degree
of the polynomials or the bit length of the integers—on the problem’s complexity is
much less known. Until recently it was considered that compared to nω, a typical ex-
tra factor n was involved in the costs. For instance the exact determinant and inverse
of a polynomial matrix of degree d are computed in O (̃n ·nωd) = O (̃nω+1d) opera-
tions in K using an evaluation/interpolation scheme or Newton’s iteration. The ex-
act determinant and inverse of an integer matrix are computed in O (̃nω+1 log ‖A‖)
bit operations by Chinese remaindering. For reducing the complexity, i.e. the data
size overhead, a main concern is to exploit the interplay of the algebraic structure
with the intermediate expression swell. Several authors have successfully addressed
the question during the last three years. Our aim is to survey these studies, espe-
cially around the determinant, the matrix inverse and matrix canonical forms.

New progresses for the determinant complexity have been obtained in [3, 6, 7].
It is now known that the determinant and the Smith normal form of a polynomial
matrix can be computed by a certified randomized algorithm in O (̃nωd) operations
in K [7]. We prove in [4] that the same operation count is valid for column reduction.
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The corresponding bit complexity estimate for computing the determinant and the
Smith normal form of an integer matrix is O (̃nω log ‖A‖) [8].

It is not clear how the reductions and equivalences between problems used
in algebraic complexity can be carried over to the polynomial and integer cases.
One may think in particular to the reduction of the matrix inversion problem to
the determinant problem in [1]. We thus do not know how to take advantage of
above cited new determinant algorithms for inverting a matrix. However, at least
for generic matrices, inversion can be addressed by a different approach. In [5] we
show that the inverse of a generic polynomial matrix of degree d can be computed
in O (̃n3d) operations in K. Asymptotically and up to the logarithmic factors, the
latter operation count is the size of the output.

We remark that the new complexity estimates O (̃nωd) and O (̃nω log ‖A‖) are
roughly the current estimates for polynomial or integer matrix multiplication. Also,
in [4] we show that computing the determinant of a polynomial matrix is somehow
harder than multiplying two polynomial matrices. Indeed, if there is a straight-line
program of length D(n, d) over K which computes the coefficient of degree d of the
determinant, then there is a straight-line program of length no more than 8D(n, d)
which multiplies two n×n matrices of degree d. Hence, two natural questions arise.
If MM(n, d) is the cost for multiplying two n×n matrices of degree d over K, which
problems can be solved in O (̃MM(n, d)) operations in K? If MM(n, log ‖A‖) is the
bit cost for multiplying two n × n integer matrices, which problems can be solved
in O (̃MM(n, log ‖A‖)) bit operations?
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