RENORMALISED AMPEREAN AREA OF BROWNIAN LOOPS AND
SYMANZIK REPRESENTATION OF THE 2D HIGGS-YANG-MILLS FIELDS

ISAO SAUZEDDE

ABSTRACT. The Amperean area of a Brownian motion is to its Lévy area what its self-
intersection measure is to its occupation measure. It plays an important role in the study
of the displacement of a particle surrounded by a random magnetic field.

We prove that the Amperean area of a planar Brownian motion admits a renormalisation.
We also explain the central role played by this Amperean area in the Symanzik loop repre-
sentation of the continuous Abelian Higgs—Yang—Mills field in 2 dimensions. As much as the
self-intersection measure is related to the self-interaction ¢* term, the Amperean area is related
to the quartic interaction term between the Higgs and the Yang-Mills fields.

As the renormalisation method uses a mollification and a counterterm that we can asymp-
totically estimate up to a o(1), we can rigorously link the mollified Higgs—Yang—Mills fields with
the mollified Amperean area.
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1. INTRODUCTION

1.1. Amperean Area and Higgs—Yang—Mills Field. Let W, W’ two Brownian motions in
the Euclidean plane, each concatenated with a straight line segment between its endpoints.
Consider their winding functions

nyy : R? \ Range(W) — Z, nyys - R\ Range(W) — Z,

which to a point z maps the number of time the corresponding loop winds around z.
These functions are unbounded in the vicinity of the corresponding path, and in fact are not
even locally integrable on R2. The integrals'

fif)= [ fawdad T = [ fowmgd
with respect to the Lebesgue measure d\ are thus ill-defined, yet plays important roles in both
physics and mathematics.
The first one can in fact be defined by several different regularisation methods which give
the same limit (see [8, 11]). This limiting value defining Iy (f) is equal to the Stratonovich
stochastic integral along W of any vector field A such that curl A = f. Such an equality can be
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understood as a formal application of Stokes’ theorem. In particular for f = 1, corresponding
to A = %, Iy (f) is merely the Lévy area of W.

The second integral Yy - (f), in the case W = W’ and f = 1, has been coined the Amperean
area of the loop. Wendelin Werner showed in [10] that upon deleting from the integration
the points at distance less than e from W, one gets a finite random variable, which diverges
logarithmically fast as € goes to 0.?

In physics, such an integral arises in the study of particle displacement in random magnetic
flux (see e.g. [4]), as well as in the Symanzik’s polymer representation of the Abelian Higgs-Yang—
Mills (HYM) field in two dimensions (also known as Ginzburg-Landau field), which informally
is a random couple (P, A), where ® is a complex valued function (truly, a distribution) , and A
is a vector field (truly, distributional) with probability distribution given by

1 | grad ® + i AD||? + || curl A||?
dP(®, A) == — exp(— LPE.C7) LP®R)
Z 2
where c.t. are formally infinite counterterms which prevent ® from collapsing to 0.
This relation goes as follows. For a given A, let Z4 be the formally defined normalising
constant such that

+ c.t.) DODA,

1 ( | grad ® + i AD||?
ZA P 2
is a probability measure, and consider v a straight line segment from y € R? to z € R?, and
look at the gauge-invariant 2-points observable

Sey = (®(z),exp (ia/A)@(y)>.
g

)DP

Then, it formally holds that

ZA 2

Bl(zz) Seal = /Ooopt@’y)%y [exp (= 5 Vv (1)] b, (1)

where W is a Brownian bridge from x to y with duration ¢ under P; ;. Details of the compu-
tation (which we cannot emphasize enough, is purely formal and in no way rigorous) are given
in Appendix A. Similar but more complex expressions hold formally for the moments

E[([I/é )(TT500)]

where the /; are smooth enough loops. These general moments are believed to characterise the
probability distribution of P (up to gauge equivalence).

Symanzik’s polymer representation turns terms in the action defining a field into terms asso-
ciated to Brownian trajectories, as follows,

Mass or potential term (¢, ma)
< occupation measure py, [ m(z)uw (dz) = [ m(Wy)ds
Interaction with external magnetic potential (- -- 4+ iaB¢)
+» winding function ny, [ nw (z) curl(B)dz = [ B(Ws) o dWj
renormalised self-interaction potential (¢, A¢)?
+» renormalised self-intersection measure vy, [ A(z)vw (dz)
Interaction with renormalised internal magnetic potential (- -- + iaA¢) + || curl A|?
+ squared winding function n,, [ n¥,(z) curl(B) dz = Yy,w (curl B).

It is the fourth link (which I am not aware is documented) which makes the study of the
Amperean area relevant.

2In [10], a Brownian loop is considered rather than a “free" Brownian motion. Our results here only consider
the case of the free Brownian motion, although part of them can easily be transferred to bridges. The two
situations are qualitatively the same, and the difficulties to transfer results between them purely technical.
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The main goal of this paper is to rigorously define the random variables YW’W/( f) through
a regularisation procedure when W and W’ are independent, and through a renormalisation
procedure when W = W".

These procedures use mollification, so that at fixed e > 0 the approximations Y}5y;(f) can
rigorously be related to the mollified Higgs—Yang—Mills field, in which first A is Build, then
mollified into A€, and then for a given and smooth A€, ® is built as a Gaussian field interacting
with the now external magnetic potential A°.

1.2. Regularisation procedure and main results. From now on, let W and W’ be indepen-
dent. As the index functions nyy, nyy are not even integrable, it might look like we cannot event
mollify them in the first place. We consider a symmetric, positive, compactly supported, smooth
enough, mollifier ¢ with integral 1, set ¢ the rescaled function z + ¢~ 2p(e~'z) Then we define
the mollified winding n®(z) as the stochastic integral of 7, A€ along W, where curl A = ¢¢, and
T, is a shift operator. This is to be thought as a rigorous way to define the ill-defined convolu-
tion n* ¢, and does not depend on the specific choice of A€, provided we consider Stratonovich
integrals. We will always choose A€ such that div A€ = 0, so that Ito and Stratonovich integrals
agree with each other. We then show that the random variables

V() = [ fufymiyedh and s Xip(1): = X (1)~ By (1),

both converge in L? in the limit ¢ — 0, where )_(f/v = YJVW. We will refer to the limits,

noted Yiyw(f) and : Xy (1):, as the Amperean area between W and W' and the renormalised
Amperean area of W.

Remark 1. We do not construct the renormalised variables : X i (f): for more general functions f,
but it should be noted that the correct way to normalise these random variables is by subtracting
the random counterterm

og(e™t og(e”!
lgéﬂ)/f(Wt)dt—lgéﬂ)/R2f(Z)MW(dZ)7

which is the main order estimation for the non-renormalised variables Yj,,;,(f) as we show in
the companion paper [|. The analogy with the construction of the self-intersection measure,
which requires an identical normalisation, will float around during the paper.

We will also show that there exists a constant Cy,, which depend on the mollifier ¢, such that

- T TlogT
E[Xfy (1)] = o-log(e ") + —>

where T' is the duration of the loop. The first term in this expansion is not surprising, as it

matches the main result in [10]. The regularisation methods (i.e. the choice of the functions

n¢ used to approximate n) used here and there are different, but one can convince ourself both
methods should have the same asymptotic expansion up to order 1 (excluded).

We are interested in this asymptotic expansion mostly because it tells us which negative,

asymptotically divergent, mass to use as a counterterm in the definition of Higgs—Yang—Mills

field, and which effective mass results. In this regard, the expansion is relevant up to order o(1).

+ C,T + O(e), (2)

Remark 2. Combining this with Jay Rosen’s estimation for the renormalised self-intersection
local time yy of W in [6], it tells us that the counterterms used to define : Xy (1): —3yw cancel
each other not only at the main order, but up to order 1. This means that for Higgs-Yang-
Mills fields with a self-interaction ¢* term, there exists a specific tuning of the self-interaction
constant A (or more precisely, of Aa~2, where as above « is the electric charge) for which some
of the counterterms cancel each other.

3The factor i is to be replaced by another factor for different ways to normalise vy .
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Stretch-exponential moments of the limit YW,W’( f) are also investigated: we prove that for
all n < ng = 1 and sufficiently nice function f,
Elexp [Tiv (f)]7] < oo. 3)
Although we do not make the full computation, we believe the same holds for : Xy(1) : and
that this value of 7 is optimal for the following reason: neglecting the divergences that come
from the fact that the domain of integration is unbounded, the only possibility for : Xy (1) :
to be exceptionally large (resp. small) is that there exist a large value k such that the set
of points with windings larger than k& (in absolute value) is exceptionally large (resp. small)
compared to its typical size. Yet, for large values of k, the fluctuations of this size should comes
in part from fluctuations of the renormalized self-intersection local time.* It is thus very likely
that the variable : Xy (1) : do not admit better moments than the ones of the renormalized
self-intersection local time, which are known to be exactly exponential moments [5].

Remark 3. The question of which exponential moments do exist, which is crucial for further study
of Symanzik’s loop representation of the Higgs—Yang—Mills fields, seems to be much subtler. The
relevant observables are then given by

E{exp (Z(CYWi,Wj(l) 4 C/’YWi,Wjﬂ ,
i,
where Y, w; is the intersection local time between the Brownian paths W; and Wj, and the
diagonal terms are renormalised. A credible possibility is that this expectation is finite if and only
if some affine combination of ¢ and ¢’ is non-negative, in which case it is finite for all possible total
duration of the Brownian paths if and only if some linear combination of ¢ and ¢’ is non-negative.
Study of such moments might require a much better understanding of the relations between the
self-intersection local time and the Amperean area, in particular the relation between their large

deviations.

Remark 4. Such exponential moments being infinite would indicate that additional counterterms
are necessary to define the Higgs-Yang—Mills field. This would not be very surprising, considering
its construction through lattice approximation [1] does rely on the introduction of such additional
counterterms.

In summary, the main results we obtain are the following.

Theorem 1. Let f € LP(R?) for some p € (1,00]. The mollified random variables YI/GV,W'(f)

and : X{,(1) : both converge in L?, as € — 0. The limits do not depend on the choice of the
mollifier.

For f =1, the asymptotic estimation on average (2) holds.

For f € L°(R?), Y;VVW,(f) has finite stretch-exponential moment up to order 1, i.e. Equation
(3) holds for all n < 1.

1.3. Different possible construction of the Amperean areas. There are other natural
candidates to define the Amperean areas which we now present (only in the case f = 1 for sim-
plicity, although more complex formulas for general f are also likely to hold). The construction
we make here has two specific advantages. The first is that the approximations can directly be
linked to the mollified Higgs—Yang—Mills field, when some other constructions only make formal
links between the limiting objects. The other is that it allows to compute the divergence rate
(2) of the counterterm, when other constructions would not give any value to this counterterm,
or make it impossible to compute practically.

The following definition directly at the limit has the strong advantage that it should allow
for accurate numerical estimation, while being fairly easy to manipulate with straightforward
probabilistic tools.

“In [7], the author proved a result corresponding to such a statement, but for a pair of Brownian paths. In such
a case, corresponding to the variable YW7W/ (1), the contributions coming from the fluctuations of the intersection
local time actually cancel each other, which is not the case for the contributions coming from the fluctuations of
the self-intersection local time.
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Congecture 1. Let W, W' be independent, with respective durations S and T. Up to an additive
boundary term that depends only on the endpoints of W and W', the random variables Yy (1)
and : Xy (1): are given by

S T T t
?W’W'(l):/o /O log(|W, — W!|~1) dW! W, :XW(1>::2/0 /Olog(]Ws—Wt]_l)dWSth.

I believe such a formula was first proposed in [4], however the analysis made there is not
mathematically rigorous, and involves infinite integrals in the computation, even when W and
W' are smooth loops. In this smoother case, one can turn the arguments in [4] into a rigorous
proof, but this is already non-trivial. Were such a formula to hold, it might lead to some
simplifications in our proofs. However, the most technical steps rely on integral estimations
which would probably appear identically even with such a formula in hand.

Conjecture 2. For relative integers k, j, let Aj, and Ay, ; be the measure of the sets
Ar(W) = {2 nw(z) =k},  Ag (W, W) = A (W) 0 A;(W).
The random variables Yy /(1) and : Xy (1) : are given by

ko Jo ko
Yigw (1) = lim Y~ )" kjdsy, :XW(l)::klim > K (Ap — E[AL)).

K000 T = o k=—ho
The sums Y, o, k2| Ar — E[A]| and > (k,j)ez2 |Kj|Ak,; are both infinite.

One advantage of such a normalisation is that it is geometry independent: it would allow to
compute the Amperean areas with the data of the curve and the Lebesgue measure on the plane,
without the detail of the underlying Riemmanian (indeed Euclidean) metrics.

2. NOTATIONS AND PRELIMINARY REMARKS

2.1. General notations. The Euclidean norm in R? is written |- |. The ball centred at 0 with
radius R is written Bpg, and the ball centred at z with radius R is written Br(z). For a point
z € R?, we write (2!,22%) = z its coordinates. For a function f : R? — R (resp. a vector field
V :R? — R?), we write either f, or f(z) (resp. V,) for the value of f (resp. V) at z. We write
(V1,V?2) the coordinates of V, so for example, V! := (V,)! = (V!),. For three points x,y, z
in the plane, Tyz is the angle at y in the interval (—m,w]. When z,y, 2z are given by longer
expressions, we will prefer instead the notation (z,y, 2) == Zyz.

We write fW V' for the Stratonovich integral of the vector field V' along the Brownian path
W [0,t] — R?,

t
V= /Vi o dWZ.
/W Z o ‘

i€{1,2}

Where necessary, we set (§2, F,P) a probability space on which W is a Brownian motion from
R, to R? started from 0, with (F;);>0 the canonical filtration. Furthermore we assume this
probability space is also endowed with measures P, Py, and P, ,, for all ¢ > 0 and z,y € R?,
such that W is a Brownian motion with infinite duration started from z under P, (in particular
Py = P), a Brownian motion with duration ¢ started from « under P; ., and a Brownian bridge
with duration ¢ from z to y under P, ,, and such that for all ¢ > 0 we have the disintegration
formula

Pl}—t = /pt<07y)Pt,0,y dy7

where p; is the whole-plane heat kernel. We emphasize that p; always designate the 2 dimensional
heat kernel. Sometimes, for r > 0, we use the shortcut notation py(0,r) for the common value
pt(0,2) of any x with |z| =r.
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2.2. Winding notations. A smooth mollifying function ¢ : R? — R, rotationally invariant

and which integrates to 1, is fixed for the whole paper. We further assume that ¢ is com-

pactly supported and C*°. Through the paper we let K, the smallest constant K such that

Supp(¢) € Bg,. We will often write C, for a constant that depend only on the mollifier ¢,

but we can change from proof to proof (although it is fixed in any given computation). Let also

pp = sup, |z2p(z) < +o0. Given € > 0, we set ¢° : z — e 2p(e~!), which also has integral 1.
We define a vector field 0 : R? \ {0} — R2, by

1
e
For z € R?, we also define 67 : R? \ {z} — R? the vector field 6 shifted to be centred around z,
ie. 02 :=0,_,.

This vector field 8% has the following properties. When integrated along a loop ~ which is

. (—ZL‘Q,.’L‘I).

smooth enough (y € C%“) and which avoids the point z (i.e. z ¢ Range~), the integral is
equal to a relative integer, which is the winding index n,(z) of v around z. The distributional
divergence of 67 is equal to 0, whilst its distributional curl is equal to the Dirac measure §.

Since 6% € L' + L™, i.e. it decomposes as the sum of a vector field in L' and one in L™, e.g.
0° = 0°1p,(z) + 07 1g2\B,(») = 05 + 0%, the convolution 6% x f is a well-defined vector field in
L™ as soon as the function f is in L' N L>°. We can thus defined the mollified vector field

Y= 0% % -, (4)

We omit the superscript z when z = 0 and the superscript € when € = 1.

For a Brownian motion W : [0,¢] — R?, we define n,(2) the e-mollified winding index of x
at z as

nip(2) = [ v (5)

We define W the loop obtained by concatenation of W : [0,#] — R? with the straight line
segment [W;, Wy]| between its endpoints. Since we are only interested in integrals of vector fields
along that curve, and since these integrals are invariant by orientation-preserving reparametri-
sation, the specifics of time parametrisation of this line segment is irrelevant. We then define

nj,(2) = / P> = / e +/ P =njy(z) — (277)1/ o)Wy, z + ev, Wy) dw.
W w [We,Wol R2
In some cases, we will prefer to nj;, the function nj;, defined by
njy (2) = njy(2) — (2m) "1 {Wo, 2, W5).

For t > 0, we define functions K, K*, K;, K} from (R?)? to R U {+00}, all equal to 4+oc on
the diagonal z = y, and given for x # y by the formulas

1
K= [ Klewd K= [ n0.2)020d

and

' z
Ky = [ Kiwaan  Ki)= [P0

z—2lly -2

dz = 47r2/ p:(0, 2)]07|64] d=.
R2

We further define
K'(v) = sup{K*(z,y) : « — y = v}, K;r(v) = sup{ K/ (z,y) : x —y = v}.

By looking at the behaviour of these integrals near +o0o0 (sub-Gaussian decay), near 0 (loga-
rithmic divergence for K*), near x and near y (integrable power-like divergences), K*(x,y) and
K} (z,y) are seen to be finite as soon as = # y, so that K(z,y) and K;(z,y) are well-defined.
The two cases x = 0 and y = 0 are to be treated separately from the case when x # 0 and
y # 0, since then two of the singularities are merged together, but the integral is still finite in
these specific cases. An artefact of these merging singularities will remain in later computation:
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for fixed = # 0, these functions diverge logarithmically in |z —y|~! as y — z, but in a way that
is not uniform in x near 0.

For > 0, we denote by I'(0,z) the value of the incomplete Gamma function at (0,z): for
z € R\ {0},

| Z|2 1
ro,——) = 27r/ p¢(0, 2) dt.
2 0

2.3. Preliminary properties and remarks. Let us explain further why we call nj;, a mollified
winding index. For a loop v and z € R?\ Range(7), let n,(z) € Z be the winding index of v of
around z —which roughly speaking counts how many times v winds around z. Aslong as~y € C¢
for some @ > 3, one can also define n(z) by a formula analogous to (5), except the Stratonovich
integrals are replaced with the corresponding Young integrals (or Riemann—Stieltjes integrals, if

~ has bounded variation). Then, it does hold that

nd = n, x - (6)

[or=me

by residue theorem. The formula (6) then follows from swapping the order of integration, which
crucially one cannot do when W is say a Brownian loop, for then the winding index ny is not
an integrable function any longer, and the convolution ny * € is ill-defined. As we mentioned
already, there are nonetheless ways to define rigorously the ‘integral’ of ny, or even the integral
of the product fny, as long as f is smooth enough. Interpreting the convolution in the right-
hand side of (6) in these ways, (6) becomes a true formula also for v = W with W a Brownian
motion.

From a mathematical point of view, we do not rely on such formula in this paper (although
they would allow for slight simplification at some specific places). Yet, keeping in mind this point
of view that nf;, is the ‘convolution’ of ny with ¢ has fruitful consequences. For example, one
quickly sees that nj;, is compactly supported on By +ex- This can then be checked easily:
for z outside this ball, nj;,(2) is the integral along the loop W of a function that is holomorphic
on Bjw,. We conclude by relying on the fact that meromorphic integral and Stratonovich
integral agree.

We will have to go back and forth between the three functions nj;,, nij;,, and njy,, mostly
for technical reasons and because each has a unique property that distinguishes it from the
other two, but also some drawbacks: the first, as a stochastic integral along a martingale, has
explicit second moment through Ito isometry. However, it decays very slowly as |z| — oo,
which prevents it from having good integrability properties. As we have just seen, the second
is compactly supported (although its support is random), which avoid some very cumbersome
estimation. It is to be understood as the mollification of ny;. The last one often serves as
an intermediate between the other two. It is not compactly supported but still has better
integrability properties than nj;,, as it decays a bit faster near +ooc. It often has a simpler usage
than nj;,, as the corrective term (2m) "1 (W, z, W;) do not depend on e.

Setting = and y the endpoints of W and using complex coordinates z = re', it holds that
nf, (z) decays as zzy, which is of order r~! when r — oo, and in particular nf, ¢ L?(R?)
although it belongs in L7 (R?). This lack of global square-integrability will in fact be the cause
of many troubles, which are superficial in nature but rather tricky to deal with.

Since (Wp, z 4+ ev, W) € (—m, ] and ||¢°||;1 = 1, it follows that for any point z and indepen-
dently from e,

Indeed, for any z € R? \ Range(y),

iy (2) ~ nfy ()| < 5 and JAfy() — ny ()] < 5. ©

Locally, these are good approximations since nj;, is unbounded as a function of z and e.
Certainly the function nj, is slightly less natural than nf;, to consider, from a geometric point

of view. For example, it cannot be written as one line integral along a loop, as opposed to ny,,

and it also does not enjoy the same property as nj;, of being compactly supported. Yet, it is
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computationally slightly more pleasant to deal with. Furthermore, we will see by comparing
these two functions that

y(z) = Ol ). ®)

In particular it does belong in L?(R?). Local square-integrability will follow from the fact that
ny, is continuous, which we are about to see. Notice we can easily deduce from this that nf,
is continuous, but that n§;, (z) admits exactly two discontinuity points, at the endpoints of W,
but where the “jumps" remain bounded.

The three families of functions nj,, ny, and nj;, are exactly invariant by translation and
scaling, in the sense that for f{, any one of these three functions, for all v € R? and for all

A >0, for all z € R?,

fiv(2) = Fivso(z +0) = [y (A2).
Lemma 2.1. For all z € R?, ¢*¢ € C3(R?,R?), and the map z > 1> is continuous from R to
C3(R?,R?).

Proof. Here we only assume that ¢ € W3, since this is sufficient to conclude.
First we show that 1*¢ € W3 for all 2, then that z — 1€ is continuous from R? to W3,
This would be enough to conclude: for an arbitrary multiindex I € {1,2}3, we would deduce

O™ (@ + h) = O™ () = [0 () — ()] < [10fv" ™ = 0™l — 0,

hence %€ € C3. Since the topology on C3 is that of W3 it would follow that z — ¢*€ is
continuous indeed as a C3-valued function.
The fact ¢)*¢ € W3 follows from

1079 Il = (65 + 056) x 079 lloo < 165111 1<l £oe + 103 [l 2o 19 21 < o0
To prove the continuity of z +— 1€ from R? to W3, at a given point z, we decompose
0% = 05 + 05, as above, and we decompose 0 = 0"1p, (.) + 0" 1ge\p,(z) = 0 + 05 Then, it
holds
1079 = 7™ (oo = [(8® — %) x D¢ [loc < 168 — 511 1076 [lo + 1105 — Ol Lo |07 L1

The first term then converges toward 0 as w — z by Scheffé’s lemma, whilst the second term
converges toward 0 as 0¥ converges uniformly toward 6% on R?\ Bi(z), and both function are
vanishing on Bj(z). This concludes the proof. O

Corollary 2.2. For all € > 0, nf,(2) is defined jointly for all z and the function z — nf,(z) is
continuous.

Proof. Recall there are ways to define stochastic integals in such a way that the integration map
V= [V is almost surely defined on the whole space C3(R?,R?), and is continuous in the C3
topology. This can be done for example through rough path theory. Since z — ¥*€ is continuous
as well, the result follows. O

Corollary 2.3. The functions nj;, and ny, are both square integrable.

Remark 5. For all z € R?, it holds div(§?) = 0 in the distributional sense. Therefore, div(1)*€) =
0 for all z € R? and € > 0. As the Stratonovich-to-Ito correction term for the integral of a vector
field V along a Brownian motion takes the form of an integral of div(V'), we deduce that [}, ¥**
has the same value whether it is interpreted as an Ito or as a Stratonovich integral, so in practice
we will evaluate it as an Ito integral and use Ito’s formula in particular, although in principle it
should really be thought of as a Stratonovich integral.

Remark 6. In the following, when we compare some random variable defined from nj;, with the
same random variable but for € instead of ¢ we do not assume that the same mollifier is
necessarily used to define nj;, and n%/ , and the same goes when we have four different €’s.
It would just be too cumbersome to keep track of the mollifier in the notation.

For example, when we will prove that Y02 (f) — Y4 ( f) goes to 0 as the ¢; go to 0, it should
be understood that four, possibly all different, arbitrary but fixed, mollifiers are used, and in
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particular the limit then automatically does not depend on the chosen mollifiers (although the
convergence is of course not uniform over all possible choice of mollifier).

3. SOME UPPER BOUNDS

In this section obtain some upper-bounds of both analytic and probabilistic nature to be used
through the paper.

Lemma 3.1. The following properties hold.
(1) For all z € R? and € > 0, [¢(x)|? = e 2|oh(e1a)|?.
(2) There exists a constant Cy, such that for all z € R?, |y(z)]? <
(3) For all x € R? and € > 0, [>(z)]? <
(4) Asr — oo,

Cy Cy
<
THe? S T+l

52+|z z|?”

/B,. (@) de = %log(r) +0(1).

Proof. Here we do not assume ¢ is compactly supported.

Item (1) is a simple change of variable in this convolution defining °.

For Item (2), it suffices to show that 1 is bounded and that for C, R large enough, [¢(z)] <
C|z|™! for all x with |z| > R. On the one hand, we have

1 1 1 1 )
Ple) < %/ ozt o [ o) ds < el + 1L

(@) |2 — 7l R2\By(2) |7 — 7|
On the other hand,

]—‘/ (z — )0 )dvﬁ/ Mdv
R2 27 ]

2 —
gpw/ 3dv+/ Zolw =) 4,
B |v]|z| R2\B |, |z|
2

4 2
< ZPe , (for |z| > 1)
27 |x|

which concludes the proof of the second item.

Item 3 follows immediately from the previous 2 with elementary computation.

For the last estimation we need to be a bit more precise. Let R = |z|*, a € (0,1). Notice for
2| = 1,

maxye (o [0 = o] _ 3laf2o
ola—v) (g — g ) do| < < =0(2*™%) (9)
., o feP

|z[? (le R)? T e
Besides,
“dr _ mpy,
o(u)du < 2mp / — < —,
/RQ\BR ¢ R r3 R?
thus ‘
z' —1-2
| plx —v) dv—| = O(la] 7172, (10)
R2\ Bg(z) ||
Furthermore,
vt 8Py vt 4mp,
p(x —v)—5dv| < / —dv = , (11)
‘/BI o ISRl fp, P T Tap
2 2
and

vt 2
@(x_v)‘vlgd ’< Tl

2] Jeo o )90(37 —v)dv=0(z|77%).  (12)
R\T

’ /RQ\(B;| UBR(z))
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Combining (9), (10), (11), and (10), we deduce

v’ xi —1—2« a—2
(,033—1)—/(,0:13—1) dv——i—Om + |z .
/2 ( )|U‘2 ) ( ) | |2 (‘ | | ’ )

The optimal bound is obtained for a = % and we get

' (z) = 0'(x) + O(Jz|73).
Notice we would, with similar methods, get a better bound by assuming a quicker decrease of
®.
It follows that [)(z)[2 = |0(z)[? + O(|z|~5). Let C be such that |[¢o(z)|? — |0(z)2| < Clz| 5.

Then,
‘/ \de—/ \0($)]2dx‘ SC/ ]w\_%dx<oo.
B \B1 Br\Bi R2\B1
Since |6(z)| = %M, we finally get
1 _ log(r
[ w@ra= [ ertas [ peraeson =50 o,

" U Br\Bi1 B T

which concludes the proof. O

Lemma 3.2. Then,
o There exists C such that for all €,¢' € (0,1], for all x # y,

[Enfy (2)nfy (y)]] < OK* (z,y). (13)
o As (e,€') — (0,0),
Enjy (z)niy (y)] — K(,y). (14)

Proof of Lemma 3.2. By Ito isometry,

1
Mwmmmm:AEwwmwwﬂmmw
1
= [ [ nl0swme(e)0m 2 aza
0 R2

It follows from Lemma 3.1, (3) that
(W™(2), 47 (2)) <

from which the first point (13) follows. Furthermore, by properties of the convolution, for all
z € R?\ {z,y},

C

|z — 2|ly — 2|’

(07 (2), 90 (2)) — {62, 00).
Since

1
| [ 02w @ en @l s de < €K ),

we can apply the dominated convergence theorem (for integrals with respect to z) and conclude
to the second point, the convergence (14). O

We will now derive a few upper bounds, most of which are related to these kernels K, K*.
Let us briefly explain what these bounds amount to. It can easily be seen that K*(x,y) diverges
as x — y, for in the limit z = y we have

0
K} (z,x) >/ P 72)2 dz = +o0.
x) ’Z—.%"

From the shape of the function we integral, one can naturally expect the divergence to be

logarithmic. Furthermore as x — 0, the logarithmic divergence of fo pt(0, z) dt comes into play
as well. Although it does not prevent K*(0,y) to be finite, it worsen the dlvergence of K*(0,y)
as y — 0. In the following we will show that K* diverges more slowly than log?, which implies
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that it is locally integrable to any power. Unfortunately, both K* and K fails shortly from being
square-integrable.

3.1. Analytic estimations: Pointwise upper bounds for the K’s. For a measurable non-
negative function f : R? — Ry, let f* : R? — R, be its symmetric decreasing rearrangement (or
Schwarz symmetrization of f). In the case when f is given by f(z) = f(|z|) for a non-increasing
function f: R, — R, it holds f* = f and more generally (z — f(z +v))* = f. Furthermore
if f <g, then f* < g*. We will generally use this inequality with f = hlg2\ p,, h(z) = h(|z|)
for a non-increasing h, and g = g* : z + h(|z| A R). These basic facts, together with the three
following inequalities, are the only thing we will need to know about these symmetric decreasing
rearrangenents; which is why we do not provide the precise definition of it. Let us simply say
that, as the name suggests, these are rotationally symmetric, non-increasing, and the Lebesgue
mass of the superlevel set of f* is equal to that for f.
The HardyLittlewood inequality states that for any measurable f,g: R% — R,

/Rdfgﬁ/Rdf*g*-

The Riesz-Sobolev inequality states that for any measurable f, g, h: R? — Ry,
| T@ewhte -y dedy < [ @)y’ @' (@ - y) dody.
(R)2 (Rd)2
Both these inequalities have later be generalized into the Brascamp-Lieb-Luttinger in-

equality ([, Theorem 3.4]A General Rearrangement Inequality for Multiple Integrals ), a special
case of which states that for any measurable fi,..., fp : R = R,

[

Lemma 3.3. For allt € (0,1] and v € R?,

0
K/ (v) < / P ’22) dz+6 ]v|_1/ dz.
R2\ By /2 ] Bjy|/2 ]

Proof. Let x,y be such that v = = — y, set r = |v|/2, and define the functions f, : z +—
|z —a|"t Ar~t for a € {x,y}.
Using Brascamp-Lieb-Luttinger inequality to the functions p¢(0,-), fz, f» , we obtain

pt((),z) /
T 4z < | (0, 2) fa(2) fy(2) dz
/RQ\(BT(:E)UB,,.(Z,)) |z — x|z — | - £(0, 2) fz(2) fy(2)

< [ s L@ e

S/ pt(0,2z) dz-f—?“_l/ pi(0,2) dz.
R2\ B, |2| - |2

Furthermore, using the Hardy-Littlewood inequality to the functions z — p¢(0, 2)1),<, and fz,
and using the fact that |z — y| > r for all z € B,(x), we obtain

/ pt(O,Z) dZS?”_l/ pt(Ovz) dZ,
Bo(x) 12 — zllz — Bo@ 2

/ —pt(O, ?) dz < 7“_1/ ri(0,2) dz.
B.(y) |7 — [z =yl B.(z) |7

Combining these estimations, we get

/ pt(O,Z) dZ S/ pt(oéz) dZ+3T_1/ pt(072) dZ.
r2 |2 —z||]2 — 9 R2\B, |2| - |2

We conclude by taking the supremum over z,y such that x —y = v. O

and similarly
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Lemma 3.4. For all p > 2, there exists a constant C' such that for all t € (0,1],
K] ()P dv < Ct' 7.
RQ
Proof. Let

fiive pt(o’;) dz and  fo: v \v[l/ pi(0,2) dz.
RQ\B‘U‘/Q |Z’ By /2 ‘Z|
[v[?

The real number f;(v) is equal to %F(O, s )- Thus, making the change of variables v =
r(cos(0),sin(f)) and u = % gives

27t u? _
il = [ aerao= o [ 10, S pudu= i,

for a constant C), which is finite since I'(0, -) decays subgaussianity fast near infinity and diverges
only logarithmically near 0.
On the other hand, with the change of variables v = r(cos(6),sin(0)), z = p(cos(p), sin(p)),

then v = tfép, w = tfér, we get

I fall7e = /11{2 fa(v)Pdv = (27r)l+p/ooO (/{:ﬂpt(g p) d,o) 1=p qp

9) v/2 p
= (277)”1”751”/ (/ p1(0, u) du) v 7P do
0 0
17
=Cpt P,
for a constant C’I’, which is finite since
v/2 1
( /0 p0,0)d)" 17 < min( 0. 017),

which is integrable in v over (0,00) since we assumed p > 2.
Using Temma 3.3 and |la + b, < 221 (al[Z, + [b]Z,), we deduce

| Kl dv <27 (A + 6 201E) = Gt
as announced. (]

Lemma 3.5. For all v € R?\ {0}, Kiw) < 4\‘{)2‘7.

Proof. For all x,y,z € R?, either or both |z — 2| and |y — z| is greater than |z — y|/2. It follows
that

=2y =27 = (le =2 Aly —2) T (e =2l VIg —2) 7 < (o= 2T+ ly = 27D @le -yl 7).

Using Hardy-Littlewood inequality, we deduce

/ pt(O,Z) dZS 2 </ pt(O,Z) dZ+/ pt(072) dZ)
2 |2 — ||z — y| |z —y|\ Jr2 |2 — 2| r2 |2 — Yl

4 pt(O 2)
=yl Jre

\x—y[

The lemma follows, by integrating over ¢ € [0,1] and then taking the supremum over {(z,y) :
x—y=nuv} O

Lemma 3.6. There exists a constant C such that for all v € R?\ {0},
K'(v) < Cmax(1,log(Jv|1)?).

dz
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Proof. Since we already know by the previous lemma that KT(v) decreases toward 0 as |v| — oo,
it suffices to show that
K'(v)
liminf —————— < o0
|0 log(|v|~")?
Recall Lemma 3.3:
0 0
Kl (v) < / 20, 2) dz+6|v|_1/ l0.2) g
R2\ By /2 B

2

The exponential decay of I'(0,r) as r — oo ensures that

[e9) 2
/ / p(0,2) dzdt :/ p_lf((),p—)dp < 0.
r2\B, |2|? 1 2

Furthermore, the asymptotic estimation

D02 ~ 7108t

allows to deduce

1 o0 2 ! —
p+(0 d
/ / a 7QZ) dzdt = / p_lI (0, &) dp ~ 2/ p_l 10%(,0_1) P 103;(7"—1)2
0 JR2\B, |2 r 2 "

and )
" 1
_1/ / pi(0 d dt =r~ / I‘(O,p—)dpw —log(r™1),
; 0 2 2
hence K
lim inf (—xy)l <1< oo,
ly—a|=0 log(|z — y[~1)?
which concludes the proof. O

Corollary 3.7. The function K' is in LP(R?) for all p € (2,00), hence in L} (R?) for all
p € [1,00). For all p € [1,00), there ezists a constant Cy, such that for all measurable subset A
of R? with finite Lebesgue measure pu(A),

VK2, 00 < Con(A)Y(1V Tog(u(4) ™).

Proof. By Lemma 3.5 and Lemma 3.6, there exists a constant C' such that for all v,

427
|v]
which clearly belongs in LP(R?) if and only if p € (2,00).
To prove the bound on ||KT||ZP(A)7 one can restrict to the sets A such that p(A) < ¢p, where

K'(v) < A(C(LV log(|v[™)),

¢p is an arbitrary but fixed positive constant. It then extends to all sets with finite Lebesgue
measure, up to eventually replacing the constant C), with a larger one, using || - Hip(UAi) =
oI ||Lp 4, and decomposing a measurable set A with pu(A) > ¢, into a disjoint union of sets
A; with M(A ) > cp/2.

We take ¢, = me~?P. This way, for any p > 0 with mp? < ¢, it holds that p < e~! and that
r > r(logr~1)P is increasing on [0, p).

Let f(z) = (1 Vlog(|z|™1)) and g = f14. Since f is radially decreasing, g* < flp, where p
is such that mp? = u(B,) = u(A). We get

p
1K < /B (Clog(|2] ") dz = /0 CPlog(r~ ") 2mr dr < 27Cp* log(p™)",
P

which concludes the proof since mp? = u(A). O
Lemma 3.8. For allp > 2,

- Ki(z,y)P dedy < oc.
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Proof. Unfortunately, our proof here is not very elegant. We will decompose the integral into
several pieces, and estimate these pieces separately. First, we show that

/(R2)2 :[L\a:fy\21KT (‘Ta y)p dx dy

is finite. We thus define the following subsets of (R?)3, using comas for logical conjunctions.
Fo={(z,y) : [z < Jyl},
Fro=A{(z,y) : lv —yl = 1, |2| < yl},
E() =
FE =

[en]

{( )
{(@y,2) € Bo: |a| 2 1]z — 2| > 3,12 =yl > 3,12] > yl/2},
{(z,y,2) € Bo: |z] > 1, |2 — 2| > 3, ]2]/2 < |2 < |yl/2},
By :={(z,y,2) € By : |z| = 1,[z] <|z|/2},
{@.y,2) € Bo:lal 21, ]z — 2| > 3,2 =yl < 3},
{(z,y,z) € Ep: || >1,]z —z| < %,]y—x! >1,}
{(z,y,2) € By |z| > 1,|z—z| < §,ly—2| <1,}
{(z,y,2) € Eo : |2| < 1},

p1(0, 2) p
i = Ypyyep, —————d dx dy.
/(Rz)z (/R? (@y,2)€B: ]x - zHy — Z’ z) Ty

Using the symmetry between x and y, the fact that Ey is equal to the disjoint union of the
(Ei)ie1.7, and triangle inequality, we get

/(R2)2 Lig—y>1 K (2, y)P dady = 21y < 2- 71 + - + I7),

so that it suffices to show these I; are finite for ¢ = 1..7. For integral involving only the heat
kernel, such as

[ mowraa [ ([ w09 d oo [ g0
Fy R2 |z|>|z]/2 R2

we will not systematically prove they are finite, since this is always elementary but tedious
(remark however | 7, P1(0,2)P dydz, for example, is infinite, since for all z the integral in y is
already infinite).

o First, we have

I < 4p/ </ p1(0, 2) dz)pdmdy < 00.
Fo ~Jz|>lyl/2

o On Es, |y — z| > |y|/2, hence

I, < 4p/ (/ p1(0.2) dz)pdwdy < 4p/ y|pdy/ (/ p1(0, 2) dz)pdx < 0.
Fo Nzpal2 Y R2\B, B2 N J)2|>]al /2

o On Es, |z — z| > |z|/2 and |y — z| > |y|/2, hence

P 2
I3 < 4p/ m|_p|y]_p(/ p1(0, 2) dz) dedy < 4p(/ |z| 7P dx) < 0.
FO RZ R2\Bl

o On Ey, |z| > |y|/2, hence

1, 1
I, < 27’/ p1(0, y)p(/ wszdxdy = 2p/ p1(0, Q)p dx dy(/ —dz)p < 0.
Fo 2 rR2 |y — 2| F 2 B, ||

0



RENORMALISED AMPEREAN AREA OF BROWNIAN LOOPS AND SYMANZIK REPRESENTATION 15

o On Es, |y — 2| > |y — z|/2 and |z| > |z|/2, hence

1, , 0,2/2)P 1
Is < Qp/ y—a/>101(0,2/2) (/ 7dZ>dedy
Fy B |Z’

ly — x[P

2
1 1 P
§2p/ —dy / —dz /p 0,2/2)?dz < oco.
r2\B; |Y[P < By |2| ) R2 1(0,2/2)

o On FEg, |y —z| > 1/2 and |z| > |z|/2, hence

pe(0,2) \P 1 p
I@§2p/ 1,_. / dz dmdy§2p/ mp1(0,2/2)P dz / —dz] < 0.
Fy |y |§1< B |SU — Z| ) R2 ( / ) ( B% |Z‘ )

j(?ﬁ)

¢ Finally,

I7§/ K*(z,y)Pdyde <7 | K*'(v)Pdv < o0
R2 R2

by Lemma 3.4, which concludes the proof that
/ Ljp—y>1 K7 (7, y)P do dy < oo,
(R2)?

In order to show that
/ ]l|x—y|§lKik(x7y)pd$dy < o0,
(R2)2

we now set

Go = {(z,y,2) € R*)®: [a| < Jy|, |z — y| < 1},

G1 = {(z,y,2) € Gy : |z| < 4},

Gy = {(2,y,2) € Go : |z] > 4,]2| < |a]2},

Gs = {(z,y,2) € Go : || > 4,|2| > |z|7, |z — 2| > |z —yl/2},
Gy = {(z,y,2) € Go : |a| > 4,]2| > |a]3, |2 — 2| < |« — y|/2},

and set

p1(0, 2) P
J; = Lpwmrca — 0 qz) dyda.
A§p<éz<@”“ﬂx—zw—d ) dyds

¢ On G4, we have

J1 < / Ki(z,y)Pdydz < 167 K}L(v)pdv < 00
By JR2 R2

by Lemma 3.4.
1
o On Ga, since |z] < |z|2 < \:E|/2, both |z — z| and |y — z| are greater than |z|/2, hence

Jy < / / / T dz) dydz = 771+p42p/ |z| 7P dz < oo.
B @) B || R\ By

o On Gs, let § € (0,1) be such that fp < 2. Using |z — 2| > (Jz — y|/2)%|z — 2|'7% and
then the Riesz-Sobolev inequality, we get we get

V/p1(0, 2) P
Ja < (0, dyd
3—@@V “'L@mw%AQWH &) dydr
\/p 0|m[ ) dx < oo.

R2\ B,
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o On Gy, it holds |y — z| > |z — y|/2, thus
2 1
Ja S/ P1(0,|$%)/ ( —dv)pdydx
R2\By Bi(x) Mz =l B‘x Yl [v]

= / p1(0, Ix\%)w(%)p dz < oo,
R\ By

which concludes the proof.

Lemma 3.9. For all p > 2, for allt > 0,
K (x,y)P dedy = Cpt*P, where Cp, = Ki(z,y)’ dzdy < oco.
(R?)? (R2)2
Proof. We have just prove the finiteness of C), in the previous lemma. The fact that ||K}||},

scale as t27P follows simply from the change of variables z’ = f%x, y = f%y, 2 =132 and
1

the relation p;(0,2) =t~ 1p,(0,¢722). O
Remark 7. We just ‘gained’ a factor ¢ compared to [g. K;r(v)p dv that we estimated in Lemma
3.4. This extra factor will allow us later one to obtain better stretch-exponential moments.
3.2. Trigonometric estimations.
Lemma 3.10. Let

Sw(2) = 0§y (2) —nfy(2) = —(21)10=W;  and & =1, —nfy = GwxeS).  (15)

Then, for all p > 2, §5,,6w € LP(R?) and

€ 1 ‘Wl,Z
||5W||LP = H(SW”LP = (7T+ (p_ 2)) 4

In particular, ||0w || € LIY(Q) for all p > 2 and all q € (1,00).

Proof. The fact that &5, € LP(R?) if oy € LP(R?) and the inequality ||65,[/%, < ||éw [}, follow
from Young’s convolutlon inequality and the fact that ||¢¢||0 = 1.
The inequality for |[ow (|7, is elementary trigonometry: for z € Bjy,|, we bound [dw (z)| by

3. For z outside this ball, which contains the ball By, /2(W1/2), it holds that |O§VT@/| < 3, and
it follows from concavity that |ml < §|Sin(m)|, thus, |ow(2)| < %Sin(m). Let w be

the orthogonal projection of 0 on the axis (z, W;). In particular, the distance between 0 and w
is less than |[Wi|. By looking at the right triangle 0, w, z, we get

%%
sm(Oth) Juo] < | 1|.
E{ T
Thus,
LWy NS
5W ~ W1 2 / — = (7 +
|| HLP | | R2\BW1 4 |Z’p ( (2 7p)) 4
O
Lemma 3.11. For all x,y in the plane with |y| < %, the function 0, : v — @ satisfies
| grad 0y (z)] < 24Jy[2] %,
where the gradient is on the x variable whilst y is fired.
Proof. We use complex notations. Since 0,,(zx) = 0,(x) for all 2, grad 0,,(zx) = |2|710,(x),

and so it suffices to prove the inequality for y = 1 to deduce the general case. Let 6 = 0.
By elementary computations, we get for x = x1 + ix9

2x129 + 11 x% —:c% — X2
010(x) = 2AT2 T gy — T T2 T T2
0) = L 12 20 = Tl £ 1



RENORMALISED AMPEREAN AREA OF BROWNIAN LOOPS AND SYMANZIK REPRESENTATION 17

Since |z + 1| > %, we deduce

12
iz ‘2,|(929( )| = ek

hence the result. O
Lemma 3.12. Let x,y,2 € R? with |z| A |y| > 2|2|, then,
02z — Oyz| < 24mfa — yl|z|(|z| A Jy])~2

|010(x) <

Proof. We assume without lossing generality that |y| > |z|. Let  be the path from z to y
obtained as follows. If the straight line segment from z to y does not intersect B),| or intersects
it tangentially, then + is that segment. Otherwise, let 2’ be the intersection point other than
y. We then take v be the concatenation of the segment [x,2'] with the smallest path 4’ from y
to 2’ in 8B‘y| (or one the two such paths in the case when z’ and y are opposite points of this
circle). The path 4/ then as a length equal to 7|z’ — y|, hence the length of + is smaller than or
equal to 7|z — y|. Thus,

022 - 0521 < [ Fullgrad (vl de < wlo—y] sup [ grad ()] < 2Amla — g2l
weRange(7)

where the last inequality follows from Lemma 3.11. O
In the following, for a subset A of R?, we set
da = inf{|z|: z € A}
Lemma 3.13. The following holds.
o There exists a constant C such that for all z € R?,
|83 (2) = dw ()] < 2Lz <opmn2i, + C(LA (IWh]2[7%).
o For all p € (1,00), there exists a constant such that for all e € (0,1],
165 — dwll7, < COL+ [WAll* + € (1 + [[W[)*7P).
In particular, sup.c o0y — owllze is finite and in L9(Q2) for all p € (1,00) and all
q € [1,00).

o For all p,q € [1,00), there exists a constant C' such that for all € € (0,1], for all measur-
able subset A of R?,

E[(/Aw;v—awwgv, —5W\)2} < Cu(AP(L A D).

Proof. For z inside the ball By, |42k, we simply bound |6y, — dw| by 2.
For z outside this ball, we have
166, (2)—0w ()| < sup [02W1—0(z + 0)Wi| < sup 24meK,|Wi|(|2]—eK,) 2 < 96meK ,[Wh|2] 2,

vEBcK, vEBeK,,

by lemma 3.12. Thus,

[e.9]
165 — ow |}, < 2P7°m(K, + [Wi|)® + (967T€K<p)p27T|W1|p/ ro2t dr,
2|W1|+2K,

from which the second point follows.

As for the fourth point, the case dy < 4K, follows from |0f;, — dw| < 2 and we focus on the
case dg > 4K,. Then, for all z,y € A, the condition |z| < 2|W;| 4+ 2K, implies |[W1| > da/4,
hence

E(|d5 () — ow (2)|10% (y) — ow (y)[] < 8P(|Wa| > da )+2C2 Wyt < Cdy?,

from which it follows that

E[( /A T e e /A E[05 (@) = 0w (@) 195 (1)~ 6w ()] dw dy < C'p(A)dE.



18  RENORMALISED AMPEREAN AREA OF BROWNIAN LOOPS AND SYMANZIK REPRESENTATION

3.3. Local and global upper bounds for K.

Lemma 3.14. There exists a constant C such that for all measurable subset A, A’ of R? with
finite Lebesgue measures, for all €€’ € (0,1], for all f,g € L>®°(R?),

‘/AXA’ f(@)g(y)Enf, (z)nf; (y)] de dy| < [[fllecllgllocCE(A)E(A"),

where )

B(A) = p(A)(1V log(pu(A)™1))7.
The same hold for the 8 other inequalities when ny;, (x) is replaced with either ny, (z) or hyy ()
and ni;, (y) is replaced with either nyy, (y) or Ay, (y).

Proof. We decompose ni;,(z) = nj,(z) + ¢°(z), and we bound the four integrals this give us
independently. First, we have

[ @B i) deds| =B ( [ f@mi ) ([ gwmivm i)
<x[( [ s@mivte )FE[(/A,g(y) i) dy) ]’

<Nleligle( [ KM= nara)’ ([ K= g)ara)’

< C| £ lloollgllocrs( A)pa(A) (1 V log ((A) 1)) 7 (1 V log(u(A) 1),

where the last inequality follows from Corollary 3.7 applied with p = 1.
Secondly, we have trivially

[ H@o@BBiy @) )] do dy| < el (A2
AxA’

Finally, we have by Holder inequality in L?(£2) and using the two previous bounds

[ st iyl dsdy| <E[( [ 50) @ az) B [( [ s a)]’
< VO Fllnollgll ot (A)(A) (1 V log(u( A1),

and by symmetry also
‘ /AM, E[f(x)g(y)niy (2)diy (y)] dz dy‘\@Ilfllmllgllmu(A)u(A')(l Vlog(p(4) )5,

which concludes the proof (the cases with n are treated similarly). O
Now we will in two steps sharpen this estimation.

Lemma 3.15. There exists a constant C' such that for any two measurable subsets A, A’ of R?
with finite mass, for all €€’ € (0,1), for all f,g € L°(R?),

/A><A’ F(@)g(y)Emy (@)nf(y)] dz dy < C| £ |lsollgllsce™ 14240 B(A) B(A),

where dx = inf{|z|: x € X}.

Proof. Let 7 be the first time when W exits the ball B centered at 0 and with radius (da A
dar) — Ky, ort=0 if (daNda)— K,<0,or7=1 if ||W||oo,[0,1] < (daNda)— K. This is
a stopping time, and it holds that both nf; (z) and n;%/(y) are equal to 0 in the event 7 = 1.
Let W' :t € [1 — 7] — Wyr, which by strong Markov property is the restriction to [1 — 7]
of a Brownian motion W’ started from W, and independent from 7 conditionally on W,. For
z,w € R? set 7, (w) € {—1,0,1} to be 0 for w outside the triangle with vertices 0, z, Wi , and

equal otherwise to +1 depending on the orientation of this triangle, so that ny, = nj, + rw,.
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We get
| /AX 7 (2)g(y)miy ()0, (y) do dy |

<Pr<t) swp B[ [ f@)g)ow, o)+ n (@) w, () + o () do dy).
t€0,1],2€0B AxA’

Since r is bounded by 1, it holds

sup Et,z[/ f@)g(y)rw, (x)rw, (y) dxdy] <[ flloollglloort(A) p(A").
AxA’

t€l0,1],2€08

By Lemma 3.14, and using scale and translation invariance to eliminate the supremum, we get

swp B[ [ f@g(mng (@m0 dedy] < Ol gl EAEA).
AxA’

te[0,1],2€0B

By using Holder inequality we deduce

swp B[ [ f@grw, @i, () dedy] < VO gl EA).
te[0,1],2€0B Ax A

The lemma then follow from

P(T < 1) < Cv/e—c(clA/\dA/)2

)

for C' large enough, which follows from a succession of reflexion principle and invariance by
reflexion: say dg < das. Then,

da da
P(r < 1) = P(|W|loo > da) < 2P(|W' e > —2) < 4P( sup W > —2) = 4P(|W{| > —=)
w1 H\ﬂ s Wiz ) = 4w 2
da 4\f
(Wl = ) )
\[ 7rdA
from which the lemma follows (bounding instead this probability by 1 for say d4 < 1). O

Lemma 3.16. Let ¢ < %. There exists a constant C such that for any two measurable subsets
A, A" of R? with finite mass, and such that for all €,€' € (0,1), for all f,g € L™(R?),

AxA,f(w)g(y)E[n%(fﬁ) )] dzdy < O f[lscllglloce ™) B(A) B(A)).

Proof. Tt suffices to notice

/A><A’ () (w)Elmy (2)miy (y)] Az dy = B /f )<g(y)/,n§iv(y) ay)],

use Holder inequality and the previous lemma 3.15. U

Remark 8. It is certainly possible to show that the subgaussian decay in |z| A |y| holds directly
at the pointwise level, i.e. that

Elnfy (2)nfy (y)] < Ce WO v log(|e —y| ™).
We do believe that the stronger estimation also holds pointwise, i.e. that
Elnjy («)njy (y)] < e WOV log(le —y| )%,

but that seem way more complicated to show.
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3.4. Local upper bounds for K.

Lemma 3.17. There exists a constant C such that for any two measurable subsets A, A’ of R2,
for all e, >0, for all f,g € L>(R?),

/AM/ f(@)g(y)Elhiy (@)aiy (y)] de dy < C| fllcllglloo (1 A d3*) (1A d3?) E(A)E(A).

Proof. We assume without loosing generality that d4 < d’y. First notice if we replace if;, with
nj;, then the result follows from Lemma 3.16. Recall nj;, — nj, = &), — dw. By Lemma 3.13,

[ @B (@) = d (@) 55 ) = G ()] ey

< AP(WA] = da)[flloollglloopn(A)pu(A') + CHfHongHooEHW1!2]/

|| 2 |y| 7% dar dy
Ax A’
[/
<N flloollglloole™ % + dy2d,7 ) u(A)pu(A").

By Hélder inequality,

/A » F(@)g(W)E[(55 (x) — dw () (65 (y) — dw (y))] d dy
<=[( [ s ~swana)| ][ [ w60 -svwa)]

A A
< O fllsollglloo(e™ 3 +d3t)2 (e 4 dyh) 7 p(A)u(A')
< C"||fllsollgllood2d 12 (A u( A).

Furthermore, using Hélder inequality again, we get

/ £ ()9 (W) EL(8% () — dw ()0 (4)] dzz dy
AxA’

w
<&[( [ 1) - swenar) B[ [ stmieaw)]’

1 (@2 a2 o
< Csdy 3! (| f loollglloo B2 4H 40 u(A) B(A) < Cu flloolglloody*d 7 E(A)E(A'),
from which we conclude easily. O

Remark 9. With more subtle estimations using the symmetry of the mollifier, it should be
possible to improve the factor d;lzd;,z into d:‘3d2,3, which in turn would imply that (z,y) —
E[ﬁf,v(as)ﬁf;v(y)} is globally integrable whilst our estimations only allows to deduce it is in LP
for all p > 1.

4. L? CONVERGENCE FOR THE VARIABLES Y

In these sections we will consider the following random variables:
Y‘f[}f‘//v,(f) = /R2 F(z)n, (2)ng, () dz,
Vit = [ i (i )
}_/‘ffév,(f) = » f(z)nEW(z)n‘;—,,(z) dz.

As we will show, these are well-defined for W, W’ two independent planar Brownian motions
with duration 1 and started from 0, €, € € (0, 1], and for f a measurable function which belong

in L"(R?), for r € (1,00) in the case of Y;I}G;V/(f) and for r € (1, 00] in the case of Y;I}E;,V,(f) and

Y‘fve‘;v,( f), and we will show that these random variables converge in L? as ¢, ¢ — 0.
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The fact that Y‘ff‘;{,,( f) is in general ill-defined for f € L>°(R?) is directly related to the lack
of global square-integrability of the function 6.°

4.1. The case of L"-functions, r < 2.

Proposition 4.1. Letr € (1,2). For all f € L"(R?), YIfI}EI:V,(f) converges in L*(Q), as e,¢ — 0.
The limit Yyww (f) satisfies

B (7)) = [ 1@K @07 ) dedy

Ij’urthermore, }A’JVEI;V,(f) and ?;Ve‘l,v,(f) also converges in L? as e,¢ — 0 toward a common limit
Yww (f)-
Proof. We will prove convergence in L?(Q) (e.g. for YVE‘}E;V,( f)) by showing the L? distance

goes to 0 (e.g. dLQ(Q)(Y‘f;’If;,(f), Y‘f;"f;,(f)) — 0), so we first need to show that for any given
’ ’ €—0

e, e € (0,1], YVEI}E;/V,(f) € L?(Q). Let q be such that ¢=! +2r~! = 2. The condition r € (1,2)

ensures that ¢ € (1,00). Let €', €2, €3, e* € (0,1]. First assume f takes non-negative values so
we can apply Tonelli’s theorem to swap integration in space and in €. By (13),

BV (Yo () = BIC [ S Gmiy @iy @) de) ([ miy ()0 () dy)]

3

- /(R2)2 f(@) (9)Emiy (2)nfy (4) Elnfy (2)nfy (y)] de dy
<c? [ @R g dray
(R2)2

< / F@) f@)K (@ — ) dzdy
(R2)2
< O FI2 K220 < o0,

At the end we used Young’s convolution inequality, and Corollary 3.7 to ensure the finiteness
| Kt|| 20 Since this expectation is finite, we can now repeat the same computation without the
assumption that f takes non-negative values, and where the first equality is now justified by
Fubini’s theorem.

In the process we have also shown that the function

(z,y) = f(z)f()E Ry (@)nfy (y)|En§, (2)nf, (y)]

is bounded in absolute value by a function independent from the ¢’ € (0,1] and integrable
over (R?)2. Since we also know by (14) that E[nf,{,(:r)na/, (y)] converges toward K (z,y), for all
x,y € R?, the dominated convergence theorem ensures that

3

B[y (5 Yoz (F)] = /( e | (@1 WLy (@i (LD (2)ny ()] do dy

— [ @)K () dedy,
€,e’—0 (Rz)z
from which we easily deduce that
61,62 E3’64
E[(Yy i () = Y ()] — 0.

el e2.e3,et—=0

5This is not related to Remark 9.
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It follows from completness that YIZ}EII/V,( f) converges in L%(Q) as ¢,¢ — 0. Furthermore, the
limit Yy (f) satisfies
E[Yww (f)’] = lim E[Yp5,.(f)% = / F@) f(y)K (z,y)* de dy.
€,/ =0 ’ (R2)2
Now we will deduce the convergence of YIZ}E[:V,( f) and ?;I}EI;V,( f). First we show they belong

in L?(Q). Recall the definition of §y and &5, from (15).
It holds

Vi) = Vi (1) = [ 500G @)y @) + iy @) ) + G ) (@)
To estimate the last term, let p € (4, +00) be such that 2p~14+r~! = 1, and use Hélder inequality,
| [, £ @) () dz| < 17y 10w oyl owel oy
By Lemma 3.10, the right-hand side is finite and in L?(Q).
Furthermore, using first the Cauchy-Schwarz inequality in L?((R?)?), then Young’s convo-

lution inequality, then the Cauchy-Schwarz inequality in L?(R?) with s : s7! + 771 = 1, we
get

NI

E[( /R F(@)dw (@) (x) da)]

<o /(W F@) F@)E @ - P dody)* ( /@W FM R ) dr)

<R aE]( [ @)’

< C)FIR K| 2Bl 0w [133]2. (16)

Since 7 < 2, s > 2 and Lemma 3.10 together with Corollary 3.7 ensure this last expression is

finite, which finally concludes the proof that V5, (f) — Yip4y (f) € L3(), hence Y55, (f) €
L2(9).

The proof that YI;}’E;/V,( f) € L?(Q) is identical in every point, except all the dy and dy must

be replaced with 6}, or 860
Furthermore, doing the same computation by with the dy and dyreplaced with 5, — ow

and (5%// — Sy, we deduce
E(YV5S (F) = Y (D) < CIFII- (BLISw — 851702y 10w — 8570 2]
1 ¢ 112511
+ I KT 2 (Bl 6w — 0y [173]2 + Ellldwr — 6y [173]2).

As 0y, converges toward oy when € — 0, and as ||dw — 6}/ || is dominated by 4|éw||, it follows
that

Ore,€ e, L2(Q)
mef(f) - mef(f) “,—_zo 0.

It only remains to show that the distance in L?(Q) between ?If[,l Ve;,( f) and YVEVS ’VE;,( f) converges

toward 0 as the €’ goes to 0.
An elementary computation, using the fact that dy (z) do not depend on e, shows that

Vi (F) = Vi () = Yiggin () — Vi () + /R [(@)ow (@) (i (2) - 0y (2) de

. F(@)ow () (0 (z) — nfy (7)) da.
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Since dp2(q) (Ylf;’[f;(f), Y‘f;"f;,(f)) — 0 and by symmetry between W and W’ it suffices

el e2,e3,e1—0

to show that

€,e/—0

re =5 ( i f(x)aw(x)(ngv,(m)—n;’v,(m))dm)Q} S

Using first the independence between W and W/, we deduce
re < [ ) Bl o () Bl () — 0 0) )~ 1)y

For all x and v,
E[(nfy (z) — iy (2)) (0fy (y) — 0fy ()] — 0

€,/ =0

by (14). Besides,

£ (@) fW)I[Ew (@)dw ()| [E[(niy (z) — nfy (2)) (m§y (y) — nfy(y))]
< Alf (@) fFW)IEBw (2)ow (y)| KT (2 - y)?,

the integral of which is smaller than HfH%THKT||L2qIEl[||51/V||23]l (16), hence is finite. The

dominated convergence thus applies and shows that R —>0 0, Wthh concludes the proof of
€,/ —

the proposition.
O

4.2. Uniform intergability: the case of L* function.

Lemma 4.2. For all c < %, there exists a constant C' such that for all measurable subset A of
R? with finite area, for all €, € (0,1], for all f € L>°(R?)

(Y (F14)%] < ClIf [2e™ P u(A)2(1 V log(u(A) )2,

Proof. In the event that either W < da — K, or |[W'||oo < da — Ky, it holds that either

nj(z) = 0 for all x € A, or n%/(x) = 0 for all zy € A, and in both case it follows that

Yy (A) = 0.

In the complementary event, let 7 (resp. 7’) be the first time ¢ when |W;| = da — K, (resp.
|W{| = pa/2), which are stopping times, or 7 = 7/ = 0 in the case dy < K,. Let W), be the
restriction of W to [0,7], and W} be its restriction to [r,1]. By strong Markov property and
translation invariance of the winding function, we deduce that

€ _ € € €
Ny, =0y, + 0y + @ Tow,

where T p () is equal to 0 for = outside the triangle delimited by a,b,c, and equal to +1
otherwise, with the sign depending on the orientation of this triangle. In particular, ||¢€ *
Topelloo <1 for any a,b,c . Since nj, (v) =0 for all x € A, we get for z,y € A
P
By (20 (1)] =P(r < 1) Elnfy, (2)nf, ()7 < 1+ o« Tow, v, (2)ny, ()| < 1]
E

+ B [njy, (2)¢" * Tp WT,Wl( )7 < 1]+ Ee * To.w, iy (2)° * Tow, wy (y) |7 < 1)

It follows that

B[V (f14)? / £(2) £ (4)ElnS ()0 (3)]2 do dy

SUSERE <D swp [ (Bl (@ P + Bl T (o, ()
te(0,1], A2
ZE@BdAwa

+ By z[nfy, (2)0 % To.ow, ()] + Er el * To o, (2) 0 * Toew, (y)]?) dar dy.
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By scale invariance and translation invariance, and using Lemma 3.2, we get

sup  |Eq2[nfy (¢)nf ()] < OK'(z —y).
te(071]7
2€0B4, - K,
Using Corollary 3.7, we deduce
sup / Ey, - [0y ()0 ()] de dy < u(A bUlp/ KT (v+)? dz < Cp(A)*(1Viog(u(A) ™))
te(0,1], A2 z€A
zE@BdA,Kw
Since |Tp .w,| < 1, we also have
sup [ Bl Toaan (2) * Tooan, () dody < (4)?

te(0,1], A2

zG@BdA,Kw

The crossed terms requires to juggle a bit in order to uncouple the two functions without creating
divergences:

] Bulint (2) T () dod

= [ R 0 T )y, (006 * Ty ()] vy

A2
:Ef?f[ gy, (2)ngg, dfﬂ/ @ % To,zw, (¥)¢ * To 2w (1) dy]
A A
291 91
< ®2 €_ 2 ®2 € € , 2
< B22[( [ niy, i, 0)0) ]2 [( [ 6 # To 006+ T ) )|
< Cu(A)(1 Vv log(pu(A)~ 1))M(A)

We conclude the proof with a straightforward computation:

dA _K 1 dA —K
P(r < 1) = P(||W]leo = da — K,) < 2P(|Wloo > A" 29) < 4P( sup W > A~ 9y
’ V2 t€[0,1] ! V2
ds — K. da — K. 42 (dg—Kp)?
= 4P(IWi| > A2 =8P > A ) < V2 Gake?
V2 V2 m(da — Ky)

Since we can also bound this probably by 1, we conclude that for any ¢ < i, for C' large enough,
P(r<1)< Ce=%4

here the choice ¢ < i rather than ¢ = % allow for the gaussian term to kill the exponential term
which arise when we develop the square (d4 — K,)%. O

Corollary 4.3. For all ¢ < %, there exists a constant C' such that for all measurable subsets
A, A" of R? with finite area, for all €', ¢, 3, ¢* € (0,1], for all f,g € L>(R?)

— 61 62 763 64 —c 2 2 _ —
B[V (FLA) Y53 (91a0)] < Cllfllsollglloce™ AT u(A) u(A) (1VIog (u(A) 1)) (1VIog (u(A') ™).
Proof. This follows directly from Hélder inequality and Lemma 4.2. O

Lemma 4.4. There exists a constant C such that for all measurable subset A of R? with finite
area and such that dy > K, for all €, € (0,1], for all f € L®(R?)

B[V (F14)] < ClLFI% (1A d3*)n(A)* (1 V log(n(A)~))?.
Proof. Using Lemma 4.2 and triangle inequality in L?(12), it suffices to show that

Or€,€ or€,€ 2 - _
E[(Yiw (FLa) = Vi (f14))°] < ClIFIBA(A)* (LA d3®)u(A)*(1V log(u(A) )%,
The right-hand side is equal to

E|( /A £ (@) (A5 (2)hy, () — nfy (2)nf, () dwﬂ !
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which again we can bound by 3 times the sum

B[( [ #w —dmip) ] +B[( [ g —ai0) | +E[( [ £6w - di)6w i) |

To control the last one, we use the third point in Lemma 3.13, which gives

B [ £0w =6 da] < BV a5).

The first and second are symmetric so we only treat the first. Using Cauchy-Schwarz inequality,
Lemma 3.13 and Lemma 4.2, we get

B( [ fow = sivn) |

= /A2 f@) fE[Ow (x) — o1y (2)) 0w (y) — 0y (Y))E[nyg (2)nq5 (y)] de dy

<l ( /A El(Gw (@) — 8y (0) (6w () = iy ()P dady ) * ([ Bl (2)nip, (4] dzdy)
< O FIZ (1 A dytye (A2 (1V log(u(A)™H))
< CIFI2 (1 A di®)u(A)*(1V log(u(A) 1)),

which concludes the proof. O

Corollary 4.5. For all § > 0, there exists R < oo such that for all f € L>®(R?), for all
e, € (0,1],

E[V (£ e\ 5,)?] < I 1%
and

E[Yy 5 (flroyp,)?) < 6l £l

Proof. First note that YVE‘}?V,( f) and ?;Ve‘;[,,( f) are well-defined random variable for all f €
L>®(R?): indeed both nj;, and njy, are compactly supported and bounded, so there product
is integrable, which ensures that Y;f;v,(f) is well-defined. As for the fact that Ylfve‘;v,(f) is
well-defined, it then follows from the fact that for z large enough,

€

ny, (2)n;,, (2) — nj (2)n, (2) = (0f,(2) = 0 (2)) (0, (2) = nj,(2) < Ol

for a constant C' which depends on ¢, e, W, W’. This is enough to ensure integrability.

For k > 0, set Ay = Byy1 \ By, and fy = fla,, so that flge\p, = > 52, fr- Note da, =k,
and E(Ag) = u(Ax) =2n(k 4+ 1/2).

Using the linearity of ?I/EI}T;V' and Lemma 4.4, we deduce that

E[Vyyr () Vi ()]

M8

B[V (flpeyp,)7] <

E
Il

j7 n

N
(NI

E[Yy5 5 (fO) 2 2BV ()]

WE

il

j7 n

[e.e]

<4AmC|fl% Y (k+1/2)(G + 1/2)k™ 4%
k,j=n

The corollary thus follows from the fact this sum is finite and goes to 0 as n — oco. O

Theorem 4.6. For all f € L>(R?), both Y‘ft}e‘/,v,(f) and }Af‘fvevlv,(f) converges in L?(QQ), toward
the same limit YVV,W’(f)-
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Proof. Let f € L°°(R?). Corollary 4.5 ensures that for all €,¢ € (0,1), WW,(f) € L?(), so we

show that ||YW’V€V,(f) YW’VEV,( )Ir2(0) goes to 0 as the € goes to 0. Let § > 0. By Corollary
5, there exists R such that for all €, ¢ € (0, 1],

NS

||YI/€[}7EW/(fILR2\BR)2HL2( <

Since flp, € L"(R?) for all » € (1,2), hence for some arbitrary such r, Proposition 4.1
ensures that Y;/EI:V,( f1p,) converges in L?(2) toward Yiyw(f1p,). It follows that there exists
eo such that for all €, €'in(0, €],

¥ (F1g) — Ywar (F1,)12(0) <
Thus, for €', €2, €3, ¢t € (0, e,
||YW’VGV/( ) — Y{f{iif;/(f)HLQ(Q) < ”Yvﬁwevf(f]lBR) —Yww (flep)llr20) + ||Y{V§V,(f]lR2\BR)2||L2(Q)
* ”YVE;’VG;’(HRQ\BR) lz2() + HYVGIZ’VE;’(f]]-BR) = Yww (fleg)lz2@) <6,

which ensures indeed the convergence of WW,( f). The convergence of WW,( f) is shown

IR

identically. Furthermore, if the two a priori different limits are denoted YWW/( f) and Yw.w (f),
then it is easily checked that Hf’ww/(f) - }A/WW/(f]lR)HLz (@) goes to 0 as R — oo, but also that
| Yww (f) — YWW/(fILR)HLz goes to 0 as R — oo (recall that the limits in Proposition 4.1
are identical), from which we conclude that YW7W/( ) =Yww (f)- O

5. STRETCH-EXPONENTIAL MOMENTS

In this section we will prove that for all f € LS°(R?), the convergence of Y‘ffév,( f) toward
Yw,w (f) holds with all strech-exponential moment up to order 1, i.e. that for all n <1,

Blexp([Yivw (D] < o0 and  Elexp(YigSy (f) = Yiew ()] ==, 0.

Our/ overall strategy is rather standard. Since we have already shown the L? convergence of
Y‘f[}fw,( f), we only need to show the stretch-exponential moments are finite and bounded inde-
pendently from ¢, ¢, i.e. that
<L S e LTE, sup Elexp(|Yiy (N)I")] < o
To this end, we will show that for all § > 0 and f € L2°(R?), there exists a constant C such that
vkeN,  sup [y, (f)*] < C((20)),

€,e/>0

which is sufficient to conclude by choosing ¢ such that (14 §)n < 1.
Setting

YD =Y (),

I[0,¢]
we will see that t — thf/( f) is a continuous martingale. Through the Burkholder inequality, in
its version with the constants depending explicitly on k, the moment of order 2k of Y‘fvew,( f)is
thus controlled by the moment of order k of the corresponding quadratic variation.
We write (M) the value at time s of the quadratic variation of a continuous semimartingale
M.

For a positive integer k, we set & the optimal constant in the Burkholder inequality, i.e. the
optimal constant such that for any continuous martingale M,

k
E[MF] < EFE[(M)2].

It has been shown in [2]| that & is the value of the highest zero of the Hermite polynomial of

order k. It is known that this value is asymptotically equivalent to v2k as k — oo, and is in fact
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smaller than v2k for all k (see e.g. Theorem 2, Equation (1.5) in [3] for a much more accurate
estimation which implies this one).

Lemma 5.1. Let f € L(R?). For all t,e,€ € (0,1], the random variable Y;ff/(f) is given by

! 2 t . ': .

v =3 [ ([ e ovonie 5@ as) awd o ([ nip @ (WD) dz)
— Jo ‘Jr2 R2

In particular, t € (0,1] — thf/(f) is an L2-bounded martingale. Its quadratic variation is given
by

(Y (f)e = /O /(]W ngy, (2)nfy,, (w) (W= (W), v (W) f(2) dz f(w) dw ds

+/0 /(R2)2<1/12’6(Ws)71/1“”6(Ws)>nf/v/78(z)nf/vgs(w)f(z)dzf(w)dwds.

This is merely a question of swapping integrals, for which we will use the stochastic Fubini
theorem given by [9, Theorem 2.2]. For convenience we simplify it our situation:

Theorem 5.2 (Special case of [9, Theorem 2.2|). Let W be a Brownian motion with respect to
some filtration F, and p a o-finite measure on R Let 1 : R? x [0,1] x Q be F-progressively
measurable and such that almost surely,

/R2 (/01 |¢(96,1t)|2dt)é du < oo.

Then, almost surely, for all t € [0,1],

t t
/ / Y(x,s)dWsp(dz) = / Y(x, s)p(de) dWy,
R2 JO 0 JR2
where both sides are measurable with respect to F;.

Proof of Lemma 5.1. For t € (0,1], let F; be the o-algebra generated by F:(W)UF(W'), where
(Fe(W")¢ (resp. (Ft(W))) is the canonical filtration associated with W (resp. W' ). Let
.7: - (Ft)t-

We apply the stochastic Fubini theorem to the process v(z,t) :== wf’E(Ws)nev;,,ﬁ(z), the mea-
sure p == fdz, the Brownian motion ¢ — W} and with the filtration (Fsu)uelo,1)- For all ¢, the
random function z — 1 (z,t) is continuous in z. For each z, it is progressively measurable in w.
Since R? is separable, it follows that (z,t) + 1(z,t) is progressively measurable (in the sense of

[9]). The integrability condition necessary to apply Theorem 5.2 is

/RQ ( /01 [ ’G(Ws)n%/,s(Z)lzdt)éf(Z) dz < oo,

which is easily checked since f is compactly supported and bounded, and [¢; (W,)nS,, ()| is
bounded in s and z. It follows that almost surely, for all ¢ € [0, 1],

/O t( . P (W () (2) dz) AW = /R 2 ( /0 t¢f’6(Ws)na,/7s(z) AW;)f(z)dz,  (17)

and both sides are measurable with respect to F;.
A similar computation, with the role of W and W’ inverted, gives

/Ot < /R Ny, ()07 (W) £(2) dZ) dw,’ = /R ] ( /0 t nws(z)wf’€’(wg)dwgi) f(2)de.  (18)

By Ito’s formula for a product of martingales, for all z € R2, the martingale M? : ¢t —
nf/Vt(z)ngV’t(z) satisfies

2 t
Mf =3 /0 (07 We)niy o(2) AW + 0y o (2)1;° (W;)dwg).
=1
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Integrating over z with respect to fdz gives

Vi () = g (L[ oo @am)soass [ ([ e mpan) e a:).

which together with (17) and (18) gives the equality we were searching for.
The second formula in the lemma follows easily:

(Y.< ( t—Z/ /nWs IO (W) f(z dﬂs ds+z/ / )nW’()f(x)dx>2d5
/ /w s (21 (9) (7 (W) [ (W) f (2) f () e dy ds

v o OV Oy (0002 0) s,

which concludes the proof. O

Remark 10. The computation we do below actually shows that the integrability condition to
apply Theorem 5.2 is in fact satisfied for all f € LP(R?), and so Lemma 5.1, as well as Lemma 5.5
below, extend to such functions. We simply thought it would be odd to dive into estimations of
a rather complicated functional without showing first that this functional is in fact the quadratic
variation of the random variable we are interested in in the first place.

In order to simplify some expressions, we use the notations tg = Og, and zg = Op2.

Lemma 5.3. Let q € (1,2). There exists C < oo such that for all €,¢' € (0,1], for all k € N,
forall0 =t <t; <--- <ty <1, for all f € LY(R?),

/(Rz)zkE[ﬁW“( ) v ()] (Hf e0) £ () Az dyi ) < OV 7%y T (iti0)' =700

i=1 =1

B

Proof. Let p > 2 be such that p~' +¢~! = 1. For s > 0, a € R?, let

ps(0,w)

Rs,a(xayaw) = \x—a—wHy—a—w[

f@)f(y)
Then, by LP — L9 inequality in (R?)2,
[ Rty drdydu = [ K306+ 00+ @000 < 1K asgus 1 ey

By disintegration, then Lemma 3.1, then making the change of variables w; = z; — z;_1 and
writing a; = ZKi w; to shorten notations, we get

k k
E| [T (Wa) (Wi, = /( oy LT (s Gioa ) 07 (0), 07 () )
i=1 =1
k
2k Pti—t; 1 (Zi—la Zi) )
=G /@p)k 11 (o o= =)
k

o1 (0,w;
— C?ak‘/ H ( pt’L tzfl( w ) der),
(R2)k -7 |xl —a; — wzHyz — a; — wi|

thus
k k k

B [T v o i) (TT o fw0) < 02 [ T (Becteoy oo w) dus).

i=1 i=1 (R2)* =1
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Integrating over the x;’s and y;’s, we get

k

/(RQ)% E { ﬁ@bxif(wti)? wyif(Wti»] (H F@i) f(ys) da; dyz)

i=1 =1

k
2k
< C(p /(\]1{2)31C g <Rti—ti_1,ai (xi7 Yi, wz) dxz dyz dwz)

k
< I FIIT ) H 1K —t o e (®2)2)

k
<C CQkaHLq R2) H(tz - ti—l)li

=1

[NIiS]

(by Lemma 3.9).

which concludes the proof. O

For a non-negative integer k, define the tetrahedra
k
TF = {(tr,....tr) € 0,17 1 tg <ty <+ <t}, and TF ={(ug,...,u) € [0,1]% : > u; <1},
Lemma 5.4. Let s > —1. There exists Cs < oo such that for all k € N\ {0},

T(1+s)* kg.—k(1+s)
(t; —t;i_1)*dty ... dty = | | 5d < CFE s).
/mH )7 dbs . b = / e T+ k(+s) =

Proof. The first equality is a simple change of variable u; = t; — ¢;_1.
For the bound, we set

k
f(k,t ::/ u; duy ... du
(k,t) tTkl];[l 1 k

for t > 0 and k € N. The change of variables u, = t~'u; gives f(k,t) = tU+9)¥ f(k 1). Isolating
the last variable u = w41 in T**!, we get

I'(1+s)T(1 + k(1 + s)

FA+(k+1)1+s))’

1 1
FO+1,0) = [l 1w du = £ 1) [ a1 du = (k1)
0 0

from which we deduce

fle 1) = [[ROE LA +i+s) IO+ )"
O T+ G+ +s)  TA+E(1+s))
The upper bound at the end follows from Stirling’s approximation. N

Lemma 5.5. Let g € (2,2). There exists C < oo such that for all €,¢' € (0,1], for all k € N,
for all f € L (R?),

E[Y‘f[}fw (f)%] < CkaHLq R2) k(H?(q 1>)

Proof. Using Lemma 5.1 to see Y;I}EW,(f) as the value at time 1 of a martingale, and using
Burkholder inequality, we get

(Y, ()] < k)FE[(YVE (£)8].

The quadratic variation on the right-hand side is given as the sum of two terms, symmetric with
respect to each other,

(YO () = A (D FAWS w (), BV (H2] < 25712k M EIAGS ) () ELARS W (H)F)
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This terms are given by Lemma 5.1. In particular,

B3 (F)4] = E[( / o Pl mi )7 OV, 05 W01 (5) g )

S <[ [T e, <yz>}E[ilf[1<W’<wz,.>,wwwg»}

i=1
ﬁ(f(l"z')f(yi) da;dy;) dty ... dty,
i=1
Sk!/ﬂ% </(R2) Ll_[lnwt Ti)njy Z/z} llfll fyi) dl’zdyz))%
k k )
([ BT oviome ] TI0 ) fo) desdu)) dty .. dbs
(R Hisa i=1

The second equality has been obtained by simply developing the power and then ordering the
time variables (hence the factor k!). We already control the second part in this last equation
with Lemma 5.3. For the first part, we remark that

k k k k
/( | ) TIC i s ) ey = BT v, (7] < [T RIS ()13
i=1 =1

i=1 i=1
< B[V ()]

The last inequality follows for example from the fact ¢ — Y/;°(f) is a martingale. Using now
Lemma 5.3, we end up with

k
€,¢’ 5 I €,€ 3
E[A o (H)F] < k! /Tk CHIF S ooy [ [t — ti-1) 2 @ DRV, ()2, (19)
i=1
Applying this to € = €, we get
k
€,€ €€ l l_¢
E[Y;55 (1] < (4O 1150y (RO EY5 (£ / T[]t - tio)* 0 dty ... dry
i=1

< OIS 110 ge) KFRE[Y Sy (1226 ¥ 3705 (by Lemma 5.4).
and it follows that
E[Yiip (1] < O 11 oy 207,
We can now plug this bound (and the identical one with both e replaced by €’) into (19), and
deduce that E[ WW,(f)%] satisfies the same type of estimation (with now e # ¢€'). O

Corollary 5.6. For alln <1 and f € L*(R?),
Elexp([Yww (f)I")] <oo  and  Elexp([Yyyy (f) — Yww ()] — 0.

€,e/ =0
Proof. Since we have proved that YVEVCW,( f) converges in L?(€2) toward Y‘fVé‘/,V,( f), it suffices to
show that
sup Efexp(| Y5y ()] < o0
€,e'€(0,1]

for all n, f. It then suffices to expand the exponential into a sum, swap the sum with the
expectation, and use the estimation provided by Lemma 5.5 for the polynomial moments, taking
q < 2 sufficiently close to 2 so that

which is possible for n < 1. O
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6. CONVERGENCE FOR THE RECENTRED VARIABLE X

In this section we study the random variables
Xy = / 0y ()2 dz and  X§ = X — E[X§].
R2

We will show that the latter converges in L?(£2), as € — 0, with a limit independent of the initial
mollifier. We also make an asymptotical estimation of E[X{,].

To this end, we will decompose X7;, in a way reminiscent of Paul Lévy’s construction of the
Lévy area or Varadhan’s construction of the renormalised self-intersection local time. Because
of the infrared divergences, we must work with the integer-valued winding functions n rather
than n. Since these functions n are not ezactly additive under concatenation of curves (we must
add a part corresponding to the triangle between the 3 endpoints of the 2 concatenated curves),
the iterative decomposition of Xj;, contains more terms than the iterative decomposition of the
Lévy area or the renormalised self-intersection local time: these are the terms T}, ; and Z ; we
will soon define.

Lemma 6.1. For all € > 0, the random variable Xy, is well-defined and finite almost surely,
and lies in L*(Q).

Proof. The fact it is well-defined and finite is given by Corollary 2.3. Tts L?(2) norm is equal to
/ E[0¢(2)?ha (w)?] dz dw.
(R2)2

By Burkholder inequality and Ito isometry, we get

E[n§y (z)? <CIE /|¢ Pdt

Using Hardy-Littlewood inequality, and Lemma 3.1, Item (3), we deduce that for a constant
C which only depends on the mollifier ¢

//puzw ) |?

pu 0 w
Rz e+ w|? |w|2

2e™ ;
— / )dv
The integrand is smaller than 1 on R*, and thus

Eo[ng, <2c// [ Pl }dsdt

2¢~ 25_2t 1 lFO 1
<c/ / a) et (t D qsdt

wdu

< C// —4

Tt follows that Eg[af, (z)1] < CG)(1 + , for a constant C®) independent from z, ensuring
that for any given compact K,

/ E[A(2)%0(w)?] dz dw < C, vol(K)?.
K2

One passes to (R?)? with technics similar to the one we have used to prove Lemma 3.17. O

Remark 11. With a lot of refinement revolving around the previous computation, it is in fact
possible to show that

B[ < 28 0 o),

and even to estimate the error term rather nicely, which would be sufficient (together we first

-1
moment estimation) to show that X, ~ %. However, the Varadhan-type decomposition

of X§;, we are about to prove gives in fact an even better estimation.
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6.1. Iterative decomposition of X7j,. We use a parameter s which always varies in [1,2].
We define M the set of couples (k, j), where k is a non-negative integer, j is a positive integer
and j < 2F. For such a couple, we set Wy ; the restriction of W to [27%(j — 1),27%;]. For all
(k,j) € M, Wy j is equal to the concatenation of Wiy 251 and Wiyq 2;.

For four points z,y, 2,0 € R?, let 0, .(0) € {—27,0,27} be defined by

0z,y,2(0) = Toy + yoz + zoz,
or equivalently
T0Z = Toy + Yoz — 0z y,.(0)

Let then d; ; be the function
5k)] = 5W2 ( —1) 2 k— 1(2J 1)7 kj'

We then define

€ . ~ € 2 € €
Xpj= /]R2 nyy, (2)7dz, Xy = X041

- €,€ — 2 -
YkeJ T T Whg1,2i-1,Wht1,25 (1) - R2 n%/Vk-o—lﬁj—l (Z)n?/vk-klﬂj (Z) dz,
Ty = / Ok, (2)* dz,
R2
17 -~ 27 . -~
Zk; - R2 6k’] (Z)n%/k+1 2j—1 (Z) dZ7 Zk}; = / 5k J (Z)n%/vk+1 24 (Z) dZ’

Ty =05+ 05 Ly =4% LY =Zoh, D=7
For each of these quantities Ay j, we also set fl;w- = Ay ; — E[A ;]

Lemma 6.2. For all € > 0 and (k,j) € M, all these quantities are well-defined, and lies in
L2(9).

Proof. The fact T}, ; is well-defined is clear. It lies in L?(2) by subexponential decay, as [T ;| <
|N1|| V2| for two Gaussian random variables Ny, Na.
The fact Xj ;s well- defined and in L?(Q) follows from Lemma 6.1 by a scaling argument.

The fact Y++ “and 7 ++ ¢ are well-defined and in L%(Q) then follows from Cauchy—Schwarz
inequality in LQ(]R2 X Q)

€ 1 1
E[(Yl:j_ )’ < E[(Xli+1,2j—1)2]2E[(Xl§+1,2j)2]2 <00

NI

€ 1 1
]E[(lej )] < 2E[Tl?,j]2 (EKXIEH,Zj—l)Z]Q + E[(X]i+l,2j)2]
The fact Yy ; and Zj ; are well-defined and in L?(9) follows directly. O

) < 0.

The point of these definitions is that the relation of concatenation Wy ; = Wi11 251 Wii1,25,
gives the pointwise equality
ﬁ%[/k,j( ) A%/Vk_;'_l 25— 1( ) + ﬁ%/VM_ng (Z) - 5k7j’
from which it follows that
Iterating over k, we deduce that for any integer n,

n—1 2k n—1 2k n—1 2k

ZX§J+ZZT;€]+2ZZY,” 2> "Nz (20)

k=0 j5=1 k=0 j5=1 k=0 j=1
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In the following, we use this decomposition with n o< log(e™!) in order to deduce the L? con-
vergence of Xy;,. As we will now prove, the contribution of the first sum will vanish in the limit
€ — 0, but the other three do contribute to the limit.

6.2. L? convergence.

Lemma 6.3. Asn — oo,

~ 9—n/2
sup H ZX;% — 0.

s€[1,2] =1 L2(P)

Furthermore, ZZ;(% Z?il Ty.; converges in L*(P).
Proof. By Brownian scaling, we easily obtain the equality in distribution
_ 2n/2
X =27"Xy "

Taking € = s27"/2, we get in particular Var(Xff;"/z) = 272" Var(X3,) < oo. Furthermore, by
Markov property of the Brownian motion, the family (Xﬁ?jnm)j is a family of i.i.d. random
variables which varies continuously in s. Setting X;"; = Z?il )Z'ffj_nm, we deduce that,

sup Var(X:)=0(2™),

s€[1,2]
hence the first point.

As for the second point, let T} = Z?kzl Ty ;. We similarly obtain that for any given k, the

d
family (T} ;); is a family of i.i.d. random variables, with T}, ; @ 27%T} 1, hence

Var (Tk) <27k

Since this is summable over k, we deduce the second convergence. (|
Lemma 6.4. For all € > 0 and (k,j) € M, E[Y}’,] = 0.
Proof. Let

f(x) = ﬁ;[/k+172j_1(x)ﬁ%/l/k+1,2j (I)

Since YI:FJ.J“E is in L'(2), we can apply Fubini’s theorem,
BY,) = [ Bl d,
RZ

so it suffices indeed to show that for all x € R?, f(x) @ —f(x). Assume (k,7) = (0,1) for

simplicity. Otherwise, replace the times 0, 3, 1 respectively with 2= (k1) (25 —2), 2= (k+1)(25 1)

and 2-(*+1)(24). It suffices then to apply the reflection principle to the Brownian motion W :

t €[0,1/2] = W(1/2 +t), with reflection on the axis (W (1/2), ). Letting W7 be the reflected
iy (@)

Brownian motion, we have (Wy 1, W) = (Wy1, WT), but 0y () = —nf; (), which suffices to

conclude. O

Remark 12. Let us emphasize that the symmetry f(x) @ _ (z) is true for each z individually

but not jointly. The couple (f(x), f(y)), for example, is not symmetric in distribution when
x # y. Consequently, the random variables Y j themself are not symmetric in distribution.

By Theorem 4.6, for any fixed (k,j) € M, the random variable Y}, converges in L?(P), as
€ — 0, and we define Y}, ; as the limit, which has a vanishing mean. Applying translation and

scale invariance, as well as the Markov property, as fixed € > 0 before taking the limit, we deduce

that the family (Y} ;); is also a family of i.i.d. random variables, for each fixed k, with Y7, ; @

2_k’YO,1, and it follows from summability of the variances that the sum Y := 3 7 2511 Yy, j is
well-defined in L?(PP).
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_ k —n
Lemma 6.5. Asn — o0, YJ == Z:é 25:1 YkS? /2 converges toward Y, and the convergence
is uniform over s € [1,2] in the sense that

sup ||Y Y”Lz P) — 0.
s€[1,2] ( ﬁ‘x’
Proof. The convergence in L?(P) of Yy ; toward Yy, ; as € — 0 is equivalent to the convergence
in L?(PP), uniformly over s € [1,2], of Yljg_nm toward Y} ; as n — oo.
Hence, for any given integer ng, uniformly over s € [0 1], as m — oo, the finite sum
Pt ZJ 1 Y,j? converges in L?(P) toward Y 70" ZJ 1 Yi s
It only remains to show that for all 6 > 0, there exists an integer ng such that for all s € [1, 2]
and for all n > ny,

n—1 2k

|32 3 ey < 6

k?n()jl

As YIZ},EII/V, converges in L?(P) when ¢, ¢ — 0, the supremum C of ||YV€V€II/V,H r2p) over €,¢ € (0,2]
is finite. Using the independence between the Yks’?inﬂ (where k is fixed and smaller than n),

and using the fact the Yks?—"/? are centred, we deduce

[(Zy,f "/2) ] ZE (V22 < 22+,

Hence, for ng large enough, it does hold that

n—1 2k

n/2 —n
1D V% " lliee < C27™ <,

k=ng j=1
which concludes the proof. U

Lemma 6.6. The random variables Z;{f and Za’f converge in L*(P) as e — 0. Hence, Z§, also
converges in L*(P) as € — 0.

Proof. First we consider Zif, = [z do,1(x)nfy,
W14, Wijo and Wi, and setting

(zr)dz. By disintegration with respect to

[0,1/4]

/ /

(.Z' y) ( i %/V[()71/4] (1’) - ﬁ%[071/4] (x))(ﬁ%/V[O’lM] (y) - ﬁ%/V[O,l/4] (y))7

66

and q(z, W) = p1/4(0, W1 /4)p1/4(W1 /4, 2), we get, for an arbitrary positive measurable function
g which we will take to be g(z) == p1(0, ),
4

E[(Z{f/ - Z{/%/,)Q] = /(R2)4 50,z,w(‘r)50,z,w(y)pl/Q(Oa Z)p1/2(27 w)El/Q,o,z[fE’El(x7 y)|dr dy dz dw

= /(R2)4 60,2,w(%)00,2,w(Y)P1/2(2, w) dwElg(z, W)fe’el(a:, y)]dedy dz
: :
< < / 9(2’) ( 50,z,w (x)éo,z,w(yh?l/g (Z, w) dw) dz dy dz)
(R2)? R2

1

(9B W7 ) e dyaz)’
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We recognize

/ Elq(z, W) f (z,y)]* de dy

(R2)2

:E®2 ! / ~ €
la(z W)a(zW')( fC o » ”

:E®2[Q(27W) (Z W)( WW’( ) ?WW’( ) }A/VEI},EW/( ) Y{f{/’{ivf( ))]

< suﬂng(z,w)zEe,eu Eeo =B (Vi (1) — Vi (1) = Vg (1) + Vi (D]
we

The expectation E, ¢ goes to 0 as €,¢ — 0, by L? convergence of WW,(l)

The supremum of ¢(z,w) over w is achieved for w = z/2, as it is seen by noting that |w|? +
lw— z|? = |2]?/2 + 2|w — 2/2|%, and is equal to p1 (0,%)2. Tt follows that

€,e/’—0

| 0 Bl W) )P dodyds < B [ 5 0)ds — 0
(RQ)B
On the other hand,

2
C = p1(0, g)(/ 30,2, ()00 2.0 (Y)P1 (2, w) dw) dzrdydz
(R2)3 4 R2 2

< /(W 23 (0, 5)80.2.0(2)80, 200 ()80, 10 (1)0 2t ()3 (2, )3 (2, ) duw e ly .
Using for example

/ 60,2710 (x)507z,w’(x) dz < ’Z‘ |UJ‘, / 50,z,w(y)50,z,w’(y) dy < |sz’7
R2 R2

we get

Cﬁ/ |z[2p1(0,§)/ p1(z,w)|w* dwdz
R2 R2 2
= [ 1By 0.) [ pyw)e + o= 2P duds
= [ Pey(0.5)(sP + Dz
R2 4

which concludes the proof that

!
HZ{E/ - Z{/%/HL%P) - 0.
e, e’ =0

A similar but simpler computation, replacing f¢ (x,y) with o1 /a1 (m)ﬁfo 1/4] (y), shows that
Z{5, € L*(P). These two properties together ensure that Z{f, converges in L*(P). The random
variable Zj == 52 00,1( nW[1/4 o (z) dz, although not identical in distribution to Zjj,, it shown

to converge in a very similar fashion, and we deduce that Zle = Z¥, + 735 + Jg2 00,1(2)01,2(2) dz
converges in L?(P).

Using the properties of invariance of the Brownian motion and the Lebesgue measure in the
plane, we see that ZW and ZW are identical in distribution, so ZW also converges in L?(P). [

Corollary 6.7. The sum ZZ;O ijl Z,j?j_n converges in L?(Q2) as n — oo, and the conver-
gence is uniform over s € [1,2].

Proof. This is identical to Lemma 6.5, except Y is replaced with Z and that we use Lemma 6.6
instead of Theorem 4.6 to ensure the convergence, uniformly over s € [1,2], of the individual

—n/2
Z;;QJ , as n — 00. U

We can now conclude:
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Theorem 6.8. As ¢ — 0, X{,, converges in L*(P).

Proof. Since for a given € € (0,1), there exists a couple (s,n) € (1,2] x N such that s27" = ¢,
proving the theorem amounts to show that X2 " converges as n — oo, uniformly over s € [1,2]

and toward a limit independent from s. This follows from the decomposition (20), Lemma 6.3,
Lemma 6.5 and Corollary 6.7. (]

6.3. Estimation of the average E[X{;,]. We now obtain asymptotic estimation for the average
E[X§y], which is important in relation to Higgs-Yang-Mills theory as it tells us about the infinite
negative mass term used for renormalisation.
.. 1, 2,
We let Zyw (vesp. Zy, Zgy, Zk ;) be the L-limit of Z§y, (vesp. Zy', Zy', Zj ;)

Lemma 6.9. There exists a constant Cy, such that for all €,¢ € (0,1],
[E[Zfy — Zw]| < Cye.

Proof. Let F' be the vector field such that curl ' = dp; and divF = 0,AF = 0. Then,
F e Whe nWwhl In particular,

I F = Pl < sup [ (e )+ 0) - P do
Z€R2 BeKw

< / (e~ 0) o] DF |0 dv
BeK@

< K| Fllypre,
hence
[0 % F — o % Flloo < (€ + €YK o|| Fllupt o

Using the stochastic Fubini’s theorem, we can write Z¢ as

1 1
ze :ﬁ o x F(W,) o dW, :[ o x F(W,) dW..
2 2
Remark that F' is random but measurable with respect to (W9, W1). Let B : [0, 3] — R? be
such that By = 0 and for s € (0,1/2)

Wijo — Ws

dWs = dBs + ———
W, + 1/2—s

ds.

Conditionally on (W /5, W1), the restriction of W to [0, %} is a Brownian bridge, and it follows
that conditionally on (W9, W1), B is a Brownian motion. In particular, we deduce that for

any €, ¢ € (0,1],
(W) — ¢ * F(W5) ) (Wi g — We)|[Wi g, Wi

€ ¢ %E[((pE*F
B[ Zyyr — Zyf [Waye, Wh]| = ‘/O 12— ds’
l —
S L
0 1/2—8

Conditionnally on (W7 5, Wwh), Wy /2 — Wi is distributed as a Gaussian random variable centered
at (1 —2s)Wy 5 and with covariance 2s(1 — 2s). Thus,

E[|W1 /3 — Wyl [Wijo, Wi] < (1= 28)[Wy o] + v/25(1 — 25),
and we deduce
1
€ € 2 S
B2 — 23 [Wajo, W] | < (e + OB |IF e (Wi ol + 22 /0 Jrmds)

= (e + ) Ky||Fllyroo ([Wy ol +5),

thus )
E[Zy — Zyf 1| < (e + ) Kl F o (1+ 5).
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Letting ¢ — 0, we deduce
1
E[Zy — Zw]| < eKp|| Fllwre(1+73).

By symmetries of the Brownian motion, the couples (Z%’,E,Zév) and (Z‘%[’,E,ng) are equal in
distribution, and we deduce by summation

[E[Ziy — Zw]| < €Ky Fllwe(2 4 7),
which concludes the proof. O
Lemma 6.10. There exists constants C,C" such that, for e =272 n e N, as e — 0,
E[X§] = Clog(e ) + C' + O(e).
Proof. By scaling arguments,

-n/ _ _ _ n/
E[X2""] = 27 "E[X}y), E[Tk;] = 27 *E[To1), E[Zy;] = 27"E[Z0,], E[V2,"] =0

B[22, — Zi3) = 27 *E[23," " Zo,).

By Lemma 6.9,
> —1/2 >
R,:=) E[Z5," — Zo1] <C, Y 2712 < Cl27m?,
l=n l=n
Hence,
E[X2 "] = E[X}] +Z [Toa] + E[Zoa) + E[Z2," "% Z5.1])
= E[Xy] + ”(E[To,l] +E[Zoa]) + R1 — Rpya
= Cn+C' 4+ 0(27?),
which concludes the proof. O

Remark that when we consider a Brownian motion with duration ¢ # 1, we can easily see how
these constants C, C’ depends on ¢ by a scaling argument:

tlogz(t)C) +0(e).

Remark also that the constant C’ is not universal: it necessarily depends on the initial mollifier
¢, as it can be seen by using the rescaled ¢* instead of ¢ as initial mollifier.

The constant C', however, is universal and we will now prove C' = % Although this result
is, as far as I know, new, it is not per se novel, and this value should be expected from |10,
Theorem 1|. The regularisation method used in [10] is not the same as our regularisation by
mollification, and I don’t think there is any simple argument that would allow to rigorously
prove the constants arising from both regularisation methods should be the same. However, at
an intuitive level, it is very clear that they should be. The argument goes as follows: for points
whose distance to Range(W) is much greater than e, both regularisation can be neglected, and
they should thus give similar contribution to Xy,. For points whose distance to Range(W) is of
order € or less, their contribution to X7, is of order 1, in both normalisation. Thus, the difference
between the two normalisation should be of order 1. In other words, for both normalisation, the
cut-off happens at scales of the same order = e.

Ee[X§] = tEl[X;M = tClog(e 'Vt) + C' + O(e) = tClog(e ™) + (tC" +

6.4. Computation of the Constant C. In order to compute C explicitly, it would be practical
to use nyy (2) instead of either nyy (2) or iy (2). Yet, as we have see the planar integral of n, (z)?
is divergent because of the infrared issues. We fix a large radius C,, which is such that there
is only a small probability for W to exit B¢, . Inside this ball, we accept to make an error by
replacing n?/—v(z) with n{;, (z). Of course this produce an error term that grows large when C.
grows. Outside the ball, we do not make this replacement. It is more difficult to deal with

n& (z) directly, but we can do it has we only need a rough upper bound, rather than a precise

w
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estimation, since we treat this an error term. The choice of C, is then made to balance the error
term inside the ball with the one outside the ball.

Lemma 6.11. Let C, be a function of € such that C. > 4v/2. As e — 0,
1 o?
Eo [/ ng (z)? dz} =5 log(e™1) + O(C? 4 7% log(e™ 1) + Ce/log(e71)),
Bc,

Proof. Let I be the left-hand side, and let

I=E [/ n$y(2)? dz}.
Be,
Using
1
Blniy (7 = 2 [ [ mlelo(e o) P dy (21)
0
and splitting the integral over y € R? into three parts, we get I = J + Ry 4+ Ry with

1
J%ﬂ/ / /mwwwww%mwa
Be, /Bo, J0

€

2

1
za:ﬁ/ / /m@mwﬂw%mwa
B’C6 BQO6 \B% 0

and

1
zb:ﬁ/ / /m@wwﬁw%mwz
BC€ ]1%2\320E 0

To estimate J, we swap the two integrals in its definition, then we use the change of variable
2 =y — z, and then the inclusions

Vy € Be., Be. C Be,(y) C B%C . (22)
2 2 €

We so obtain the inequalities

1
szt [ [ nslee P dras a
Be, /Bg, J0
2 2

1
Jg*/ / /mmawﬂm%wmy
Bg B30e 0
2

2

In both right-hand sides, the spatial integrals can now be performed independently from each
other. With the change of variable v = e !y, and since fR2 pt(0,2)dz = 1, we deduce

1
1< [ WP = o loge'C) + O, (23)
B, 1o, 2
elCe
and we similarly deduce that
chE fol p(0,2)dtdz
2

27

For z > v/2t, Ope(0, z) > 0, and it follows from the condition C, > 44/2 that for all z € R2\BC€/2
and all t € [0, 1], p(0,2) < p1(0, 2). Thus,

<
v

log(e 1C.) + O(1).

_c?

1
/ / pt(0,2)dtdz §/ p1(0,2)dz=¢e" 5,
R2\Bg, J0 R2\B ¢,
2 2

thus ,
1 Cé
J > by log(e1C.) —e™ 5 log(e 1C.) + O(1).
s
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Together with (23), we obtain
1 2
J = log(eC) + O(e= % log(¢™'C.)) + O(1).
T

We now focus on the estimation of the residual terms R; and Re. We know by Lemma 3.1, that
there exists C' such that [1|?(y) < C|y|=2 for all y € R?, so that

c C
nge2/ — _dy < (20— —16xC.
Bac.\Bc, /2 e 2ly|? (2C2) (Ce/2)?

As for Ry, we notice that for all y € R?\ Byc, and 2 € Be,, |y — 2| > | , thus pe(y, 2) < p(0,%).
Hence,

Ry < / / /pt 2dydz— (7C?) 271'// (0 rdrdt—o()
Be, JR2\Bac, | | 20,

Altogether, we obtain

2
I'=J+Ri+Ry= % log(e 1C.) + 0(67% log(e 7 1C.)) + O(1)

= % log(e™') + O(log(C,) + 67%2 log(e™1)). (24)

Now we need to go from I to I, for which we apply the generic identity
[l = 6112] = [lla — bl + 2(a — b,5)| < l]a — b|? +2Ha— bl o] (25)
with a = n$,, b = nj;,, and with the Hilbert norm || f||* = [Eo[f(2)*]dz on L*(2 x B, ). Since

\nW(z) — nW( z)] <1 for all z, we have |la — b|| < /7C.. By (24), HbH2 = O(log(e~1C.)), and
using (24) a second time we obtain

/B Eo[ny ()] dz = [|blI* + O(lla = b]|* + [la — bl|[[b])
Ce

= QL log(e ™) + O(C? 4 e~ F log ) + Cer/log(e~ (26)
T

where we simplified some smaller order terms such as O(C¢+/log(C,)) for the last inequality. O
Lemma 6.12. Let C, be a function of € such that C, > 4v/2. Assume ¢ is compactly supported.
Then, as et — 0,

17 ~2
e —g13Ce

EO[/R?\BCG n (z)*]dz = O( c. log(efl)) + o(1).

Proof. As we explained several times already, one must be Very careful here with replacing W
with W. For |z| > C¢, let 7, be the first time when |W| = L2l and notice that, for topological
reasons,

>1 = Vy€ R? \B\zl/% nW(y) =0.

For e sufficiently small (which we now assume), Ce > 2esup{|y|,y € Supp(p)}. Then, for all
z € R? \ BCE,

7. >1 = nj,(2) =0.
This can be proved rigorously using the fact that ¢*€, seen as complex function, is analytical
on Bj |, hence its Stratonovich integral along the closed curve W is zero. Alternatively, it
follows trivially from the stochastic Green’s formula from [§].

On the even 7, < 1, let W : ¢t € [0,1 — 7] = W, 4. Conditional on (7, (Wy)i<r.), W
is a Brownian motion of duration 7, started from W . The integer nf,(2) — nj;(2) is equal
(up to sign) to the winding around z of the triangle with vertices 0, W, , and Wy, which is at
most 1. Thus, ni; (0) and ny,,(0) differs from each other from at most 2. Denoting by E, the
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expectation under which Y is a planar Brownian motion started from y and with duration ¢,
and using (a + b)? < 2(a® + b?), we deduce

Eolnp()%) < Bo(r. < 1) sup  Eyy[(niy(z) + R, 7 <2
ye@B‘Z‘/Q
t€(0,1]

<2Po(7. < 1)( sup  Eyy[(nfy(2))*] +4)
yE@B|ZV2
t€[0,1]

=2Py(r: < 1)( sup  Erol(nfy,(z —y))°] +4) (27)
yE@B|ZV2
t€[0,1]

For z € ]R2\B4\/§, y € OB,,)/2, and w € By, we have |z — y| — [w| > [2]/2 =1 > |2|/4 > V2,
hence for all and s € [0,1], ps(z — y,w) < ps(0,|2]/4) < p1(0,|z|/4). From Equation (21) and
Lemma 3.1, we thus have, uniformly over z € [4y/2,00) and € € (0, 1]

t
C
€ 2
Et,o[(nw(z _y)) ] S/O /Rst(z —y,w)m dwds

C t
<p(0,2 ds/ dw—i—// ps(z —y,w)Cdwds
.2 B, €+ |w|? 0 Jr2\B, ( )

< Op(0,3)los(e ) + 22 4 0

|z

— 0@ Tog(e))) + O(1). (28)

Besides, since {(x!,22) : 2! < ¢,2%2 < ¢} C B s, for all ¢, using the reflection principle for
the 1-dimensional Brownian motion, we have

Po(7, < 1) < 2Py(3s € [0,1] : WL > E')
<4Py(3s € [0,1] : W} > |Z’)
2] 2l 8 [ e e
_apo(wl| > Zly Zgpowt > By = / cwmar = 05 7). ()
4 4 2 J 1zl |z]—o0 ‘Z‘
Together with (27) and (28), we get
_ 17122 1212
€ [ 512 [ 512
E[(ny ()% = O( og(c™!) + )
] ||
By integrating over z, we deduce that
_ 17 2

e 51

/Rz\BCCE[(n;V(Z))Z] dz:O< o 1Og(6_1)) Lol1),

Corollary 6.13. Assume ¢ is compactly supported. For all x € R?, as e — 0,

og(e?
Ez[/RZ H;V(Z)de} = lg;7r) _‘_O(log(log(e—l))\/log(Tl))'

Proof. From translation invariance, we can assume x = 0 without loss of generality. Then we
conclude by applying Lemma 6.11 and Lemma 6.12 with C, = 8,/log(log(e~1)). Notice this is
the (up to a multiplicative constant) the minimal scale for which the residual term coming from
integration over R? \ Bg, is not prevalent over the other ones. (]
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APPENDIX A. FORMAL RELATION BETWEEN HIGGS—YANG—MILLS AND THE AMPEREAN
AREA

Recall the Higgs—Yang-Mills measure (without self-interaction term) is the formally defined
probability measure P on couples (A4, ®), where ® : R? — C and A : R? — R2. One can as well
consider a proper domains of R?, in which case f = 1 must be replaced with f = 1p in some
expressions.

One can also consider a surface ¥ endowed with a Riemannian metric instead of R2. Geo-
metrically speaking, A is then not a vector field but rather a connection over some complex line
bundle, whilst ® is a section of this bundle.

The probability measure P is given formally by

1 || grad ® + iaA<I>||%2(R27(C2) + || curlAH%z(szR)

dP(®, A) = 7 exp(— 5

Here the discussion is too rough to consider counter-terms. For a given A, Z,4 is the formally
defined normalising constant such that the measure P4 given by

1 rad ® 4 ia AP||?
dP4(®) == 7 exp(— le 5 |

is a probability measure, that v is the straight line segment from y to x, and that

Spy = (®(z),exp (ioz/A)@(y)>.

)DODA.

DO

Let G4 = (—A4)~! be the Green function associated with the Dirichlet Magnetic Laplacian
Ay = (V+icd)(V +iaA)

acting on complex-valued functions. For a genuine and smooth enough A, the objects Py,
A4, and G4 are rigorously defined (although the given expression for P4 is not: it has to be
interpreted as a Gaussian measure in an appropriate distributional space), and furthermore the
partition function Z4 which is formally the square root of the determinant of the Laplacian can
be rigorously defined, as a positive real number, through (-regularisation. The relation we now
write formally would hold rigorously for such a smooth A, but the reader should understand
that the typical A under the measure P is too irregular for these rigorous definitions to apply.
We write Py s for the formally defined probability measure on A given by

L el A,

d]P)y]w(A) = ?exp(— B

Expanding the Green function as a time integral of the heat kernel and using Feynman-Kac’s
formula, one gets

GA(fc,y)z/O pf(w,y)dtZ/o e, y) B gy e w AT dt,

DA.

R2 R) )

where W is a Brownian bridge from z to y with duration ¢. Hence,

Za . _ o .
o) el = [ mle By @ Byadexp (<ia [ )t
0 W.y—1

E[(
Yet, £ := curl A is a Gaussian white noise under Py s, and Green’s formula gives

Ey arexp (—z’a /

W.y—1

042

A)] =Ey umlexp (—ic /R2 nyy.,-1(2)€(dz))] = exp (—7 /R2 nyy.-1(2) dz),

which finally gives
2

E[(ZZQ,)_lsx,y] = /Ooopt(%y)Et,x,y[exp (- % /R2 Ny -1 (2)% dz)] dt.

We recognize the Amperean area in the right-hand side.
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When considering higher order moments of the S, ,’s, say monomial of order 2k, we must first
use Isserlis’ theorem (also known as Wick’s formula). Then, we end up with k independant Brow-

2
nian bridges. When using the Gaussianity of A, appears the expression fR2 (Zl ny.,-1(2)) dz.

Expanding the square explains with not only the variables : Xy (1) : but also the Yy /(1) matter,
as crossed terms. When adding some Wilson loops, we get extra diagonal term that corresponds
to the usual Wilson loop expectations in Abelian Yang-Mills theory (without Higgs field), and
extra crossed terms given by the classical stochastic integrals Iy (f).

As for the partition function Z4, it can be dealt with in a similar manner thanks to its
representation as an expected product over a Brownian loop soup L£,°

Zs=2"E[[] exp(i/eA)]é.

el

Remark that the addition of a mass term (p,my) in the definition of Py s would introduce
an extra factor e~™! inside the time integral if m is constant, or more generally an extra factor
fg m(Ws) ds inside the expectation if m varies in space (i.e. “is a potential"). In particular, the
renormalisation we used to define Xy do translate into a renormalisation of Pyjys by addition
of a negative diverging mass term.
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