EXTENDING THE PARISI FORMULA ALONG A
HAMILTON-JACOBI EQUATION

J.-C. MOURRAT AND D. PANCHENKO

ABSTRACT. We study the free energy of mixed p-spin spin glass models enriched
with an additional magnetic field given by the canonical Gaussian field associated
with a Ruelle probability cascade. We prove the conjecture in [15] that this free
energy converges to the Hopf-Lax solution of a certain Hamilton-Jacobi equation.
Using this result, we give a new representation of the free energy of mixed p-spin
models with soft spins.

1. INTRODUCTION

Let (Bp)ps2 be a sequence of real numbers and let £(r) = 3,59 ,Bgrp for r e R. We
will assume that the sequence (8p)ps2 is such that ¢ is well defined on the entire real
line. This assumption can be relaxed if needed by restricting the parameters of the
models we will be working with. Denote by (Hxn(0)) gy the centered Gaussian field
with covariance

E[Hy(o)Hy(7)] = Nf(a—];;), o,7 e RV,

Let Py := P1®N denote the N-fold product of P;, a probability measure on R with
bounded support. We aim to study the Gibbs measure built with respect to the
energy function Hy (o) and the reference measure Py. A quantity of fundamental
interest is the limit free energy

1
(1.1) ]\l]im NElog exp (Hy (o)) dPn (o).

When the support of P; is {+1} and &(r) = B?r? (the Sherrington-Kirkpatrick
model [27]), this limit was discovered by Parisi in a celebrated work [23, 24]; see
also [12]. The formula was then proved rigorously for general ¢ in [8, 30, 18], and

was later extended to the current setting where we only assume that the support of
P is bounded in [16, 22].

In order to further our understanding of this object, it was proposed in [15]
(following [13, 14]) to recast the limit free energy (1.1) as a particular value of the
solution of a Hamilton-Jacobi equation. This solution depends on two parameters
t>0 and pe M(R,), where M(R,) denotes the set of Borel probability measures
over R,. It was conjectured that an enriched version of the free energy, which would
depend additionally on the parameters ¢t > 0 and u € M(R,), may converge to the
same solution evaluated at these parameters.

The main purpose of this paper is to prove this conjecture. In order to state the
result, we start by defining the enriched model precisely. We denote by M (R,) the
subset of M(R,) of measures with bounded support. By [19, Theorem 2.17], one
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can associate a Ruelle probability cascade [25] to each probability measure on [0,1];
this Ruelle probability cascade is a random probability measure on the unit ball of a
Hilbert space. We denote by R the Ruelle probability cascade corresponding to the
uniform distribution over [0,1], and by (o)1 an ii.d. sample from 9 (that is, the
law of (o)1 is |®>). In particular, the law of the overlap o! - a? under ER®? is
the uniform distribution over [0,1]. Given a measure u € M(R,), and conditionally
on R, let z#(«) be a Gaussian process indexed by a € supp(R) with covariance

E [z“(al)z“(aQ)] = (ot a?), ol,a? e supp(R).

In the expression above and throughout the paper, we use the shorthand notation,
for every r € [0,1],

(1.2) p(r) =inf{s>0 : u([0,s])>r}.

To check that the Gaussian process z/(«a) exists, it suffices to verify that u~!(al-a?)
is a positive semidefinite kernel on (suppfR)?, and this follows from the fact that the
support of R is ultrametric. Moreover, p~!(r) is left-continuous and, thus, continuous
at r = 1, which implies that the process z#(«) is stochastically continuous on supp(fR).
As a result, it is jointly measurable (see e.g. [6, Theorem 3.3.1]) and we can define,
for every ¢ > 0 and p € My(R,),

L o ex o Na-z“a
(13) F(t,p) = Elog [[ exp(Viti(o) + Dot (@)

- SNEEWN o) - Su (W) dPy (7)d%R(a),

where z!'(a) are independent copies of z#(a) for i > 1 (conditionally on R and
independent of Hy). For a measure of the form

k
(1.4) p= " (Corr = Gy,

=0
with
(1.5) 0=Co<C<...<Ck<Cks1=1, 0<qo<q<...<q< o0,

one can rewrite Fy(t, ) in the more familiar form

(1.6) Fn(t,p)= iElogf > exp(\/%HN(a) +]ZV:0"Z ;
) N RN 4 1R,

aeNk
1 -1 2 1 -1 2
S NE(N o) = S (Do) va dPy (o),

where (vq)qent are the weights of the Ruelle probability cascade with parameters
(Ce)1<e<ks and (zq,i)is1 are independent copies of the Gaussian process with the
covariance Fz,12,2 = @uipa2, Where al A a? = max{¢ >0 : %1 = a? for j < £}. The
quantities (1.3) and (1.6) are equal in this case, because, by (the proof of) [19,
Theorem 1.3] and standard properties of the Ruelle probability cascades, see [19,
Theorem 4.4], both quantities are equal to the same continuous functional of the
distribution of the array (u~'(a’-a)) ¢,0r51 under ER®* and correspondingly of the
array (qagmy)g,wl under E(Y ,onk Vada)®; and these distributions are equal, due
to the property of the Ruelle probability cascades that the distribution of an overlap
array is determined by the distribution of one overlap. Moreover, denoting by D > 0

the smallest real number such that the support of P, is contained in [—\/5, \/E],
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one can check (see for instance [29], [15, Proposition 2.1], or Subsection 3.5 below)
that for every u,v e My(R,),

(1.7) Fn(t ) - (el <5 [ 1n(s) (o)) ds.

In view of this, we can whenever convement replace the measure p by an atomic
measure. Finally, using again standard properties of the Ruelle probability cascades
(see e.g. [31, Theorem 14.2.1] or [19, Theorem 2.9]), one can verify that Fn (0, 1) does
not depend on N; we denote this quantity by

(1.8) W(p) = Fn(0, 1) = F1(0, ).

We will recall a somewhat more explicit expression for () in (2.3) below. Denote
by U a uniform random variable over [0,1], and for every probability measure p
on R;, define X, := u~}(U), where we recall that ™! is defined in (1.2). We also
define, for every s € R,

£'(s) = sup (rs=&(r)).

Our first goal is to prove the following conjecture from [15] (specialized to the case
where Py is a product measure).

Theorem 1.1. For every t >0 and u € My(R,),

(1.9) lim Fy ()= inf (¢(V)+%E§*(M)).

VEMb(R+) t

The motivation in [15] for this statement is that the right side of (1.9), seen as a
function of (¢, u), solves the formal Hamilton-Jacobi equation

28tf+f§(—28uf)du=0 on R, x M(R,),
[0, ) =9 on M(R,).

For discrete p as in (1.4), one can check that

(1.10)

(1.11) 23tFN+f§( 20, Fn)dp = E(€(R12)), me(m (R1,2]1{o<1/\oc2:€}>t)7

where Ry 9:= N~ Io1. 62 is the overlap of ol and o2

pei=p({ae}) = Cer1 -G = <]]-{o¢1/\042:€}>
(see e.g. [15, Lemma 2.3]), and (-) denotes the average with respect to the Gibbs
measure

N
dG N (0, ) ~ exp (\/ZHN(J) + ;Uizf(a)

—%th(N o) -5 5 (W) va dPy (o).

When ¢ is the square function, the right side of (1.11) can be interpreted as the
conditional variance of the o-overlap Rp 2 given the a-overlap a'-a?. More generally,
the right side of (1.11) is small if and only if the conditional distribution of the
overlap Ry 2 given o' - ? is concentrated. This evokes the synchronization phenom-
enon used in the proof of the Parisi formula by Talagrand in [30] along Guerra’s
interpolation [8] with nearly optimal parameters; see also [31]. The idea of using the
Hamilton-Jacobi techniques to study replica symmetric solution of the SK model
was already utilized in [7], and one-step replica symmetry breaking analogues of the

equation (1.11) were derived and studied in various models in [3, 1].
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The main step in the proof of Theorem 1.1, which is to pass to the limit N — oo
for the left side of (1.9) and get some expression for the limit, is almost identical to
the argument in [22] (specialized to the one-dimensional case), so we only outline the
necessary modifications. The main tool is the synchronization mechanism developed
in [20, 21, 22] based on the overlap ultrametricity proved in [17] for measures that
satisfy the Ghirlanda-Guerra identities (and the fact that one has a lot of flexibility
in enforcing these identities by way of small perturbations). The synchronization
has been applied in a variety of situations, e.g. [9, 4, 11], and here we demonstrate
another application. A particular synchronization that will be needed here is the
one that forces the overlaps ' (al - a?) and Ry 2 = N71o!- 02 to be deterministic
functions of their sum in the thermodynamic limit. Notice that we need to use a
synchronization argument here even in the case of Ising spins.

The reader may rightfully wonder what to make of the term &(N~!|o|?) appearing
in the exponential in (1.3), which was introduced for convenience but is otherwise a
nuisance (except in the case of Ising spins, where it is deterministic and therefore
causes no harm). The second goal of this paper is to explain how to remove this term
and deduce from Theorem 1.1 the limit of the “untampered” free energy in (1.1). At
present this is perhaps not as interseting as it sounds, since the proof of Theorem 1.1
could be modified to obtain the limit of the quantity without the term ¢(N~to[?)
directly. However, it is likely that a more direct proof of Theorem 1.1 exists, in which
case it is important to notice that Theorem 1.1 is indeed all the information needed
to conclude. Moreover, we obtain in this way a somewhat different expression for the
limit in (1.1) than that obtained in [16, 22].

In order to state this second result, we introduce two more parameters to the
energy and write, for every s,t >0, u€ My(R,) and h € R,

=L o ex o NU-zHa
(142) FavCs, s 1) 3= B0 [ exp(VEH(o) + L orist (@)

- SN(E=)EN o) - Sp Wl + HoP) dPy(0)d%k(a).

Notice that when s = 0, this quantity is of the form covered by Theorem 1.1, up to a
redefinition of Py to absorb the term exp(h|o|?). We denote

(1.13) W, h) = F1(0,0, g, h) = Fx (0,0, 1, ).
Theorem 1.2. For every s,t 20, pe My(R;) and h € R, we have

. ) t X, -X s [(2(h -h)
| F St h) = f U(v,h')+=-E *(—“)—— l—=1]).
Nlilio N(s:t 1 h) zgﬁue/\ﬁ(m)( (v )+2 ¢ t 2§ S

The intuition for this result is simple, and consists in writing the Hopf-Lax formula
for the equation

(1.14) 20,F N — E(OpFn) = 0.

By setting s =t =1, u=Jp, and h =0 in Theorem 1.2, we thus get the following new
representation for the free energy of models with soft spins.

Corollary 1.3. The limit free energy can be written as
1
(1.15)  lim NElog/exp(HN(a)) dPy (o)

N-—oo
=sup inf (\I/(Z/,h) + E f & (r)ydv(r) - 1§”(2h)).
heR veMy(R+) 2 JR, 2
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Organization of the paper. In order to prove Theorem 1.1, we first state a different
expression for the left side of (1.9) in Proposition 2.1 below. We then rewrite it in the
form of the right side of (1.9) in Section 3, by reasoning similarly to what was done
in [15] in the case p = dy. We next turn to the proof of Proposition 2.1 in Section 4.
Finally, we provide the proof of Theorem 1.2 in Section 5.

2. PARISI FORMULA

In this section, we present the structure of the argument for identifying the limit on
the left side of (1.9) in the more “classical” form in which Parisi formulas are usually
stated. As a preparation for stating the formula we will obtain, we provide with an
alternative description of the quantities v and ¥ appearing in the main statements of
Section 1. Given a probability measure v on R,, we write v(s) := ([0, s]). For every
ve Mp(R;) and X € R, we denote by ®, ) = &, \(t,z) the solution of the equation

01y x = =5 (020 + 0(1)(D0,,0)?) on [0, (1)] x R,
(2.1)

@, (v 1(1),2) = log fReXp (ox+ )\02) dPi (o) for z € R,
and we set
(2.2) P(v,A) = 0,,(0,0).

Using classical properties of Ruelle probability cascades, one can verify that the
functions ¢ and ¥ defined in (1.8) and (1.13) respectively satisfy, for every p € My(R.)
and h eR,

(2.3) W) =P (o= (D) and (0 = ¥(,0),

Given a probability measure ¢ on R,, let ¢, denote the probability measure on R,
whose cumulative distribution function satisfies

(2.4) G (@) = (T @) + ().
In other words, the c.d.f. of ¢, is
(2.5) Gu= (€o¢ )™

Finally, let Mg, = M([0,u]) denote the space of probability measures on [0, u].

Notice that it suffices to prove Theorem 1.1 for ¢t = 1. Indeed, once the result is
known in this case, we recover the general statement by replacing £ with ¢t£. The main
step towards the proof of Theorem 1.1 is the following result. For o is distributed
according to P;, we denote by d and D the smallest and largest points of the support
of the distribution of o7. We also write, for every 7 € R,

0(r) =1 (r) - &(r).
Proposition 2.1. For every pe My(R,), we have

: : €'(w) -€'(¢H (1))
(2.6) ]\1[1£2°FN(1"LL) = ugs[lé%] Cei/\\r/lléu[—)\u+73(gu,/\+ 5 )

1 [ 1 1
-3 Of C(s) do(s) = 56(u) = 57 (L)u]
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We now outline the structure of the argument for obtaining Proposition 2.1. By the
definitions of d and D, when o ~ Py = P®Y, we have that N~!|o|? € [d, D], and any
point u € [d, D] can be approximated by some N~ tof? for large N and o € supp Py.
For every w € [d, D] and ¢ > 0, let

(2.7) fv(u):{ae]RN : N’1]a|2€(u—5,u+5)},
and consider
Fx(u) = —Elog [[ exp HN(O') + Zal )
~(w)
- SNEWV o) - S (Vlo) dPy (o) dR(a).

The measure p will be fixed throughout, so we keep the dependency of F§ (u) on
implicit in the notation. It is clear that, denoting

28) p(u) = —Elog f f exp (Hy(0) + Zal (@) dPy (o) d%R(a),
~(v)
we have that as € > 0 tends to zero,
1 1 _
(29) Fie(w) = piy () = 56(u) - 507 (Du+ O(e).
Proposition 2.1 is a direct consequence of the following result.

Theorem 2.2. For every ue [d,D],

§'(u) - 5(( 1(1))

L e . B
lglr{)l]\lflf)riopN(u) _CE.I/\I/IIE,M[ )\u+73(C“,)\+
AeR

-5 f ((s) db(s)].

The proof of Theorem 2.2 will be given in Section 4. Before doing this, we show in
the next section how to deduce Theorem 1.1 from Proposition 2.1.
3. HoPF-LAX REPRESENTATION

In this section, we take the validity of Proposition 2.1 for granted, and show that
it implies Theorem 1.1. We decompose the argument into five subsections.

3.1. Change of variables. In (2.6), let us make the change of variables

() = &' -1
Ao SOEEW) L)y Ly Lo,

where the equality follows from (2.4) with z = 1. By the definition of ¥ in (2.3),
under this change of variables the second term in (2.6) becomes

PG A= 5671 1) = ¥(Gu ),

and by cancelling and grouping other terms (recall that 0(u) = u&'(u) - £(u)),

. . 1 1 [
fim Py = sup &%u[—m WGy ) + 50(u) — 5 OfC(s)dQ(s)],
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where Fy = Fy(1,1). An integration by parts gives that

1 u

lim Fy = inf [-Au+ 0 ,)\+—f9d .

i Fy uj[‘;};)]@zgﬂ%u[ G+ [6) ¢(s)]
€

Since £*(&'(s)) =6(s) for s >0, if U is a uniform random variable over [0, 1], we can
write (again, recall (2.4))

[o)a¢(s) = [ €€ dd(s) = E€ (€ (T ON)) =B (G W) - w7 (U)),
0 0

and thus

. _ . 1 * =1 -1
A Fy _uf[g%]cezriﬂfg,u[_AM\IJ(C"’A) +5BE(G (U) -~ (U))]-
€

Notice that as ¢ varies in € Mo, the measures ¢, defined in (2.5) span the set

Dy = {v e My(R.) : Vs,0(s) < pu(s);supp(v) € [0,€'(w) + p~ (1]},

which means that, recalling that we write X, = v=1(U),

1
(3.1) lim Fiy = sup inf [-du+ (1) + SEE (X, - X,)].
N—o0 veD,, 2
ueld,D] R

3.2. Removing the constraint on the support. Let us first show that we can
remove the constraint supp(v) < [0,&'(u) + p~*(1)] in D,. without changing the
value of the right side of (3.1). For v e My(R,), let ¥(s) =1 for s > & (u) + u~1(1)
and 7(s) = v(s) otherwise. This corresponds to the truncation

Xy =min(X,, & (u) +p7' (1)),
Let us show that
(3.2) (X, -Xpu) 28 (Xp - X,) +ulX, - Xyl
If X7 = X, then the two sides are equal. Otherwise, X, > Xz = ¢'(u) + p~1(1). Since
p~t(1) > X, this implies that X, - X}, > Xz~ X, > &' (u). It remains to observe that
€'(s) =€ (s) > uif s> & (u), so (3.2) holds and
(3.3) EE* (X, - X,) > BE (Xp— X)) +uE[X, - Xy].

On the other hand, if we define
(3.4) Ly(v):= irellg(—)\u + (v, )\)),
we will show below in Subsection 3.5 below that
(3.5) Pu(v) - Tu(@)] € SEIX, - X3,
The last two inequalities imply that
1
Fu(P) + 3EE (X5 - X,.) <Tu(v) + SBE° (X, - X,),

which means that the constraint supp(v) c [0,&(u) + z~*(1)] can be removed and

1
(3.6) lim Fyy = sup inf [-du+ (v, \) + SEE (X, - X,)],
N->oo ueld.D] V<D 2

where Dy, = {v e My(R,) : Vs,v(s) <pu(s)}.
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3.3. Using convexity. Since X, - X, > 0 for v € D, for such v we have that
E&* (X, -X,) = EE* (| X, - X,|). Since £7(|s]) is convex and symmetric, E§* (| X, - X,|)
is a Wasserstein distance between p and v with the cost function £*(|z — y|) (see e.g.
[32, Theorem 2.18 and Remark 2.19(ii)]) and, therefore, E£* (X, — X)) is convex in v
on D,. Also, the Auffinger-Chen representation [2] for the solution of equation (2.1)
(see also [10]) implies that W(v, A) is convex in (v, \). Therefore, by Sion’s minimax
theorem, see [26, Corollary 3.3|, we have

(3.7) lim Fiy = inf sup [-du+WU(w,)\)+ %Eg*(xy - X))

N—oo V€D ye[d,D]
AeR
Using that the boundary condition in (2.1) satisfies
log f 7 4P (o) > log / e7" APy () + A1 xs0) + AD1 r<0).

we see that

sup [=Xu+ (1, \) | = =M (ss0, = ADLpcq) + U (1, 2) > ¥ (v,0).

ueld,D]
This implies that infimum over A is achieved at A = 0 and, recalling that ¢ (v) = ¥(v,0),
. : .
(3.8) lim Fyy = Vleanu[Qb(l/) +SEE (X, - X,

3.4. Removing the stochastic constraint. It remains to remove the constraint
in D, namely, v(s) < u(s). The reason we can do this is because, for arbitrary
v e My(R,) and ¥ with the c.d.f. 7(s) = min(v(s), u(s)), we have

(V) <yY(v) and E¢"(Xy - X,,) = E¢* (X, - X,).

The second equality holds because £*(s) = 0 for s <0 and Xy = max(X,, X,). The
first inequality follows from the monotonicity of ¢ in v, which can be seen as follows.
First of all, in the definition of (v, k) in (2.3), if we take any a > v~!(1) and let
®?(t,x) be the solution of the equation

0, = -%(aﬁqﬂ b u(t)(0,9%)2) on [0, a] x R,
(3.9)
% (a,z) =log /Rexp (ox+ /\02) dPi (o) for z e R,

and define P%(v, \) := ®%(0,0), then
— 1 -1 _ pa 1
(3.10) (v, h) = P(v.h- 507 (1) =P (v - 5a).

This means that when we compare ¥(v,\) and ¥(v',\), we can solve the PDE on
the same interval that includes the support of both measures. Since the solution is
monotone in the c.d.f. v(s), monotonicity of the mapping v — ¥(v, \) follows. This
proves

1
3.11 lim Fy = inf —-E&(X, - X,)|.
(3:11) Noeo N ye/\ltI:(RJr)[q/}(u) R “)]
Finally, rescaling £ - t£ and recalling the definition of ¢ in (2.3), we get
. . t * XV - Xu
(3.12) Jim Fy(t, 1) = yeﬁ;f&)[“” + 5 EE (T)]

This finishes the proof that Proposition 2.1 implies Theorem 1.1, up to the verification
of (3.5).
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3.5. Lipschitz continuity. We now show (3.5). Let us recall the definition of the
set in (2.7) and define

1 AN 1
fn(.e) = Elog [ [ exp() izt (@) - 7 (Dof”) aPy (o)A ().
a3, () i=1
Let us first suppose that v is discrete. If we recall (3.4), the results of [22, Section 7]
(specialized to the one-dimensional case) show that, for discrete v,

(3.13) Tu(v) = 1;{8]\1/520 In(v,e).

Given v, 7 € My(R,), we can interpolate between fn(v,¢) and fy(7,e) by replacing
2¥(a) by Viz¥(a) + /1 -t27(a) with covariance (tv~! + (1 - )7 1)(al - a?) and
replacing (1) by tv~1(1) + (1 -t)U~1(1). Then the derivative of fx(v,¢) in t along
this interpolation path equals

—%E(Rl,g(y-l(al a?) 7Nl a?)),

where (-) is the average with respect to the Gibbs measure

N
dGn(o,a) ~ exp(; ai(\/z_fzé’(a) +V1- tz?(a))

- %(w-lu) (1= 67 (1)lo) dPy (#)d%(a)

on Q5 (u) x supp(R). Since, by Cauchy’s inequality, |Ry 2| < u + ¢ for ol, 02 € Q5 (u),
the above derivative is bounded by
+ +
u2 6]E(|1fl(041 ca?) -7 (! -a2)|) = u2 c

where we also used the fact that the distribution of a' - a? ~ U[0,1] under EG$? is
the same as under E93®? by the properties of the Ruelle probability cascades (see e.g.
[19, Theorem 4.4]). This and (3.13) imply (3.5) for discrete v, and by extension for
all v e Myp(R,).

E|X, - X5,

4. PROOF OF THE PARISI FORMULA

The goal of this section is to prove Theorem 2.2, which we recall implies Proposi-
tion 2.1. We first prove the upper and then the lower bound.

4.1. Upper bound. The upper bound is proved by the standard Guerra replica-
symmetry-breaking interpolation [8]. By Lipschitz continuity (1.7), it is enough to
consider discrete p and suppose that the infimum in Theorem 2.2 is taken also over
discrete distributions ¢ € Mg, such that (7!(1) = u. Given such ¢, let z(a) and y(«)
be independent Gaussian processes (conditionally on ) indexed by « € supp(R)
with covariances

Ez(a')z(a?) =€'(¢T (o' -a?)), By(a')y(a®) = 0(¢ (ot -a?)),
and let z;(«) be independent copies of z(«) for i > 1. We assume these processes to

also be independent of Hy and z!(«), conditionally on 9R. Consider an interpolating
free energy, for ¢t € [0,1],

(4.1) o(t) = %Elog [ [ eplnio,a)) dPy(o) dsi(a).
250 (0)
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where the interpolation Hamiltonian is defined by
Hyy(o,a) = VtHy(0) +V1-1 % 0izi(@) + VIV Ny(a) + % oizl'(a).
i=1 i=1
One can see that
%E O Hny (o', ') Hyy(0%,0%) = A(Ry2,a' - o)
= E(Rip) — R (CHat-a?) +0(¢CT (ot - a?)).

Since R11 = N7Yo!'?> € (u-e,u+¢) whenever o' € Q5 (u) and we also assumed that
¢(at-at) =¢ (1) = u, we have |A(Ry1,at - ab)| = O(e) . Therefore, by the usual
Gaussian integration by parts,

1
@I(t) = _é}E <A(R1727 al ' 042)> + O(E) )
where (-) is the average with respect to the Gibbs measure
dGn(o,a) ~exp(Hy (o, ) dPy(0)dR ()

on Q5 (u) x supp(R). When £ is convex, £(a) —a&’(b) +0(b) > 0, which proves that
©(1) < p(0) + O(e) . When £ is only convex on R,, one can add a small perturbation
that enforces the Ghirlanda-Guerra identities and, as a result, enforces asymptotic
positivity of Ry (see [28] or [19, Chapter 3]).

We can bound ¢(0) from above by adding —NAu+ A|o|? to the Hamiltonian, which
on Q% (u) is bounded in absolute value by N|A|e and, as a result,

N
©(0) <|Ne - Au+ %Elog //exp(; oi(zi(a) + 2" (@) + )\|a|2) dPy(0)dR(«a)

= |Ae = Au + Elog [fexp(ol(zl (o) + 2 (a)) + )\Jf) dPyi(o1)dR(a)
= [Ae = Au+P(C, M),

by the standard properties of the Ruelle probability cascades and the fact that
z1(a) + 2} (a) has covariance ¢, "' (a!-a?) , where (,(s) was defined in (2.4), (2.5).
On the other hand, again, by the standard properties of the Ruelle probability
cascades (recall the notation in (2.8)),

1
#(1) = piv(u) + - Elog [ exp(vNy(a)) dR(a)
£ () 1 r
= piy(u) + Blog [ exp(y(@) d(a) =piv(w) + 5 [ ((s)d0(s).
0
Putting everything together shows that
el0 N—oo

(4.2) lim lim py (1) < ~Au+ P(Cas A) - % [ cts)aecs),
0

for all discrete distributions ¢ € Mg, such that (7'(1) = u. Since continuous extension
of P(Cu, A) to all ¢ € Mo, not necessarily satisfying (71(1) = u is exactly

5'(U)—£’(C’1(1)))
2

(4.3) P(Gu A+

(this is analogous to why the term —%,u_l(l)|a|2 was included in the definition of
Fn(t,p)), this finishes the proof of the upper bound.
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4.2. Lower bound. The proof of the lower bound is identical to the one-dimensional
case of [22], with some simplifications due to the one-dimensional nature of our problem
and one minor modification to account for the presence of the term ¥V, ;2! () that
we will now explain.

The main effect of this term is that the cavity fields (in the first term) of the

Aizenman-Sims-Starr representation will be of the form ¢;(o, ) = z;(0) + 2I'(e) for
(o, ) € Q% (u) x supp(R) with covariance

(4.4) Coo=Fei(of,a"ei(o” 0’ ) = & (Rpp) + (ol - o).

To understand the distribution of the array (Cye )¢ prs1 under the Gibbs measure
that arises in the cavity computation, we can use the synchronization mechanism
from [20] to synchronize the overlaps R; 2 and g2 := pt(al - a?). This can be
done by including terms in the perturbation Hamiltonian with covariances given by
monomials Ry »q7" and then use Theorem 4 in [20] to show that both R 2 and g1
are non—decreasin7g 1-Lipschitz functions of their sum in the thermodynamic limit.

If we think of the sum Si2 = Ri2 + ¢12 as the quantile transform v 1 (U) of
v = L(S12) and uniform U ~ U[0,1], then both R;2 and ¢; 2 are non-decreasing
functions of U, which means they must be quantile transforms of their distributions.
The distribution of g1 is p for all N by the properties of the Ruelle probability
cascades ([19, Theorem 4.4]) and, thus, in the limit. If the limiting distribution of
R > (as usual, along some subsequence) is ¢ then (recalling (2.4))

& (Rep) +pH(al ) £/ (MUY + 71 (U) = LU,

This means that Cy ¢ ~ (,. Similarly, the cavity fields y(o) coming from the Onsager
correction in the second term in the Aizenman-Sims-Starr scheme will have covariance

0(Ree) 20(¢CH(D)),

in the thermodynamic limit. If (7!(1) = u then the lower bound one obtains by the
cavity computation is equal to

(4.5) inf[-hu+ P(G ) —%[((s)d&(s)].
0

For general ¢ € My, we again appeal to the fact that (4.3) is a continuous extension
from general ¢ of P((,, ) for ¢ satisfying ¢7(1) = u.

5. PROOF OF THEOREM 1.2

The goal of this section is to prove Theorem 1.2. We obtain this result by combining
Theorem 1.1 with the observation in (1.14) that Fy satisfies a Hamilton-Jacobi
equation, up to a small error term. Denote by (-) the Gibbs measure

N
dGn(o, ) ~ exp (\/EHN(O') + > 052t ()
i=1

- SN (= 6N o) = 2 (Dlof + hlo?) APy (o) a5 a).

Similarly to the observations in [13, Section 1] concerning the Curie-Weiss model
(with & replaced by the square function there), we have

OFn = %E(g(N_1|cr|2)),
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while

(5.1) WFn =E(N'ol),

and

(5.2) Ry = NE((N o ~E(No2))’).

Notice in particular that d,Fy > 0, 8,% Fx >0, and since the support of the measure
Py is assumed to be bounded, the derivatives 9;F 5 and 0,Fy are bounded uniformly
in N. Moreover, since ¢ is locally Lispschitz continuous, there exists a constant
C < oo such that, for every N,

(5.3) 20:F v = £(OnF )| = [E(€ (N 7'[o]?)) = £ (BE(N"ol?))]
<SCE(|(NYo> -E(N" o))
<C(N'92Fy)2.

We fix ¢ > 0 and p € My(R,), and denote by f = f(s,h): R, xR - R the candidate
limit for Fp, namely

(5.4) F(s,h) = Ziﬁ(@(h') e (2(h’8_ h) )) |

where we set
— t X, -X
T(h)=  inf (\p(y, By + Lger (—“)) .
veMy(Ry) 2 t
Notice that we do not display the dependency of f and U on t > 0 and e My(R,);
we allow ourselves to do this since these parameters will be kept fixed throughout the
section. For the same reason, from now on, we write Fx (s, h) in place of Fx(s,t, , h).

Recalling that, by Theorem 1.1, the quantity W(h') is the limit of Fy(0,R’),
and using (5.1) and (5.2), it is clear that W is uniformly Lipschitz continuous,
nondecreasing, and convex. One can check that these properties transfer to the
function f: it is uniformly Lipschitz continuous over R, x R, and for each fixed
s > 0, the mapping h — f(s,h) is nondecreasing and convex (see for instance
[5, Lemmas 1.3.3.2 and 1.3.3.3]). In particular, by the Rademacher theorem, the
function f is differentiable almost everywhere. Moreover, the expression for f in
(5.4) is a Hopf-Lax formula; as a consequence, see [5, Theorem 1.3.3.5], for every
(s,h) € (0,00) xR, if f is differentiable at (s,h), then

(5:5) 205f (s,h) = §(Onf (s, h)) = 0.

Our goal is to show that Fy(s,h) converges to f(s,h). While we refrain from
writing down a general statement, we list here all the properties of these functions
that will be used below:

(1) the functions are uniformly Lipschitz, with a common Lipschitz constant;

(2) the functions are nondecreasing and convex in h;

(3) for each h, we have limy_ FN(0,h) = f(0,h);

(4) the function f satisfies the equation (5.5) almost everywhere, while the
function F satisfies the same equation, up to an error that we will show to
be small after integration in A, uniformly over s.

Proof of Theorem 1.2. We split the proof into two steps.
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Step 1. We write down an equation for the difference between Fy and f and state
some elementary bounds. We denote
wy:=Fy—f and erry:=20sFy—&(0xFn),
so that, almost everywhere in R, x R,

205wn = §(OhFN) —E(Onf) +erry
- fol B (E(uRF N + (1= ) f)) du +erry

=byOpwn +erry,
where we have set .
by = fo & (udpF + (1 - ) f) du.
Let ¢ € C*°(R) be a smooth function such that ¢(0) = 0 and |¢| < 1, and define
vy = ¢(wy). By the chain rule, we have
(5.6) 20svn —bnOpvN = ¢ (wy)erry a.e. in R, xR.

It will be convenient to be allowed to differentiate by in h. In order to make this
rigorous, we regularize by a bit, by convolution with a smooth kernel. Let ¢ € C2°(R)
be a smooth function with compact support such that fRC =1, and for each ¢ > 0,
s 20 and h € R, denote

fo(s,h) =t fR F(s,h—h)C(eLR) AN,
and
1
bN,s = /[; gl(uahFN + (1 - u)ahfz-:) du.

One can check that for each fixed N and s > 0, the function by (s,-) converges to
b (s,-) almost everywhere in R as ¢ tends to zero (see for instance [5, Theorem C.5.7]).
Moreover,

1
b = [ (ORFx + (1= W) L)E" (WO + (1= w)dhfo) du,

and since O,Fpn, O [z, 8}2bFN, and 8}2le, are all nonnegative, and £’ maps R, to R,,
we deduce that

(5.7) Onbn e 2 0.
Notice also that, since Fy and f are Lipschitz with a common Lipschitz constant, we

have that |by .|~ is bounded uniformly over N and e. We write

R:=1+sup|byg|p= < oo.
N,e

Step 2. We fix S > 1 for the remainder of the proof, and study the quantity
J M (s k) dh s
= €0 .
W)= [ g vl se[08]
The function Jy is Lipschitz continuous, and for almost every s € [0, 5],

R(S-s)
NOE f_R(S_s) dson (s, h) dh — Ron (s, R(S - 5)) - Run (s, ~R(S - 5)).

By (5.6), we also have

R(S-s) R(S-s) ,
2 [R(S—s) 8S’UN dh = [R(S—s) (bN’eath + (bN — bN,E)ath + (;5 (wN)errN) dh,
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where we kept it implicit in the notation that the functions in the integrands are
evaluated at (s,h). We now estimate the contribution of each term on the right side
in turn. By the definition of R and an integration by parts, we have

R(S-s)
_/R(S ) (by Ohvn +vnOpb ) dh| < Run(s, R(S - s)) + Run (s, —R(S - 5))

(recall that vy > 0). Using also (5.7), we deduce that

R(S-s)
[R(S ) by Opvn dh - Run(s, R(S - s)) = Ruy(s,—R(S - s)) <0.

Recalling also that for each fixed N, we have that by (s-) converges to by(s,-)
almost everywhere, and using the dominated convergence theorem, we see that

im [ by~ by )ohoy dh

im - v =0.

lim _R(S_S)( N —bne)OhuN

Summarizing, we have shown that, for almost every s € [0, 5],

o)<y [ G werran
sJN S) S 2 J r(s-s wy )erry dh.
Recalling that |¢’| <1 and using (5.3), we deduce that

1 R(S-s)
dsJn(s) <CON™3 f
-R(S-s)

Allowing the constant C to depend on R and S, we can use Jensen’s inequality to
deduce that, for almost every s € [0, 5],

(a,iFN)% dh.

1 R(S-s 9 %
95 Jn(s) < CN™3 [R(Sis) 82Fydh)| |

and since F is Lipschitz uniformly over IV, the integral on the right side is bounded.
To sum up, we have thus shown that for every s € [0, 5],

Tn(s) = Jn(0) + fosasJN(r) dr < Jy(0) + CsN™3.

Recalling the definition of vy, fixing s = %, this implies in particular, up to a
redefinition of C < oo,
RS RS

[ g @Fn=D(smyan< [ 6(Fy = F)(0.h)dh+ONE.

Notice also that the constant C < oo does not depend on our choice of function ¢
such that |¢'| <1. We thus deduce that

RS RS

2 2 _1
[ e IFx = Al mydn< [ Fa = £1(0, k) dh+ CN 75,

2 2
Finally, by the dominated convergence theorem, the integral on the right side converges
to 0 as N tends to infinity. We have thus shown that

RS
]\1,5{10/ Fx = £l (s,h) dh = 0.

Recall that R > 0 and that our choice of S > 1 was arbitrary. To conclude for the
pointwise convergence of Fy to f, it suffices to use the Lipschitz regularity of Fy.
Explicitly, for every € > 0, we can write

(s ) = Fx () = oo [P, ) a'+ o= [ "Ry,
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and we have seen above that the last integral converges to the corresponding integral
with Fy replaced by f as N tends to infinity. Moreover, by the Lipschitz continuity

of FN,
1 5
FN(s,h)——f Fa(s,h')dn'| < Ce.
2e J-¢

Hence, sending N to infinity first and then € to zero allows us to conclude that for
each s >0 and h € R, we have indeed limy_o, Fn(s,h) = f(s,h). O
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