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We consider a family of random trees satisfying a Markov branching
property. Roughly, this property says that the subtrees above some given
height are independent with a law that depends only on their total size, the lat-
ter being either the number of leaves or vertices. Such families are parameter-
ized by sequences of distributions on partitions of the integers that determine
how the size of a tree is distributed in its different subtrees. Under some natu-
ral assumption on these distributions, stipulating that “macroscopic” splitting
events are rare, we show that Markov branching trees admit the so-called
self-similar fragmentation trees as scaling limits in the Gromov—Hausdorff—
Prokhorov topology.

The main application of these results is that the scaling limit of ran-
dom uniform unordered trees is the Brownian continuum random tree. This
extends a result by Marckert-Miermont and fully proves a conjecture by
Aldous. We also recover, and occasionally extend, results on scaling lim-
its of consistent Markov branching models and known convergence results
of Galton—Watson trees toward the Brownian and stable continuum random

trees.
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1. Introduction and main results. The goal of this paper is to discuss the
scaling limits of a model of random trees satisfying a simple Markovian branching
property that was considered in different forms in [5, 12, 15, 27]. Markov branch-
ing trees are natural models of random trees defined in terms of discrete fragmen-
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tation processes. The laws of these trees are indexed by an integer n giving the
“size” of the tree, which leads us to consider two distinct (but related) models, in
which the sizes are, respectively, the number of leaves and the number of vertices.
We first provide a slightly informal description of our results.

Let g = (gn, n > 1) be a family of probability distributions, respectively, on the
set P, of partitions of the integer n, that is, of nonincreasing integer sequences
with sum n. We assume that ¢,, does not assign mass 1 to the trivial partition (1)

qn((n)) <1 forevery n > 1.

In order that this makes sense for n = 1, we add an extra “empty partition” &
to Pi.

One constructs a random rooted tree with n leaves according to the following
procedure. Start from a collection of n indistinguishable balls, and with probabil-
ity g, (A1, ..., Ap), split the collection into p sub-collections with Ay, ..., A, balls.
Note that there is a chance ¢, ((n)) < 1 that the collection remains unchanged dur-
ing this step of the procedure. Then, re-iterate the splitting operation independently
for each sub-collection using this time the probability distributions g;,, ..., qx,.
If a sub-collection consists of a single ball, it can remain single with probability
q1((1)) or get wiped out with probability g1 (). We continue the procedure until
all the balls are wiped out. There is a natural genealogy associated with this pro-
cess, which is a tree with n leaves consisting in the n isolated balls just before they
are wiped out, and rooted at the initial collection of n balls. See Figure 1 for an
illustration. We let PZ be the law of this tree.

This construction can be seen as the most general form of splitting trees of
Broutin et al. [12], and was referred to as trees having the so-called Markov
branching property in [27]. There is also a variant of this procedure that con-
structs a random tree with n vertices rather than n leaves. This one does not need
the hypothesis g, ((n)) < 1 for n > 1, and in fact we only assume g;((1)) = 1 for
consistency of the description to follow. Informally, starting from a collection of n

FI1G. 1. A sample tree Ty1. The first splitting arises with probability q11(4, 4, 3).
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balls, we first remove a ball, split the n — 1 remaining balls in sub-collections with
Al, ..., Ap balls with probability g,—1((A1, ..., Ap)), and iterate independently on
sub-collections until no ball remains. We let Q! be the law of the random tree
associated to this procedure.

While most papers so far have been focusing on families of trees having more
structure, such as a consistency property when n varies [5, 15, 27] (with the notable
exception of Broutin et al. [12]), the main goal of the present work is to study the
geometry of trees with laws P orQl asn — oo ina very general situation. The
main assumption that we make is that, as n — oo,

“macroscopic” splitting events of the form n — (nsy, ns»,...) € P, for a non-
increasing sequence s = (s1, 52, ...) with sum 1 and such that 51 < 1 — ¢, for
some ¢ € (0, 1), are rare events, occurring with probability of order n™" v, (ds)
for some y > 0, for some finite “intensity” measure v;.

Note that the measures v, should satisfy a consistency property as ¢ varies, and as
& goes to 0, v, should increase to a possibly infinite measure v on the set of nonin-
creasing sequences with sum 1. This means that splitting events that only remove
tiny parts from a large collection of balls are allowed to remain more frequent
than the order »n~7. Under this assumption, formalized in hypothesis (H) below,
we show in Theorem 5 that a tree 7}, with law P{, considered as a metric space by
viewing its edges as being real segments of lengths of order n~7, converges in dis-
tribution toward a limiting structure 7,, ,,, the so-called self-similar fragmentation
tree of [25],

niVTn — Ty .
When y € (0, 1), a similar result (Theorem 6) holds when 7;, has distribution Q.

The limiting tree 7, , can be seen as the genealogical tree of a continuous model
for mass splitting, in some sense analogous to the Markov branching property de-
scribed above. The above convergence holds in distribution in a space of mea-
sured metric spaces, endowed with the so-called Gromov—Hausdorff—Prokhorov
topology. This result contrasts with the situation of [12], where it is assumed that
macroscopic splitting events occur at every step of the construction. In that case,
the height of T, is of order log n, and no interesting scaling limit exists for the tree.
A key step in our study will be to use the results from [26], where scaling limits
of nonincreasing Markov chains were considered: such Markov chains are indeed
obtained by considering the successive sizes of collections containing a particular
marked ball when going up in the tree 7},.

This general statement allows us to recover, and sometimes improve, many re-
sults of [14, 27, 28, 34] dealing specifically with Markov branching trees. It also
applies to models of random trees that are not a priori directly connected to our
study. In particular, we recover the results of Aldous [4] and Duquesne [18] show-
ing that the so-called Brownian and stable trees [2, 19, 20, 29] are universal limits
for conditioned Galton—Watson trees.
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More notably, our results entail that uniform unordered trees with n vertices, in
which each vertex has at most m € [2, oo] children, admit the Brownian continuum
random tree as a scaling limit. This was conjectured by Aldous [3] and proved in
[30] in the particular case m = 2 of a binary branching, using completely different
methods from the present paper. The difficulty of handling such families of random
trees comes from the fact that they have no “nice” probabilistic representations,
using, for instance, branching processes or growth models. As a matter of fact,
uniform random unordered trees do not even have the Markov branching property,
but it turns out to be “almost” the case, in a sense that will be explained below.

The rest of this section is devoted to a detailed formalization of our results.

Index of notation. Throughout the paper, we use the notation
N={1,2,3,...}, Zy ={0}UN, [n]={1,2,...,n}, neN.

The random variables appearing in this paper are either canonical or defined on
some probability space (2, F, P).

t plane tree, page 2593

t unordered tree, page 2594

T, set of trees with n vertices, page 2594
T?, set of trees with n leaves, page 2594

p(A)  number of parts of a partition A, page 2594
Pn set of partitions of n, page 2594
m (1) multiplicity of parts of A equal to j, page 2594

2% distributions of Markov branching trees indexed by leaves, page 2595
i distributions of Markov branching trees indexed by vertices, page 2596
T, tree with distribution P} or Q}, page 2591

dGH pointed Gromov—Hausdorft distance, page 2596
doup  pointed Gromov—Hausdorff—Prokhorov distance, page 2597

T set of isometry classes of compact rooted R-trees, page 2598

Ty set of isometry classes of compact rooted measured R-trees, page 2598
SV set of partitions of a unit mass, page 2599

T v (y, v)-fragmentation tree, page 2600

Tl set of trees with n vertices and at most m children per vertex, page 2604
Pxr set of partitions of B C N, page 2611

P set of partitions with variable size, page 2612

0 tree with edge-lengths, page 2617
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0 set of trees with edge-lengths, page 2617
T(9) R-tree associated to 8, page 2618
T R-tree associated to a tree t with edge-lengths 1, page 2618
D% death time of the block B in the process 7, page 2619
O(m(-), B) tree with edge-lengths associated with a partition-valued process,
page 2619
pB(m) exchangeable distribution on partitions of B associated with gy,
page 2622
1.1. Discrete trees. We briefly introduce some formalism for trees. Set N0 =
{2}, and let
U= JN"
n>0
For u = (u1,...,u,) € U, we denote by |u| = n the length of u, also called the
height of u. If u = (uy, ..., u,) with n > 1, we let pr(u) = (uy,...,u,—1), and
for i > 1, we let ui = (uy, ..., u,,i). More generally, for u = (uy,...,u,) and
v=(v1,...,0y)InU,weletuv = (uy,...,u,,vi,..., v,) be their concatenation.

For ACU and u € U, we let uA = {uv:v € A}, and simply let iA = (i)A for
i € N. We say that u is a prefix of v if v € ul{, and write u < v, defining a partial
order on U.

A plane tree is a nonempty, finite subset t C U (whose elements are called
vertices), such that:

e if u €t with |u| > 1, then pr(u) € t;
e if u € t, then there exists a number ¢, (t) € Z, (the number of children of u)
such that ui € t if and only if 1 <i <, (t).

Let ot = {u € t:c,(t) =0} be the set of leaves of t. ife®, ..., ¢® are plane trees,
we can define a new plane tree by

k
D, P =(zruJit®.
i=1

A plane tree has a natural graphical representation, in which every u €t is a
vertex, joined to its ¢, (t) children by as many edges. But t carries more informa-
tion than the graph, as it has a natural order structure. In this work, we will not
be interested in this order, and we present one way to get rid of this unwanted
structure. Let t be a plane tree, and 0 = (0, 1 € t) be a sequence of permutations,
respectively, o, € &, t). Foru = (u1,...,u,) €t, let

o (u) = (o), ow)2), 0u,u)U3)s -« oy Ouy,.uy1) Un))

and o () = . Then the set o (t) = {o(«) :u €t} is a plane tree, obtained intu-
itively by shuffling the set of children of u in t according to the permutation o,,.
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We say that t, t” are equivalent if there exists some o such that o (t) =t’. Equiva-
lence classes of plane trees will be called (rooted) unordered trees, or simply trees
as opposed to plane trees, and denoted by lowercase letter t’s. They are sometimes
called (rooted) Pdélya trees in the literature [16].

Given a tree t, we will freely adapt some notation from plane trees when dealing
with quantities that do not depend on particular plane representatives. For instance,
#t, #0t will denote the number of vertices and leaves of t, while &, ¢4 (t) will denote
the root of t and its degree.

We let T be the set of trees, and for n > 1,

T ={teT:#dt=n}, T,={teT:#=n)

be the set of trees with n leaves, respectively, n vertices. The class of {J} is the
vertex trec e € T1 = T?.

Heuristically, the information carried in a tree is its graph structure, with a dis-
tinguished “root” vertex corresponding to &, and considered up to root-preserving
graph isomorphisms—it is not embedded in any space, and its vertices are unla-
beled.

It is a simple exercise to see that if t® 1 <i <k, are trees, and t ©) is a choice of
a plane representative of t®) for each i, then the class of (t®), 1 <i < k) does not
depend on the particular choice for t ). We denote this common class by (t/), 1 <
i < k). Note that j () := (t) can be seen as the tree t whose root has been attached
to a new root by an edge, and similarly jl(t), for [ > 0, is the tree t whose root
has been attached to a new root by a string of / edges. For instance, j'(e) is the
line-tree consisting of a string with length /, rooted at one of its ends. Finally, for
trees t1, ... t®) and 1 > 1 we let

(D, A©) = (D, ),

SO jl(o) = (e); with this notation.

1.2. Markov branching trees. A partition of an integer n > 1 is a sequence
of integers A = (A1, ..., Ap) With Ay >---> A, >1and Ay +---+ A, =n. The
number p = p(}) is called the number of parts of the partition A, and the partition
is called nontrivial if p(X) > 2. We let P, be the set of partitions of the integer .
We also add an extra element @ to Py, so that P; = {(1), &}.

If (¢, c3, ...) is a finite or infinite sequence of nonnegative integers with finite
sum and j > 1, we define

mj(ci,c2,...) =#{i:ci=j},

the multiplicity of terms of ¢y, c3, ... that are equal to j. In particular, if A € P,,
m j () is the multiplicity of parts of A equal to ;.

By convention, it is sometimes convenient to set A; = 0 for i > p()), and to
identify the sequence A with the infinite sequence (A;,i > 1). Such identifications
will be implicit when needed.
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1.2.1. Markov branching trees with a prescribed number of leaves. In this
paragraph, the size of a tree t € T is going to be the number #9t of its leaves.

Let ¢ = (gn,n > 1) be a sequence of probability distributions, respectively,
on Py,

an= (g (V). A€P), D M) =1,
rEP,

such that

6] qn((n)) <1, n=>1.

Consider a family of probability distributions Py, n > 1, on Tg, respectively, such
that:

(D P‘f is the law of the line-tree (e)G, where G has a geometric distribution
given by

PG =k) =q(@)(1 —q1(@)", k=0
(2) forn >2, P is the law of
(T 1<i < p(n),

where A has distribution ¢, , and conditionally on the latter, the trees T(i), 1<i<
p(A), are independent with distributions P?\i, respectively.

Alternatively, for n > 2, P} is the law of (T, 1 <i < p(A))g where G is inde-
pendent of A and geometric with

P(G =k) = (1 — gu((m))gu((m))*, k>0,

and conditionally on A, which has law ¢, (-|P, \ {(n)}), the trees TV, ..., T(P(A)
are independent with distributions Py, respectively. A simple induction argument
shows that there exists a unique family P}, n > 1, satisfying properties 1 and 2
above.

A family of random trees 7,,n > 1, with respective distributions Pl n>1,
is called a Markov branching family. The law of the tree 7, introduced in the
beginning of the Introduction to describe the genealogy of splitting collections of
n balls is PZ.

1.2.2. Markov branching trees with a prescribed number of vertices. We now
consider the following variant of the above construction, in which the size of a
tree t is the number of its vertices. For every n > 1, let again g, be a probability
distribution on P,,. We do not assume (1), rather, we make the sole assumption that
q1((1)) = 1. For every n > 1, we construct inductively a family of random trees
T,, respectively, in the set T, of trees with n vertices, by assuming that for A =
(A1, ..., Ap) € Py_1, with probability g,,—1(A), the n — 1 vertices distinct from the
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root vertex are dispatched in p subtrees with A} > --- > A, vertices, and that, given
these sizes, the p subtrees are independent with same distribution as 75, ..., Ty »
respectively.

Formally:

(1) let Q] be the law of o;

(2) forn >1, let 03+1 be the law of

(TD,1<i<pr),

where A has distribution g,, and conditionally on the latter, the trees TO 1<i<
p(A), are independent with distributions Q% .» respectively.

By induction, these two properties determine the laws Q{, n > 1, uniquely.
The construction is very similar to the previous one, and can in fact be seen as
a special case, after a simple transformation on the tree; see Section 4.5 below.

1.3. Topologies on metric spaces. The main goal of the present work is to
study scaling limits of trees with distributions PZ.Q, as n becomes large. For this
purpose, we need to consider a topological “space of trees” in which such limits
can be taken, and define the limiting objects.

A rooted® metric space is a triple (X, d, p), where (X, d) is a metric space and
p € X is a distinguished point, called the root. We say that two rooted spaces
(X, p,d), (X', p’,d") are isometry-equivalent if there exists a bijective isometry
from X onto X that sends p to p’.

A measured, rooted metric space is a 4-tuple (X, d, p, u), where (X, d, p) is a
rooted metric space and p is a Borel probability measure on X. Two measured,
rooted spaces (X,d, p, n) and (X, d’, p’, ') are isometry-equivalent if there ex-
ists a root-preserving, bijective isometry ¢ from (X, d, p) to (X, d’, p’) such that
the push-forward of u by ¢ is w'. In the sequel we will almost always identify two
isometry-equivalent (rooted, measured) spaces, and will often use the shorthand
notation X for the isometry class of a rooted space or a measured, rooted space, in
a way that should be clear from the context. Also, if X is such a space and a > 0,
then we denote by a X the space in which the distance function is multiplied by a.

We denote by . the set of equivalence classes of compact rooted spaces, and
by .4 the set of equivalence classes of compact measured rooted spaces.

It is well known (this is an easy extension of the results of [22]) that .# is
a Polish space when endowed with the so-called rooted Gromov—Hausdorff dis-
tance dgp, where by definition the distance dgy((X, d, p), (X', d’, p')) is equal to
the infimum of the quantities

dist(¢ (p), ¢'(0") Vv distu(#(X), ¢'(X")),

2Usually such spaces are rather called pointed, but we prefer the term rooted which is more com-
mon when dealing with trees.
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where ¢, ¢’ are isometries from X, X’ into a common metric space (M, dist), and
where distyy is the Hausdorff distance between compact subsets of (M, dist). It is
elementary that this distance does not depend on particular choices in the equiva-
lence classes of (X, d, p) and (X', d’, p’). We endow .# with the associated Borel
o-algebra. Of course, dgy satisfies a homogeneity property, dgu(aX,aX’') =
adcu(X, X') for a > 0.

We also need to define a distance on .#,,, that is in some sense compatible with
the Gromov—Hausdorff distance. Several complete distances can be constructed,
and we use a variation of the Gromov—Hausdorff—Prokhorov distance used in [31].
The induced topology is the same as that introduced earlier in [23]. The reader
should bear in mind that the topology used in the present paper involves a little
extension of the two previous references, since we are interested in rooted spaces.
We let doup((X, d, p, ), (X', d’, p’, ;1)) be the infimum of the quantities

dist(¢(p), ¢'(p") v distu (¢ (X), ¢' (X)) V distp (@it piit"),

where again ¢, ¢’ are isometries from X, X’ into a common space (M, dist),
i, P, are the push-forward of u, u’ by ¢, ¢ and distp is the Prokhorov dis-
tance between Borel probability measures on M ([21], Chapter 3),

distp(m, m’) = inf{e > 0:m(C) < m'(C?) + ¢ for every C C M closed},

where C® = {x € M :infycc dist(x, y) < ¢} is the e-thickening of C. A simple
adaptation of the results of [23] and Section 6 in [31] (in order to take into account
the particular role of the distinguished point p) shows the following:

PROPOSITION 1. The function dgup is a distance on My, that makes it com-
plete and separable.

This distance is called the rooted Gromov-Hausdorff—Prokhorov distance.
One must be careful that contrary to dgy, this distance is not homogeneous:
dgup(aX,aX') is in general different from adgpp(X, X’), because only the dis-
tances, not the measures, are multiplied in a X, aX’.

1.3.1. Trees viewed as metric spaces. A plane tree t can be naturally seen as
a metric space by endowing t with the graph distance between vertices. Namely,

dor(u, v) = |u| + [v] = 2|u A v], u,vet,

where u A v is the longest prefix common to u, v. This coincides with the number
of edges on the only simple path going from u to v. The space (t, dy) is natu-
rally rooted at &. We can put two natural probability measures on t, the uniform
measures on the leaves or on the vertices

1 1
= — b S = — Sin.
Mat #9t {u} “t #t E {u}

ueadt uet
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If t € T is a tree, and t, t’ are two plane representatives of t, then it is elemen-
tary that the spaces (t, dgr, &, y¢) and (t’, dor, D, |Lpg’) are isometry-equivalent
rooted measured metric spaces. The same holds with ug, wgs instead of wag, o’ -
We denote by (t, dgr, o, iat) and (1, dgr, p, j4t) the corresponding elements of .Zy.
Conversely, it is possible to recover uniquely the discrete tree (not a plane tree!)
from the element of .#,, thus defined.

1.3.2. R-trees. An R-tree is a metric space (X, d) such that for every ux,
yeX:

(1) there is an isometry @y y:[0,d(x,y)] — X such that ¢, ,(0) = x and
(Px,y(d(x, ) =y;

(2) for every continuous, injective function c:[0,1] — X with ¢(0) = x,
c(1) =y, one has ¢([0, 1]) = ¢x y ([0, d(x, y)]).

In other words, any two points in X are linked by a geodesic path, which is the only
simple path linking these points, up to reparameterisation. This is a continuous
analog of the graph-theoretic definition of a tree as a connected graph with no
cycle. We denote by [[x, y]] the range of ¢y y.

We let 7 (resp., Jy) be the set of isometry classes of compact rooted R-trees
(resp., compact, rooted measured R-trees). An important property is the following
(these are easy variations on results by [22, 23]):

PROPOSITION 2. The spaces 7 and Fy are closed subspaces of (A , dgu)
and (M, dup).

If 7T € 7 andforx € T, we call d(p, x) the height of x. If x, y € T, we say that
x is an ancestor of y whenever x € [[p, y]]. Welet x Ay € T be the unique element
of 7 such that [[p, x]] N [[p, ¥]] = [[p,x A y]], and call it the highest common
ancestor of x and y in 7. For x € 7, we denote by 7, the set of y € 7 such that
x is an ancestor of y. The set 7, endowed with the restriction of the distance d,
and rooted at x, is in turn a rooted R-tree, called the subtree of 7 rooted at x. If
(7,d, p, 1) is an element of Z, and wu(7y) > 0, then 7, can be seen as an element
of .7, by endowing it with the measure w(-|7y) = u(- N 7y) /u(7y).

We say that x € 7, x # p, in a rooted R-tree is a leaf if its removal does not
disconnect 7 . Note that this always excludes the root from the set of leaves, which
we denote by L(7). A branch point is an element of 7 of the form x A y where
x is not an ancestor of y nor vice-versa. It is also characterized by the fact that the
removal of a branch point disconnects the R-tree into three or more components
(two or more for the root, if it is a branch point). We let 5(7) be the set of branch
points of 7.
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1.4. Self-similar fragmentations and associated R-trees. Self-similar frag-
mentation processes are continuous-time processes that describe the dislocation
of a massive object as time passes. Introduce the set of partitions of a unit mass

St = {S:(sl,sz,...):slzszz--‘zO,Zsifl}.

i>1

This space is endowed with the metric d(s,s’) = sup;>lsi — slf |, which makes it a
compact space.

DEFINITION 3. A self-similar fragmentation is a S¥-valued Markov process
(X(1), t = 0) which is continuous in probability and satisfies the following frag-
mentation property. For some a € R, called the self-similarity index, it holds that
conditionally given X(7) = (s1, 52, ...), the process (X(z + t'),t’ > 0) has same
distribution as the process whose value at time ¢’ is the decreasing rearrangement
of the sequences siX(i)(sf’t/), i > 1, where (X®,i > 1) are i.i.d. copies of X.

Bertoin [8] and Berestycki [6] have shown that the laws of self-similar fragmen-
tation processes are characterized by three parameters: the index a, a nonnegative
erosion coefficient and a dislocation measure v on S*. The idea is that every sub-
object of the initial object, with mass x say, will suddenly split into sub-sub-objects
of masses xs1, x57, ... atrate x?v(ds), independently of the other sub-objects. Ero-
sion accounts for the formation of zero-mass particles that are continuously ripped
off the fragments.

For our concerns, we will consider only the special case where the erosion
phenomenon has no role and the dislocation measure does not charge the set
(seSt: > isi < 1}. One says that v is conservative. This motivates the follow-
ing definition.

DEFINITION 4. A dislocation measure is a o -finite measure v on S¥ such that
v({(1,0,0,..)}) =0and

(2) v({Zsi < 1}):0, /Si(l—sl)v(ds)<oo.

i>1

We say that the measure is binary when v({s| + s2 < 1}) = 0. A binary measure is
characterized by its image v(s; € dx) through the mapping s — s.

A fragmentation pair is a pair (a, v) where a € R is called the self-similarity
index, and v is a dislocation measure.

Fragmentation pairs (a, v) therefore characterize the distributions of the self-
similar fragmentations we are focusing on. When a = —y < 0, small fragments
tend to split faster, and it turns out that they all disappear in finite time, a prop-
erty known as formation of dust. Using this property, it is shown in [25] how to
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construct a fragmentation continuum random tree encoding the genealogy of the
fragmentation processes. More precisely, a fragmentation tree is a random element
(7,d, p, n) of Z (often denoted 7 for simplicity), such that almost surely:

(1) the measure w is supported on the set £(7) of leaves of 7
(2) w has no atom;
(3) forevery x € T \ L(T), it holds that u(7;) > 0.

Moreover, 7 satisfies the following self-similarity property with index —y. For
every t > 0, let 7,°(¢),i > 1, be the connected components of the open set
{x e T:d(p,x) > t}, and let 7;(¢) be the closure of 7,°(¢) in 7. It is plain
that 7;(¢) \ 7,°(t) = {pi,1} for some p;; € 7, with d(p;;, p) =t. The space
(7i(t),d, pit, (-|Z;(t))) is then a random element in .#,,. The self-similarity
property then states that for every ¢ > 0, conditionally given (u(Z;(s)),i > 1),
s < t, the family {Z;(¢),i > 1} has same distribution as {u(Z;(1))Y7®,i > 1},
where (7@, > 1) are i.i.d. copies of 7.

If 7 is a self-similar fragmentation tree with self-similarity index —y, then
by [25], Proposition 1, the process ((w(7Z;(¢)),i > Y, > 0) of the nonincreas-
ing rearrangement of the w-masses of the trees 7;(¢), is an S Y -valued self-similar
fragmentation process with index —y. The law of this process is thus character-
ized by a unique fragmentation pair (—y, v). By [25], Proposition 1, the law of 7
is entirely characterized by (—y, v). In the sequel, we will let 7,, , be a random
variable with this law. We postpone a more constructive description of this tree to
Section 3.2.

It was shown in [25] that one can recover the celebrated Brownian and stable
continuum random trees [2, 19, 29] as special instances of fragmentation trees. The
parameters y and v corresponding to these trees will be recalled when we discuss
applications in Sections 2.1 and 2.2.

1.5. Main results. Let (g, (A), A € P,),n > 1, satisfy (1). With it, we associate
a finite nonnegative measure g, on SV, defined by its integral against measurable
functions f:SV — R, as

ahH=3 (%),

Note that in the left-hand side, we have identified A/n with an element of S L,
in accordance with our convention that A is identified with the infinite sequence
(Ai, i > 1). We make the following basic assumption:

(H) There exists a fragmentation pair (—y,v), with y > 0, and a function
£:(0, 00) — (0, 0co) slowly varying at 0o, such that we have the weak convergence
of finite nonnegative measures on SV,

3) P £(n) (1 = 51),,(ds) <3 (1 = 51)v(ds).
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THEOREM 5. Assume q = (g,(1), A € Pp),n > 1, satisfies assumption (H).
Let T, have distribution PL, and view T, as a random element of My by endowing
it with the graph distance and the uniform probability measure yr, on 0T,. Then
we have the convergence in distribution

1 g
n¥e(n) "n—oo”V

v

for the rooted Gromov—Hausdorff-Prokhorov topology.

There is a similar statement for the trees with laws Qjf. Consider a family
(gn(A), 2 € Py),n =1, with q1((1)) = 1.

THEOREM 6. Assume q = (g,(1), A € Pyp),n > 1, satisfies assumption (H),
with:

e cither y € (0, 1), or
e y=1and{t(n) - 0asn— oo.

Let T, have distribution Q}. We view T,, as a random element of My by endowing
it with the graph distance and the uniform probability measure wr, on T,. Then
we have the convergence in distribution
1 )
W —>
nYfl(n) ~n—oo

VsV

for the rooted Gromov—Hausdorff-Prokhorov topology.

Theorem 6 deals with a more restricted set of values of values of ¢ than Theo-
rem 5. This comes from the fact that, contrary to the set T2 which contains trees
with arbitrary height, the set T, of trees with n vertices has elements with height at
most n — 1. Therefore, we cannot hope to find nontrivial limits in Theorem 6 when
y > 1, or when y = 1 and £(n) has limit +00 as n — oo. The intermediate case
where £(n) admits finite nonzero limiting points cannot give such a convergence
with a continuum fragmentation tree in the limit either. Indeed, the support of the
height of a continuum fragmentation tree is unbounded, whereas the heights of
T,,/nf(n) are all bounded from above by 1/inf, (£(n)), which is finite under our
assumption.

Note that Theorem 5 (resp., Theorem 6) implies that any fragmentation tree 7,,
is the continuous limit of a rescaled family of discrete Markov branching trees
with a prescribed number of leaves (resp., with a prescribed number of vertices,
provided y < 1), since we have the following approximation result:

PROPOSITION 7. For every fragmentation pair (—y, v) with y > 0, there ex-
ists a family of distributions (g,,n > 1) satisfying (1) and such that (3) holds, with
L(x) =1 for every x > 0.
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After some preliminaries gathered in Section 3, we prove Theorems 5 and 6 and
Proposition 7 in Section 4. Before embarking in the proofs, we present in Section 2
some important applications of these theorems to Galton—Watson trees, unordered
random trees and particular families of Markov branching trees studied in earlier
works. Of these applications, the first two actually involve a substantial amount of
work, so that the details are postponed to Section 5 and 6.

2. Applications.

2.1. Galton—Watson trees. A natural application is the study of Galton—
Watson trees conditioned on their total number of vertices. Let £ be a probability
measure on Z such that £(0) > 0 and

4) > kE(k)=1.

k>0

The law of the Galton—Watson tree with offspring distribution £ is the probability
measure on the set of plane trees defined by

GWe({th = [ ] £(cu(®)),

uet

for t a plane tree. That this does define a probability distribution on the set of plane
trees comes from the fact that a Galton—Watson process with offspring distribution
& becomes a.s. extinct in finite time, due to the criticality condition (4). In order
to fit in the framework of this paper, we view GW¢ as a distribution on the set of
discrete, rooted trees, by taking its push-forward under the natural projection from
plane trees to trees.

In order to avoid technicalities, we also assume that the support of & gener-
ates the additive group Z. This implies that GW¢ ({#t = n}) > 0 for every n large

enough. For such n, we let GWé”) = GW¢(-|{#t =n}), and view it as a law on T,,.
We distinguish two different regimes.
Case 1. The offspring distribution has finite variance

o= k(k— DEk) < oc.

k>0

Case 2. For some « € (1,2) and ¢ € (0, 00), it holds that &(k) ~ ck—@~ 1 ag
k — oo. In particular, £ is in the domain of attraction of a stable law of index «.
The Brownian dislocation measure is the unique binary dislocation measure

such that
(s1 €dx) 2 dx1
VY = _— .
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Otherwise said, for every measurable f:SV — R,

L 2
LiVZ(dS)f(S)Z/;/Z mdxf(x,l—x,0,0,...).

We also define a one-parameter family of measures in the following way. For « €
(1,2),let ;- a,; be aPoisson random measure on (0, co) with intensity measure

1 dx
al' (1 —1/a) x1+1/a

with the atoms A;,i > 1, labeled in such a way that A} > Ay, > ---. Let T =
> i>1Ai, which is finite a.s. by standard properties of Poisson measures. In fact,
T follows a stable distribution with index 1/«, with Laplace transform

E[exp(—AT)] = exp(—11/%), A > 0.

1x~0

This can be seen as a stable subordinator evaluated at time 1, its jumps up to this
time being the atoms A;,i > 1. The measure v, is defined by its action against a
measurable function f:S¥ — R,

/éw Ve (ds) £ (s) = %E[T}‘(%,i > 1)}

Because E[T'] = oo, this formula defines an infinite o -finite measure on S¥, which
turns out to satisfy (2).

THEOREM 8. Let & satisfy (4), with support that generates the additive
group 7. Let T, be a random element of T, with distribution GWé"). Consider
T, as an element of My by endowing it with the graph distance and the uniform
probability measure pur, on T,. Then we have, in distribution for the Gromov—
Hausdorff-Prokhorov topology:

1 d 2
Case 1: ﬁTn =% ;7-1/2,112;

. 1 @ { al@—1) 1/e
Case 2: WTn njgo(m) 7-1—1/05,11“.

This result will be proved in Section 5 below, by first showing that GWém is of

the form Q; for some appropriate choice of g.

The trees 7i,2,, and 7j_1/q4,., appearing in the limit are important models of
continuum random trees, called, respectively, the Brownian Continuum Random
Tree and the stable tree with index «. The Brownian tree is somehow the archetype
in the theory of scaling limits of trees. The above theorem is very similar to a result
due to Duquesne [18], but our method of proof is totally different. While [18] relies
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on quite refined aspects of Galton—Watson trees and their encodings by stochas-
tic processes, our approach requires only to have some kind of global structure,
namely the Markov branching property, and to know how mass is distributed in
one generation. We do not claim that our method is more powerful than the one
used in [18] (as a matter of fact, the limit theorem of [18] holds in the more general
case where p is in the domain of attraction of a totally asymmetric stable law with
index « € (1, 2]). However, our method has some robustness, allowing us to shift
from Galton—Watson trees to other models of trees. Our next example will try to
illustrate this.

2.2. Uniform unordered trees. Our next application is on a different model of
random trees, which is by nature not a model of plane or labeled trees, contrary to
the previous examples. It is actually not either a Markov branching model, but is
very close from being one, as we will see.

For 2 < m < oo, we consider the set T,({") C T, of trees with n vertices, in which
every vertex has at most m children. In particular, we have T,(fo) = T,. The sets
Tﬁ,m) are harder to enumerate than sets of ordered or labeled trees, like plane trees

or Cayley trees, and there is no closed expression for the numbers #Tf,m) . However,
Otter [32] (see also [24], Section VII.5) derived the asymptotic enumeration result

(om)"

n—oo M p3/2

(5) #Tm)

for some m-dependent constants x,,, > 0, p,, > 1. This can be achieved by studying
the generating function

Y (x) =D HTIx",
n>1

which has a square-root singularity at the point 1/p,,. The behavior (5) indicates

that a uniformly chosen element of T,(lm) should converge as n — 00, once renor-
malized suitably, to the Brownian continuum random tree. We show that this is
indeed the case for any value of m. To state our result, let

T = {te T 1cx(t) <m —2).
For instance, ?,(12) = & for n > 2, while 'T'S,OO) = TS,OO) for all n. Let

J(m) (x) = Z #fflm)xn’

n>1

and define a finite constant ¢, by

B V2
T (1 o)

Cm



SCALING LIMITS OF MARKOV BRANCHING TREES 2605

Note that ¥ @ (x) = x for every x, while ¥ (1/pso) = 1 ([24], Section VIL5).
Therefore, we get

V2 o V2

N2 T STk

THEOREM 9. Fix m € {2,3,...} U {oo}. Let T,, be uniformly distributed

in T,(lm). We view T, as an element of My by endowing it with the measure jiT,,
then

2

1 ()
—T1, — Cm,Tl/Z,vz
n—oo

Jn

for the Gromov—Hausdorff-Prokhorov topology.

The proof of this result is given in Section 6. We note that this implies a similar,
maybe more natural, statement for m-ary trees. We say that t € T is m-ary if every
vertex has either m children or no child, and we say that the vertex is internal in
the first case, that is, when it is not a leaf. Summing over the degrees of vertices
in an m-ary tree with n internal vertices, we obtain that # = mn + 1 and #dt =
(m—1Dn+1.

Assume now that m < oo. Starting from a m-ary tree t with » internal vertices,
and removing the leaves—equivalently, keeping only the internal vertices—gives
an element ¢ (1) € T,(1m>. The mapping ¢ is inverted by attaching m — k leaves to
each vertex with k children, for an element of Tflm). Moreover, we leave as an easy
exercise that dggp(at, a¢ (t)) < a for every a > 0, when the trees are endowed with
the uniform measures jit, (g (1) on vertices. Theorem 9 thus implies the following:

COROLLARY 10. Letm e {2,3,...} and Tn[m] be a uniform m-ary tree with n
internal vertices, endowed with the measure Wopiml. Then
n

1 (d)
— =% cmThy2,0,-

Jn

The problem of scaling limits of random rooted unordered trees has attracted
some attention in the recent literature; see [13, 16, 17, 30]. For m = 2, Corollary 10
readily yields the main theorem of [30], which was derived using a completely dif-
ferent method, based in a stronger way on combinatorial aspects of T,(qz). Here,
we really make use of a fragmentation property satisfied by the uniform distribu-
tions on T,S’”) ,n > 1. As alluded to at the beginning of this section, these are not
actually laws of Markov branching trees. Nevertheless, they can be coupled with
laws of Markov branching trees in a way that the coupled trees are close in the
dgup metric. In the general case m # 2, Theorem 9 and Corollary 10 are new, and
were implicitly conjectured by Aldous [3]. In [17], the authors prove a result on
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the scaling limit of the so-called profile of the uniform tree for m = oo, which is
related to our results, although it is not a direct consequence. Finally, we note that
the problem of the scaling limit of unrooted unordered trees is still open, although
we expect the Brownian tree to arise again as the limiting object.

2.3. Consistent Markov branching models. Considering again in a more spe-
cific way the Markov branching models, we stress that Theorem 5 also encom-
passes the results of [27], which hold for particular families (g, ,n > 1) satisfying
a further consistency property. In this setting, it is assumed that ¢, ((n)) = 0 for
every n > 1, so that the trees 7, do not have any vertex having only one child. The
consistency property can be formulated as follows:

Consistency property. Starting from T,, with n > 2, select one of the leaves uni-
formly at random, and remove this leaf as well as the edge that is attached to it.
If this removal creates a vertex with only one child, then remove this vertex and
merge the two edges incident to this vertex into one. Then the random tree thus
constructed has same distribution as 7,,_1.

A complete characterization of families (g,,n > 1) giving rise to Markov
branching trees with this consistency property is given in [27]. Namely, such
families can be constructed in terms of a pair (c, v), which is uniquely defined
up to multiplication by a common positive constant, such that ¢ > 0 is an “ero-
sion coefficient” and v is a dislocation measure as described above [except that
v(3_s; < 1) =0 is not required]. The cases where c =0 and v(}_s; < 1) =0 are
the most interesting ones, so we will assume henceforth that this is the case. The
associated distributions g;, n > 2, are given by the following explicit formula: for
A € P, having p > 2 parts,

©) gn () = —CA / (DY Hs,J,
isenip>1 j=1
dlstmct

where
n!
[Tis1 2! TTjs 1 mj()!
is a combinatorial factor, the same that appears in the statement of Lemma 23
below, and Z,, is a normalizing constant defined by

n_/ v(ds)(l—Zs )

i>1

C =

Assume further that v satisfies the following regularity condition:
(7 visi <1 —e)=e""t(1/e),

where y € (0, 1) and ¢ is a function that is slowly varying at co
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THEOREM 11. If v is a dislocation measure satisfying (2) and (7), and if
(gqn,n = 1) is the consistent family of probability measures defined by (6), then
the Markov branching trees T,, viewed as random measured R-trees by endowing
the sets of their leaves with the uniform probability measures, satisfies

1
Tl’l g 7;/ Vo
Ll —y)nvl(n) ~n—oo =

for the Gromov-Hausdorff—Prokhorov topology.

This theorem is in some sense more powerful than [27], Theorem 2, because the
latter result needed one extra technical hypothesis that is discarded here. Moreover,
our result holds for the Gromov—Hausdorff—Prokhorov topology, which is stronger
than the Gromov—Hausdorff topology considered in [27]. However, the setting of
[27] also provided a natural coupling of the trees 7,,,n > 1, and 7, ,, on the same
probability space, for which the convergence in Theorem 11 can be strengthened
to a convergence in probability. This coupling is not provided in our case.

PROOF OF THEOREM 11. Lets e S¥ be such that Y, s; = 1. Let Ky, ...,
K, be i.i.d. random variables in N such that P(K; = i) = s; for every i > 1. Call
A (n) the number of variables K equal to i, and let A®n) =ADm), A®®0),
...)¥, where x¥ denotes the decreasing rearrangement of the nonnegative sequence
X = (x1, X2, ...) with finite sum. It is not hard to see that the probability distribu-
tions ¢, defined by (6) are also given, for A 7 (n), by

1 S
()= fs¢ P(A® (n) = A)v(ds).

See, for example, the forthcoming Lemma 23 in Section 3.2.4. The normalizing
constant Z, is regularly varying, according to the assumption of regular varia-
tion (7). Indeed, by Karamata’s Tauberian theorem (see [11], Theorem 1.7.1°), we

have that
Z, = /y(l —Zsf)v(ds)n_)fvoofsl(l —sP)v(ds)

i>1

~ T =y =1-1/n)

= T —y)n’em).

Now, to get a convergence of the form (3), note that for all continuous functions
f:SY =Ry,

z Y am(1-2)7(2) = [ vass](1- Aii(m)f(/us;(n))}

reP,

= v(ds)(1 —s1) f(s),
St

n—oo
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which follows by dominated convergence, since f is bounded (say by K) on the
compact space St and

(s) () (s) )]
(O T ) O R P R

n n n n

=K(1—s1).
We conclude by applying Theorem 5. [

2.4. Further nonconsistent cases: («, 0)-trees. One final application concerns
a family of binary labeled trees introduced by Pitman and Winkel [34] and built
inductively according to a growth rule depending on two parameters « € (0, 1) and
6 > 0. Roughly, at each step, given that the tree T,f"e’lab with n leaves branches at
the branch point adjacent to the root into two subtrees with k > 1 leaves for the
subtree containing the smallest label in T,f"e’lab and n — k > 1 leaves for the other
one, a weight « is assigned to the root edge and weights k —« andn —k — 146
are assigned, respectively, to the trees with sizes k, n — k. Then choose either the
root edge or one of the two subtrees according with probabilities proportional to
these weights. If a subtree with two or more leaves is selected, apply this weighting
procedure inductively to this subtree until the root edge or a subtree with a single
leaf is selected. If a subtree with single leaf is selected, insert a new edge and leaf
at the unique edge of this subtree. Similarly, if the root edge is selected, add a new
edge and leaf to this root edge. This gives the tree 7% We then denote by T,¥ -0

n+1
the tree Tn""g’lab without labels, n > 1.
Pitman and Winkel show that the family (T”""G, n > 1) is not consistent in gen-
eral ([34], Proposition 1), except when § = 1 —« or 6 = 2 — «, and has the Markov
branching property ([34], Proposition 11) with the following probabilities g;,:

o gy((k,n—k,0,...))=quon—1,k)+quon—1,n—k), forn—k <k <n—1;
e q,(n/2,n/2) =quen—1,n/2),

where

, 1<k<n.

n\a(n—k)+0klU'(k—a)[(n—k—+0)
C]a,@(”a k) = )

k n 'i—a)'(n+09)
Now consider the binary measure vy ¢ defined on S 4 by vg.0(s1+52 < 1) =0and
Vo0 (51 € dx) = fo.0(x) dx where f, ¢ is defined on [1/2, 1) by

fup(x) = (a1 = x) +6x)x~ 11 —x)? !

I(l—a)
+ (ax +0(1 —x))(1 —x)¢ 107,

THEOREM 12. Endow T,f"e with the uniform probability measure on 8T,f"9.
Then,
1

n®e " n-soo

et 9

o, Vg 0
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for the rooted Gromov—Hausdorff-Prokhorov topology.

This result reinforces Proposition 2 of [34] which states the a.s. convergence
of Tn"‘*g, in a certain finite-dimensional sense, to a continuum fragmentation tree
with parameters «, vy ¢. In view of Theorem 3, it suffices to check that hypothe-
sis (H) holds, which in the present case states that for any f:S¥ — R continuous
with | f(s)] < (1 —s1),

o 5 (5

k=[n/2]

)qn((k n—k0,..))

—>/ fx,1=x,0,...) fae(x)dx.
172

To prove this, we use that fol x4 11 —=x)>"ldx =T'(a)I'(b)/ T'(a+b) and rewrite
Ga.o(n — 1,k) as

( LK) ( )a(n—l—k)+9k F'm—1+60—a)
n—1,k)=
ot k n—1 T(l—a)l(n—1+0)

X /1 xk—a—l(l _x)n—k+9—2dx.
0

Then set for x € [0, 1],

F(x):=f(x,1— ) ps12y + (A —x,x, 0, ) <12},
and note that F(0) =0 and |F(x)| < (1 — x) A x, for every x € [0, 1]. We have

n—1 k .
> f( . )qn((kn £,0,..))
k=In/2] n’

—Z ()qae(n 1.6

- T'n—-1460—0a)
T TAd—o)(n—1+46)

1
/ln (n - 1) a(n - 1 _k) +9kF<E)Xk_a_l(l _x)n—k+0—2dx
0 k n

n—1

- I'n=-1460—-0a)
T T—a)(n—1+46)
x)

1 B B(x) B(x)
x/ E[(a(l— ”—1)+9 ”_1>F< n— 1)}x_“_1(1—x)9_1dx,
0 n—1 n—1 n
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where Blgx_)l denotes a binomial random variable with parameters (n — 1, x). We

can assume that Br(lx_)1 /n — x a.s. on the probability space (€2, F, P), and since F
is continuous and bounded on [0, 1], we have

B X) B(x) B(x)
B (o= 250 e ) e (55
n—1 n—1 n

— (a(l —x) +6x)F(x) for every x € [0, 1].

Moreover,

(x) (x) (x)
(o125 <o) r (552
n—1 n—1 n
(x) (x) (x)

< (@ +9>E[%D A (a1 fﬁ] +0E[%D

< ((@+6)x) A (a1 —x) +6x).

This is enough to conclude by dominated convergence that

1 B(X) B(X) B(x)
/ E[(a(l— n—l>+0 n—l>F< n—1>]x—a—1(1_x)9—1dx
0 n—1 n—1 n

1
_>f (a(1 = x) +6x) Fr)x ™' (1 = x)° " dx
n—oo Jo

1
=T —oz)/l/zf(x, 1= x,..) fus () dx.

Last, Stirling’s formula implies that

F'm—1+60—a)
F'n—1+6) n—ooo

—

as wanted.
3. Preliminaries on self-similar fragmentations and trees.

3.1. Partition-valued self-similar fragmentations. In this section, we recall the
aspects of the theory of self-similar fragmentations that will be needed to prove
Theorems 5 and 6. We refer the reader to [9] for more details.

3.1.1. Partitions of sets of integers. Let B C N be a possibly infinite,
nonempty subset of the integers, and m = {m, 72, ...} be a partition of B. The
(nonempty) sets 7wy, 77, ... are called the blocks of m, we denote their number
by b(r). In order to remove the ambiguity in the labeling of the blocks, we will
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use, unless otherwise specified, the convention that 77;, i > 1, is defined inductively
as follows: 7; is the block of 7 that contains the least integer of the set

i—1
B \ U=
j=1
if the latter is not empty. For i € B, we also let 77(;) be the block of 7 that contains i.
We let Pp be the set of partitions of B. This forms a partially ordered set, where
we let w < 7’ if the blocks of 7’ are all included in blocks of 7 (we also say that
7’ is finer than 7). The minimal element is Og = { B}, and the maximal element is
Ip={{i}:i € B}.
If B’ C B is nonempty, the restriction of 77 to B’, denoted by 7 |- or B’ N7 with
a slight abuse of notation, is the element of Pp whose blocks are the nonempty
elements of {B'Nmy, B'Nms, ...}

If B C N is finite, with say n elements, then any partition 7 € Pp with b blocks
induces an element A () € P, with b parts, given by the nonincreasing rearrange-

ment of the sequence (#rmq, ..., #mp).
A subset B C N is said to admit an asymptotic frequency if the limit
. #(BN[nl)
lim ————
n—oo n

exists. It is then denoted by |B|. It is a well-known fact, due to Kingman, that if
7 is a random partition of N with distribution invariant under the action of permu-
tations (simply called exchangeable partition), then a.s. every block of m admits
an asymptotic frequency. We then let ||V € S¥ be the nonincreasing rearrange-
ment of the sequence (|7;|, i > 1). The exchangeable partition 7 is called proper if

Zfi”l) |ri| = 1, which is equivalent to the fact that 7 has a.s. no singleton blocks.

3.1.2. Paintbox construction. Let v be a dislocation measure, as defined in
Definition 4. We construct a o -finite measure on Py by the so-called paintbox con-
struction. Namely, for every s € S ¥ with > i~18i = 1, consider an i.i.d. sequence
(K;i,i>1) such that -

P(K1 =k) = sk, k>1.

Then the partition v such that i, j are in the same block of 7 if and only if K; = K ;
is exchangeable. We denote by pg(dm) its law. Note that pg(dmr)-a.s., it holds that
||V =s, and 7 is a.s. proper under ps. The measure

ey (dr) = /5 | v(d)py(dm)

is a o-finite measure on P, invariant under the action of permutations. From the
integrability condition (2) on v, it is easy to check that for £ > 2, if

Ax = {m € Py:mlpg # {[k1})
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is the set of partitions whose trace on [k] has at least two blocks, then

(8) o (Ap) = /S¢ v(ds)(l - Zﬁ) <0

i>1

forevery k > 2, since 1 — 3, s{‘ <1 —s’f <k(1l—s7p).

3.1.3. Exchangeable partitions of finite and infinite sets. In this section, we
establish some elementary results concerning exchangeable partitions of [n] or N.
The set of partitions with variable size, namely

P=PnU U P[n]
n>1

is endowed with the distance
dp(rw, ") = exp(—sup{k > 1: 7|y = 7|1y })-
In the sequel, convergence in distribution for partitions will be understood with re-
spect to the separable and complete space (P, dp). We will use the falling factorial
notation
Cx+1)
F'x—n+1)
for x areal number and n € N, n < x + 1. When x € N, we extend the notation to
all n € N, by setting (x), =0forn > x + 1.

Xpy=xx—-1---(x—n+1)=

LEMMA 13. Let w be an exchangeable partition of [n], and let k < n. Then
for every B C [k] with | elements such that 1 € B,

#rry — Di—1(n —#m) k-1

P([k] Ny = Bl#ma)) = (n—1i_1

PROOF. By exchangeability, the probability under consideration depends on
B only through its cardinality, and this equal to P(i2, ..., i; € w1y, ji, ..., ji—t1 &

myl#my) for any pairwise disjoint i, ..., i, ji,..., jk—1 € {2,3,...,n} [note
that there are (', 11) (Z:;) such choices]. Consequently,

P([k] Ny = B|#JT(1))

. E[Ziz,...,il,/],...,jk_g l{iz ,,,,, i1€ﬂ<1)}1{j1,m,jk—1¢77(1)}|#7T(1)]
- n—1\ m—I
(=) )

#ry—1\ m—#
LI

n—1\ m—I

G20)G2)
where the sum in the expectation is over indices considered above. This yields the
result. [

’
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LEMMA 14. Let ("™, n > 1) be a sequence of random exchangeable par-
titions, respectively, in P,). We assume that 7™ converges in distribution to .
Then 7 is exchangeable and

(n)
#G)  @)

— |7
n n—>oo

’

the latter convergences holding jointly for i > 1, and jointly with the convergence
(n)
a — .

PROOF. The fact that 7 is invariant under the action of permutations of N with
finite support is inherited from the exchangeability of 77 ™, and one concludes that
7 is exchangeable [1].

The random variables (#rr((f)) /n,i > 1) take values in [0, 1], so their joint dis-
tribution is tight, and up to extraction, we may assume that they converge in dis-
tribution to a random vector (x(;), i > 1), jointly with the convergence AL
We want to show that a.s. x(;) = |7(;)|, which will characterize the limiting distri-
bution.

For k > [ > 1 fixed, by summing the formula of Lemma 13 over all B C [k]
containing i, with / elements, we get

P#([kKINTl)) =11#r))

_ ( - 1) () = Dimi(n =t (i
-1 (n— D

k—1Y\ 1 k—1
n:go(l 1 )x(i) (I =x@)"
which entails that, conditionally on x;), #([k] N 7(;)) — 1 follows a binomial dis-
tribution with parameters (k — 1, x(;)). Therefore,

. #(k]Nmgy)
|7 = lim ————= =x;  as.
k— 00 k

by the law of large numbers. [

LEMMA 15. Let (@D, 1 <i<r) bea sequence of random elements of Px,
which is e)gchangeable in the sense that (on(’), 1 <i <vr) has the same distribu-
tion as (1,1 <i <r), for every permutation o of N. Then for every k > 2,

M@
P(2,3,... . kemyllm

J<i<rj> 1):|7r((11))|k_'.

PROOF. Let n >k, and set 7" = n(i)|[n], so that (7™M 1 <i<r)isa
random sequence of P, that is exchangeable. Then, by using the same argument
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as in the proof of Lemma 13, it holds that
1
@y = i
(n — Dg—1

Using Lemma 14, and the fact that (7 n) 1<j< r) converges in distribution to

(D, 1 <i <r)asn— oo, itis then elementary to get the result by taking limits.
]

P23, kex("rl" 1<i<r1<j<n)=

3.1.4. Poisson construction of homogeneous fragmentations. We now recall a
useful construction of homogeneous fragmentations using Poisson point processes.
We again fix a dislocation measure v.

Consider a Poisson random measure N (d dzr di) on the set Ry x Py x N, with
intensity measure df ® «, (dr) ® #x(di), where #y is the counting measure on N.
We use a Poisson process notation (nto , izo),zo for the atoms of N: for t > 0, if
(t,m,i)is an atom of A/, then we let (nto, ito) = (m, i), and if there is no atom of A/
of the form (¢, 7, i), then we set T[to =0Onandi to = 0 by convention. One constructs
a process (M), t > 0) by letting 1°(0) = Oy, and given that ns),0<s <1,
has been defined, we let T19(¢) be the element of Py obtained from IT%(r—) by
leaving its blocks unchanged, except the i’th block 1'[?0 (t—), which is intersected

t

with JTIO . Of course, this construction is only informal, since the times ¢ of oc-
currence of an atom of A\ are everywhere dense in R,. However, using (8), it is
possible to perform a similar construction for partitions restricted to [k], and check
that these constructions are consistent as k varies ([9], Section 3.1.1). The process
(I°(r), t > 0) is called a partition-valued homogeneous fragmentation with dislo-
cation measure k.

Note in particular that the block H(()l) () that contains 1 at time 7, is given by

©) ey = [ @),

O<s<t

i9=1
and that the restriction of N to Ry x Py x {1} is a Poisson measure with intensity
dt ® ke, (dmr).

For k > 2, let DY = inf{r > 0: o) e Ay} be the first time when the re-
striction of T1%(¢) to [k] has at least two blocks. By the previous construction,
it is immediate to see that D,? has an exponential distribution with parameter
Ky (Ag): it is the first time ¢ such that i,o =1 and 71,0 € Aj. Moreover, by stan-
dard properties of Poisson random measures, conditionally on D,? = s, the ran-
dom variables n? and (71,0, i?)05,<s are independent, and the law of n? equals
ky(-|Ax) = k(- N Ag) /Ky (Ag), while (nzo, i?)05,<5 has the same distribution as
the initial process conditioned on {(rr,o, ito) ¢ A x {1},0<t < s} = {D,? > s},
which has probability e~***(4©)_ 1t is also equivalent to condition on {D,? > s},
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since IP’(D,? =s) = 0. The next statement sums up this discussion. By definition,
welet X(r As—) = X ()1 <5y + X (s—)1>5) for X cadlag.

LEMMA 16. Let F, f be nonnegative measurable functions. Then

E[F(IT°(t A DY), t > O)f(ngg)]

:Kv(f|Ak)f0 (AR SE[F(TT0( A s). 12 )1 .

Otherwise said, JTODO and (Ho(t A D,?—),t > 0), are independent with respective
k

laws k., (-|Ay), and the law of(HO(t Ae), t > 0) conditioned not to split [k], where €
is an exponential random variable, independent of T1°, and with parameter k., (Ay).

3.1.5. Self-similar fragmentations. From a homogeneous fragmentation IT°
constructed as above, one can associate a one-parameter family of Py-valued pro-
cesses by a time-changing method. Let a € R. For every i > 1 we let (‘c(‘f) (),t=0)
be defined as the right-continuous inverse of the nondecreasing process

1
f 0 )| “du,  £>0.
0

For t > 0, let I1(¢) be the random partition of N whose blocks are given by
H%)(rg)(t)), i > 1. One can check that this definition is consistent, namely, that
for every j € H(()i)(r(‘})(t)), one has H(()i)(r(‘})(t)) = H?/)(r("j)(t)).

The process (I1(¢), t > 0) is called the self-similar fragmentation with index a

and dislocation measure v ([9], Chapter 3.3). We now assume thata = —y < 0 is
fixed once and for all. Let Dy = inf{r > 0:T1(¢) € Ay}.

PROPOSITION 17.  Conditionally given o {I1;(t A Dy):t>0,1 <i <k} and
letting m = I1(Dy), the random variable (I1;(t + Di),t > 0)1<i<p(kjnx) has the
same distribution as (r; N T1V (|7; %), t > 0)1<i<b([k]n7)> Where (D, i > 1) are
i.i.d. copies of 1.

PROOF. Foreveryi > 1 welet L; =inf{r > 0:T1;)(¢) N[k] # [k]}. Then L =
(L;, i > 1)is aso-called stopping line, that is, for every i > 1, L; is a stopping time
with respect to the natural filtration of I1(;), while L; = L for every j € I1(;(L;).
We let TTI(L) be the partition whose blocks are IT(;)(L;),i > 1—by definition of
a stopping line, two such blocks are either equal or disjoint. Note that t + L =
(t+ L;,i > 1) is also a stopping line, as wellas t AL=( ALj,i >1).

From the so-called extended branching property ([9], Lemma 3.14), we obtain
that conditionally given o {I1(t A L),t > 0}, the process (IT(t + L),t > 0) has
same distribution as

({m N (|7;190),i > 1}, 1 > 0),
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where 7 = I1(L) and (11, ; > 1) are i.i.d. copies of I1. The result is then a
specialization of this, when looking only at the blocks of IT that contain 1, 2, .. ., k.
O

It will be of key importance to characterize the joint distribution of Dy,
(IT)(Dy), 1 <i < k). This can be obtained as a consequence of Lemma 16. Recall
the construction of IT from I1°, let () = rg) and define 7; = 719( )" The latter is

equal to ”?(,«)(t) for every i € [k] and ¢t < Dy.

PROPOSITION 18. Let F, f be nonnegative, measurable functions. Then
E[F (|0 A Dg=)|,t =0) f(p,)]
oo k—1
:Kv(flAk)/(‘) dMKv(Ak)E[|H(])(u)| +al{|1‘[(])(u)‘>0}

X F(|H(1)(t Au)l,t ZO)].

PROOF. By definition, Dy (resp., D,?) is the first time when [k] N T1(¢) # [k]
(resp., [k]N Ho(t) # [k]). It follows that D,? = 7(1)(Dx), and that the process

M) (t A Dx—) =TIy, () (t A Di=)) =TIy (ty () ADP=),  £>0,
is measurable with respect to G{H(()])(t A D,?—), t > 0}. Lemma 16 implies that
E[F(|TTay(t A De=)|,t = 0) f(7wp,)]
=E[F (|0 (za) () A DE=) 1 = 0) f ()]

= Kv(f|Ak)/O dSKv(Ak)E[F(m(()l)(T(l)(t) As)|t= O)I{Dg>s}]
=Kv(f|Ak)E[ [ dus (a I

x F([00), (tay () Aty w) . £ > O)I{Dk>u}:|

=xv<f|Ak)E[ [ ™ dusen (A0 | Ty @) [ F (T (¢ A )] 1 = O)I{Dk>u}],

where in the third equality, we used successively Fubini’s theorem and the change
of variables s = 7(1)(u), so that ds = |IT(1)(x)|* du. We conclude by using the fact
that

(10) P(Dy > ul| Ty (1)].0 <t <u) =Ty,

which can be argued as follows. Let 0 < # <t < --- <t, = u be fixed times, then
by applying Lemma 15 to the sequence (I1(#;), 1 <i <r), we obtain that

P(Dy > ul|Tl1y(1)]. 1 <i <r) = [Ty )|
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This yields (10) by a monotone class argument, using the fact that o {|IT(1)(#)], 0 <
t <u} is generated by finite cylinder events. [

The last important property of self-similar fragmentations is that the process
(ITT(1y(#)], t = 0) is a Markov process, which can be described as follows [9]. Let
(&, 1 = 0) be a subordinator with Laplace transform

Elexp(—r&)] = exp(—t /000(1 — Zs{“)v(ds)).

i>1

Then (|H(()1)(t)|,t > 0) has the same distribution as (exp(—&;), ¢ > 0), and conse-
quently, the process (|T1(1)(¢)[, z > 0) is a so-called self-similar Markov process:

PROPOSITION 19 (Corollary 3.1 of [9]). The process (|I1(1)(¢)|,t > 0) has
same distribution as exp(—&;(;),t > 0), where T is the right-continuous inverse of
the process (o exp(a&y)ds, u > 0).

3.2. Continuum fragmentation trees. This section is devoted to a more de-
tailed description of the limiting self-similar fragmentation tree 7, ,, [25]. In par-
ticular, we will need a new decomposition result of reduced trees at the first branch-
point (Proposition 22).

3.2.1. Trees with edge-lengths and R-trees. We saw in Section 1.3.1 how to
turn a tree into a (finite) measured metric space. It is also easy to “turn discrete
trees into R-trees,” viewing the edges as real segments of length 1.

More generally, a plane tree with edge-lengths is a pair 0 = (t, ({,,u € t))
where ¢, > 0 for every u € t, and a tree with edge-lengths is obtained by “for-
getting the ordering” in a way that is adapted from the discussion of Section 1.1 in
a straightforward way. Namely, the plane trees with edge-lengths (¢, (¢,,u € t))
and (t', (¢),, u € t)) are equivalent if there exist permutations & = (o, u € t) such
thatot =t’ and Z;(u) ={,, forevery u € t. We let @ be the set of trees with edge-
lengths, that is, of equivalence classes of plane trees with edge-lengths. There is a
natural concatenation transformation, similar to (-), for elements of ®. Namely, if
0@ = (@, (Z,(f), uet)), 1 <i<k,isasequence of plane trees with edge-lengths
and £ > 0, let

(6D 1<i<kly=(t wuct))
be defined by
t=(tD, 1<i<k)
and

=€,  Ly,=0Y  1<i<kuet®.
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If we replace each 0) by another equivalent plane tree with edge-lengths, then the
resulting concatenation is equivalent to the first one, so that this operation is well
defined for elements of ©.

Let 0 € O, and consider a plane representative (t, (£,,u € t)). We construct
an R-tree 7 by imagining that the edge from pr(u) to u has length ¢,. Note that
this intuitively involves a new edge with length ¢4 pointing from the root p of
the resulting R-tree to & (this is sometimes called planting). Formally, 7 is the
isometry-equivalence class of a subset of R endowed with the /!-norm || (x,, u €
t)ll1 = > ,ct |xul, defined as the union of segments

U |:Z Lyey, Z Lyey + Zueuj|y

uet “v<u v<u

where (e,, u € t) is the canonical basis of Rt and v < u means that v is a strict
ancestor of u in t. This R-tree is naturally rooted at 0 € Rt. Of course, its isometry
class does not depend on the choice of the plane representative of 6, and can be
written 7 (6) unambiguously. Note that there is a natural “embedding” mapping
t :t— 7T () inherited from

(11) wit—=>T, )= ey,

v=<u
and the latter is an isometry if 0 is endowed with the (pseudo-)metric dgy on its
vertices, defined by

do(u,v)= > Ly,
w=u Xor w=<v
where xor denotes “exclusive or.”

Conversely, it is an elementary exercise to see that any rooted R-tree 7 with
a finite number of leaves can be written in the form 7 = 7 (6) for some 6 € O,
which is in fact unique. In the sequel, we will often identify the tree 8 € ® with
the R-tree 7(6). For instance, this justifies the notation (71, ..., 7)), for R-
trees 7, ..., T with finitely many leaves and for £ > 0, which stands for the
R-tree in which the roots of 7, ... 7() have been identified, and attached to a
segment of length ¢ to a new root.

With a discrete tree t, we canonically associate the tree with edge-lengths 0 in
which all lengths are equal to 1, and the rooted R-tree 7 (t) = 7 (). In this case,
dg = dy is the graph distance. Using the isometry ¢ : t = 7 (1), we get the following
statement, left as an exercise to the reader.

PROPOSITION 20. Viewing t € T as the element (1, dg, p, jLat) of My as in
Section 1.3.1, and endowing T (t) with the uniform probability distribution on
L(T (%)), it holds that

dgup(at, a7 (t)) <a, a>0.
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Due to this statement, in order to prove that the Markov branching tree 7, with
law P} converges after rescaling toward T, v, it suffices to show the same statement
for the R-tree 7 (7;,). We will often make the identification of 7;, with 7 (7},).

3.2.2. Partition-valued processes and R-trees. Let (7(¢),t > 0) be a process
with values in Pc, C C N finite or infinite, which is nondecreasing and indexed
either by t € Z4 or t € R4, in which case we also assume that 7 (-) is right-
continuous. We assume that there exists some 7y > 0 such that 7 (7y) = I[¢. Let
B C C be finite. If B = {i}, we let

Dijy =inf{t > 0:{i} e 7 (1)}
be the first time where i is isolated in a singleton block, and for #B > 2, let
D% =inf{t > 0: BN x(r) # B}.

We can build a tree with edge-lengths (and labeled leaves) 6 (r(-), B) by the fol-
lowing inductive procedure:

(1) if B={i} welet8(;(-), B) be the tree e with length Dﬁ};
(2) if #B > 2, we let

O(n(-), B)=(0(n(Df+ ), BNmi(DF)),1<i < b)Dyé,

where b is the number of blocks of 7 (D%) that intersect B, and which are denoted
by 71 (D%), ..., mp(DE).

Note that the previous labeling convention for blocks may not agree with our usual
convention of labeling with respect to order of least element.

If (m(t),t € Z4) is indexed by nonnegative integers, and satisfies 7 (0) = Oc,
there is a similar construction with trees rather than trees with edge-lengths.
Namely, we let t;(.) be defined by:

(1) tyy=eif #C =1;
(2) tr() = (ty;()nn(+1), 1 <i < b) otherwise, where b is the number of blocks
of m (1), denoted by 71 (1), ..., mp(1).

It is then easy to see that, with the notation of the previous section,
(12) T (te()) =T (O (), 0)),
and one can view 6(x(-), B) as the subtree of t; () spanned by the root and the

leaves with labels in B.

3.2.3. Continuum fragmentation trees. Let (I1(¢),t > 0) be the self-similar
fragmentation process with index —y < 0 and dislocation measure v. The for-
mation of dust property alluded to in Section 1.4 amounts to the fact that almost
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surely, there exists some time fg > 0 such that I1(¢) = Iy for every ¢ > #y3. Conse-
quently, the construction of the previous paragraph applies with C = N, and allows
us to construct a family of R-trees

Rp=0(I1(), B)

indexed by finite subsets B C N. Recall that a tree 6 € ® has been identified with
T (0) € F. These R-trees have finitely many leaves that are naturally indexed by
elements of B. Moreover, they satisfy an obvious consistency property, meaning
that taking the subtree spanned by the root and the leaves indexed by B’ C B
yields an R-tree with same law as Rp’. This is the key to the definition of the
fragmentation tree 7, , .

PROPOSITION 21 ([25]). Conditionally given T,, = (T,d, p, ), let Ly,
Lo, ... be an i.i.d. sequence of leaves of T distributed according to . Then for
every finite B C N, the reduced subtree

R(T,.. B) = | llp. Lill
ieB
has same distribution as Rp.
Moreover, the law of T, , is the only one having this property, among distribu-
tions on Ty, supported on the set of elements satisfying properties (1), (2) and (3)
in Section 1.4.

As an easy consequence, we have the following “converse construction” of frag-
mentations from 7, ,,. With the notation of the proposition, for every ¢ > 0, let
[1(¢) be the partition of N such that i, j are in the same block of I1(¢) if and only if
d(p,L; ANLj)>t.Then (IT(z), t > 0) is a self-similar fragmentation process with
dislocation measure v and index —y.

Also, note that the reduced trees R(7,,,, B) rooted at p and endowed with the
empirical measure

1
UB = #B Z L
ieB
converge in distribution as #B — oo in %, toward (7, d, p, ). In fact, the con-
vergence holds a.s. if B = [k] with k — oo: this is a simple exercise using the fact
that {L;,i > 1} is a.s. dense in L(7') [by property (3) in the definition of 7,, ,,], and
the weak convergence of p[x) to 1 as k — oo.
The following statement gives a decomposition of the reduced tree R (7, [k])
at its first branchpoint above the root. Recall the notation Dy = inf{t > 0:I1(¢) €
Al
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PROPOSITION 22. Let k > 2 and w = I1(Dy), n’ = 7|k}, b = b(x'). Then
conditionally on {m, Dy}, the reduced tree R(7T,,y, [k]) has same distribution as

T((lm " R(TD, 7)), 1 <i <)),

where the T are i.i.d. with same distribution as T, v, independent of o {m, Dy}.

Moreover, for every i € N, the tree R(T,,,,, {i}) has the same distribution as the
R-tree associated with the tree (&, D1) € O, that is, a real segment with length
Dy =inf{r > 0:{1} e I1(#)}.

PROOF. The second statement is just a matter of definitions, so we only need
to prove the first one. By Proposition 17, the process IT(Dy + -), in restriction
to the blocks containing at least one element in [k], has same distribution as the
partitions-valued process whose blocks are those of 7; N OO(m;|7v),1<i<b,
for i.i.d. copies n®,;i>1,of I, independent on 7, Di. Therefore, one gets from
the definition of ‘R g that

@ (i) - / :
Rig = TOMV (7|77 ), 7f), 1 <i <b)

Dy

from which the result follows immediately. [

Note that Proposition 18 gives the joint distribution of Dy, |7;|, 1 <i < b, 7/, as
a special case, while Proposition 19 characterizes the law of D1, since it is the first
time where the process (|I1(1)(¢)|, ¢ > 0) attains 0. This, together with the previous
proposition, allows us to characterize entirely the laws of the reduced trees of 7,, ,,,
hence the law of 7,, , itself.

3.2.4. Markov branching trees as discrete fragmentation trees. Recall the in-
formal description of Markov branching trees P} in the Introduction, relying on
collections of balls in urns. Rather than collections of indistinguishable balls that
split randomly, it is convenient to consider instead a collection of balls that are
distinguished by a random, exchangeable labeling. This is achieved by replacing
partitions of integers by partitions of sets. We start with a preliminary lemma.

LEMMA 23. Let n > 1 be fixed, as well as a partition A € P, with p = p(A)
parts.

(1) There are
n!
iy 2 Ty m ()]

partitions 7w € P, such that M(;w) = A.

C; =
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() If 1 <k <n, and n' € Py has b blocks, then for every iy,...,ip €
{1,2,..., p} pairwise distinct, there are

, 1 2 my(L)!
Cy (1, sip) =Co—— | | i), —— :
g A(n)kjl:[1 ! #ﬂjll;[lml()\i»l ¢ it ....ip))!

partitions T € Py such that AM(w) = A, |y =7’ and #m; = Aij, 1<j<b.

PROOF. Let p be the number of parts of A. Then there are p!/ ]_['}:1 mj(A)!
sequences (c1, ..., cp) Whose nonincreasing rearrangement is A. With any such
sequence, we can associate

n! n!
Myci!t I At
sequences of the form (By, ..., By) such that {By,..., By} is a partition of [n]

(beware that the labeling of the blocks B; will differ, in general, from labeling
convention described above for the blocks of a partition), with #B; =¢;, 1 <i < p.
Finally, exactly p! sequences of the form (By, ..., B,) induce the same partition
{Bi,..., By}. Putting things together easily yields the formula for C;.

For the second formula, if A € P,, 7’ € Py and iy,...,ip are given with
b = b(r’), then any partition 7 € Pp,; with A() = A and 7|;r; = 7' must have
il = (Tl = JTl-/ , for 1 <i < b, the first equality coming from our choice
of the labeling of blocks of partitions. The restriction of 7w to [k] is thus en-
tirely determined. The blocks rr{, e 711; should be completed with, respectively,
Aiy —#m{, ..., Aj, —#m; elements of [n]\ [k] to form the blocks 71, ..., 75, while
the remaining subset of [n] \ [k] should be partitioned in such a way that the block
sizes are given by the sequence (A;,7 ¢ {i1, ..., ip}). There are

(n—k)!
102 Oty = #0) Ty, iy M This 1 ma Oui i @ (i, i)

such partitions, and this can be rewritten as C7 ,(il, .oip). O

Going back to Markov branching trees, let B C N have n > 2 elements. Let
q = (gn,n > 1) satisfy (1), and also assume that g1 (&) = 1. For every = € Pp, set

_ 4a((0))

(13) pB(1) Crom

where C, is the constant appearing in Lemma 23. Given the partition of n that
it induces (which has distribution ¢, ), a pp-distributed partition is thus uniform
among possible choices of partitions of B. In particular, a random partition with
distribution pp is exchangeable; that is, its law is invariant under the action of
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FIG. 2. A sample tree T for n = 11, with the labeled leaves. The process Y can be easily de-
duced: for instance, l'I(“)(l) ={{1,2,6,7},{3,5,10}, {4, 8,9, 11}}. As opposed to Figure 1, leaves
are all connected to vertices with at least 2 children, because of the requirement q1 () = 1.

permutations of B. By convention, the law pp, if B = {i} is a singleton, is the
Dirac mass at the partition {{i}}.

For every m € Pp with blocks my, w2, ..., m; say, consider random partitions
7,1 <i <k, of m,...,m, respectively, chosen independently with respective
distributions py,, ..., pr,. We let Q(m, -) be the law of the partition of B made
up of the collection of all blocks of 7%, 1 <i < k. Then Q is the transition kernel
of a Markov chain on Pp (for any finite B C N), that ends at the state Ip. It is
easily seen that this Markov chain is exchangeable as a process. Moreover, the
chain started from the state {B}, with #B8 = n has same distribution as the image
of the chain started from [#] under the action of any bijection [n] — B.

For finite C C N, we let (IT€(r), r > 0) be the chain with transition matrix
Q and started from I1€(0) = Oc. Plainly, ¢ is nondecreasing and attains I¢
in finite time a.s., so the construction of Section 3.2.2 applies and yields a fam-
ily O(T1€(-),B) € ®, B C C, as well as a tree T¢ := trc(y (see Figure 2 for
an example). By construction, given that Hc(l) has blocks 7y, ..., mp, the trees
L AnC +1) 1 <i < b, are independent with same distribution as T,,1 <i < b,
respectively. Since the law of the nonincreasing rearrangement of #m;, 1 <i < b,
is gyc, we readily obtain the following statement.>

LEMMA 24. The tree T¢ has law ch.
In fact, the leaves of the tree T¢ are naturally labeled by elements of C. We will

use this in the sequel, without further formalizing the notion of trees with labeled
leaves.

3There is one subtlety in this statement, which is in the case C = {i} for some i € N. Indeed, by
construction we have T¢ = e a.s., and this is the only place where we have to require that g1 (&) = 1.
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We will also use the shorthand notation TCB for the reduced tree 6(I1€ (-), B).
Using the above description, and applying the Markov property for I1€ at time
Dgc and the particular form of the Markov kernel O, we immediately obtain the
following, in the particular case B = [k], C = [n].

PROPOSITION 25. Let 2 < k < n. Then, conditionally on D[Ig][n] ={ and
H[”](D[g]m) =7, with 7|y = 7/, it holds that T[Ef]] has same distribution as

where 6 1 <i < b, are independent with respective laws that of T;Zi J1<i<
b(r").

PROOF. The only subtle point is that [k] N 7; = 711.’ , 1 <i < b, since the label-
ing of the blocks of 7, 7’ could differ. But since these partitions are, respectively,
of [n] and [k], this cannot be the case. [

4. Proofs of Theorems 5 and 6. Let g = (g,,n > 1) be a sequence of laws
on P,, respectively, that satisfies (1) and (H), for some fragmentation pair (—y, v)
and some slowly varying function £. In order to lighten notation, we let a, =
n¥L(n).

Consider a sequence of trees (7,,,n > 1), where T, has distribution PI n>1.
As we noticed in the Introduction, it is easy to pass from the situation where
q1() =1 to the general situation, by adding independent linear strings with
geometric(q1 (2))-distributed lengths to the n leaves of 7},. Since geometric distri-
butions have exponential tails, the longest of these n strings will have a length at
most C logn with probability going to 1 as n — oo, for some C > 0. If we let Tn1
be the tree for which ¢{(2) > 0 and Tn2 the one for which g1 (&) = 1, coupled in
the way depicted above, we easily get, for any y > 0,

P(daup(a, ' T, a, ' T;) < Ca, 'logn) —> 1.

Thus, we can deduce the convergence in distribution of a,, ' T;! to 7,,, from that of
a, ' T?. Therefore, from now on and until the end of the present section, we make
the following hypothesis, which will allow us to apply Lemma 24:

(H) The sequence (g,,n > 1) satisfies (H) and ¢ (&) = 1.

4.1. Preliminary convergence lemmas. We now establish a couple of interme-
diate convergence results for the discrete model. Recall that the sequence of distri-
butions ¢, n > 2, on P, respectively, induce distributions pg on Pp for finite B
by formula (13). By convention we set p, = pu].
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LEMMA 26. Let k> 2, and let &' be an element in Py with b blocks, b > 2.
Let g:(0,00)? — R be a continuous function with compact support. Then, under
assumption (H'),

#11 #mp 1 1
anpn( 8\ == 7 Pimwla=r") | 752, o wy(dm)g(mil, ..., 16Dz =n'}s
where K, is the paintbox construction associated with v. Note that on the event

{7 |k) = 7'}, the quantities #m;/n and |7;| for 1 <i < b that appear above are
a.e. nonzero, respectively, under p, and k..

PROOF. For simplicity, we let

#7'[1 #7'[},
B, = pn (g(T, cees —>1{ﬂ|[k]=n’})~

n
Let A € Py, and let iy, ...,ip € N be pairwise distinct. This induces a sequence
(Aiy» - -+, Aiy). Note that there are exactly
l_[ m;(A)!
IR R S UTRN L
choices of such pairwise distinct indices ii,...,il’7 such that ()Lii,...,)\,-é) =
(Aiys ..., Ai,). Hence, by the definition of g, and Lemma 23,
mi(hiy i @ {in, ..., i) (A Ai,
Bo=Y a0 Y ]I g(—,...,—)
AEP, i1ynip=1 I=1 mi(2)! n n
pairwise distinct
CT (i1, ..., ip)
X e —
Cy
Z (A) 1 Z ()\il )‘ib> 12[()\. )
= q}’l N g Ty e ey T ij #’ .
"ePy Wk T n L !

pairwise distinct

Now, the function

b
#'
h(s) = > g(sil,...,sib)l_[sij’, seSY,
j=1

i1ye0ip>1
pairwise distinct

is continuous and bounded, because g is compactly supported in (0, 00)?, so that
the sum is really a finite sum. Moreover,

k! ki
(14) hs)<K > T [1s/ :K(l — Zs§> <kK(1—s1),
0<ky,ko,...<k LLiz1 %" j>1 j=1
k1+]1<2j-~~=k
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where K is an upper-bound of |g|, and for every A € P,, it is easily checked that

for large n, if € > 0 is such that g(x1, ..., xp) =0 as soon as min;<;j<p x; < ¢€,
k\* 1 Ai A\ 12
1= =) G < o(2 2 [T0i
( en (n)k il,.Z,i;:,zl n n 11:[1 L #

pairwise distinct

< <n”—k>kh(x/n).

Letting n — oo and applying (H'), which is validated by (14),
g%%mzégmM©=Aﬁwmmmnwmwmmﬂm

the latter equality being a simple consequence of the paintbox construction of Sec-
tion 3.1.2. [

Now, we associate with (g,,n > 1) a family of process (I8 (r), r > 0) with
values in Pp, as in Section 3.2.4. We let I1" = 1" for simplicity, and set

D} = D} =inf{r > 0:[k] N 11" (r) # {[k]}}
for2<k <n,and D} = DH? =inf{r > 0:{1} € IT"(r)}. Also, for r > 0 we let
X, (r) :#H?l)(r).

LEMMA 27. Let n,k € N be fixed, with n > k > 2, and let &' € Py have
b > 2 blocks. Let F, f be measurable nonnegative functions. Then

E[F(Xa(- A (D} = 1)) f#TT7 (D), 1 <i < b) Ly op)=r)]

(Xn(r'—1) — Dg—1
= E
Z [ (n— 1)k

r'>0
X F(Xn ( A (I"/ — 1)))an(r/,1)(f(#7T,‘, 1<i< b)l{nhkan/})]'

PROOF. We first consider an expression of a more general form. For nonneg-
ative functions G, g, we have, using the Markov property at time r’ — 1 in the
second step,

E[G(I1"(- A (D} — 1))g(ITfy) (D} — 1) N I (D}))]

=Y E[G(IT"(- A (*' = 1))
r'>0
< Lger, -1y & (7)) ¢ = D N T D) Lgegnmn o<k ]
= Y E[GI"(- A (" = D) e, o7 -1y Py, 07— (8 D anm#wan) -

r'>0
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Specializing this formula to G depending only on X, and g(w) = f(#my,...,
#7p) (7|, ;=r'}> and using obvious exchangeability properties, we obtain

E[F(Xa(- A (Dy = 1)) fH#IT] (D), 1 < i < b)Lrgnmn (op)=n ]

= > E[F(Xa(- A (' = 1))
r'>0
X px, =) (f (i, 1 <0 < D) iy =n)) Ygemy, -1y
All the terms in the expectation depend on (X, (r),0 <r <r’ — 1), except the last

one which is a function of HE’I) (r" —1). But by Lemma 13 (in fact, the variant used
in the proof of Lemma 15),

_ Xl =D = Dy

P([k] C T (" = DI(Xa(r), 0 <7 <" = 1)) PR

giving the result. [

In the sequel, T1(-) will denote a continuous-time self-similar fragmentation
with characteristic pair (—y, v), and Dy, k > 1, will be defined as in Section 3.1.5.

LEMMA 28. Under assumption (H'), it holds that

(M,t >0) % (M)

.t >0),

n—oo
in distribution for the Skorokhod topology, jointly with the convergence

1 d
~pr Y op,.

an 1 n—oo

PROOF. Forn >k >1,let p, y =P(X, (1) = k). Note that the process X, is a
nonincreasing Markov chain started from 7, with probability transitions p; ;, 1 <
Jj <i.Then by a simple exchangeability argument,

k k
k=Y, pnmm(m)== Y g(Mm(M)—,  1=<k=n,
T EP[n) n rEP, n

where my () = my(A(r)) is the number of blocks of & with size k. Consider the
associated generating function for x > 0,

n

Fn<x)=2(5>xpn,k= S )y mkm(S)m
1

k=1 rEP, k=

-y qnmz(%)m.

rEPy, i>1
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Hence, 1 — F,(x) =, (f), where f(s) =1 — Y ;- s "' Note that f: SV — R
is continuous whenever x > 0. Indeed, the norm ||s||y4+; = (Zizl sf“)l/(x“) of
any s € SV is finite, and satisfies for every s, s € SY,

ISttt — I8 le1] < IS — 8"l

< sl 7 (s X

izl i>1 i>1

< 21/(x+1)d(s, S/)x/(X-H)_

Thus we may apply (H'), and obtain

an(1 — Fy(x)) — . (1 - Zs;"f'l)u(ds).

n—00 .
i>1

This is exactly what we need to use [26], Theorem 1, stating that (n_lX a(lant]),
t > 0) converges in distribution to the self-similar Markov process exp(—§;(.)), as
defined around Proposition 19. Moreover, this convergence holds jointly with the
convergence of absorption times at 1, s0 a,, ! D7 converges to the absorption time at
0 of exp(—&:(.)). By Proposition 19, the process exp(—&z(.)) has same distribution
as ([TT¢1y(2)[, t > 0), which reaches 0 for the first time at time D1. Hence the result.

O

Finally, the combination of the last two lemmas gives the last of our preliminary
ingredients.

LEMMA 29. The following joint convergence in distribution holds:

n #T17. (D"
(ﬂ, [k] N T1"(DP), (#z c [k]))

dan

D (D, 1N TIDR), ([T (D)

n—oo

.1 € [k])).

PROOF. Let 7’ € Py have b > 2 blocks, and f, g: (0, 00) — R, i : (0, 00)? —
R be continuous functions with compact support. Then by Lemma 27,

DI\ [/ X.(D'—1) #T17 (D)
E _k) ( k )h< l k ’ 1 = . = b)l ! o=’ ]
I an )\ Xu(Df =1 == 7)==

=rg()f(%>1a[(xn(:,;—_ll));ll)k_lg(xn(r/ - 1))

n

#ir; .
X an(r’—l)(h<Wl_l), 1 Sl S b)l{]‘[[k}:j‘[/}>:|
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= 2 15 el a2 w0

an 5
_ IZ f(L“;n“J)am[@(n,xnuam )

g(W)W(mLanuJ - 1))}

where
—1
d(n, x) = (x k— 1dn N 1=
(n — Dg—1 ax (n.x/n)—(00,c)
and

#r; .
W (m) = am pm <h<7, 1<i< b)l{,ﬂ[k]:n/}).

Note that the Potter’s bounds for regularly varying functions ([11], Theorem 1.5.6)
imply that ®(n, x) < C(%)k_l_y_1 for all n > x > A for some finite positive con-
stants C, A. In particular there exists some ng such that sup,,-, g y<, P (1, x) x
g(x/n) < oo (since g is null in a neighborhood of 0). The joint use of Lemmas
26 and 28 entails by dominated convergence that the expectation term in the inte-
gral converges to (note that the quantities ||, 1 <i < b, are all a.e. positive on
{7 |k} = 7'} under k)

E[|1‘I(1)(u)|klyg(|1'l(1)(u)|) /P o (@bl 1 <i < b)l{m:ﬂ/}},
N

and since f, g, h are compactly supported, the whole integral converges to

/0 f(u)duE[ln(n(Mﬂ e(IMay)])

x [ @1 << b)lm[k]:n/}}
P

which, by Proposition 18, equals
|[IT; (Dp)|
E[f(Dk)qu(l)(Dk—)Dh( l

7,151'55)1 KINTI(Dy)= /]

It is now easy to conclude, since |I1;(Dg)| > 0 almost-surely. [J

4.2. Convergence of finite-dimensional marginals. The first step in the proof
of Theorem 5 is the following result on reduced trees TCB of Section 3.2.4.

PROPOSITION 30. Let B C N be finite. Under assumption (H'), we have the
following convergence in distribution in Fy,:

1
—T[n R(T 0 B).
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PROOF. We use an induction argument on the cardinality of B. For B = {i},
one can assume by exchangeability (as soon as n > i) that B = {1}, and in this
case, the reduced tree is T[E] = (2, D), while R(7,,,, {1}) = (&, D1) by Propo-
sition 22. By the second part of Lemma 28, under (H'), it holds that

Dl’l

=1 ﬂ> D;.

an n—oo
This initializes the induction. Now, assume that Proposition 30 has been proved
for every set B with cardinality at most kK — 1, for some k£ > 2. We want to show
that the same is true of any set of cardinality k, and by exchangeability, we may
assume that B = [k].

We now recall, using Proposition 25, that conditionally on D} = ¢, [k] N
n"(Dy) = 7’ having b > 2 blocks and on 7 (D) = m;, 1 <i <b, with respec-
tive cardinality #7; = n;, the tree T[Elk]] has same distribution as

0D, 1<i<b),

where @) has same distribution as T,Zi, and these trees are independent.

The joint distribution of D, [k] N IT"(Dy), (#H?i)(DZ)» 1 <i <k) is specified
by Lemma 27, and its scaling limit by Lemma 29. We obtain by the induction
hypothesis that jointly with the above convergence, conditionally on [k] N

" (pp) =,

Lo — @l y0

ap Aap Ap;
(@ y () .
—> |I; (D) T, 1<i<bh,
n—>oo

where the 7@ are independent with same laws as R(7,,,, nl-/ ), respectively. Fi-
nally, a, T [Eﬁ] converges to
, y () ;
(I (DI T™M, 1 <i <b)p,,

and the R-tree associated with this tree has same distribution as R(7,,,, [k]) by
Proposition 22. [

4.3. Tightness in the Gromov—Hausdor{f topology. We now want to improve
the convergence of Proposition 30 into a convergence of nonreduced trees for the
Gromov-Hausdorff topology. Namely

PROPOSITION 31. Under hypothesis (H'), we have the convergence in distri-
bution

1 d
~r, 9 Ty
an n— oo

in .7, for the Gromov—Hausdorff topology.
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This will be proved by first showing a couple of intermediate lemmas.

LEMMA 32. Under assumption (H'), we have the convergence in distribution

d
n—

(" (Lant]). 1 2 0) < (T1(1). 1 > 0)

Jjointly with

(M,l ,IZO)
n

(d)
> 0) — (|H(i)(l)
n—o0
for every i > 1, all these convergences holding jointly.

PROOF. The fact that ([k] N [1"(|a,t]),t > 0) converges in the Skorokhod
space to ([k] N I1(¢),t > 0) for every k > 1 is obtained by using an inductive
argument similar to that used in the proof of Proposition 30. We only sketch the
argument. The statement is trivial for k = 1, so we can assume that k£ > 2. The
process [k] N I1"(|a,-]) remains constant equal to [k] up to time a,; IDZ, and
jumps to the state 7’ = [k] N7, 7 = 1" (Dy). By Lemma 29, an_lDZ — Dy as
n — oo, and the latter has a diffuse law by Proposition 18.

After time a,; ID;{’, given 7, the restrictions 711-/ N I1"(la,-| + D) have same
distribution as sr/ N 17 (|a,-]) and are independent. By the induction hypothesis
and exchangeability, still conditionally on 7, this converges to 7/ N @ (), where
n®,; > 1, are i.i.d. copies of I1. Moreover, since the jump times have diffuse
laws, two such copies never jump at the same time, from which one concludes
that given 7, the process (7] N I1"(lant] + D), 1 <i < b(x’),t > 0) converges
in the Skorokhod space to (JTl»/ NIID), 1 <i <b(x'),t > 0). This concludes the
indluctive step by gluing on the initial constancy interval of the process, with length
a, Dj.

The/:( convergence of IT"(la,-]) in the Skorokhod space follows, because
dp(lklNm,m) < ek for every 7w € Py. This shows that [k] N [1"(|a,-]) remains
uniformly close to I1"(|ay-]).

Next, by Lemma 14, it follows that, jointly with this convergence, for every
i > 1, the one-dimensional marginals of (n_l#l'l’gi)([antj), t > 0) converge in dis-
tribution to those of (|I1;)(¢)[,# > 0), at least for times which are not fixed discon-
tinuity times of the limiting process—the set of such points is always countable,
and it turns out that there are none in the present case. The convergence of finite-
dimensional marginals (outside of possible fixed discontinuities) is obtained in a
similar way, using a straightforward generalization of Lemma 14 to the case of a
sequence (( (n.1) ...,rr("’k)), n > 1) of jointly exchangeable random partitions,
respectively, of [n], that converges to a limiting k-tuple of random partitions of N.
This generalization is left to the reader.

Since we also know that the laws of the processes (n_l#l'lz’i)([antj ), t>0) are
tight when n varies, by Lemma 28 (these processes all have same distribution as
(n~'X,(lant]), t > 0) by exchangeability), this allows us to conclude. [
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Fork+1<i<n,let
S =inf{r > 0:[ k]ﬂl‘[ )(r) o},

the first time when the ball indexed i is separated from the & first balls. The ran-
dom variables Sl.”, k + 1 <i <n, have same distribution by exchangeability. The
strong Markov property at the stopping time S;' also shows that conditionally on

(l)(S”) = B, the process (B N IT"(S! 4+ r), r > 0) has same distribution as mne.
Conditionally on H(l) (S") = B, the tree tgnn 14 has thus the same distribution
as Tp and can be seen as a subtree of Tj,], characterized by the fact that this sub-
tree contains the leaf labeled i, does not contain any of the leaves labeled by an
element of [k] and is the maximal subtree of 7j,; with this property. In particular,

the Gromov—-Hausdorff distance between T[k] and Tf,) is at most

dan Ty, Ton) < Jmax ht(tmy, 5o csy+),

where ht(t), called the height of t, is the maximal height of a vertex in t.

Note thatif j € H(l)(Si"), then S" S Therefore, the blocks l'[’(’l)(Sf), k+1<
i <n, are either disjoint or equal. Moreover, the partition & of [n] \ [k] with these
blocks is clearly exchangeable. By putting the previous observations together, we
obtain by first conditioning on 7, and for every n > 0,

15 Plon(TY). Tiw) > nas) < E[Z Py (ht> nan>], n>0.

i>1

Here and later, we adopt the convention that quantities involving #m; are always
equal to 0 when #m; = 0. At this point, we need the following uniform estimate for
the height of a P _distributed tree, which is the key lemma of this section.

LEMMA 33.  Assume (H'). Then for all p > 0, there exists a finite constant C,
such that

C
PY(ht > xa,) < —5 Vx >0,Vn > 1.
X

Before giving the proof of this statement, we end the proof of Proposition 31.
Using Lemma 33 for p = 2/y and (15), we obtain

2/y
[] -2 ;.
B(don(Ti4, Tn) = nan) < Copyn VB[ 22 ]
i>1 an
By the exchangeability of the partition 7 of [n]\ [k], note that for every measurable
function f,

E[f(#ru+1))] = [ > f#”(l)} [Z n#flk

i=k+1 i>1
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This finally yields

B # H#T(er1) !
P(dau (T, Tin) = 1n) < Capyn ™ yE[ n(k+l)2/y 1 ]
ay"n—

Since the sequence (a,%/ Yn=1, n > 1) is strictly positive and regularly varying at
oo with index 1, we get from Potter’s bounds ([11], Theorem 1.5.6), the existence
of a finite constant C such that (a;’” k=) /(ay'’ n=1) < CJ/kJn forall 1 <k <n.

Hence,
— # k+1

Note that the quantity in the expectation is bounded by 1. By Lemma 32, it holds
that Sl?+1/an — Sk41 in distribution as n — 0o, where Sy = inf{t > 0:[k] N
IT(x+1)(t) = &}. This convergence holds jointly with that of (n_l#H?k +1y(Lant D),
t >0) to (|TT1)(#)[, t > 0) in the Skorokhod space, whence we deduce that

thUPP(dGH( ,,] , Tin)) = nay) < CCayym Z/VE[\/|H(k+1)(Sk+1—)H

n—oo

Let S,’CJrl =inf{r >0:{2,3,...,k+ 1} NI (t) = g}, then by exchangeability,

hmsupIP’(dGH( [n] . Ttn)) = nan) < CCoypyn™ /VIE [V H(l)(Sk+1 )|]-

n—oo

Since the quantity in the expectation goes to 0 a.s. as k — 0o and is bounded [in-
deed S,/{ 1 Dy1y a.s. and [T1(1)(Dy13—)| = 0 by (2) and Proposition 19], we conclude
that for every n > 0,

(16) hm hmsupIP(dGH(T[n Tin)) = nay) =0.
k—00 n—oo
It is now easy to get from this the convergence in distribution of a,; 1 Tin) toward
T,.v in (7, dgn), using the following lemma, together with (16), Proposition 30
and the fact that R(7, ., [k]) converges in distribution in (.7, dgn) to 7, as
k — oo [25].

LEMMA 34 ([10], Theorem 3.2). Let X,, X, X,’i, X* be random variables in a
metric space (M, d). We assume that for every k, we have X ﬁ — XX in distribution
as n — oo, and X*¥ — X in distribution as k — oo. Finally, we assume that for
every n > 0,

hm hmsup]P’(d(X Xn) >n)=0.

k—00 n—o0

Then X,, — X in distribution as n — o0.
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PROOF OF LEMMA 33. Note that if the statement holds for some p > 0, it
then holds for all p” € (0, p). We can therefore assume in the following that p >
1/y, and we let ¢ > 0 be so that p(y — ¢) > 1. The main idea of the proof is to
proceed by induction on n, using the Markov branching property. We start with
some technical preliminaries.

e First note that EZ[ht"] < oo for all » > 0 and all n > 1. This can easily be
proved by induction on n (r being fixed) using the Markov branching property and
the facts that g, ((n)) < 1 and that ht = 0 almost-surely under P?.

e Second, we replace the sequence (a,, n > 1) by a “nicer” sequence (d,,n > 1)
such that a, ~ a,, thatis, a,/a, — 1 as n — oo. This step is trivial when a,, = n?;
we then take a, = a,. Since a, = n¥£(n) with £ slowly varying at oo, it is well
known (see [11], Theorem 1.3.1) that it can be written in the form

an:nyc(n)exp(/nn(u)du/u), n>1,
1

where c(n) — ¢ > 0 as n — 00, and 5 is a measurable function that converges to
0 as u — 00. Define

n
Eln:nycexp</ n(u)du/u), n>1.
1

We claim that there exists an integer n, > 1 such that for n > n,,

. N
(17) il—kf (—) Vi<k<n.
ay n

Indeed, let u, be such that [n(u)| < e for all u > u,. Forn > k > u,, we have

/n —n(u)du/u
k

(3 ol ) <)

Besides supgc(y. |y, 3 dkk®7 /(@un®~7) < 1 for all n large enough (say n > ny).
Hence ay/a, < (k/n)Y "¢ foralln >n, = max(n/g, ug)andall1 <k <n.

e Since a, > 0 for all n > 1 and a, ~ a,, there exists some C > 0 such that
an > Ca,, for all n > 1. It is therefore sufficient to prove the existence of a finite
C, (a priori different from the one in the statement of the lemma) such that

< s/n du/u <eln(n/k);
k

hence

C
(18) PZ(htzxdn)f—If Vx >0andn > 1,
X

to finish the proof of the lemma. In order to prove (18), we will use the integer n,
introduced around (17), and we will further assume, taking n. larger if necessary,
that a,, > 1 for every n > n,. Introduce now 0 < C 11, < 1 such that

(1—u)™P<1+2pu  YO<u<C,.
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Using (H') and the fact that g,,((n)) < 1 for all n > 1, there exists also CIZ, > 0 such
that

3 pQ) A (y—ep )
(19) in Y qnm(l - (%) ) >c2 =1

rEP, i=1
[recall that (y —&)p > 1 and a,, > O for all n > 1]. Last we let

Cpne) = max (Ef[ht”1/af) < oo,

and we set
Cp :=max(Cp(ng), (l/Cll,)p, (2p/C12,)”) < 00.
Our goal is to prove by induction on n > 1 that
C
(A)) PI(ht < xa,) >1— —5 for every x > 0.
X
Clearly, (A,) holds for all n < n, since C, > Cp(ne) and P (ht > xa,) <
E{[ht?]/(xa,)?. Now assume that (Ay) is satisfied for all k <n — 1 for some
n>ng. Forall0 <x <C },/ P the expected inequalities in (A,) are obvious, so it

remains to prove them for x > C },/ P To get (A,), we will prove by induction on
i € N that

- Cp i
(An.i) PI(ht < xa,)>1— — for every x € (0, — |,
xP an
which will obviously lead to (A,). Note first that (A, 1) holds since 1/a, <1 <
Cll,/p. Assume next that (A, ;) is true, and fix x € (0, (i 4+ 1)/a,). We can assume

that x > C ,1,/ P since (A,) holds otherwise. Using the Markov branching property
and the fact that (Ay) holds for every k <n — 1, as well as (A, ;), we then get

p)
PI(ht < xd,) = ) g.(%) [] PL (ht < xa, — 1)
rePy i=1
p(A) C &P +
P™x;
> Y o [T(1- 70)
reP, i=1 (xan — 1P

p) Cpflf
>y qn(x)<1 -y —)
AP, io1 (van — 1P
using the notation »+ = max(r, 0) and that for all sequences of nonnegative terms
bi,i > 1, [T (1 —=bj)* >1—=3" b, for every m > 1. Next, since xa, > x >
1/Cp>1,

1 B 1 - 14+2p/(xay)

(xan — 1P (xan)P(1 —1/(x@,))? =~ (xan)?

9
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and then

PZ(ht < xa,)

=Y -2 Y qn(x)%)( )

rEP, rEP,
*)
2pCyp 4
 xrtlg Z an*) Z( )
p) (y—&)p
> 1=y Lm ( )
by A7) P )LEZP qn Z

(A) (y—e)
2pC) p y—€p
~ xPtlg Z an ) Z ( )

C P A (y—e)p
S qnm(l—Z(;) )

)»677” i=1

*) (y—e)p
2pCp 8 v
- anmz( ) .

We then use (19) and the fact that Zp(}‘)(k /n)Y =8P <1 [since (y —&)p > 1] to
get

Cp C 2
P4 (ht < xd,) > 1 — —L + —L (Cz——p>.
xP  xPa,\ P x

By assumption, x > C,l,/p > 2p/Cf,; hence

C |+ 1
PI(ht < xa,)>1— =P for every x € (0, : :i_ )
xP an

as wanted. [

4.4. Incorporating the measure. We now finish the proof of Theorem 5, by
improving the Gromov—Hausdorff convergence of Proposition 31 to a Gromov—
Hausdorff—-Prokhorov convergence, when the uniform measure wu, = wy7, on
leaves is added to T,, in order to view it as an element of .7, rather than 7.

We will use the fact ([23], Lemma 2.3), that the convergence in distribution of
a; 'T, asn — oo in 7 entails that the laws of the random variables a,, ! T, form a
tight sequence of probability measures on 7. Therefore, it suffices to identify the
limit as 7, .
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So let us assume that a,; 17, converges to (77,d’, p/, ') € F in distribution,
when n — oo along some subsequence. Let L, L7, ..., L} be k i.i.d. uniform
leaves of T,,. Conditionally given the event that these leaves are pairwise distinct,
which occurs with probability going to 1 as n — oo with k fixed, these leaves are
just a uniform sample of k distinct leaves of T, so by Lemma 24 and exchange-
ability, the subtree of 7, spanned by the root and the leaves L7, ..., L} has same
distribution as T[[,f]]. By Proposition 30, we know that a,; ! T[Ef]] converges in distri-
bution to R(7, ., [k]) in 7.

A k-rooted compact metric space is an object of the form ((X, d), x1, ..., xx)
where (X, d) is a compact metric space and xp, ..., xx € X. The set of k-rooted
metric spaces can be endowed with the k-rooted Gromov—Hausdorff distance

A& (X, dy, x1, .00, (X', d'), x], .. xp)

= inf max dist(¢(x), @' (x))) v distia(¢ (X), ¢/(X),
¢.¢' 1<i<k

where, as in the definition of the Gromov—Hausdorff distance, the infimum is over
isometric embeddings ¢, ¢’ of X, X’ into some common space (M, dist). Note in
particular that dé% = dcu. Now, the fact that a,; 1T, converges to (77, d’, p’, i)
in .7, implies that the k + 1-rooted space (a,; 7., 0, LY, ..., Ly) converges in
distribution to (77, p’, L1, ..., L), where L1, ..., Ly are i.i.d. with law u’ condi-
tionally on the latter. See [31], Proposition 10, for a proof and further properties of
the k-rooted Gromov—Hausdorff distance, which is separable and complete.

If (T.d, p) is a rooted R-tree and x1, ..., xx € T, the union of geodesics from
p to the x;’s,

k
R(T, x1,...,x) = Jllp, xi1]

i=l

is in turn an R-tree rooted at p with at most k leaves, called the subtree of T
spanned by x1, ..., x (the role of the root being implicit).

LEMMA 35. Let (A, dy, pn),n > 1, be a sequence of rooted R-trees and

xi, ..., x; bek pointsin A,, such that (A, dyn), pn, X7, ..., xfl‘) converges for the
k + 1-rooted Gromov—Hausdorff distance to a limit ((A,d), p, x1, ..., x). Then
the subtree R(Ay, x7, ..., x}) converges in 7 to the subtree R(A, x1, ..., Xt).

We will prove this lemma at the end of the section. By using the Skorokhod rep-
resentation theorem, we may assume that the convergence of (a,; T, p, LT, ...,
L) to (T',p', L1, ..., Ly) holds almost surely. This, together with Lemma 35
and the discussion at the beginning of this section, implies the joint convergence
in distribution in .7 of a; ' Tj,), ;! T[[nk]] to 7', 7/, still along the appropriate sub-
sequence, where 7, is the subtree of 7’ spanned by Ly, ..., L. In particular,
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this identifies the law of 7}/ as that of R(7, ., [k]). When k — oo, we already
stressed that the latter trees converge (in distribution in %, with the uniform mea-
sure i on the set of its k leaves) to 7, ,. On the other hand, 7;6/ converges a.s. to
T, d, p', 1) in Fy as k — oo, where 7" is the closure in 77 of

Utte’, L1,

i=1

But the joint convergence of Tj,, T[Ef]] in 7 along some subsequence and (16)
imply that for every n > 0, limg_, oo P(dgu(Z;, 7') > ) =0.S0 7" =T7" a.s., en-
tailing that (7', d’, p’, ') has same law as 7, ,,. This identifies the limit of a,; Ir,
in 9 as 7, ,, ending the proof of Theorem 5.

It remains to prove Lemma 35. We only sketch the argument, leaving the details
to the reader. We use induction on k. For k = 1, the subtree R(Ay, x}) is iso-
metric to a real segment [0, dy, (o, x1')] rooted at 0. The 2-rooted convergence of
((An,dpn), pu, x7) to ((A,d), p, x1) entails that d,,(p,, x]') converges to d(p, x1),
hence that R(A,, x{) converges to [0, d(p, x1)] rooted at 0, which is isometric to
R(A, x1).

For the induction step, we use the general fact that if A is a rooted R-tree and

X1,..., Xk, Xk+1 € A, then the distance between x4 and the subtree of .4 spanned
by x1, ..., X is equal to
. (d(Xk+1,xl-) +d(xp+1, p) — d(xi, p))
5k+1 = min .
1<i<k 2

Moreover, if i € {1,2,...,k} is an index that realizes this minimum, then the
branchpoint xz1 A x; is at distance &g+ from x4 and is the ancestor of x; at
height (i.e., distance from p)

hit1 =4d(p, Xr41) — Sk41.

In words, we get that R(A, x1, ..., xg+1) is obtained from R(A, x1, ..., x;) by
grafting a segment with length §x 1 at the ancestor of x; with height Az .

In our particular situation, and with some obvious notation, we get that
R(Ay, x{, ..., x¢,) is obtained by grafting a segment with length &}/ | to the
ancestor of xi’; with height A} 41 where i, is some index in {1,...,k} that
can depend on n. Taking a subsequence if necessary, we may assume that
in =i is constant. The k 4 2-rooted convergence of ((A,, dy), pn, x|, ..., x,’C’H)
to ((A,d), p,x1,...,xxy1) entails that the d,-distances between elements of
{on,x{, ..., x{ 1} converge to the corresponding d-distances of elements in
{p,x1, ..., xk+1}. Consequently, it holds that &}/, h}, | converge 0 Sg+1, Ag+1,
defined as above. Together with the induction hypothesis stating that R(A,, x{,

., x}) converges in .7 to R(A, x1, ..., xi), this entails easily that R(A,, x{, ...,
x,1) converges in 7 to the R-tree obtained by grafting a segment with length
8k+1 to the ancestor of x; with height Ay in R(A, x1,...,xx), and this tree is
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R(A, x1, ..., xg+1). The result being independent of the particular value of i (se-
lected by the choice of a subsequence), the convergence holds without taking sub-
sequences, which concludes the proof.

4.5. Proof of Theorem 6. To pass from trees with n vertices (with law Q})

to trees with laws of the form PZ , with n leaves, we introduce a transformation
on trees, in which every vertex which is not a leaf is attached to an extra “ghost”
neighbor, which is a leaf.

Precisely, if t is a plane tree, then the modification t° is defined as

t°=tuU U {(ur, ..o uk, cu(t) + 1)}

If we are given a tree rather than a plane tree, then this construction performed on
any plane representative of the tree t will yield plane trees in the same equivalence
class, which we call t°. Note that

#0t° = #t.

We see t° as an element of .#,, (endowed with graph distance and uniform
distribution on 9t°), and view t as an element of .#,,, by endowing it also with the
graph distance, but this time, with the uniform distribution w; on t. It is easy to see,
using the natural isometric embedding of t into t°, that for every a > 0,

(20) dgnp(at, at®) <a.

Let (g,,n > 1) be, as in Section 1.2.2, a family of probability distributions, re-
spectively, on P,, such that g;((1)) = 1. We introduce the family ¢,,n > 1, of
probability measures, respectively, on P, by ¢7(2) = 1, and

qr(i+1(()\'» 1))ZQn0\), n= 17)"€an
where (A, 1) = (A1,..., Ap0), 1) € Pug1.
It is then immediate to show by induction that if 7, has law Q}, then T, has

law P , with the notation of Section 1.2.1. We leave this verification to the reader.
In view of this and (20), we see that Theorem 6 is a straightforward consequence
of the following statement.

LEMMA 36. If (gn,n > 1) satisfies (H) with either y € (0,1), or y =1 and
£(n) — 0asn — oo, then (g, ,n > 1) satisfies (H), with same fragmentation pair

(—y,v) and function .

PROOF. Let f:SY — R be a Lipschitz function with uniform norm and Lip-
schitz constant bounded by K. Let also g(s) = (1 — s1) f(s). Then

i) G)l=xme e ) =
n+1 n/l— 15i5£(k)n(n+1)’n+l “n+1
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sol;hat P W‘( Al >f<<x,1)) (1_ﬂ>f<ﬁ)’
n+1 n = " n+1 n+1 n n
=2 )< (Kill) n§1>
< 2K .
“n+1

Multiplying both sides by n¥ £(n), we see that the upper bound converges to 0 as
n — oo under our hypotheses. Since n?{¢(n)g, (g) converges to v(g) by (H), we
obtain the same convergence with g, instead of g,,. This yields the result. []

4.6. Proof of Proposition 7. Recall the notation A® (n) for the decreasing se-
quence of sizes of blocks restricted to {1, ..., n} of a random variable with paint-
box distribution ps(drr), with s € SY, > i>15i = 1. Recall also that A® (n)/n—s
in S* almost-surely. Now set for A € P,

gn(A) = n’v /Sl P(A(S) (n) = )‘)l{nﬂ//zflfsl}v(ds)’ AF# (n),
Gn()=1—>" Gu(d).

YT
For n large enough, say n > no,
0< Y @=n”[ a-sypas =1,
APy () St

hence g, defines a probability distribution on P, such that g, ((n)) < 1. Then set
gn = Gn for n > ng, and for n < ng, let g, be any distribution on P, such that

qn((n)) < 1.
Next, consider a continuous function f:SV — R... For n > ng, we have

Y qnm(l - %)f(%)

rEP,

(s (s)
= ]E|:<1 _ A] (n)>f(A (n)>]1{”y/2<1—S1}V(ds)v
St 7 " -

which converges to [, f(s)(1 — s1)v(ds) as n — oo by dominated convergence.
This completes the proof.

5. Scaling limits of conditioned Galton—Watson trees. Recall the notation
of Section 2.1. Since the probability distribution GW¢ enjoys the so-called branch-

ing property, it holds that the conditioned versions GW(n) are Markov branching
trees.



SCALING LIMITS OF MARKOV BRANCHING TREES 2641

PROPOSITION 37. (i) One has Gng) = Q) for every n > 1, where the split-
ting probabilities q = (g,,n > 1) are defined by q1((1)) = 1, and for every n > 2
and A= (A1, ..., p) € Py,

p! £(p) [17_, GWe (#t = 4;)
[Tjs1m;()! GWe#t=n+1)
(ii) On some probability space (2, F,P), let X1, X2, ... be i.i.d. with distribu-
tion P(X1 =k) =GWe(#t =k), and set 1, = X1 + X +--- + X ,. Then
P(rp, =n)
P(ry=n+1)’
and g, (-|[{p(X) = p}) is the law of the nonincreasing rearrangement of (X1, ...,
X ) conditionally on X1 +---+ X, =n.

21 qn(X) =

(22) an(p() = p) =E&(p)

PROOF. (i) Under GW¢ (viewed as a law on plane trees), conditionally on
¢y = p, the p (plane) subtrees born from & are independent with law GW¢. For
integers ay, ..., a, with sum n, the probability that these trees have sizes equal to
ai,...,ap is thus [17_, GW¢ (#t = a;). Hence,

P GWe(#t = a;)

23 GW(n+1) = ’#ﬁl =daj, 1 <71 < — i=l1 ,
(23) g (cog=p ai,1<i<p)=E&(p) e ——

and conditionally on the event on the left-hand side, the subtrees born from the root

are independent with respective laws GWéa" ), 1 <i < p. Letting A be the nonin-
creasing rearrangement of (ay, ..., ap) and re-ordering the subtrees by nonincreas-
ing order of size (with some convention for ties, e.g., taking them in order of ap-
pearance according to the plane structure), we see that these subtrees are indepen-
dent with laws GW?"), 1 <i < p. Using the fact that there are p!/[];=;m;()!
compositions (ay, ..., ap) of the integer n corresponding to a partition A € P, and
viewing GW¢ as a law on T instead of plane trees, the conclusion easily follows.

(ii) We have g, (p(1) = p) = GW{" (¢ = p), and the wanted result is just
an interpretation of (23). [

On the same probability space (€2, F, P) as in the previous statement, we will
also assume that (S,,r > 0) is a random walk with i.i.d. steps, each having dis-
tribution £(i 4+ 1),i > —1. Then the well-known Otter—Dwass formula (or cyclic
lemma) ([33], Chapter 6), stating that P(t, = m) = (r/m)P(S,, = —r) for every
r,m > 1, allows us to rewrite

P(S, = — 1,  P(S,=—
pP( p)/n  n+ £(p) ( p)

P(Spe1==1/(a+1)  n P(Spt1=—1)’

(24) gu(p(\) = p)=E&(p)

where éf(p) = p&(p) is the size-biased distribution associated with & [this is a
probability distribution by (4)].
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It is often convenient to work with size-biased orderings of the sequence
(X1,..., Xp) rather than with its nonincreasing rearrangement. Recall that if
(¥1, y2, ...) is a nonnegative sequence with ) ; y; < oo, we define its size-biased
ordering in the following way. If all terms are zero, then we let y" = 0, otherwise
we let i* be a random variable with
. Vi

> j>1Yj
and set y; = y;«. We then remove the i*th term from the sequence (y;,i > 1)
and resume the procedure, defining a random re-ordering (y, y;,...) of the
sequence (yi,y2,...). The size-biased ordering (Y}, Y5,...) of a random se-
quence (Y7, Y2, ...) with finite sum is defined similarly, by first conditioning on
(Y1,Y2,...). If wis the law of (Y1, Y2, ...), we let u* be the law of (Y}, Y}, ...).

If 1 is a probability distribution on S¥, then u* is a probability distribution on
the set S| = {x = (x1, x2,...) € [0, N > i1 X <1} which is endowed with any
metric inducing the product topology—in particular, S; is compact. Similarly, if
@ is a nonnegative measure on SV, we let u*(f) = Jsi n(ds)E[ £ (s*)], for every
nonnegative measurable f:S; — R, where s* is the size-biased reordering of s.
The following statement is a simple variation of [9], Proposition 2.3, replacing
probability distributions with finite measures.

LEMMA 38. Let u,,n > 1, and |1 be finite measures on SV, and assume that
w is supported on {s € St : > i 8i = 1}. Then uy, converges weakly to p if and only
if w) converges weakly to ju*.

5.1. Finite variance case. Here we assume that & has finite variance
szl p(p — Dé(p) = 02 < 00. In the proofs to come, C will denote a positive,
finite constant with values that can differ from line to line.

Our goal is to check hypothesis (H) for the sequence g of (21), and for the
measure v = (o/2)v;. Due to Lemma 38, it suffices to show that

% (W)

(25) n'2((1 =513, ()" —> (0/2)((1 = s)12(ds))".

Now, for any nonnegative measure 4 on S* and any nonnegative continuous func-
tion f on Si, one can check that

(26) ((1—51)M(dS))*(f)=/S ©*(dx)(1 — maxx) f (x),
1

where max X = max;>1 x;. Applying (26) to u© = ¢,, and v, we conclude that (25)
is a consequence of the following statement.

PROPOSITION 39. Let f:51 — R be a continuous function, and let g(x) =
(1 — maxx) f(x). Then

27 g o [___& 1-x,0
27) nq,,(g)nj;om A x1/2(1—x)3/2g(x’ —x,0,...).
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In summary, Theorem 8 in Case 1 is a consequence of this statement, and The-
orem 6.

Proposition 39 will be proved in a couple of steps. A difficulty that we will have
to be careful about is that x — maxXx is not continuous on Sj. Fix f, as in the
statement. Note that 0 < 1 — maxx < 1 — x; for every x € S, so that |g(x)] <
c(1 — x1) for every x € S1 for some finite ¢ > 0, a fact that will be useful. In the
sequel, to simplify things, we will assume ¢ = 1 without loss of generality.

First, note that combining (ii) in Proposition 37 with a size-biased ordering, it

holds that
B (X*,...,X*%,0,..)
29 7@ =Y arlp( = p)E[ g e I
p>1
LEMMA 40. Forevery e >0,
Vngn(p(A) > e3/n) — 0.

PROOF. From (24), the local limit theorem in the finite-variance case

(29) sup
pEZ

— 0

n—oo

VnP(Sy = —p) —

(-2
exp| —
27062 P 2no?
shows that g, (p(1) = p) < C&(p) for every n, p. Now

> E((k, 00)) < o0,

k>0

lzecause § has finite mean. Since é((k, 00)) is nonincreasing, this entails that
£((k, 00)) = o(k~ ). Hence the result. [

LEMMA 41. One has

limlimsup v/ngy (181 >1-9)) =0 and ~ lim /ng;(1;,, _,-775) =0.
nl0 n—soo n—00

PROOFE. Letn > 0. Since |g(x)| < (1—x1), we get using (28), that \/ng};(|g| X
1{;,>1-5)) is bounded from above by

n'3" g (p() = p)
p=1

_mp\ pmi P(Xy =m)P(tp—1 =n—m)
x Z (1 n ) n P(z, =n) ’

(I-mn<mi<n
where we used the fact (left as an exercise to the reader) that

P(X; = P(X oot X, =n —
P(XT=m|X1++Xp:n)=m ( 1 m) ( 2+ + p=n m)
n P(X1+---+X,=n)
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By replacing g, (p(X) = p) by its value (22), and using the cyclic lemma, we obtain
the upper bound

\/ﬁqz (|g|1{x1>l—r;})

<=2 p(p=DEp) Y |
"ol iz VPPS=—D

Now, (29) implies that \/mP(S,,, = —1) and /n — m{P(S,—n, = —p + 1) are
bounded from above by positive constants that are independent of n, m1, p, while

/nP(S,+1 = —1) converges to a positive limit. Consequently, the bound is
1 1
C ) plp—DEp)— :
Ig n(l—r])n2<:m1§n \/(ml/n)(l_ml/n)

and this converges to Co? fll_n(x(l —x))"Y2dx as n — oo. In turn, this goes to 0
as 7 — 0. The second limit is obtained in a similar way, writing v/nq; (1 {x<n=7/8})
as

P(X) =m)P(t)_1 =n—
WY gpy=p) Y P & mllp)(r(ff,i) )
=

p=1 1<mi<nl/?

IP](Sn—ml =—p+ 1)

<Cn 'Y p(p—DE(P) Y P(Sw =-1) PGSy =—1)

p=1 I1<mi<nl/3

<Cn B3 p(p — DE(p)
p=1

for some finite constant C, where we used the local limit theorem in the last step,

and bounded P(S,,, = —1) by 1 (we could also bound it by le_l/ 2 and obtain a
better bound, but we do not need it). [l

LEMMA 42. For every n > 0, it holds that

nlinolo VG (L 4x,<1-m)) = 0.

PROOF. Fix ¢ > 0. Then by (28),
\/Eq:(l{x1+x2<1—77})
<vn Y aup)=p)P(X] + X5 < (1 —nnlt,=n)

2<p<enl/?

+ /g (p(h) > £4/n)

as one can note that the p = 1 term in the sum is zero. The last quantity being o(1)
by Lemma 40, we only have to concentrate on the first term of the right-hand side.
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Using (22), we rewrite it as

0 Y ey y PEI=mXi=mig=n

2<p<enl/? mi+ma<(1—n)n Ploy=n+1)

Next, using the fact (also left to the reader) that
P(XT{=m1, X5 =ma, 1, =n)

pmy (p— Dmy
= TP(Xl = ml)—IP(Xz =my)

XP(X3+---+ X, =n—m —my),
and using the cyclic lemma, we can bound (30) by
(n+1)/n
—— Y p%Ep
n
2<p=<enl/?

s Bm = —DF(S = —DFGymim = =P+
(n—m))(n—m; —m)P(Sy41=—1) ’

X

mi+my<(l—nn
If mi +m> <n(l —n),thenn —m; >n —m; —mo > nn. In this case, the local
limit theorem (29) implies
P(Smy = =DP(Smy = =DP(Sp—my—my = =P +2) _ C
(n—mp)(n—mp—m)P(Spq1=—1) Tt mymy
Note that the constant C here does not depend on p, ¢. Consequently, we obtain
the bound

V@ (e 4xa<(1—mn))

C 3 1 n n
< 4 — _— 1)
<—> Y. rEp—= Y +o(
n>/ ﬁ2§p§enl/2 mi+my<(1—pyn ¥ 12
C8 2 d-xl d-xz
<23 s(p>f +o(1),
775/2 ]Z:I x1+x2<1 /X1X2

where C is still independent of p, €. The first term on the right-hand side is finite
and does not depend on n anymore, and it goes to 0 as e — 0, entailing the result.
O

LEMMA 43.  There exists a function B, =o0(n) as n | 0, so that
lim lim infﬁﬁﬁ (gl{x1 <1—777X1+X2>1—/3n})

77\[/0 n—o0

= lim lim sup ﬁqz (gl{x1 <1*77,X1+x2>1*ﬂn})

nd0 n—oo

0 /lg((x,l—x,O,...))
_«/E 0 x1/2(1_x)3/2
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PROOF. The proof is similar to the previous ones, but technically more te-
dious, so we will only sketch the details. Fix n > 0, and consider 1" € (0, n)
and ¢ > 0. Then, by decomposing with respect to the events {p(1) > £,/n} and
{(x:x1 < n=1/ 8}, we obtain, using Lemma 40 and the second limit of Lemma 41,
\/ﬁq;zk(gl{)q<1—?7,X1+XZ>1—?7’})

=o(1)
+vn Y an(p)=p)

2<p<enl/?

X > E[g((m1,ma, X3,..., X5,0,...)/n)|

nt/8<mi<(1-n)n
(I=n)n<my+my=<n

T, =n,X] =mi, X5 =ms]

. P (p—Dmay/n

P(X| =
n 1—m/n Xy =m1)

P(tp—2=n—m; —my)
P(tp, =n) ’

We now give a lower bound of the liminf of this as n — oo. Obtaining an appro-
priate upper bound for the lim sup is similar and easier.

Note that if x; +x3 > 1 —n’ and x; <1 — n, we have that (1 — x| —x2)/(1 —
x1) <n'/n,and then x5/(1 — x1) > 1 —n’/n. Next, by (29), we can always choose
n’ small enough so that P(X| = m,)/P(X; =n —m;) > 1 — n for every n large
enough, where m 1, m, are as in the above sum.

Also, still by (29), and using (22), we can choose ¢ small enough so that for
every 1 < p < en!'/? and every n large, we have

an(pG) =p)/E(p) = —n) and (p~'n**P(x, =n))"" = (1 — n)ov/27.
A third use of (29) entails that

x P(Xy =m»)

myPP(Xy = m1) nmyPP(Xy = m) = (1 —n)/o/2n
for every n large and m > n'/%, my > (n — n')n.

Finally, we use the fact that f is uniformly continuous on &7, while maxx =
X1V x7 on the set {x € 51 :x1 +x2 > 3/4}. Consequently, the function g(x) = (1 —
maxX) f(x) is uniformly continuous on the latter set. Therefore, we can choose
n' < 1/4 small enough so that

|g((my,ma,m3,...)/n) —g((mi,n—my,0,...)/n)| <n

for every (m1, my, ...) with sum n, such that m; + my > (1 — n")n. Putting things
together, for every n > 0, we can choose n’ =: B, € small so that for every n large
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enough, /nq; (81(x, <1—y,x1+x2>1—y}) 18 greater than or equal to
(A=)’ =n'/n)
~ 1
x 2 (p=Di(p~

2<p=<en!/?
mi
X Z (g((ml,n—ml,O,...)/n)—77)7
nlB<mi<(1-n)n
1
X
oN2m((my/n)(1 —mi/n))3/?
X Z P(tp_2=n—my —my).

(1=n")n—my <my<n—m,

Finally, the last sum is P(t,—> € [0, n'n]) > Pt s €10, n'n]), and this can be
made larger than 1 — n when n is large enough, by choosing ¢ even smaller than
before if necessary. Indeed, as is well known, and again a consequence of (29),
7| J/a)/a converges in distribution as a — 00 to a stable random variable with index
1/2. Taking the liminf in # and using a convergence of Riemann sums, yields

liminf o/nq; (81 <1-n,x1+x2>1-7')
> (1= —n'/n)

dx
—1 1—x,0,...)—n).
<20 e [ i Al 1w 0 =)

One concludes using the fact that 3 -, (p — l)é(p) =02 O

We can now finish the proof of Proposition 39. Simply write

@ (8) = T (gl <1—nxi4ma=1-n) | S Tn (181 =1-n) + T (18112 10 <1-1y))-

Now fix & > 0, and using Lemmas 41 and 43, choose 7, n’ in such a way that
Vg (g1l =1-n)) < &/2 and

. o lg((-x91_-x70""))
‘\/ﬁqZ(gl{m<1—'7,X1+X2>1—'7/}) - Var Jo x172(1 = x)3/2

x| <¢g/2

for every n large. For this choice of n, ', we then have for every n large enough,

‘\/ECI:(g)_ m/o 21— x)372 d)C‘ 58+ﬁQZ(|g|1{x1+x2§1—m}),

and the upper-bound converges to € as n — oo by Lemma 42. Since ¢ was arbi-
trary, this proves Proposition 39, hence implying Theorem 8 in Case 1.
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5.2. Stable case. Assume that £(p) ~ cp_"‘_l for some « € (1,2) and ¢ > 0.
Theorem 8 in Case 2 will follow if we can show that hypothesis (H) holds for y =
1—-1/a,l=(a(x—1)/(cT"(2— @)/ and the dislocation measure vy. A similar
reasoning as in the beginning of the previous section shows that it suffices to prove
the following statement.

PROPOSITION 44. If f:S81 — R is a continuous function bounded by 1, and
g(x) = (1 — maxx) f(x), then

F(2—oe)>1/°’ .

WG = () .

n—oo

One will note that the function g of the statement is continuous vj-a.e., since
X > max X is continuous at every point X with sum 1. Now,
T, = n]

(XT,...,X;’;,O,...))

70 =Y an(p) = p)E[g(

p>1 n
o0
31) =n‘/°‘/0 dxga(p(h) = [n"/9x7)
(XFy o X5 0 1,0,
X E|:g< [n al > Tipl/ay] =n:|.

Recall the notation around (24). The random walk S, is now such that (S|, / nl/e,
t > 0) converges in distribution in the Skorokhod space to a spectrally positive sta-

ble Lévy process (¥;, ¢ > 0) with index o and Lévy measure ¢ dx /x'+*1(,~¢). Its
I'—a)
a(e—1)"

Laplace transform is given by E[exp(—AY;)] = exp(tc¢’A%), where ¢/ = ¢
The Gnedenko—Kolmogorov local limit theorem also yields

nVoP(S, = k) = p1(k/n"%) +&(n, k),

where sup |e(n, k)| — 0 as n — oo, and p; is the density of Y;. This, together
with (24) and our hypothesis on the asymptotic behavior of &, entails that

Let us now focus on the random variables Xy, X5,... and 7, = X1 +--- + X,.
We have P(X| =n) =n"'P(S, = —1) ~n~ =1/ p;(0), which gives that X is in
the domain of attraction of a stable random variable with index 1/«. More specifi-
cally, one has that (7|, |/n%, x > 0) converges in the Skorokhod space to a stable
subordinator (7, y > 0) with index 1/« and Lévy measure

dx
(32) p1(0) Wl{xw}-
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Its Laplace transform is given by
Elexp(—ATx)] = exp(—xp1 (0)al (1 — 1/a)r!/%).

On the other hand, 7, has same distribution as the first hitting time of —x by
(Yz,t > 0) (because a similar statement is true of 7, and §,,), which identifies the
Laplace exponent of T} as (A/c’ ye see [7], Chapter VII. This yields

1 1 ala — 1)\
(33) p(0)= N :

al'(1 =1/a)(cHVe o'l = 1/a) \cT'(2 — )

Let Oy be the probability density function of 7. By [7], Corollary VIL.3 (which
is also called the cyclic lemma) we have f QO (t) = xp;(—x), while the Gnedenko-
Kolmogorov local limit theorem states that

pP(rp =n)= Qi1(n/p*) +¢€(p,n),

where sup, [¢'(p,n)| — 0 as p — oo. Finally, the scaling relation Q,(r) =
x7*Q1(tx™%) holds and will be useful in the sequel.

LEMMA 45.  The sequence (X7, ..., XFn,/aﬂ)/n conditioned on Tp,1jay) =n

converges in distribution to a random sequence (AY, A;, ...), defined inductively
by

i
]P’(A;“H € dz’AT, AR DY A= y)
Jj=1

_p1(O)x Qx(1—y—2) d
h— Z’
e 0 (1 —y)

PROOF. The case i =0 is obtained by using the local limit theorem in

0<z<l-—y.

nP(XT = [nz]|tpy1/a = 1)

P(T[nl/“x]—l =n-—-— LnZJ)
]P)('C[nl/ax] = I’l) '

= [n'"*x7nz)P(X| = [nz))

One then argues by induction, in an elementary way. Details are left to the reader.
O

The limiting sequence (AY,i > 1) has same distribution as the sequence of
jumps of the subordinator (7,0 < y < x), conditionally given 7, =1, and ar-
ranged in size-biased order; see [33], Chapter 4, or [9]. We will denote by AT[*(‘)’ x]
this randomly ordered sequence of jumps. Hence, provided we have the right to
apply dominated convergence in (31), we obtain, using xpi(—x) = O, (1),

o dx N
WQx(l)E[g(AT[O,x]NTx = 1]-

34 n' Vg (o) —
(34) qn(g)n%opl(o) A
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Using scaling for the subordinator (7y, y > 0), the previous integral can be rewrit-
ten as

c I Y . . y
Pl(O)fo x2a+1Q1(x E[g(x* AT 1)) T1 = x77],

and changing variables u = x~* shows that this is equal to

/ Q1(u) duE[ug (AT y/u)|Th = u] =

¢ k
“Pl(o) pl(o)E[Tlg(AT[O.l]/Tl)]-

Finally, the sequence ATjp 17 of jumps of 7" before time 1 is the sequence of atoms
of a Poisson measure with intensity given by (32). Using (33), it thus has same
distribution as a(o — )¢~ T2 — @)1 (A1, Ay, ...), as defined in Section 2.1.
Using the notation therein and (33), we get after rearrangements

E[T1g(AT} 11/ Th)]
l/a 2 _ *
( re-— a)) re l/a)E[Tg<ﬁ,i . l)]
ala—1) rQ-—ow T

= ( %)Uava(g)

as wanted. It remains to justify that the convergence (34) is indeed dominated.
To this end, using (31) and the fact that g,(p(A) = [n'/%x]) < C[n'/*x1~2,
it suffices to show that the expectation term in this equation is bounded by
Cl'nl/"‘x'| /nl/“ for some C independent of n, and for x € [0, 1]. In turn, since
lg(x)| < (1 — xy), it suffices to substitute this upper-bound to g. Now, we have
P(X; =m) < Cm~ 1=V for every m, so that

(-3

n P(tr 10,1 =0 —m)
_m 1/a [n/*x]1—1
=2 <1 ) [ ] P(Xl m) P (2 1/ = 1)

ap1(0)

Tl'nl/ax" = ni|

m=1
5£:<1 )[nl/m P(X| =m)

(([n"%x] = 1)/ (n = m)P(Sp—m = —[n"/*x] + 1)
([nY/ex7/n)P(S, = —n'/*x7)
miex)1 & 1
<C—~—
- pl/e n = (m/m)Ve(l —m/n)l/e

1/a
_ e
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where we have used that (n — m)Y2P(S,_,, = — (nl/“x] + 1) is uniformly
bounded (in n, m, x) and that n'/*P(S, = —[n'/?x7) is uniformly bounded away
from O for x € [0, 1]. This is the wanted bound, concluding the proof of Proposi-
tion 44, hence of Theorem 8.

6. Scaling limits of uniform unordered trees. In this section, we fix once
and for all an integer m € {2, ..., 0o} and consider trees in which every vertex has
at most m children. We use the notation of Section 2.2 and let 7;, be uniformly
distributed in T\, for n > 1.

The first difficulty we have to overcome is that the sequence (7, n > 1) is not
Markov branching as defined in Section 1.2.2. We will therefore start in Section 6.1
by coupling this sequence with a family of Markov branching trees that are asymp-
totically close to T,,,n > 1, and then check in Section 6.2 that the coupled trees
satisfy (H).

Let us fix some notation. For t T,({"), we can write t = (t(l), .. .,t(k)) with
Zf:l #) =pn — 1, and we let A(t) € P,_; be the partition obtained by arranging
in decreasing order the sequence #D | #®) (of course, this does not depend
on the labeling of the trees tD 0y Let F j(k) be the set of multisets* with

k elements in T, By convention, we set F;(0) = {@}. Then, for A € P,_1 with
p(A) <m, we have a bijection

n—1
(35) teTm:a =2} =[] Fjm;,
j=1

obtained by grouping the subtrees of t born from the root with size j into a
multiset, denoted by f;(t), of m;(A) trees. From this, we deduce that f;(7,), 1 <
J <n — 1, are independent uniform random elements in F;(m (1)) conditionally
given A(T,). However, the uniform random element in F; (k) has a different distri-
bution from the multiset induced by k i.i.d. uniform elements in TU" ), as soon as
k > 2. This is what prevents 7, from enjoying the Markov branching property, that
is, from having law Q}, where forn > 1, qn 1s the law of A(T;41).
Letting Fj (k) = #F  (k), the previous bijection yields

n—1
SP =#{te T :a) =21} = [[ F;(m;0)).
j=1

When p(A) > m, we set S,(ZM = 0. Of course, letting T,(;”) = #TS{”), we also have

A
T = > S,
AEP,—1

4Recall that a multiset with k elements in some set A is an element of the quotient set Ak /Gk,
where Gy acts in the natural way by permutation of components.
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Using the obvious fact that F; (k) < T;m) F;(k — 1), we obtain the rough but useful
bound

(36) S® <T1"S

We recall the key result (5) of Otter [32], which is used throughout the proofs
below:

(A2:23,... 4 p ()
n—Aag ‘

n
T1(1m) ~ Kk Pm

n—oo M p3/2"

Setting T(()m) =1 by convention, we obtain that for p = p,, > 1, and two constants
K>1>k>0,

m) p" )
(37) T, < Km, n=>0, T, >k

o"

, n>1.
n3/2 =

Note that we also have Tf{”) < Kp" forall n > 0. Last, we let k = ky,.

6.1. Coupling. Let o, be the uniform probability distribution over T,(;”), and
let g, = A«0n+1 be the law of the partition of n induced by the subtrees born from
the root of a g, 1-distributed tree. For every n > 1, we want to construct a pair of
random variables (7, 7,,) on some probability space (2, F, IP), such that:

e T, has law g,;
e T has law Qf;
e forevery ¢ > 0, lim,_, o Eldgup(n¢T,,n"¢T,)] = 0.

Recall that if 7, has distribution g,, and conditionally on A(7}) = A, then
f;(T,),1 < j <n — 1, are independent, respectively, uniform in F;(m;(1)). We
are going to need the following fact.

LEMMA 46. For every j, k > 1, let F; be uniform in F (k) and fj be the
multiset induced by an i.i.d. sequence of k random variables with law ;. Let A
be the set of elements in F j (k) with components that are pairwise distinct. Then:

(i) onehasP(Fj € Aj) <P(Fj € Aj);
(ii) the conditional distributions of F; and F j given A; are equal.

PROOF. For a finite set A, the number of multisets with k elements is
#(AK /&) = #A% / k). Then
#T HT — 1) T —k+ 1)

PPy ed= K 5 ()

#TM T o @wT™ — k1)
- J J
N HT)k

= P(fj S Aj).



SCALING LIMITS OF MARKOV BRANCHING TREES 2653

This gives (i). Property (ii) is also obtained by counting: on the event A ;, the prob-
ability that F; equals some given (multi)set S € F;(k) with all distinct elements

is #F; (k)~!, while the probability that F j equals the same set S is k!(#TE.m))_k .
Dividing by P(F; € A;) and P(F j € Aj), respectively, gives the same result. []

The previous statement allows us to construct a coupling between F; and F js
in the following way. Let f € F (k). Consider three independent random variables
f/,#”, B, such that the law of f” is the law of F; conditionally given A}, the law
of f is the law of F ; conditionally given A and B is an independent Bernoulli
random variable with P(B =1) = P(fj € A?)/]P)(Fj € Aj), which is indeed in
[0, 1] by (i) in Lemma 46. Set

f, iffEAj,
f=1f, iff¢ Aj and B =0,
", iff¢ Ajand B=1.

We let K (f, -) be the law of the multiset f' thus obtained, hence defining a Markov
kernel on F; (k). We say that the random variables F, F’ are naturally coupled if
(F, F') has law o(df)K;(f, df'), where o is the law of F on F;(k). Using (ii) in
Lemma 46, it is then easy to obtain the next result.

LEMMA 47. If F; is uniform in F;(k), and (F;, Fj’.) are naturally coupled,
then the law of FJ/- is that of the multiset induced by k i.i.d. uniform elements in T .

Next, we define a Markov kernel K (t,-) on T, in an inductive way. Let
m

K (e, {0}) = 1. Assume that the measure K (t,-) on T;t ) has been defined for ev-
ery te T with # <n — 1. Take t € TV, and let A = A(t), p = p(1). Let f; (1) €
Fi(m;(2)),1 < j <n—1,be the multisets of trees born from the root of t, respec-
tively, with size j. Let f/j (t) be independent random multisets, respectively, with
law K (f;(t), -). We relabel the p elements of the multisets f’j M,1<j<n-1,as
t1), ..., t(p), in nonincreasing order of size, so that #t;) = A;—if there is some j
with m ;(A) > 2, we arrange the trees with same size in exchangeable random or-
der. All these trees are in T and have at most n — 1 vertices. By the induction hy-
pothesis, conditionally on this family, we can consider another family t’( 1o t’( )
of independent trees with respective laws K (t(;), -). Let K(, -) be the law of the
tree (t’(i), 1 <i < p). This procedure allows us to define the Markov kernel K (t, -)

for every tree in T,

We say that the random trees (7, T”), defined on a common probability space,
are naturally coupled if the law of (T, T") is o(dt) K (t, dt’), where o is the law of T'.
Is is easy to see that for every random variable 7 on T with law o, then, possibly
at the cost of enlarging the probability space supporting T, one can construct a
random variable 7" so that (7, T’) is naturally coupled.
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PROPOSITION 48.  Let T, have law o, and (T, T,)) be naturally coupled. En-
dow these trees, respectively, with the measures t, and K- Then:

(1) the tree T,: has distribution Q¥ foreveryn > 1;

(ii) forall a > 0, the Gromov—-Hausdorff~Prokhorov distance between aT,, and
aT, is at most 2aj* where j* is the supremum integer j > 1 so that there exist two
subtrees of T, with size j, born from the same vertex and which are equal (with
the convention sup & = 0);

(iii) forall ¢ > 0, Eldgup(n “T,,n °T;)] — 0 as n — oo.

PROOF. We prove (i) by induction. For n = 1 the property is obvious. As-
sume the property holds for every index up to n — 1, and condition on A(7;,) = A,
which by definition has probability g,—1(1). As noticed before Lemma 46, the
multisets F; =f;(T,),1 < j <n — 1, are independent, respectively, uniform in
Fj(m;(2)). Conditionally on F;,1 < j <n —1, let Fj/., 1 <j<n-—1, be inde-
pendent with respective laws K;(F;,-). By Lemma 47, we obtain that F " is the
multiset induced by a sequence of m (i) i.i.d. random variables, with law g;.
Consequently, if we relabel the elements of F Jf, I<j=<n-—1,aTg),...,Tpin
nonincreasing order of size (and exchangeable random order for trees with same
size), then we obtain that these trees are independent, respectively, with distribu-
tion g, ;. Since, by definition of K, the natural coupling (7, T,) is obtained by
letting 7, = (T(/l.), 1 <i < p) where (T(), T(’l.)) are naturally coupled, we readily
obtain the Markov branching property, with branching laws (g, n > 1).

For (ii), we again apply an induction argument. The statement is trivial for
n=1. Now, in the first step of the natural coupling, the action of the Markov
kernel K; on f;(T,) leaves it unchanged if f;(T,) € Aj, that is, if there are no
ties in the multiset f; (7,,). Consequently, with the same notation as in the previous
paragraph, a subtree of 7, born from the root that appears with multiplicity 1 will
also appear among 1(y), ..., T().

Moreover, subtrees that are replaced are always replaced by trees with the same
number of vertices and a tree with j vertices and edge-lengths a has height at
most aj. So the Gromov—Hausdorff—Prokhorov distance between two trees with
edge-lengths a that both decompose above the root in subtrees of same size j is
at most 2aj (it is implicit in this proof that all trees are endowed with the uniform
measure on their vertices). We now appeal to the following elementary:

Fact. Let t,t' be such that k = p(A(t)) = p(A(t)), and let t = (1), ..., tx)) and
t' = (tyy, .- tg)) with #t;) =#t;) for 1 <i <k. Then for every a > 0,

1 < . ’
deup(at, at’) < max doup (at(), at(;)-
From this we deduce that the Gromov—Hausdorff—Prokhorov distance between
aT, and aT,, is at most
Qasup{l <j<n—1:F; e AS})v sup  sup dcup(aT),al(;),

lfjfn—liZ#T(i)Zj
FjeAj
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where (7(;), T(’l.)) is the natural coupling. The induction hypothesis allows us to
conclude.

Last, for (iii), fix ¢ € (0, 1). The Gromov—Hausdorff-Prokhorov distance be-
tween n~¢T, and n=¢T is bounded from above by 2n!~¢ for all n > 1. Next, for

y €(0,1),let A} be the subset of trees of Tf,m) that have at least two subtrees born
from the same vertex that are identical, and with size larger than n?. By (ii), when
T, ¢ Al , doup(n=¢T,,n~¢T)) < 2n? ~¢. Hence,

Eldgup(n Ty, n~°T,)] = E[dgup(n *T,,n"* T,:)I{TneAg}]
+ E[dGHP(n_S Ty,n*¢ Ty:)l{Tn¢A};}]
<2n'7EP(T;, € AY) 4207 ¢,
Taking y < ¢ and using Lemma 49 following right below, we get the result. [J
LEMMA 49. Fory €(0,1), let Al be the subset ofT,(qm) of trees t that have at

least one vertex v such that at least two subtrees born from v are equal and have
at least nY vertices. Then,

P(T, € A}) = 0(/)7”1'”5/2) asn — oo.
This lemma will be an easy consequence of the following result. For every tree

t and any vertex v of t, we let t*) denote the subtree of t rooted at v. When v* is
taken uniformly at random among the vertices of t, we set t*) :=t("),

LEMMA 50. The distribution of T,,(*) conditionally on #Tn(*) = k is uniform
on T,((m),for every 1 <k <n.

Note that the event {#T,,(*) = k} has a strictly positive probability for all
1<k<n.

PROOF OF LEMMA 50. Letk € {1,...,n}. Forallty € T\"’, using that P(T,, =
t)=1/T forallte T,

teT,(lm)
= 5 Y B =)
- T(m) =0
noeTim
1
= nT(m) Z 1{1(”)=t0}'
n

teT™ vet
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This quantity is independent of ty € T,((m) because there is an obvious bijection
between the sets {(t,v):t € Tﬁ,m), vet, t® =t} and {(t,v):te Tf,m), v et t® =
t;} fort; € T,((m). Hence the result. [J

PROOF OF LEMMA 49. Let A}, (k) be the subset of trees of T,((m) whose decom-

position above the root gives birth to at least two identical subtrees with size greater
than n?, k < n. We first give an upper bound for the probability P(7} € A}, (k)). To

do so, we bound from above the number of trees of T,((m) that decompose in at least
two identical subtrees of size i [i < (k — 1)/2]: there are Tl(m) choices for the tree
with size i appearing twice. Then, there are T,(C"l)zl- forests with k — 1 — 2i vertices.

Gluing the twin trees and a forest with k — 1 — 2i vertices to a common root gives
a tree with k vertices (and a root branching in possibly more than m subtrees) and
all trees in T,((m) with at least two subtrees with size i can be obtained in this way.
From this we deduce that the cardinality of A}, (k) is at most ZE’;;)/ 2 Tgm)T,E"i)z i
In particular, using (37) and the fact that p > 1,
(k—1)/2
P(Tie AT M) = o 3 T

k i=nY

k=1)/2 ;i k—2i
- k32 )/ plpk 2i
=C— i3/2

<cn®?p™,

where C is a generic constant independent of n and k < n. Now, in the follow-
ing lines, given T,, we let vy, v2, ..., v, denote its vertices labeled uniformly at
random,

4
P(T, € A}) < E[ XT: 1{T’1(L,>€AZ(#T’;U>)}}
veT,

n
=E [2} Ly (#TJ””)}}
1=
=nP(T,Y € A} (#T,"))

n
m P(Tx € AL (k))P(#T™ =
by Lemma SOn]; ( k € Ay (k)) ( n k)

n
< Cn¥?p™" ST PHTY =k)
k=1

=cn?p™ . O
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6.2. Hypothesis (H) and conclusion. It remains to check that the family of
probability distributions on P,, n > 1, defined by
S(A)
() =P((Tye) =2) =P((Ty) =) = L Ve P,
Tn+1
satisfies the assumption (H) with y = 1/2, £ = 1 and v proportional to the Brown-
ian dislocation measure v;. For this we recall and fix some more notation:

* Nﬁ,m) is the subset of T},m) of trees with root degree less or equal to m — 2;

* Tfjm) is the cardinality of 'T'},m), and ™ (x) = anng,m)x”, J(m)(x) =

anl Tﬁlm)xn’
k for A= (A1,A2,...) € Py Ar i =D 503 A =n — Ap — Ap.

The main result of this section follows.

PROPOSITION 51. Forall 2 <m < 0o, and all continuous functions f : St —
R such that | f(s)| <1 —s1 fors e SV,
)

i 3 r(E) i mare /1;2 !

(m) pn—o0
EP, T,

(x,1—x,0,...)
x3/2(1 _x)3/2

Note that J(’")(l/p) is finite, since T,({’“ < Tﬁ,m) < Kp"/n3/%. This sum is ex-
plicit in terms of k¥ and p when m =2 or m = 00. See Section 2.2 for details.

With this proposition, it is easy to conclude the proof of Theorem 9. Indeed,
together with Theorem 6 and Proposition 48(i), it leads to the convergence

1 ()
—T, =2 cmT1/2,0

Jn
for the Gromov—Hausdorff—Prokhorov topology, where ¢, = +/2 /(ﬁmz(m)(l/
p)). Then, by Proposition 48(iii) and since (M, dgup) is a complete separable
space, we can apply a Slutsky-type theorem to get

1 (d)
ﬁTn njo)o CmITl/Z,vz-

The rest of this section is devoted to the proof of Proposition 51.

6.2.1. Negligible terms. We show in this section that the set of partitions A €
‘Pn where either A1 > n(1 — €) or A, > ne plays a negligible role in the limit of
Proposition 51 when we first let # — oo and then ¢ — O.

LEMMA 52. There exists C € (0, 00) such that, for all 0 <& < 1,

_ Jn A\ o) Cye
hmsupw Z l{Alzn(le)}(l - ;)Sn+l = (1 —e)3/2°

=00 n+1 A€Py
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PROOF. Using (36) and then (37), we get

A\ ()
Z (1 - _>Sn+1

AEPp A =n(1—¢) n

n
AL\ p(m) (w
= Z <1_7>TA'? Z Sn+lf?~1
r=[n(1-¢)] H'e,Pn—)\]
- M () eps(m)
m m
< > (1 _;>TM T, s,
=ln(l-e)]
n-l 1—Ai/n

- 3/2
r=[n(1—e)] )\,l/ (n +1-— )\,])3/2

Kan—H 1 n—1 1

< X X e —
- _ 3/2 3/2 _ 1/2
(n(1—£)¥2 " n/ M:(Zn(,_m (= /m)

We conclude with the fact that the sum Zzl_zl m(i—e)] a1 —-xr/ n)~1/2 is smaller
than the integral [;i; (1 —x/ n)~1/2dx = 2n./¢ and then use the lower bound
of (37) for TV, O

To deal with the partitions where A; > ne, we need the following lemma when
m = o0o. We denote by T,(f)o’a—) the number of trees of T,(loo) whose subtrees born
from the root have sizes at most a, a > 1.

LEMMA 53. Let m = 00. There exists A, B > 0 such that
T,(Cofia_) < A,ok exp(—Bk/a) VkeNanda>1.
PROOF. Recall that T denotes the set of all (rooted, unordered, unlabeled) trees
and rewrite the power series ¥ = ¥(° as ¥ (x) = Y1 x™. According to [24],

Section VILS5, its radius of convergence is 1/p < 1 and ¢ (1/p) = 1. Note also
that ¥ (0) = 0. Now, we consider a random tree 7 in T with distribution defined by

P(T =t)=p~ ™.
If ¢z (t) denotes the degree of the root of t, we just have to show that
(38) P(ca(T)=r)<A'exp(—B'r) for some A’, B> 0and all r > 1.

Indeed, each tree with k + 1 vertices and a decomposition in subtrees with sizes at
most a has a root degree larger or equal to k/a. So, if the above inequality holds,
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we will have
T\ < o (e (T) = k/a, T € TLY))
< oM A’ Bl exp(—=B'(k/a — 1))
as required. To get (38), note that

Pleg(M=r)= Y p "
teT,cu (t)=r
"1
—1- <i< i#t;
— i Z Z 0 Yi<i<kM ,
k=1""

etk €T myetmy=r
pairwise distinct m;>1

which is obtained by considering the multiset of r subtrees of a tree t, made of k
distinct trees with multiplicities m1, ..., mg. Hence,

r 1 k 4
PleaM=r)<p™ > o > [lve™)
k=1""m++mg=ri=1
m;>1

LCVJ1 k
_ 1 —m;
oSS e
k=1 mi+-+mp=ri=1
m;>1

IR ke
oY Y v,
k=lcr]+1 """ mi+-+mp=ri=1
m;>1

where the ¢ € ]0, 1[ chosen for this split will be specified below.
We first bound from above the second term. Using that ¥ (o) < ¥ (p~ 1) = 1

form; >1andthat 3", \ .\ pcpm>1 1= (lr{j), we obtain

r 1 k s 1 r r—]
> a Yo Tve D=y J,Z 1
k=ler |41 % my+Fmp=ri=1 =
m;>1
2r—1
<—7
~ Ler ]!

which decays exponentially fast as r — oo, for every ¢ € ]0, 1.

Now we will check that the sum Y (1 &S tetmemrm=1 [Ty ¥ (™)
also decays exponentially in r, provided that ¢ € ]0, 1[ is chosen sufficiently small.
Since ¥ (0) = 0, we have that ¥ (x) < Cx for some C < oo and all x € [0, p~!].
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Hence
Ler] 1

k
0 > TTve™)
k=1""mi+-+mp=rij=1
m;>1

Ler] Ck

k
Sk—l F Z np_mi

= mi+--+mg=ri=1
m;>1

Ler]
L(r—1
<@ >0 (1))
k=1

r—1

—r r—1 _ _
for it 0" PP k;;ﬂj( ¢ )explik =0 = Lerh)
= exp(C)(p™" exp(=A(1 — ) (exp(}) + 1),

When ¢ — 0, p~! exp(—A(1 —¢))(exp(A) + 1) — o (1 + exp(—2\)), which is
strictly smaller than 1 for A large enough. Hence, fix such a large A and then take
¢ > 0 sufficiently small so that p~!exp(—A(1 — ¢))(exp(A) 4+ 1) < 1. This ends
the proof. [

LEMMA 54. Forall ¢ >0,

Jn @)
o 2 LoezneiSiiy 52,0
T}’H—l AEP,

PROOF. e If m =2, A, =0 for all A € P, and the assertion is obvious.

e Assume now that 3 < m < 00, and note that when A € P, with p(}) < m,
one has that A; > ne implies (m — 2)A3 > ne, in particular Ay > Ay > ne/(m —2).
Hence,

n—2 |n—i—ne/(m-2)]"

(9] (m)r(m) (m)
2 ApeznaS = ) ) T Tn— Tt
AEP, M=[ne]l Ii=[ne/(m-27)
Then for C a generic constant, using (37), the latter term multiplied by /n/ Tfl'i)l

is bounded from above by

n—2 Ln—kr—ne/(m—Z)j‘*'

1
32
a=[ne]l  Aj=[ne/(m—2)] Al/ (n—Ar — 2132 (A + 1)3/2

n*(n=2)(In —ne/(m =2)]") =0( 1 )

n3+*3/2

7))

<C
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e Next we turn to the case where m = 0o. Let y € (5/6, 1). On the one hand,
by the same token as for the m < oo cases,

\/_
T(oo) Z I{Ar>ns}1{)»2>ny}sn+l
n+1 A€Py
n—2 |n—h—n?]T .
DD R
WSl mzm M= ke =232 (e 4 DY
nt 5/2-3
s ryr— Y\ —
=C 5 mEp =00 y=o(1),

since 5/2 — 3y < 0 when y > 5/6. On the other hand, since Ay < n” implies that
Ai <nY forall i > 3, we get by using Lemma 53 that

v HZ"AH()() (co.n” —)
o0 o0 oo,n
e > 1{A;>n81k2<n1’}sn+1 T(°°) > > TOOT,S, L T
n+1 AePy, n+1 Ar=[ne] r=l1

< Cn*exp(—Bn'"7e) = o(1). O

6.2.2. Proof of Proposition 51. We rely on the following lemma. Let P,ll’i“ be
the subset of P, of partitions of n with exactly two parts.

LEMMA 55. Let f:SY — R be continuous.

(i) Foralla€eZy andall ¢ € (0,1), as n — o0,

n A A2+a
\/_ Z f( )Slg)i%)-l —a

m)
T Aephin
A <n(l—¢)
K 1*'Ef(x,l—x,O,...)d
- H1+a /1/2 21— x)32 X

(i) Moreover, there exists C. € (0, 00) such that, for alln > 1, all 0 <a <
ne /2 and all nonincreasing nonnegative sequences (a;, i > 1) with ) ;- a; <a/n,

N Al A2 A
> (R a8 T

(m)
Tn+1 rePhin,
r<n(l—eg)
Ce

<
T (a+1)32
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PROOF. (i) For large enough n,

Al A ta )
(s

bi n ’ n ’
rep,
r<n(l—e¢)

1 a 1 a
= f(i ~ 5.3 + I 0,.. -)F(n—a)/2(2)1{n—a is even)

[n(l—e¢)] )\‘1 )\'l () res(m)
m m
+ E f(;,l—;,O,...)TM Tn—a—kl‘
r=[(n—a)/2]+1

On the one hand, by Otter’s approximation result for TE,TZa) P

— -3
Fumap@ =T0 (T8 )+ 1)/2~ k2" (0 — a)/2) /2
= O(T;([i)l/ﬁ)'

On the other hand, still using Otter’s result, we get that for all > 0, provided that
n is large enough,

In(1-e))
Mo A
SRS f(—l, 1-"Lo,.. .)Tg’;’)T“”)

(m) n—a—»a
Toin=lo—a2i+1 " n

(c+m? 1 “’“Z‘S” f<m r ><n+1>3/2

S o I R
€ =mp T, —ay2)+1

x (n—a—»xr)32

(k +n)? /1—8 f(x,1=x,0,..)) 4

n—00 ( — n)pl—i-a 12 x3/2(1 _ x)3/2

Letting n — 0, this gives
[n(1—¢)]
. NG A A (m)m(m)
lim sup — Z f(;, 1-— o 0, ...)TA1 Tnfaf)t1
n+l Ai=l(n—a)/2]+1

K I-¢ f(x,1—-x,0,...)
J

— p1+a 2 x3/2(1 _x)3/2

X.

We obtain the liminf similarly, hence (i).
(ii) We will use that S, < TV T . for all A € P . Recall that f

n+l—a n—a—»xp a
is continuous, hence bounded, on the compact set S¥. There exits then a generic
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constant C independent of n and a < ne/2 such that
A A2

Jn ™ (m)
T(—m) Z f<;,;+a1,a2,a3,...)Sn+1_aTa+1
n+1 pepPhin, iy <n(l—e)

ln(1—e)]
Cyn () () (m)
= T(m) Z T)\] Tn—a—MTa—f—l
1 M=[(1—a)/2]
C 1 [n(1-¢)] (I’l + 1)3/2 I’l3/2

< - X
T (a+1)32n (n—a—»x)32

32
m=l—a)2] M
C T 0 R 3/2

<
= (a+1)32

n
X 9
(n =)

3/2
" a=m(—e/2)/21 M

where we have used for the last inequality that n —a > n(1 — ¢/2) since a < neg/2
and thatn —a — A1 > (n — A1)/2 since a < ne/2 and A1 < n(1 — ¢). This upper
bound is of the form Cu,/(a + 1)3/2 where (u,,n>1)isa sequence independent
of a converging to a finite limit as n — oo. Hence the result. [

PROOF OF PROPOSITION 51. By Lemmas 52 and 54, the set of partitions
where either A1 > n(1 — ¢) or A; > ne/3 will play a negligible role in the limit
when we first let n — oo and then ¢ — 0. Hence we concentrate on the following
sums [for € € (0, 1)], where we use that forall A € P,, A1 <n(l—¢) and A; <ne/3

implies Ay > A3:

)3 A\ )
f (;)Sn+1

repPy,

M <n(l—e),Ar<ne/3

e A oAtk SR
=D IEED D D e NP S
k=0 [LG’Pk )LE’P,':LH](

p(M)Sm_zk]SH(I—S)

lne/3)

(39) + YT Y (f(—,ﬁ,ﬂ,...)

k=0 HEPk )»Eprtl’ifk
p(M)Sm_zklfn(l—S)
Al Atk
—f(—l, 2 0>)
n n
XS()\) S(H)

n—k+1"k+1"
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The first sum in the right-hand side of (39) is equal to

[ne/3]
A A2tk )
@ Y Y (BB ) A,
k=0 epbin i <n(l1—e)

which, multiplied by /n /T( 41> according to Lemma 55(i) and (ii) [(ii) implies
dominated convergence], converges to

~m) K /l_gf(x,l—x,O,...)
1

k+1 p1+k 2 x3/2(1 — x)3/2

o0

(41)
k=0

Next, let § > 0. Since f is continuous (hence uniformly continuous) on the com-
pact set S¥, we can choose & small enough so that the absolute value of the second
sum in the right-hand side of (39) is bounded from above by

lne/3] )\‘
*) (m)
(42) 22 2. (M(l p ))S Jen T

k=0 repbin 1i<n(1—e)

Similarly as above, when multiplied by /n/ T | this quantity converges to

n+1°
I—e §A(1—x)
m) K /
2 T dx
1(2:%) k+1p1+k 12 x3/2(1 _x)3/2
(43)
1
~m) K SA(1—x)
=2 Z Tt HIHE ./1/2 (1= 1) dx
by Lemma 55(i) and (ii).

Now let n > 0 be fixed. For § and ¢ sufficiently small, the terms (43) and the
limsup of Lemma 52 are smaller than 7, and the term (41) is in a neighborhood of
radius 7 of the intended limit

T 1 fe1-x,0,..0)

44
(44) "kX(:)pkH 12 x32(1 = x)32

Next, such small § and ¢ being fixed, letting n — 00, and using Lemma 54 and the

convergences of (40) to (41) and of (42) to (43), we get that /n Y rep, J (&)Sfﬁl /

T 141 1s indeed in a neighborhood of radius 71 of (44) for all n large enough. [J
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