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ABsTrACT. We show aging of Glauber-type dynamics on the random energy
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process and of the age process. The latter encodes the Gibbs weight of the
configuration occupied by the dynamics. Both limits are expressed in terms of
stable subordinators.
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1. INTRODUCTION

Out of equilibrium statistical mechanics is notoriously so diverse (as, say, non-
elephant biology is) that a general theory is hardly conceivable. Nevertheless, and
although it might seem like a paradox at first sight, physicists in the 90’s suggested
that the dynamical properties of disordered statistical mechanical systems (spin
glasses) should be governed by a common general scheme now known under the
name of aging.

From a mathematical perspective, at least as a first approximation, proving
“aging” basically boils down to showing that a certain additive functional of a (family
of) Markov chain(s) scales to a stable subordinator. In spite of the universality
of the aging phenomenon claimed by physicists, until this paper, only one specific
dynamics, called RHT, could be rigorously handled. Thus, as pointed out in their
conclusion by the authors of [BBC08a], “Even in the case of the REM, we do not
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know at this point how to deal with different, and more usual, dynamics [...] This
problem remains one of the great challenges in the field.”

It is the aim of the present paper to tackle the challenge, and show that the aging
picture is actually valid for a large class of dynamics on the REM.

The random energy model (REM) was introduced in [De80, De81]| as a simple
model of a spin glass. It is a mean-field model living on the hypercube Vi = {0, 1}¥,
and the energies (F,) associated with each configuration x € Viy are taken to be
ii.d. random variables. We assume that they are distributed as the positive part of
a standard Gaussian random variable. The Gibbs weights of the model are thus of
the form
(1.1) T = PVNEe
where 8 > 0 is the inverse temperature.

Unlike other spin glass models where the energies display some complicated
correlation, as for instance the SK model, the statics of the REM may be described
in detail using results on the extremes of families of independent Gaussian random
variables [OP84, GMP89]. Roughly speaking, the energy landscape of the REM
may be thought of as consisting of a bulk of configurations of energies of order 1,
with a few scattered deep wells where vV NE, is of order ¢N for some constant c.
These deep wells carry most of the weight of the Gibbs measure (for a constant ¢
which actually depends on 3).

The simple structure of the energies in the REM also made it possible to study
its relaxation to equilibrium under a Metroplis or Glauber dynamics. Asymptotics
of the spectral gap are known [FIKP98]. We refer to [MP03] and [Ma00] for further
results on thermalization times.

It is believed that, for a large class of reversible dynamics, the off-equilibrium
dynamics observed before thermalization should be described using the language of
aging. A crude picture of the phenomenon of aging goes as follows: on well-chosen
time and depth scales, the dynamics should spend most of its time in a few deep
wells. Before it reaches equilibrium, one may think that the dynamics is transient:
it finds a deep well, spends some amount of time around it and then moves through
the bulk to a second well, and so on, without ever returning to a previously visited
well. In such a scenario, at a given time ¢, the dynamics is with high probability
in a deep well whose depth is of order ¢t. Thus one can evaluate the “age” of the
dynamics from the value of the energy of the current configuration.

One way to quantify this aging phenomenon is by computing correlation functions.
One may for instance try to derive asymptotics of the probability that the dynamics
stays in a small region of its state space between times ¢ and t + s. From the
discussion above, it follows that a reasonable choice is to take s proportional to t.
As we expect the main contribution to such a correlation function to arise from
deep wells, and since the statistics of extremes of exponentials of Gaussian fields
are given by Poisson point processes with polynomial tails, it is natural to believe
that asymptotics of correlation functions should be related to stable subordinators.
More precisely, back-of-the-envelope computations show that correlation functions
should follow the arc-sine law.

More recently, a different and more ambitious description of aging has been
proposed that, instead of correlation functions, focuses on deriving the scaling limit
of what we call the age process. This process gives, at any time, the value of the
Gibbs weight of the configuration occupied by the dynamics. Once again, it is easy
to guess how these should be related to stable subordinators. In the transient regime
we are considering now, the scaling limit of the age process should be universal and
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given by the jumps of a stable subordinator computed at the inverse of a (different
and correlated) subordinator, as in [FM14].

Although this description of the dynamics may seem simple, proving that it is
correct turned out to be a mathematically difficult problem. As far as the REM is
concerned, so far, rigorous results had only been obtained for one specific dynamics
called the random hopping times (RHT) dynamics. It is the aim of the present
paper to go beyond this limitation.

In the RHT dynamics, the process stays at a given configuration an exponentially
distributed time whose parameter is the inverse of its Gibbs weight, and then jumps
to any neighbouring configuration with uniform probability. In other words, in the
RHT dynamics, one spin flips at a time, and the spin that flips is chosen uniformly
at random among the N possibilities, independently of the past, independently of
the current configuration and independently of the energy landscape. This feature
implies that the trajectory (i.e. the sequence of successively visited configurations)
follows the same law as the trajectory of a simple random walk on Vy: the only way
the energies enter in the dynamics is through the holding times. In other words, the
RHT dynamics is a time-changed simple random walk on Vj, and this simplifies
the mathematical analysis a lot. The time change itself is usually called the clock
process. To be coherent with our description of aging, one conjectures that this
clock process converges to a stable subordinator.

Rigorous results on the RHT dynamics for the REM focused on proving the
convergence of correlation functions to the arc-sine law, see [BBG03a, BBG03b,
BC08, Gal0).

The aim of our paper is to prove that the aging picture holds for Glauber-type local
dynamics in which the law of the jumps depends on the energies of both the current
and the target configurations. We obtain the scaling limit of the corresponding
clock process (a stable subordinator, as expected) and show that the scaling limit
of the age process is the same as in [FM14].

When moving from RHT dynamics to Glauber dynamics, new difficulties appear.
Some of these are due to the fact that the potential theory of a symmetric Markov
chain on the hypercube is more involved in the generic case than in the simple
symmetric case. Also, for the RHT dynamics, the distribution of the energy
landscape around (but excluding), say, the first deep trap visited, is simply the
Gibbs measure. This is no longer the case for a Glauber dynamics, and the crux is
to understand this distribution.

Let us summarize our strategy of proof in a few words. We view the dynamics
as a time-change of another process, which is the original dynamics accelerated
by a factor Ty, at every site x € Viy. Although this new process is no longer a
simple random walk as for the RHT dynamics, it retains some of its properties,
as for instance the reversibility with respect to the uniform measure over Vy. We
prove a law of large numbers for the number of sites discovered by this walk: on
appropriate time scales, we show that this number grows asymptotically linearly
with time, with a proportionality constant depending neither on the trajectory, nor
on the environment.

Our second major step is to identify how the environment around a deep trap
found by the dynamics is distributed. Roughly speaking, we follow an idea of [Mo11]
and show that asymptotically, this distribution has an explicit density with respect
to the product measure, given in terms of a Green function. Care must be taken in
order to make this statement precise, since the underlying graph changes with N.
As opposed to [Moll], we must thus resort to a finitary version of asymptotic
convergence, in the sense that we only write statements for finite N with explicit
bounds, instead of statements about limit distributions.
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In order to complete the description of the distribution of the environment around
a deep trap, we must then study the asymptotic behaviour of the Green function
under the product measure. This can be performed via explicit computations,
provided that the dynamics we study is not too predictable.

From the law of large numbers and the knowledge of the Green function at a deep
trap, we finally derive the joint asymptotic behaviour of all the relevant quantities
associated with the visits of traps: the time until the n'* deep trap is met, the
depth of the trap, and the total time spent on it. The aging picture then follows by
noticing that the time spent outside of deep traps is negligible.

Many aspects of this approach do not depend too much on the choice of the
dynamics, but the step of the proof we just described concerning the precise
description of the Green function seems to be very model-dependent. Here we
choose to deal with a Bouchaud dynamics with so-called asymmetry parameter ay
satisfying assumption (2.2) (see the related discussion there). Other choices are
possible which would lead to new difficulties.

We close this introduction by a short discussion on related issues that are not
directly addressed here.

There exists another spin-glass toy model on which a rather complete description
of the dynamics can be easily obtained, namely the REM on the complete graph.
In the RHT dynamics on the complete graph, when jumping, the dynamics chooses
to go to any of the 2%V possible configurations with equal probability. Aging results
(in the sense of convergence of correlation functions to the arc-sine law) have been
obtained in this case [Bo92, BD95, BF05, BCOG]. For this model on the complete
graph, it turns out to be also possible to consider a certain class of Glauber-type
dynamics called the asymmetric dynamics, and prove aging for these with renewal
techniques [Gal2]. The definition of asymmetric dynamics is similar to the dynamics
we consider here. Observe however that the asymmetric dynamics on the complete
graph (and only on the complete graph!) has a very special structure: at a jump
time, it chooses where to go according to a law that depends on the energies (which
is reasonable) but that does not depend on the current configuration (which is less
reasonable). As a consequence, the clock process is a subordinator already in finite
volume, a fact that helps to prove it converges to a stable subordinator.

Limit theorems for the RHT dynamics on the p-spin model are discussed in
[BBCO08b, BG13].

The aging picture we described above has also been investigated on models that
are not related to spin glass theory. These are often referred to in the literature as
trap models: one starts with a discrete-time Markov chain on a graph, which may
be finite or infinite, and considers its time change through an additive functional as
in the RHT dynamics, looking for scaling limits of either the correlation functions
or the age process. We refer to [BCOS] for results in this direction. In particular,
models of non-simple random walks on Z? (d > 2) with aging properties have been
considered in [BC11, Cell, Mol1, GS13].

So far we only discussed dynamics in the transient regime, long before ther-
malization occurs. For dynamical spin glasses, as for more general trap models
on a growing sequence of graphs, it makes sense to look for scaling limits on the
ergodic time scale as well. The first results in that direction dealt with the RHT
dynamics on the complete graph [FMO8]. The scaling limits that appear are known
as K-processes. These interpolate between the transient regime, for small times, and
the usual thermalization regime. It was later proved that K-processes describe the
RHT dynamics in the REM [FLO09] or the a-symmetric dynamics on the complete
graph [BFGGM12|. More recently, [JLT14] showed how K-processes arise as a
universal limit for trap models on growing sequences of graphs.
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On the other side, it is also possible to derive aging results for dynamics of spin
glass models on very short time scales. This is often referred to as extreme aging,
see [BG12, BGS13|.

The paper is organized as follows. In Section 2, we introduce basic definitions and
notation. We then provide various quantitative estimates on the mixing properties of
the accelerated walk in Section 3. Section 4 introduces the notion of the exploration
process. The law of large numbers for the number of sites discovered by the walk is
then achieved in Section 5. Next, Section 6 defines the relevant scales of our problem,
in particular that of the deep traps. In Section 7, we obtain the joint scaling limit
of the time it takes to find a deep trap, and of the depth of the deep trap. After
recalling elementary properties of the process of the environment viewed by the
particle in Section 8, we tackle the problem of controlling the distribution of the
environment around the first deep trap met in Section 9. Section 10 is devoted to the
asymptotic analysis of the Green function under the product measure. Combining
the two previous sections, we obtain the scaling limit of the Green function at
the first deep trap met in Section 11. We then derive the joint convergence of all
the relevant quantities associated with the visits of the traps in Section 12. We
conclude by deducing the convergence of the clock process and of the age process,
in Sections 13 and 14 respectively.

Acknowledgements. We wish to thank G. Ben Arous for insightful discussions at
an early stage of this paper, and for encouraging us to complete this work. P.M.
acknowledges his kind hospitality at the Courant Institute.

2. DEFINITIONS AND NOTATION

We view the hypercube Vy = {0,1}" as an additive group, endowed with its
usual graph structure (that is, nearest-neighbour for the Hamming distance, that we
write | - |). For z,y € Vi, we write  ~ y when |z — y| = 1. Let (Ey)zev, be i.i.d.
random variables distributed as the positive part of a standard Gaussian. We write
PP for their joint law (with associated expectation E), and Ny (0, 1) for the marginal
distribution. Recall that 8 > 0 is a fixed parameter, and that Ty, = ePVNE: e
write TN = (TN,Q:):I:GVN~

For ay € R, we consider the continuous-time Markov chain (Z;);>o whose jump
rate from x to a neighbour y is given by

eaN(Ew+Ey)

(2.1) —

and write PTV for the law of this chain started from z € Vi (and ETV for the
associated expectation). This dynamics, often called Bouchaud’s dynamics, is
reversible for the measure with weights (Ty ;)zev,. The case ay = 0 makes the
jump rate in (2.1) independent of y, and thus corresponds to the RHT dynamics. It
is physically natural to consider dynamics that are more attracted to sites whose
associated Gibbs weight is high, so we will only consider the case ay > 0. For
technical reasons, it is convenient to assume from now on that actually ay > 1.

If ay > +/log N, then with probability tending to 1, the walk started from the
origin will make its first jump to the neighbouring site of highest energy. This
asymptotic complete predictability persists for subsequent jumps, in the sense that
for every k, one can predict with probability tending to 1 the sequence of the first
k distinct sites that will be visited by the dynamics. In order to avoid such a
behaviour, we will assume instead that

(2.2) ay < ay/2logN,
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and moreover, that @ < 1/20. It is instructive to figure out the large N behaviour
of the extreme values of the jump rates from the origin to each of its neighbours in
this case. Up to a multiplicative factor, this amounts to understanding the extreme
values of the family (e*~Fv), o. By the classical theory of extremes for independent
Gaussian random variables, when the constraint (2.2) is replaced by an equality,
the point process of the rescaled (e*~ Ey)yNO converges to the point process with
intensity measure 2~ (171/@ dg. In particular, the jump rates remain inhomogeneous
even in the large N limit.

Assumption (2.2) will be used in order to prove that when a walk moves at some
fixed distance away from a deep trap, it will not manage to find it back rapidly.
The parameter 1/20 is chosen for convenience. The proof below can be optimized
to cover higher values of @, but a more detailed analysis would be required to cover
every a < 1 for instance (see Section 10).

We rewrite Z as a time-change of a “nicer” random walk. Denote by (X;):>0 the
walk speeded up by T, at each x, whose jump rates are thus

(2.3) wy (i, y) = e FetEy) (x ~y € V).

Note that these jump rates are symmetric: wy(z,y) = wn(y, ). In other words,
the uniform measure is reversible for this process. We will denote the uniform
probability measure over Viy by uy, and write P~ = P~ for simplicity. We write
Py for PPT,

(2.4) wy(z) = e P Z e E=

Z~T
and Wy = sup,¢y, wn(z). We also define

1 e)\2/2 +oo

(2.5) o) =E [ ] =2+ NTH

General notation. If A is a set, | A| denotes its cardinality. We write N = {1,2,...},
and a A b = min(a,b). For two sequences uy, vy with vy # 0 for all sufficiently
large N, we write uy ~ vy if uy /vy tends to 1 as N tends to infinity. In the spirit
of the Bachmann-Landau “big O” notation, for ¢ > 0, we write ¢ to denote any
real number whose value lies in [—¢, €] (this notation is convenient when we want to
make explicit the fact that an estimate holds uniformly in other parameters).

e /2 qy < 2e*" /2,

3. MIXING PROPERTIES

In this section, we provide various precise versions of the idea that the random
walk X has good mixing properties. In the first proposition, we show that the walk
started from any fixed point in V admits strong stationary times of order N. In
particular, the walk at the strong stationary time is distributed as uy (the uniform
measure on Vy), and the time scale of order N is very small compared to the
exponentially growing time scales of our problem. The purpose of Propositions 3.4
and 3.5 is slightly different, since we will use them to show that the random walk has
very little probability to be at a specific location after some time. Proposition 3.4
says that for almost every environment, it suffices to wait a time ¢ > 1 for the walk
to “get lost”. Proposition 3.5 requires only ¢ > 1/N, but the result is averaged over
the environment.

The definition of strong stationary times requires that the probability space
contains additional independent randomness. Possibly enlarging the probability
space, we assume that there exists infinitely many independent random variables
distributed uniformly on [0, 1] and independent of everything else. Following [AD86],
we say that a random variable T > 0 is a randomized stopping time if the event
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{T <t} depends only on {X, s < ¢} and on the value of these additional random
variables.

Proposition 3.1. For any N large enough and any Ty, there exists a randomized
stopping time T n with values in {N,2N, ...} such that for any x € Vy, under PLN,
(1) the distribution of Xt, is uy,
(2) for any k € N,
PEY [Ty > k] = (),
(3) Ty and X, are independent random variables.

Remark 3.2. A (randomized) stopping time satisfying (1) is called a stationary time;
one sasistfying (1) and (3) a strong stationary time.

Remark 3.3. Note in particular that the distribution of (T, XT, ) does not depend
on the environment Ty.

Proof. Since the jump rates of X are symmetric, the measure uy is reversible for
this walk. Let

1 a
En(f, f)= oNTT Z(f(x) — f(y))Pemn (Bt ),
T~y
where x ~ y means that x and y are neighbours in V. For a given realization of
the E,’s, the bilinear form £y acting on Lo(Vy,uy) is the Dirichlet form of the
process X. We similarly introduce

o 1
Ex(f )= ON+L Z(f(x) — f()?
zry
which defines the Dirichlet form of the Markov chain jumping along the edges of
Vi with constant rate 1. We denote this Markov chain by (X?)i>0-
Observe that

(3.1) EXN(S ) < En(F 1)
Let P
SGy = inf{uN [(fN—({:]\{zf))Q]7 f:Vn — R non constant}

be the spectral gap associated with the Dirichlet form Ex on Lo (Vy,un), and let

ex(ff)
un [(f —un(£))?]
be the spectral gap of £3;.
On the one hand, inequality (3.1) implies that SG}; < SGy. On the other hand,
X° is simply the N-fold product of the simple random walk on Vj, so by [GZ03,
Theorem 2.5], we have SG3, = SG7, and in fact SG] = 2. Therefore

(3.2) SGy > 2.
Let us now introduce
ssT(Tn,t) =min{s > 0:Ve,y € Vi, PV [X; =y] > (1 - s)un(y)},

SGy = inf{ , [ : VN — Rnon constant}

Ay, t) = max [PI¥ (X0 €~ PR (X0 € ||,
where || - ||tv denotes the total variation distance, and

Iy =inf{t >0:d(ty,t) <e '}
We learn from [AF, Lemmas 5, 7 and 23 of Chapter 4] that, respectively,
d(ty,t) < e W,
ssT(TN, 2t) < 1— (1 —d(tn,t))?,
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1 1 1
INS — 1+ =log
* )
SGN 2 Un

where u} = min, uy (), which in our case is 27V. Using (3.2), we thus derive from
these three observations that, for N large enough and any Ty,

SST(TNa N) < 6717

that is, for any x,y € Vy and any Ty,
PI¥[Xy =y] > (1—e Hun(y).

Following [AD87, Proposition (3.2)], we can thus define the strong stationary time
T, with values in {N,2N,...}. Let (U, Us,...) be independent random variables
distributed uniformly on [0, 1], independent of everything else. Conditionally on
Xy=y,welet Ty =N if
1— -1

M (<1).
Otherwise, we define Ty inductively: for every k € N, conditionally on Ty > kN,
on Xy =z and on Xy =y, we let Ty = (k+1)N if

(1—e Nun(y)
PIV[ XN =y]

U; <

Ukt1 < (<1).

By construction, we have

(1—e Nun(y)

ety = N1 Xn =ul = priiy =y

so that
PIN[Ty =N, Xy =y]=(1—-¢ Hun(y).
Similarly, we have
PIN[Ty = (k+1)N, Xgoyny =y | Tn > kN, Xy = 2] = (1—e Dun(y).
By induction on k, we obtain that for any k£ € N and any x,y € Vy,
PI¥ [Ty = kN, Xpn =y = V(1 —e Hun(y),
and this finishes the proof. O

Proposition 3.4. For any environment Ty, any x,y € Vy and any t > 0,

|P;N [X:=y]— 2_N| <e 2
Proof. The proposition is a direct consequence of [SC, Corollary 2.1.5] and the
spectral gap estimate (3.2). O

Proposition 3.5. For any x € Vi and any t > 0,

1+e_2t>N

PPV [X, = 2] < ( 5

Proof. We recall that (X7?);>0 is the Markov chain whose jump rate from one point
to any of its neighbours is equal to 1. Since these jump rates are dominated by the
jump rates of (X;), and using [FMO06, Lemma 2.2], we get that

PPV [X; = 2] < PPIV[X] = x].
Each coordinate of (X7) is a Markov chain on two states with jump rate equal to 1

from one state to the other, and that evolves independently of the other coordinates.
This leads to the announced result. O
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Remark 3.6. As is well-known, such on-diagonal upper bound on the heat kernel
automatically transfers to off-diagonal decay. In other words, for any z,y € Vy,

1+e 2\ Y
(=)
To see this, note that

PV Xy =y] = ZP Xt/2 2| PIY [Xt/z =y,

(3-3) PPIV[X: = y]

N

which by the Cauchy-Schwarz mequahty, is smaller than

1/2
(ZP [Xi/2 = z]2> (ZP [Xi/2 = ] )

By reversibility, the first sum above is equal to

ZP (Xij2 = 2] PIV (X0 = 2] = PIV [ X, = 7],

1/2

and we arrive at
PIN[X, = y] S PIY[X = 2] /2 PIVX, = g2,

After integrating with respect to P, we use the Cauchy-Schwarz inequality again
and Proposition 3.5 to obtain (3.3).

4. THE EXPLORATION PROCESS

In this section, we define an enumeration of Vi along the trajectory of the random
walk X, as follows. Since the walk eventually visits every site of V, we can let
Y1, ..., Yo~ be the sequence of successive sites visited by X. Consider the sequence
of sites

S = (Yl + Z)\z|§13 RN (Yéz\f + Z)‘z‘gl,
where (- + 2)|.|<1 is enumerated in some arbitrary order. Clearly, S spans Vy. We
let

(4.4) S ' =x1,29,...,%0n

be the sequence S with repetitions removed (in other words, for every x € Vy,
the first occurrence of x in § is kept, and all subsequent occurrences are deleted).
The sequence S’ spans Vi by construction, and we refer to this sequence as the
exploration process.

Let © € Viy. The distribution of the trajectory up to the time when the walk is
within distance 1 from x is independent of E,. From this observation, we can derive
the following result (see [Moll, Proposition 4.1] for a complete proof).

Proposition 4.1. For any z € Vi, under the measure PPN, the random variables
(Ex, )1<n<an are independent and follow a Ny(0,1) distribution. This holds also
under the measure Py .

5. LAW OF LARGE NUMBERS FOR THE NUMBER OF DISCOVERED SITES
For every t > 0, let
Dn(t) ={x e Vy: Is<tst. | X, —z| <1},

Ry(t)={zeVy: Is<tst. Xy =1z},

and Dy (t) = |Dn(t)|, Rn(t) = |[Rn(t)|. We say that a site z € Viy is discovered
before time t if it belongs to Dy (t), and that it is visited before time t if it belongs
to RN(t).



10 PIERRE MATHIEU, JEAN-CHRISTOPHE MOURRAT

More generally, for a subset A C Vi, we define
Dy(t)={zeVy: Is<tst. X,cax+ A},

and D4 (t) = |D4(t)]. Observe that D4 (t) = Dy (t) when A = {z s.t. |2| < 1} and
D4 (t) = Ry (t) when A is reduced to the identity element in Viy.

The purpose of this section is to prove the following law of large numbers for the
number of discovered sites.

Theorem 5.1. Let ¢ € (0,log(2)) and (ty) be such that log(ty) ~ ¢N. Define
dy = En[Dn(tn)]. For anyt >0, we have

DN (ttN) Py -prob.

5.1
(5.1) tdy N—+o0

1.

Moreover, log(dy) ~ ¢N.

Before starting the proof of this result, we collect some useful bounds on wy =
SUp,ev, WN (), where we recall that wy () was defined in (2.4).

Lemma 5.2. For every ¢ > +/2log2, we have
(5.2) P [log(@x) > 2¢ anvVN| —— 0.
N—o00
Moreover, for N sufficiently large,
(5.3) P [log(wN) > N3/4] <e N
Proof. In order to prove these results, we will rely on the fact that for z > 1,
(5.4) PIE, >z <e " /2
From this, it readily follows that, for every ¢ > 0,

]P’[sup Em>0\/N} < 2N]P’[Em>0\/ﬁ]

TEVN
< 2N6702N/27
which tends to 0 as soon as ¢® > 2log(2). On the event
sup F, < c\/ﬁ,
z€VN
we have
Wy < Ne2avevN,

so (5.2) is proved.
For the second part, note that

P[sup E, > N?/%] < 9N e=N*?/2,
z€VN
On the event

sup F, < N2/3,
z€VN

we have
_ 2/3
oy < Ne2anN~""

Since we assume that ay < av/2log N, we obtain (5.3). O
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Proof of Theorem 5.1. In a first step of the proof, we shall derive estimates on the
mean and variance of Dy (t) for a fixed realization of Tn. These imply a law of
large numbers as in (5.1) but with dy replaced by ET¥ [Dy(ty)] (and therefore
depending on Tx). In a second step, we establish a concentration inequality which
allows to replace ET¥ [Dy(ty)] by Ex[Dn (tn)]-

We start by proving that log(dy) ~ €N and log Ef¥ [Dy(tny)] ~ €N in P-
probability. It will be a consequence of the following

Lemma 5.3. We have
EQY [Ra()] <3t (1

_|_

GN)
whenever t > 1, and

EN [By(1)] >

DN |

whenever 2N %

Proof. Let us fix a time ¢ > 0 and consider an independent exponentially distributed
random variable of mean ¢, say T. Let

“+oo
G?\/’(‘rvy) = E;N |:/ e_S/t le:y d8:| ;
0

be the Green function of the process X. Our estimates rely on the following formula:

Indeed it follows from the Markov property that
Gly(z,y)
EIN [Ry(T Z PV [X visits y before time T] = Z %
yevN yEVN N\ Y

The reversibility of the process X implies that Gl (z,y) = G% (y,z). Therefore,
summing over x, we get that

EIN [Ry(T)] =27V Z Z Gt

The equality > G4 (y,z) = ¢ leads to (5.5).

We now explain how to derive an upper bound on EJN [Ry(T)] from (5.5). We
assume that ¢ > 1.

When starting from y, the process X waits for an exponential time of parameter
wn(y) =>_,., explan(Ey + E.)) before leaving the point y. Thus we have
1
¢
Cnlyy) 2 1/t +wn(y) g 1+wn(y)

Plugging this estimate in (5.5) we get that
N [Ry(T)] < 27N Z (1+wn(y

One may now replace T by t observing that the function s — EIV [Ry(s)] is
increasing and therefore

+o0 too
BT [Ry (T)] = / ET [Ry (st)] e* ds > BN [R(t)] / e ds.
0 1
Thus we have established that, for all ¢t > 1,

E;Y [Ry(5)] <3t 27N ) (14 wn(y)) <3t (1+@n)

(we used the inequality fl+oo e *ds=e"!t>1/3).
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We now turn to lower bounds. We assume that 27V < % Integrating the

estimate from Proposition 3.4, we get that

Gt <2 N <1

Plugging this estimate in (5.5), we see that one has
EN [Rn(T)] > t.

One may now replace T by t observing that the function s — EI~ [Ry(s)] is
subadditive and increasing; thus satisfies EJ¥ [Ry(st)] < (s + 1)EIY [Ry(¢)] and

+oo
E™ [Ry(T)] < EIN [Ru(t)] /0 (s+1)e~* ds.

Thus we have established that, for all ¢ such that 2=V < 1/2,

ED [Ry ()] > 5.

O

Observe from (2.2) and (5.2) that 4+ log(1 + @y) converges to 0 in P-probability.
Thus, if we replace t by ty, we deduce from the bounds in Lemma 5.3 that
+ 1og EZY [Ry (ty)] converges to € in P-probability. Since (N+1)-Ry(t) > Dy (t) >
R (t), we also conclude that + log ET¥ [Dy (ty)] converges to € in P-probability.

Taking the expectation in the bounds in Lemma 5.3 and using (2.5), we also get
that
(56) % log]EN [DN(’EN)] m} C.

Now we wish to show that EI¥ [Dy(tn)]”" Dy (tx) converges to 1 in probability.
This will follow from the fact that the variance of Dy (ty) under PZV is negligible
compared to the square of its mean.

Lemma 5.4. For all p > 0, there exists a numerical constant c¢(p) such that
EXY [Ry ()] < c(p)(1 + (@n1)P).

Proof. Let k > 1. On the event Ry(t) > k + 1, the process has visited and left
some point at least k times. Note that, when at z, the process X waits for an
exponential time of parameter wy (z) before leaving the point z. Thus we see that
the probability PIN [Ry(t) > k + 1] is bounded by the probability that a sum of &k
i.i.d. exponential(1) random variables is bounded by wyt. The lemma follows from
this observation. O

We deduce from Lemma 5.4 with p = 2 and (5.2) that, for some constant ca,
(5.7) E™ [Ry(t)?] < e(2)(1 + 220 VN),

with high P-probability. Since Dy (t) < (N + 1)Ry(t), a similar bound holds for
Dy (t) with an extra factor (N + 1)? multiplying c(2).

We also need some control on the self-intersections of the trajectories of the
process X. In the next lemma, we consider two Markov chains X and X’ that
start from the same point in Vx (which will be chosen according to the uniform
probability in V), and then evolve independently in the same fixed environment
Tn with jump rate from z to y given by wy (z,y) (defined in (2.3)). We define

D'y(s)={z e Vy: <sst. X, €x+ A},
and Dy (s, 1) = D (1) N D'y (s), D (s, 1) = DA (s,1)].
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Lemma 5.5. Let s >t > 1. We have
EIN [Di(s,1)] <927 Vs? + 1)|A]? (1 +@n)2

Proof. The strategy is similar to the one we already used in the proof of the upper
bound in Lemma 5.3.

Let us fix two times s > ¢ > 1 and consider independent exponentially distributed
random variables S and T of mean respectively s and ¢.

We recall that

—+o0
Gy (,y) = BT~ [ [ e, dw} ,
0

is the Green function of the process X. Let us also define

+oo
Kf\,(x,y) = E;N |:/ e~ w/t 1x,—y w d’w:| .
0

We claim that

+y,z+79)
58 ETN DA S,T < 2 N (z .
(5.8) E [Di( ZZAG @rur+y)Gr@t+y oY)

To prove equation (5.8), we start by noting that

Gy(z,2+y)  Gy(r,z+y)
- N N
(5.9) E; [DN ST ZZ y;AG (z+y,z+y) Gy(z+v,2+y)

(This follows from the independence of X and X’ and the Markov property:

t

% is the probability that X hits z 4+ y before time 7. We then use
5 ;

a union bound to control the probability of hitting the set z + A by a sum over

yeA)

From the reversibility, we get that G4 (z,z 4+ y) = G% (2 + y,z). Observe that

D Gh(z+y,2)G(@, 2+ )

+oo +oo
/0 du 6’“”/0 dv e /* Y PN [X, = 2]PIV[X, = 2+ Y]

x

+oo +oo
/ du e_u/t/ dv _U/é Pzﬁy[Xquv =z+ y/]’
0 0

and, since s > t,
+oo +oo
/0 du e*"/t/o dv e/ PIY, [Xupo = 2+ ¥/]

+oo +oo
< /0 du e_“/s/o dv e /* P Xy =2+ =K(z24+y,2+y),

Summing inequality (5.9) over z, we thus obtain (5.8).
As in the proof of Lemma 5.3, we plug in (5.8) crude estimates on the Green
functions. We first recall that, for all z and 2/,

1 1
> )
1/t+wy(z) 7 1+wn(2)
and it follows from Proposition 3.4 that

Ky(z,2) <27 Vs 41

Giy(z,2) >
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Thus we derive that

EVDRST] < @V +1) Y 277y (Ltwn(z+y)(+wn(z+y))

Yy’ €A x

= V24127V O (1 +wnlz+y)))?

T yeA
< @V +1) 27NAP Y (1 +wn(@)?

< @27V 4+1) AP+ @),

where we used the bound wy(z) < @y in the last inequality.

On the other hand, the function (s, t) — EI~ [D4 (s, t)] being increasing in both
arguments, we have EJ~ [D4(s,t)] < e? EI¥[D4(S,T)].

Putting everything together, we conclude the proof of Lemma 5.5. O

As a consequence of Lemma 5.5, we obtain the linearity of the expected number
of discovered sites.

Lemma 5.6. For allt and s we have
EJY [Dy(t)] + EXY [DR(s)] > ELY [DR(t+9)]
and
E;¥ [DA ()] +EIN [DR(s)] < EZY [Da(t+s)] + EfY [Da(s,1)] .
Proof. The first inequality is obvious.
We define
(5.10) Dyt —s)={xcVy: Juc(tt+s]st. X,cx+ A}

to be the set of discovered sites between times t and t + s, and Da(t — s) =
DAt — 8)|.
Note that, by stationarity, we have EJ¥ [D4(t — s)] = EJ~¥ [D4(s)]. Therefore
ED [DN(6)] +EY [DR(s)] — EFY [DN(t+5)]
= EI [DA(t)+ Dn(t—s) — Dy(t+s)].
This last quantity is bounded by the number of sites that are discovered both before
time ¢ and also between times ¢ and ¢ + s i.e. |D4(t) N DR (t — s)|.
The Markov property (applied at time ¢) and the reversibility of uy imply that

|D4 (1) N DA (t — s)| has the same law as D4 (s, t), thus leading to the inequality in
Lemma 5.6. O

We deduce from Lemma 5.6 that, for all ¢ > 0,

EN [DN (ttN)]
tEN [Dn(ty)] No+oe

(5.11)

The upper bound in (5.11) follows from the integrated version of the first inequality
in Lemma 5.6. To get the lower bound, we also take the expectation in the second
inequality in Lemma 5.6 and iterate it approximately ¢ times. The cumulated error
term is estimated with Lemma 5.5: neglecting subexponential terms, it is of order
27Nt3,. On the other hand, we already know from (5.6) that Ex [Dy(ty)] is of the
same order as ty on the exponential scale. Since 27Vt3; is negligible compared to
tny, we can conclude the proof.

Our next task is to get estimates on the variance of D4 (t). We shall use the
notation VI~ (X) to denote the variance of a random variable X under P}~ and
CIV(X,Y) to denote the covariance of the random variables X and Y under PJ~.
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We obviously have

(5.12) VIN(X +Y) S VIN(X) + EIN(Y?) 4+ 2CIV (X, Y).
If we write that D4 (t—l—s) D () + (D4 (t+5) — DR(t)), we are lead to estimating
CcIvy [DA()DA(t+s (t)].

Observe that D4 (t + 8) DA( ) < D (t — s) (where D4 (t — s) was defined in
(5.10)), and therefore

EDY [Dy(1)(Dy(t+s) — Dy(1)] <ELN [Dy(t)Dy(t — 9)] -
On the other hand we read from Lemma 5.6 that EJ~ [Dy(t + s) — D4 (1)]
Ep [DA(s)] - EL [DA(s.0)]
Thus we have
(5.13) C3¥ [Dy(t), Dy (t +s) — Dy (t)]
< CYY [DN(t), Da(t — )] + EZY [Dy ()] EFY [Da(s,t)] -

WV

Lemma 5.7. For allt and s > N? we have
CIV [Da(t), DA (t — 5)] < 2¢(2)|AP(1 + Dnt)(1 + @y N?) + 23N e 2V,
Proof. We start observing that
CIV [Dy(t), Dy(t + N* — s — N?)]
< 2VeNVETY [DA ()] EXY [DR(t — 5)] < 2%Ne 2V

(The first inequality is a consequence of Proposition 3.4, and the second one is

obvious.)
Therefore
CI¥ [Dn (1), Dy (t — s)]
< CIV [DR(), DNt + N? — s — N*)] + EIV [Dy(t) D (t — N?)]

(
+E{Y [Dy ()] (EFY [Da(t+N? — s — N?)] —Ef" [Dy(t — s)])
< 2Ne V' LB [DA(H)DA(t — N?)] + EI¥ [D ()] BTN [Da(t — N?)]
< 2NV LoETy (DAY BN [DE (V)]
One now concludes the proof using the estimates from Lemma 5.4. O

Lemma 5.8.
D (tn)  PBu-prob.
EIN [D]f\‘, (tN)] N—or+4oo

Proof. We split the time interval [0, ty] into K pieces of equal size. Here K has to

be chosen properly: K = N would do.

We then estimate the variance of D4 (ty) using (5.12) and (5.13):

Vi D] < VEY [ DAC | B DR e ]

K-1 K-1 1

1 K-1
+ BIY (DR BEY Dt )
Using our estimates from Lemmas 5.4, 5.7, 5.3 and 5.5, we get that
K —
VY [Dy(tw)] < VY |:D]<‘I(KtN):| +nn,
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where
1 2
T c(2)|A|2(1+(wN?tN)z)+4c(2)|A\2(1+thN)(1+wNN2)+23Ne’2N
+ 3ta|A|(1+TN)9(1 + 27NV |A2(1 + T).

We iterate this computation K times. This way we get that Vi~ [D(ty)] <

It then follows from our assumptions on K that 7y is negligible compared with
ti /K. (Observe in particular that, by Lemma 5.2, we have (@y +tn)? <] /K.)

Thus we deduce that Kny /t?\, tends to 0 in Py-probability.

We have checked that the variance of D4 (ty) is negligible compared with the
square of its mean with high Px-probability, and this ends the proof. (Recall that
ty is a lower bound for the mean of D4 (tx), see Lemma 5.3.) O

End of the proof of Theorem 5.1. In order to deduce Theorem 5.1 from Lemma 5.8,
it is sufficient to show that the variance of EJ¥ [Dy (ty)] under P (i.e. as a function
of the random variable Ty) is negligible compared to t%.

We use the notation V[X] to denote the variance of a random variable X with
respect to P. To estimate V[EZN [Dy (ty)]], we first rely on the Efron-Stein inequality
(see [St86]), namely

VD [Dn(e)l] < 3 Y B (B [Dv(en)] - B [Da())?].

zeVN

where T§$> denotes an environment of traps in which we have replaced E, by an
independent copy and left all other values unchanged.
By symmetry, all the terms in this last sum have the same value, so that

[DN(tN)])Q} |

(0)

VIETY Dy (ty)]] < 2V 'E [(EzN D (tn)] — EZY

Thus we see that we will be done if we prove that
N TN TS\?) 2
27E[(EJY [Dn(tn)] — Eu™ [Dn(tn)])7]
is negligible with respect to t4. We will in fact show that, on the exponential scale,

=

E[(ETY [Dy(tn)] — Eu™ [Dn(tn)])?] is at most of order (27 Nty)?%:

1 © 1
(5.14) limsup — log E[(ETY [Dy(tx)] — Ex¥ [Dn(ty)])?] < 2lim — log(2 Vty).
N N N N

In order to show (5.14), we split the trajectory of the walk in different time
intervals: let T} be the first time the point 0 is discovered by the process X; let T(1)
be the first strong stationary time after 7}: in other words, T(!) — T} is a strong
stationary time for the Markov chain (X;4m, )i>0 obtained as in Proposition 3.1.

We iterate these definitions: let T, be the first time 0 is discovered after time T();
let T be the first strong stationary time after time T, ... We define I; = [T}, T(7))
and I = UjIj-

Let us also define

POM) ={reVy: Is<t,s¢ st |X,—a|<1},
and D (1) = DO ()]

From the construction of strong stationary times, see Proposition 3.1 and its proof,
it follows that the law of DE\?) (t) (and therefore the law of DE\?) (t) and its mean) is



AGING OF ASYMMETRIC DYNAMICS ON THE RANDOM ENERGY MODEL 17

™ © W [p©
the same under P3~ or P, . Therefore ETY {DN (tN)] =E/~ [DN (tN)] and

©)
E{Y [Dy(tn)] — Eo [Dn(ty)]

_ g~ © ™ ©)

= EY |Dy(ty) — Dy (tn)| —Eu™ | Dn(ty) — Dy (tn)| -
Note that these two terms have the same law under P. Thus we will have established
(5.14) once we show that E [EEN [Dy(ty) — DE\(,))(tN)P] is at most of order (27Nt )?
(up to subexponential factors).

Applying the Markov property and using the stationarity of the uniform proba-

bility, we have

B [Dy(tw) = DY (e)| | < max XY Dy (Tw)] Y. PV [Tk < ta,
k>1

where Ty is the strong stationary time considered in Proposition 3.1. It is easy
to deduce from Proposition 3.1 and Lemma 5.4 that max,.o EX¥ [Dy(Tx)] is of
subexponential order.

To bound the second term, observe that, when the process X hits a point =z,
it then spends at = an exponentially distributed time of parameter wy(z) < wWy.
Therefore, for all A > 0,

+oo
E™ —)\sl nd >
! [/0 € X 3} A+ N

But, due to the stationarity of the uniform probability, we also have

oo N+11
EY [/ e M1x. 0 ds} _ At
0

E~ [e_ATl} .

N X\
Therefore N1
_AT + + Wy
| DA [e 1} < SN P
Choosing A = 1/t yields
_ N +1 _
B e 7/ < S (1 @wt).

Observe that T} stochastically dominates a sum of k£ independent copies of Tj.
Therefore

B [ < (NQI La +wm>)k,
which leads to
(5.15) Y PV <1 < 2e%(1 +wnt),
k>1
whenever 22 (1 + wyt) < 3.
On the other hand, EIV [Dy(tn) — DJ(\(,)) (tn)] < 2V. Thus we have

EgY [Dy(tn) = DY (i)

N +1 1 N+1
< (2N1( oN (1+thN) = 5) +IB38(E;N [DN(TN)]QG oN (1 +thN)> .

We now have to square this last inequality and take the expectation with respect to IP.
The P probability of the event % (1+wnty) = % decays to 0 at a super-exponential
rate (see (5.3)), which compensates for the 2V factor in front. We already noticed
that max,.o EX¥ [Dy(Ty)] is of subexponential order and the term (1 4+ Wyty)
is of the same order as ty (still on the exponential scale). Thus we conclude that
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E |EI¥[Dn(ty) — DE\?) (tN)P} is at most of order (27 Vty)? and therefore (5.14)
holds. O

6. DEFINING THE SCALES

We fix ¢ € (0,log(2)), and ty such that log(ty) ~ €N. The sequence ty is
our time scale for the accelerated dynamics X. Theorem 5.1 associates with it a
second scale (dy) measuring the number of sites discovered, and we recall that
log(dy) ~ ¢N.

It is a classical fact that

1
(6.1) P[E, > 2] ~ e 2 (25 +oo).
2\ 27
Letting
1

by = (2logdy)/?2 — ——— (loglogdy + log(4

N = (2logdy) 52 logdy )12 (loglogdy 4+ log(4)),
we obtain
(6.2) P[E, > by] ~dy'

Since by Proposition 4.1, the random variables (E,,)1<i<dy are ii.d. under Py,

their maxima will be of the order of by. In order to measure the maximal values of
(TN z;)1<i<dn » We thus define

(6.3) By = ePVNbN,
Using the fact that log(dy) ~ €N, one can show that for any z > 0,
(6.4) Pty > 2By] ~dy'z7?,
where
2c
6.5 a=—.
(6.5) 3

As a way to make it clear that the scale chosen is the correct one, we note for
instance that

Py 1£2§N TN < 2BN o exp(—z~%).
From now on, we assume that o < 1, which corresponds to a low temperature
assumption, and is the regime of aging. Actually, this assumption is only required
at the very end of our proof, in order to show that the time spent out of deep traps
is negligible. Specifically, we will need the following result.

Proposition 6.1. We assume o < 1. We have

d
(6.6) limsup — E [tne Loy, <ony] = O 7%) (6 — 0).
N—+o00 N '

Proof. This can be justified using the general results of [BBMO05], but we prefer to
provide the reader with a more direct proof. We can write E [TNJ loy.<6 BN] as

1 oo \/Nu —u?/2
(6.7) 1/2 + E/o VN T2 sy, du
The condition on the indicator function can be rewritten as
log(9)
u < by + .
BV N
We let
by log(0)
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Note that uy tends to v/2¢ as N tends to infinity. In (6.7), the term 1/2 can be
neglected since the integral is bounded away from 0 (or because one can easily check
that By /dy grows exponentially fast with N). By a change of variables, we can
rewrite this integral as

(6.8) \/N/uN eN(Bu—u?/2) qy.
0

We write f(u) = fu —u?/2. Since f is concave, we have

flw) < flun) + (u—un)f'(un),
and thus the quantity appearing in (6.8) is bounded by

(6.9) \/N eV (un) /UN eN(u*uN)f/(uN) du < # eNF(un)
0 f'un)VN

The term f'(uy) converges to f'(v/2¢) > 0. We need to compute f(ux):

B b3 by log?(6)
Nf(un) = BV Nby + log(8) — 7]\[ — Wlog(d) ~ AN
=0

Recalling that By = e VNby , we obtain the the right-hand side of (6.9) is bounded,
up to a constant, by

By eib?\’/z |: by :|

———— exp| |1 - —=|log(d) .
VN BV N
| —
—l—«
The result is thus proved provided
e~ 0N /2
VN

but this is a consequence of (6.1) and (6.2). O

= O(dji\fl)7

Remark 6.2. A slightly more careful analysis reveals that actually,

o l—a

. N
Iim — E |t 1 < =
N—+o0 BN [ N TN’I\(SBN] 1l -«

7. THE DEEP TRAPS

Let 6 > 0. We say that x € Vi is a deep trap if Tn, > 0Bn. Let (rgg)(n))neN
be the increasing sequence spanning the set

{i eN: TN, z; > (SBN},

with the convention that rgg)(n) = 400 if n exceeds the cardinality of this set. In

other words, in the numbering defined by the exploration process, 1"53)(1) is the
index of the first deep trap discovered by the random walk, rg\‘?) (2) is the index of the
second one, and so on. When 7“1(3) (n) is finite, we let JIS\?) (n) be the position of the
n'™ trap discovered, that is, a:gg)(n) = T,0) (" We set mgg)(n) = oo if rg\‘;) (n) = +o0.

The quantity T denotes the depth of the n'" trap discovered, with the

Nz (n)

understanding that © = oo when xgg)(n) = 0o. Let T](f)(n) be the instant

Nz (n)
when the n'*® trap is discovered:

T (n) = inf{t : Dy (t) = rQ(n)} = inf{t : 2 (n) € Dn(t)} (400 if empty).
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Proposition 7.1. Under Py, the random variables
_ 5 _
(65 T 0), BR' Ty 00))

jointly converge in distribution as N tends to infinity (in the sense of finite-
dimensional distributions). Let us write

(@ @m), «D(w))

for limiting random variables, which we assume to be defined on the P-probability
space for convenience. Their joint distribution is described as follows. The family
(T(‘s)(n))neN is distributed as the jump instants of a Poisson process of intensity

neN

neN

5=, while (T (n))nEN are i.i.d. with common distribution
dz
(71) aéazaﬁ 1[5’4,00)(2).

Moreover, the two families (T®) (n))neN and (T(‘S)(n))neN are independent.

Proof. Recall that as given by Proposition 4.1, the random variables (T, )1<;<2n
are i.i.d. Let us write

pn =Py [z; deep trap] = Py [TN%. > (5BN] .
Recall from (6.4) that

(72) deN — 6o
N—00

Let F), be the o-algebra generated by (TN@].) . For ke Nand z > 6, we

1<5<r) (n)
compute
E 8 0 -1
By [0 () =k + 10 (0= 1), By'ty 0, > 7| Faa].
The event rg\(,s) (n) =k+ rg\?)(n —1) corresponds to the fact that for every j such that
rg\f)(n —1)<j<k+ rgg)(n — 1), the site z; is not a deep trap, while Thyr® (1)
N
is a deep trap. This event is independent of F;,_; and has probability
pn(1—pn)Ft
Conditionally on rg\‘;)(n) =k+ 7’](3) (n—1) and on F,,_1, the probability of the event
-1
BN TNa@ () Z 2

is nothing but
Pltno = 2Bn | TN, = 0BN].

Hence, we obtain

Py {rﬁg) (n)=k +r§3)(n —1), By't >z } Fn_l]

Nz (n)
=pn(1 —pn)* P Pltno = 2By | T = 0By].

Summing over k leads to
By [0 ) > k10 (n = 1), By'ty o, > 2 | Faci
=1 —pNn)* Pltno = 2Bn | Tvo = 6By].

In view of (7.2) and of the fact that (see (6.4))

5&
Pltno 2 2By | Tvo = 6BN] —— —,
N—oo 2
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we obtain that under Py, the random variables

EEENC) _
(7.3) (@3 Q). BY Ty 00)
jointly converge in distribution to the random variables

(7.4) (@), <))

neN

neN
described in the proposition. To conclude, we need to replace the random variables
dy' rg\?) (n) by t;vlTJ(\;s)(n) in the convergence of (7.3) to (7.4).

The process t — Dy (t) is increasing, right-continuous, and the size of its jumps
cannot be larger than (N + 1) since the walk discovers at most (/N + 1) sites at once.
Hence,

P (n) < DN (T () <7 (n) + N + 1.
Since dy grows exponentially in N, it follows that in the convergence of (7.3) to

(7.4), we can replace dy' 7“53) (n) by dy' DN(T](\?)(n)).
Let us see that for any y > 0,
B t=1 7O 1) > —ys

For any € > 0, we have
Py T8 (1) > tn(y+2)]
<Py [DN(TJ(\;S)(l)) P dNy] +Pn [Dn(tn(y+¢)) < dnyl.

The first term tends to e %% * by the preceding observation, while the second tends
to 0 by Theorem 5.1. Hence,

(7.6) lim sup Py [T}j’(l) > ty(y + 6)} <e ¥,
N —+oc0

Similarly, one can show that

(7.7) liminf Py [T}j)(l) > ty(y — e>} > eV ",

Inequalities (7.6) and (7.7) being valid for any € > 0, they justify (7.5). The
generalization of this identity to the convergence of finite-dimensional distributions
is then only a matter of notation (the key point besides Theorem 5.1, as seen in the
proof of (7.5), being the monotonicity of ¢t — Dy (t)). O

8. THE ENVIRONMENT VIEWED BY THE PARTICLE

Let Qn = [1,+00)"™, so that Ty is a random variable taking values in Q. The
group Vi naturally acts on Qpy by translations: for T € Qn and x € Vi, we let
0, T € Qn be such that

(02 T), = Tate.
We define the environment viewed by the particle as the process (Ty(t))i>0, taking
values in €y and such that

TN(t) = 9Xt TN .
Proposition 8.1. For any Tt € Qn, the process (Tn(t))i>o0 is a reversible Markov
chain under the measure PN .

Proof. The Markov property of this process is inherited from (X;). A minor
adaptation of the proof of [DFGW89, Lemma 4.3 (iv)] shows reversibility. O
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9. THE ENVIRONMENT AROUND THE FIRST TRAP DISCOVERED

Let us write Tg\?)(n) for the environment seen at x§3> (n), that is,
(6) _
Ty (n) = 015\?)(71) TN .

The main purpose of this section is to understand the distribution of ng)(l). Let

+oo

(91) GN(TN) = ESN |:/ e_t/NQ 1Xt:O dt:| .

0
The value of Tg\(];)(l) at 0 is described by Proposition 7.1. Roughly speaking, we will
show that as IV tends to infinity, the distribution of ((Tg\?)(l))z> 0 approaches the

distribution proportional to
1
GN (TN>

More precisely, we will prove the following result.

d]P(TN).

Theorem 9.1. Let ’HE\?)(n) be the event that xgg) (n) is visited by X during the time
interval [T](\;S) (n),TI(\f) (n) + NJ. For M >0, let EM be the event defined by

(9.2) TO(1) < Mty and H) (1) holds.

For any e > 0, any M large enough and any N large enough, if hy : Qny — R is
such that ||hy|leo < 1, then
tn

(93) B |[(nGn)(E0 (1), & ] = g Bl () | o > 6By] £e),

where we recall that the notation + was introduced at the end of Section 1.

Remark 9.2. In (9.3) and below, for any T € Qy, we write (hyGn)(T) as shorthand
for hN(T) GN(T).

Remark 9.3. A notable feature of Theorem 9.1 is that as soon as N is large enough,
identity (9.3) holds for any function hy satisfying ||hn||cc < 1. In particular, it is
not required that, for instance, hy depend only on a finite number of (Ty z)zevy
or have any other form of spatial mixing property. This will make the proof of
Theorem 9.1 slightly more involved than otherwise, but will also greatly simplify
our subsequent reasoning.

We now describe our starting point for the proof of Theorem 9.1. Let us introduce
(éx(n))nen i.i.d. exponential random variables of parameter 1/N? (under P~ for
any z), independent of everything else, and write (O¢);>¢ to denote the time
translations on the space of trajectories, that is, (0;X)s; = X;ys. For any M > 1,
we define TH (1) = TI(\;;)(l) A (Mty) (although this depends also on §, we keep
it implicit in the notation, since & will be kept fixed as long as we consider this
quantity). Letting TJ{\# (0) = 0, we then define recursively, for any n € N,

(9-4) TN (n) = T/ (n = 1) + T (1) © O (1)

(9.5) T (n) = TV (n) + en (1) + Ty © Orar (o 23 (m)-

In words, to reach time T]{\,/[ (n), we wait until the end of a strong stationary time
(as given by Proposition 3.1) started at time TH (n) + én(n).
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Proposition 9.4. Under the measure PN, the successive pieces of trajectory
<(X9)TJI\‘,/I (n—1)<s<TM (n)) neN

form a stationary sequence, while
((Xs)ffy(n—1)<s<T;\\,4(n)+éN(n))neN

are independent and identically distributed.

Proof. The first part is a consequence of the Markov property and the fact that

XTIJVVI(n) is distributed uniformly over Vy, itself a consequence of the fact that T is

a stationary time.

For the second part, we only need to check the independence. Let F' be a
bounded function on the space of trajectories which is measurable with respect to
the o-algebra generated by (XS)S<T%(H)+5N(,L), and G be a bounded measurable
function on the space of trajectories. We want to show that

(9.6) ETY [F (G o ew(nﬂ))} = ET[F] BTV [G).
The left-hand side above is equal to

E;"Y [F EY [Go @TN]] ,

TM (n)+é N (n)

and this leads to (9.6) by the Markov property and the fact that Ty is a stationary
time. 0

Let hy : 2y — R be a function. By the ergodic theorem, for any environment
TN € QN,

ttn
(97) t_l EEN |:/ hN(TN(S)) 1TN,XS>5BN dS:|
0

tn
o B [T )]

TN
Eu

T (1)
/ hN(TN(S)) 1TN,X5>6BN ds| .
0

On the other hand, the stationarity of the environment viewed by the particle (that
is, Proposition 8.1) guarantees that

ttn
EgY [/ h (T (s)) Tay x, 258 dS] = ttNELY [An(Tn(0) Loy v >6Bx] -
0
Combining this with (9.7), we thus obtain that, for any environment,

1

S E"
=5 [T 0]

(1)
/ By (Tx(8)) Lex . 5350 ds]
0

=B [An(tn(0)) Loy 2685 ] »

which we can rewrite as

Ty (1)
(98) EZN / hN(TN(S)) lTN,XS>5BN ds
0

= E7Y [TV (1)] P [tnx, > 0Bx] BYY [ (t(0)) | Tvox, > 0B]

where the conditional expectation is understood to be 1 in case the event Ty x, >
dBn has P~-probability equal to 0 (that is, when Ty contains no deep trap). The
rest of this section is devoted to passing from (9.8) to Theorem 9.1. We want to take
E-expectations on both sides of this identity. Considering first the right-hand side,
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we prove that PIV [ty x, = 0Bn] and ETV [TZJ\‘{[ (1)} are concentrated respectively
around (F_O‘d]_\,1 and 6%ty .
Lemma 9.5. There exists ¢ > 0 such that for any € > 0 and any N large enough,
P [PEN [Tn.x, = 0Bn] = (1% 6)57%'&1] >1—exp (—eCN) .
Proof. We can rewrite the probability PN [ty x, = dBn] as
[Vn ™! Z BN,x
zEVN

where By, = 1y, >sBy. Under P, the (By z)revy are independent Bernoulli
random variables with parameter py = P[By, = 1] ~ 6~*dy' by (6.4). Lemma 9.5
thus reflects a classical large deviation estimate. More precisely, for any A > 0,

E[GA%N’O]‘VN‘
exp (A\[Vw|(1 +e)d—ody")’

PUIVNI Y Bae > (1+6)5 %dy' | <

zeVN
with
B[ ¥ o]l = (1 —py +pxe) "™ = exp (|Viv|log(1 +pa (e — 1))

Recalling that py ~ 6“"d;,1, we see that if A > 0 is chosen small enough and N is
large, then
log(1 4 py(e* — 1)) < (1 4+¢/2)6dy",

and since |VN|dI_\,1 > eN for some ¢ > 0, we obtain, for any N large enough,

P

|VN|_1 Z By > (1+ 6)5_“dN1] < exp (—eCN) .

z€VN
The probability

P

Vvt Y By < (1- g)aad;]
zeVN
is handled in the same way. O

Lemma 9.6. For any € > 0, any M large enough and any N large enough,
P [EEN [T]]\\%(l)} = (1< 5)5atN} >1—e.

Proof. The difference TH (1) — TH (1) consists in the sum of the random variables
én(1), which is exponential with mean N2, and Ty, which is of order N by
Proposition 3.1. Since ty grows exponentially with N, it suffices to prove that the
lemma holds with T4 (1) instead of T4 (1).

We know from Proposition 7.1 that tR,ITJ(\;S)(l) converges in law under Py to
T®)(1), an exponential random variable of parameter §~. Recall that T (1) is

defined as T](\;s)(l) A (Mty), and hence t'TH (1) converges in law to
(9.9) TO (1) A M,

and is always bounded by M. As a consequence, for M and N large enough, we
have

EEN [TA(1)] = (1 £¢/2)5%:.
In order to conclude, it thus suffices to show that the variance of EfN [Taf(1)] is
much smaller than t%. The proof of this fact is similar to the end of the proof of
Theorem 5.1, where we showed that the variance of EJ¥ [Dy (ty)] is much smaller
than t%.
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Recall that we write V[X] to denote the variance of the random variable X with
respect to P. By the Efron-Stein inequality and translation invariance, we have

VIENMIY ()] <2V E

0 2
(EzN T ()] - BN [T <1>1) ] ,

where Tg\?) is the environment which coincides with Ty, except at 0 where Ej has
been replaced by an independent copy of it. As in the proof of Theorem 5.1, we
introduce 7T} the first time the point 0 is discovered by the process X; we let T(1) be
the first strong stationary time after T7. We iterate these definitions: T5 is the first
time 0 is discovered after T(), then T(®) is the first strong stationary time after T,
and so on. We define I = U[T}, TW)), and

TJ(\9) =inf{t > 0,t ¢ I : Jx deep trap s.t. | X; — x| <1} A (Mty).
This definition would coincide with that of TH (1) if the constraint ¢ ¢ I was
suppressed. The quantity TJ(\? ) is convenient for our purpose, because its law under

)
P~ does not depend on Ty, and is thus the same under PTV and under P" .
We can thus write

TN [ M ) M TN [ M (0) o (0)
E, [TN (1)] —E, [TN (1)] = Eu [TN (1) - TN ] —E, [TN (1) - TN ]

Since these two terms have the same law under P, it suffices for our purpose to show
that

2
(9.10) N E [(E;N M (1) — T](\?)]) ] = o(t2).
Let 7 be the event defined by

ds < Ty, « deep trap s.t. | X, — x| < 1,

where Ty is the strong stationary time of Proposition 3.1. By the Markov property,
we have

ELY [TV (1) - Ty < Mty maxPI¥[T] Y Pi¥[T < Mty).
k>1

We have seen in (5.15) that the sum on the right-hand side gives a contribution
which, up to sub-exponential factors, is bounded by ty /2. There remains to
evaluate

E [(%135(1’5”77)1 <E (ZPWT) <NY E[PIN[T]?] < N2 Py [T],

x~0 x~0

where in the last step, we simply bounded the square of the probability by the
probability itself, and then used translation invariance. We will show that, up to
sub-exponential factors, the quantity above is bounded by t;vl, that is,

1. 1
. i — T) < lim —log(ty!) (= —2).
(9.11) lggnjipp,log(PN[ ) < Jim log(ty) (= —0)

Assuming this to be true, we obtain that up to sub-exponential factors, the left-hand
side of (9.10) is bounded by

oV (LN)Q _e2 W

ty \2N N oN-

Since log(ty) ~ ¢N with ¢ < log(2), this proves (9.10), and thus completes the
proof of the lemma.
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There remains to justify (9.11). In view of Proposition 3.1, the probability that
Ty > N3 is super-exponentially small. Hence, this event can be discarded, and we
can focus on bounding the probability of the event

(9.12) 35 < N3, z deep trap s.t. | X, — x| < 1.
When at a site x, the walk X spends an exponentially distributed time of parameter

wn(z) < wy. As was seen in Lemma 5.2, outside of an event whose probability is
super-exponentially small, we have Wy < eV ** Tt thus follows that outside of an
event whose probability is super-exponentially small, the number of sites visited by
the walk up to time N? is bounded by N Indeed, if (ex)ren are independent
random variables of parameter eV 3/4, then a standard large deviation estimate shows
that the probability of the event

EN4/5
2 : 3

€k < N
k=1

decays super-exponentially fast with V. As a consequence, outside of an event whose
P -probability is super-exponentially small, the walk does not discover more than
(N + 1)@N4/5 < eM”® sites up to time N3. But we know from Proposition 4.1 that
under Py, the sequence of depths of newly discovered traps is i.i.d. As a consequence,

the probability that a deep trap is found among the eV " first discovered sites is
bounded by

N5/6
N/ P[0 is a deep trap] ~ 67,
ocd
see (6.4). Recalling that log(dy) ~ log(tn), we obtain (9.11), and thus complete
the proof. O

With the two lemmas above, we can now control the expectation of the right-hand
side of (9.8).

Proposition 9.7. For any e > 0 and any N large enough, if |hn]eo < 1, then

(9.13) E[PF¥ [tn,x, > 0Bx] B [TA(1)] EEY [hn(tn (0) | Tvx, > 9Bx]

t
- ﬁ (E[hn(T) | Tno = 0BN] £).

Proof. Under the expectation on the left-hand side of (9.13) appears a product of
three terms, which for convenience we rewrite as XyYnZy, with obvious identifica-
tions. We first show that

(9.14) EXNYNZy] = (1 £6)d dy ' E[YNZN] £ 27V,
Let &y be the event
Xy = (1+e)d~dy!,
and €4 be the complementary event. We decompose EXyYnZy]| as
EXNYNZN, ENn] + EXNYNZN, €Y.
Since Xy, Zx < 1, while Yy < Mty and ty grows exponentially with IV, the second

term in the above sum is smaller than e=? by Lemma 9.5. For the first term, the
definition of &y implies that

EXNYNZN, En] = (1 +6)6 “d'E[YNZnN, En].
Reasoning as above, we can show that

(1+)6 "dy'E[YNZN, EF] < e,



AGING OF ASYMMETRIC DYNAMICS ON THE RANDOM ENERGY MODEL 27

so that
EXNYNZN, En] = (1 £6)6 “d'E[YNZNn] £,

and this proves (9.14).
Let us now see how a similar reasoning enables to show that

(9.15) E[YnNZN] = 6%n (E[Zn] £ €).
Define the event §y as

Yy = (1+€)d%n.
We decompose E[YyZ ] as

ENNZN,SN] FE[YNZN, Y] = (1 £ )0 tNE[ZN,SN] + E[YNZN, TX]-
Since Yy < Mty and Zy < 1, Lemma 9.6 ensures that
0 < E[YNZN,T5] < MtnP[§Y] < eMty.
On the other hand,
E[Zn,8n] = E[Zn] — E[ZN, Y]

with

0<E[Zy,33] <e
To sum up, we have shown that for any € > 0 and any N large enough,

E[YNZN] = (1 +e)0%tn (E[Zn] £ €) £ eMtn.

Recalling that Zy < 1, we obtain (9.15) by suitably tuning . Combining (9.14)
and (9.15) yields

t
EXNYNZy] = (1£ g)d—N (E[Zy) +e) e N,
N

Since Zy < 1 and log(dy/ty) = o(N), this completes the proof as long as we can
show that
(916) E[ZN] =K [hN(T) | TN,0 > §BN] +e.
We have
EfY [hn (T (0)) Loy« >58x )

PV [tN x, = 0BN] ’

E[Zy] =E

where the fraction in the right-hand side above is understood to be 1 when the
probability in the denominator is 0. We have seen in Lemma 9.5 (used with (6.4))
that with probability tending to 1 as N tends to infinity,

PEN [TN,XO > 5BN] = (]. + 6)]?[’[1\]’0 > (;BN],
while
EEEN [hN(TN(O)) 1TN,X025BN] =E [hN(T) 1TN,0>5BN] :
Equation (9.16) follows from these observations, and this finishes the proof. O
We now consider the left-hand side of (9.8), and start with the following lemma.
Lemma 9.8. Let DY be the event

X discovers a (previously undiscovered) deep

(9.17) trap during the time interval (T%(l),f%(l)]

There exists ¢ > 0 such that for any M,

FN [@%} < e N,
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Proof. Note first that the difference T (1) =T (1) consists in the sum of the random
variable €y (1) (exponentially distributed with mean N?), and of a random variable
distributed as Ty appearing in Proposition 3.1. By part (2) of this Proposition, we
thus know that outside of an event whose probability decays exponentially with N,
we have
TH (1) —T¥ (1) < N3,

It is thus sufficient to prove the claim with the time interval (T3 (1), T (1)] replaced
by (T¥ (1), T¥ (1) + N3]. What we need to do then is almost the same as what we
proved in the end of the proof of Lemma 9.6. Namely, the argument there ensures
that outside of an event whose probability is super-exponentially small, the walk
does not discover more than eV’ sites during this time interval. But we know from
Proposition 4.1 that under Py, the sequence of depths of newly discovered traps is
i.i.d. As a consequence, the probability that a deep trap is found in no more than
N newly discovered sites is bounded by

eNs/a
0 is a deep trap| ~ Sady’
see (6.4). Since dy grows exponentially with N, this finishes the proof. O

We consider the total time spent at site xgg)(l) from the moment of discovery

T](\?)(l) up to time T](f)(l) +én(1), that is,

® T (1)+en (1)
(918) ZN = /TJ(\;;)(I) le:wg\f)(l) ds.

eNS/G ]P[

The next proposition starts the computation of the expectation of the left-hand
side of (9.8).

Proposition 9.9. There exists ¢ > 0 such that for any M and any N large enough,
if |hnlloo <1, then

Ey

T (1)
/ hn(Tn(s)) 1oy x.>6By dS]
0

—Ex [hN(TS?(U) 10, 700) < MtN} eV,

Proof. Note that in the integral

Ty (1)
[ haew (o) tey g sam d,
0

the interval of integration can be replaced by [T (1), TM(1)], since the walk does
not discover any deep trap before T4 (1). Since we assume ||hx || < 1, the integral
is bounded by T (1) — T (1), which for short we simply write AR,

Our first step is to estimate the difference
(9.19)

T (1)
B~ / B (T3 (5)) Ly x, 565y ds
0

_E™
Eu

(1
/ T @) 1 o ds T(1) < Mty
) =

In words, the second integral counts the time spent by the walk only on the first

deep trap discovered, and only if this deep trap is discovered before time Mty. The
difference in (9.19) is thus bounded by

(9.20) E{Y [AY, 9¥],
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where D2/ is the event defined in (9.17). The E-expectation of this term is bounded
by
NPy D3] +En [AY, AN = N?].

The first term of this sum is exponentially small in N by Lemma 9.8. So is also the
second term, since AM =én(1)+ Ty o O (1y4ex() and éx(1) is an exponential
random variable with mean N2, while Tx — N is stochastically dominated by an
exponential random variable with mean N by Proposition 3.1. We have thus shown
that there exists ¢ > 0 such that for any N large enough,

_ Ty (1)
(921) EN / hN(TN(S)) 1TN,X525BN ds
0

" M (9) () N
=Eyn / hN(TN (1)) 1Xs=a:§\(,s)(1) dS, TN (1) < Mty | e Y.

T (1)

On the event T](\;s)(l) < Mty, we have T¥ (1) = T](f)(l). By the definition of lgg)
(see (9.18)), on this event, we have

T (1)+én (1)

() _ (%) (%)
(9.22) oy PR Ly o de= (e (1) 17
We now wish to show that for some ¢ > 0 and N large enough,
_ Ty (1)
(9.23) En / hn (T (1)) 1 o s, TO(1) < Mty | <e eV,
Ty ()+en (1) N

Since ||hy||oo < 1, we may as well show that

= [ (®) N

En / 1. o ds, T (1 < Mty| <e Y.

TO (e N D w

In order to do so, let us define ®’y the event
én(1) < N or AN > N3

Arguing as above, we see that the probability of this event is exponentially small in
N. Proceeding as in the analysis of the term (9.20), it then follows that

EN[

In order to prove (9.23), it thus suffices to show that

/T%(l) (5)( ) ’ cN
1. @, ds, Ty/'(1) < Mty, © Le .
O ren) emow 1) N N

_ T (1)+N? N
e T (1)+N Lyo=@a) ds] Se
Recall that as xg\é,)(l) is discovered at time TJ(\;S)(l), it must be that ‘XTJ(\,‘S)(I) —z| < 1.
Hence,
T ()+N? 7O (14N
EN [/T$>(1)+N Ly oo ds| SEX /T}\f)(l)-wv 1|XS_XT1(V5)(1)|<1 ds

By the Markov property, the latter integral is equal to

N3
v | [ PR, (- Xl <)
N )
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By Proposition 3.4, the probability underbraced above is exponentially small in

N, uniformly over Ty, XT(5>(1) and s > N. This completes the proof of (9.23).

Equations (9.21), (9.22) and (9.23) imply the proposition. O

We can now conclude our analysis of the expectation of the left-hand side of
identity (9.8).

Proposition 9.10. There exists ¢ > 0 such that for any M and any N large enough,
if Ihnlloo < 1, then

Ex [an (e (1) 19, T (1) < Mey] =En (G (1), ¥] e,
where we recall that the event EX was defined in (9.2).

Proof. First, note that
(9.24) En [ (e (1) 1), TO(1) < Mty

—Ey [hN(T§3>(1)) 19 5}{] + N,
Indeed, the quantities under the two expectations above are equal unless the deep
trap '\ (1) is visited in the time interval (T")(1) + N, T (1) + éx]. Hence (9.24)
is obtained as in the proof of Proposition 9.9, noting that the probability of this
event is exponentially small in N by Proposition 3.4.
Let us write H](\(,s) (n) for the first time the walk visits the site xgg) (n), and define

(9.25) 10 (n) =

HY (n)+én(n)
/ ds.

1
Hz(\f)(n) XS:$§3)(H)

By a similar reasoning, we have

9.26) By [hw(r (1)) 1Y, €N =Bn [an(x) (1) 10 (1), €] £ e,
Indeed, the quantities under the two expectations above are equal unless the deep
trap ng,)(l) is visited during the time interval (TI(\}S)(l) +én(1); HI(\?)(l) +én(1)]. On
the event £V, we have that the length of this interval is smaller than N. Moreover,

outside of an event whose probability is exponentially small, we have éx(1) > N.
So we can argue as above and obtain (9.26).

Let eg\f) (n) be such that
) 5 1)
(9.27) IV (n) = Gn (T (n) e (n).

Under the measure PV and conditionally on xgg)(l) = z, the quantity 553)(1) is
independent of (Xt)t<H§j>(1)' Moreover, it is the total time spent on x by the walk
X starting at z and with a killing parameter equal to 1/N?2. In particular, [53)(1) is
an exponential random variable with mean Gy (ng)(l)). In other words, we thus
see that under the measure P~V and conditionally on acgg)(l) = x, the quantity
653)(1) is independent of (Xt)tng(\f)(l)
parameter 1. Since this does not depend on x, we have thus shown that under
and follows

and follows an exponential distribution with

the measure PV, the quantity 653)(1) is independent of (Xt)t<H(‘”(1)
SN

an exponential distribution with parameter 1. In particular, (and since Y is

measurable with respect to (Xt)t<H<‘”(1))’ we have
SHN

B [av(xy () 1), &] = EI (G () (1) &0 (1), ]

= EI (G (1), ]
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Taking expectations and using (9.26), we obtain the announced result. U

Proof of Theorem 9.1. The theorem follows by combining the identity (9.8) with
Propositions 9.7, 9.9 and 9.10, and recalling that log(dy/ty) = o(N). O

Of course, Theorem 9.1 is truly interesting only if the probability of £ can be

taken arbitrarily close to 1. It follows from Proposition 7.1 that Py [T](\;s )(1) < Mty]
can be taken arbitrarily close to 1 by choosing M large enough. Our goal is now to
prove that Hg\f)(n) occurs with high probability.
Proposition 9.11. For any n € N,
* (9) }
Py (MY ()] 5o T
Let us write x =~ y when z,y € Vv are neighbours or second neighbours. The

proof of the proposition relies on the following lemma.

Lemma 9.12. For any n € N,

IP’N[ max F, <2 logN] — 1.
N—o0

)
zRwy’ (n)
Proof. We introduce some terminology (slightly adapted from [Mol1]). For any

z =~ 0, we say that x € Vy is z-atypical if it is a deep trap (that is, Ty, > 0By)
and moreover, F, ., > 2+/log N. The lemma can be rephrased as stating that

Py [mg\‘;)(n) is z-atypical for some z = 0}
tends to 0 as N tends to infinity.
We say that « € Vi is z-uncommon if it is z-atypical, or if (z — z) is z-atypical.
Finally, for a subset I' C Vi, we say that z is z-uncommon regardless of T if one

can infer that x is z-uncommon without considering sites inside I', i.e. if one of the
two following conditions occur :

x is z-atypical and {z,z+2z}NI"' = &, or (z—z) is z-atypical and {x—z,2}N" = @.

We learn from [Moll, Lemma 7.2 that if xgg)(n) is z-atypical, then there exists

k< rg\f)(n) such that z is z-uncommon regardless of {z1,...,2x_1} (recall that
21, %2, ... denotes the exploration process introduced in Section 4). As was seen in

the proof of Proposition 7.1, the random variable dx,lrg\f) (n) converges in distribution
under Py, hence the probability

(9.28) Py [r§§>(n) < CrdN}
can be made as close to 1 as desired by choosing C,. sufficiently large. Moreover,

(9.29) Py [xg\?) (n) is z-atypical for some z ~ 0,7“53) (n) < CT}

Crdn

< Z Z Py [z is z-uncommon regardless of {z1,..., 25 _1}].
zx~0 k=1

As was observed in the proof of [Mol1, Proposition 7.1|, the invariance of P under
translations implies that the probability underbraced above is bounded by

P[0 is z-uncommon],

which in turn is bounded by

2 Py [0 is 2-atypical] < 2 Py [tno > 0By] Py [EZ > 2./log N} .
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Using (6.4) and (6.1), we obtain that for N large enough, the probability on the
left-hand side of (9.29) is bounded by

1 .
8CTN2570¢ —(2y/Tog N) /2’
2/ log N

which tends to 0 as N tends to infinity. O

Proof of Proposition 9.11. Let us condition on the event that the position of the

walk at time T](\f) (n) is € V,,. Note that in this case, xgg) (n) must be a neighbour
of x. On this event, the P~ -probability that the next jump of the walk is from =

to xgg) (n) is given by

exp (aNEmg)(nD exp (aNEm%;)(n))
Z exp (anEy) exp (aNEng>(n)) + z exp (anEy)
Yy~x

S5
y~z,y#el) (n)

Recall that ay > 1 and ay < av/2log N. Since xs\f)(n) is a deep trap, the numerator
above is larger than exp (\/ 2eN(1+ 0(1))), while the sum appearing in the denomi-
nator has no more than N terms, each of them being smaller than exp (2v/2alog N)

on the event that
max F, <24/logN.

zz;cg\f)(n)

Using Lemma 9.12, we can thus conclude that with probability tending to 1, the
walk jumps to xgg) (n) right after having discovered it. The total time spent on any
site is an exponential random variable whose parameter is at least IV, so this jump

occurs fast enough to ensure that Proposition 9.11 holds. (]

10. THE GREEN FUNCTION AT THE ORIGIN

Let us write P° = P[ - | Ty, > 6By], and Py = P°P§". The purpose of this
section is to prove the following result.

Theorem 10.1. Under the measure P°, the random variable N*¢(an)? Gn(Tn)
converges to 1 in probability, where we recall that ¢ is the function introduced in
(2.5).

The idea of the proof consists in (1) computing the expected time the walk spends
on the origin before exiting its 1-neighbourhood, and (2) showing that once the walk
has exited the 1-neighbourhood of the origin, it will not come back to it sufficiently
fast to be accounted in G (ty). The most technical part is (2), which is achieved
in two main steps. In the first step (Proposition 10.6), we show that there exists
¢ > 0 such that with probability tending to 1, the walk does not come back to the
origin up to time N¢~1. In the second step, we rely on Proposition 3.5 to justify
that the walk will not come back to the origin soon enough after N¢~!. This is
slightly delicate, since the statement in Proposition 3.5 is averaged over [P, while we
consider here an average over P°.

For any n € N, we let H,, = inf{t > 0: |X; — Xo| = n}.

Lemma 10.2. Under PV, the total time spent at the initial position up to Hy:

H»>
/ 1x.-x, ds
0
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follows an exponential distribution with parameter

E eaNEy E eaNEz

- , y~x Y, 2FT
(10.1) N ey e By
y~T
§ eaNEy eaNE:r, + E eaNEz
y~z zvy, 2 AT

Proof. Under PV, the walk stays at the origin an exponential time of parameter

eaNEI E eaNEy.

y~z

Then it jumps to some y ~ x with probability proportional to e®~®v. The fraction
in (10.1) is thus the probability that the walk hits a point at distance 2 from x
before returning to x. The result then follows from these observations. O

Proposition 10.3. Recall that we assume @ < 1/20. For any € > 0, we have

(10.2) P> e N e By = (14£6)N?¢(an)?| =1—o(N7?).
x~0 y~x,y7#0

Remark 10.4. For the purpose of this section, it would be sufficient to show that
the probability in the left-hand side of (10.2) tends to 1 as N tends to infinity. The
quantitative estimate given here will prove important in the next section.

Proof of Proposition 10.3. We first prove that for any ¢ > 0,

(10.3) P [Z P — (1+e)Neglan)| =1—o(N73),
xz~0

and we do so by a computation of moments. We write y n(z) for e~ Pz —E[et~Fe] =

eWF: — g(ay). For any integer m, we have

E (Z XN($)> "

x~0

(10.4) - Z E [xn(21) - xn (22m)]

Z1yeeyT2m~0

2m
= Z Z 061,---,Ek, Z ]E[XN(yl)€1 XN(yk)ek]

k=1ei+--+epr=2m Y1, Y ~0
e; =1 YiFYj

The last equality is obtained in the following way. For every sequence (21, ..., Zam),
we let k be the cardinality of {x1, ..., zam}, and write this set as {y1,...,yr}, where
the y;’s are pairwise distinct. Then e; (> 1) is the number of occurrences of y;
in the sequence (z1,...,22y,). It is an interesting combinatorial exercise to see
that the coefficient C¢, . ., appearing in the formula is the multinomial coefficient
associated with (eq,...,e) divided by k!, but the only important thing for us is
that this coefficient does not depend on N. Since (xn(x))z~0 are independent
and centred random variables, the expectation E [xn(y1)®* - - xn(yx)*] vanishes
as soon as one of the e;’s is equal to 1. Hence, up to a constant (depending only on
m), the left-hand side of (10.4) is bounded by

m k
> > > TELw)]l

k=1 ei+---+ex=2m y1,...,yx~0 i=1
€;>2 YiFY;j




34 PIERRE MATHIEU, JEAN-CHRISTOPHE MOURRAT

Up to a constant, the quantity above is bounded by

k
Zm: Z NkH¢(aNei) < Qmi Z N¥exp (Cﬁvzeg> ;
k=1 e1+---+er=2m i=1 k=1 e1+---+er=2m 2

€;>2 €; 22

where we used the fact that ¢(\) < 26X /2 (see (2.5)). Since the square function is
convex and takes value 0 at 0, we have

k 2
Ze? < (ZQ) = 4m?2.

i=1 =1

We have thus shown that for any m, there exists a constant C' such that

2m
E <Z XN($)> < CN™exp (2a3m?) .

z~0

Choosing m = 4 and recalling that @ < 1/20, we obtain

E (Z xw)) = o(N?).

z~0

An application of Chebyshev’s inequality then proves (10.3).
For any ¢ > 0, we consider the event formed by the conjunction of

Z e™Ee — (1 +e)No(ay)
z~0
and for any x ~ 0,
> P = (1+e)Ng(an).
y~x,y#0

It follows from (10.3) that this event has probability at least 1 — o(N~2). On this
event, we have

Z e Es Z eNEy = (1 £)2N%¢p(an)?,

xz~0 y~x,y7#0
and thus the result is proved. O
Remark 10.5. Although the proof makes it transparent that the condition @ < 1/20

is not really necessary, one can convince oneself that Proposition 10.3 does not hold
for every @ < 1.

Proposition 10.6. Let ( > 0, and let Ay be the event
(10.5) inf{t > Hy : |X; — Xo| <1} > Hy + N1
Recall that we assume @ < 1/20. If ¢ is sufficiently small, then

Py [2n] —— 1.
N—oco

Remark 10.7. Recall that | - | denotes the Hamming distance on the hypercube. By
a slight abuse of notation, we will simply write |z| instead of |z — 0|, when x € Vi.

Proof. We will first show that with probability tending to 1, the walk starting from
time Hj keeps going away from the origin at least up to distance N'/4. We then
show that a good proportion of these steps take time at least N 1757, thus justifying
that on this event, the walk has not returned to the 1-neighbourhood of the origin
up to time N—3/475¢_ This will prove the proposition since we assume @ < 1/20.
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We begin by introducing (Y,,),>2 the discrete-time walk that records the suc-
cessive positions of (X;)¢>m,. The indexation is chosen so that Y, is at distance 2
from the origin (that is, Y| = 2).

We also introduce a slightly modified version of the exploration process. This new
exploration process, that we denote by T1,To, ..., is obtained from the original one
by suppressing all sites belonging to {z : |z| < 2}. Note that each step of Y gives
rise to a (possibly empty) set of newly discovered sites (for this modified exploration
process). For n > 2, we write X, for the set of sites thus discovered by Y at
(discrete) time n (see Figure 10.1). For n € {1,2}, we also define

X, ={x€Vy:|z|=n}

Under P}, the distribution of ¥ up to time n does not depend on (B )i, 1
and therefore the latter is a family of independent random variables distributed as
N4(0,1), independent of (Efz‘)z‘EUk( 7, (this is the same argument as in Proposi-
tion 4.1). N

Finally, for n > 2, we let

Xopp1={z€Vn:|z|=n+1land =z~ Xy, }.

In words, to form &), y1, one waits until the first time the random walk visits
a point at distance n from the origin, and then collects all neighbouring points
that are at distance n 4 1 from the origin. The successive sets X3, Xy, ... can be
seen as yet another exploration process, this one being very far from ultimately
covering the whole graph. Again, under F;’v, the distribution of (X;):<pm, does
not depend on (E;)zcx, ., and the latter is thus a family of independent random
variables distributed as AV} (0, 1), and is independent of (EI)EGngn x,.- Note that
for 2 < n < N, we have | X, 11| = N — n (see Figure 10.1).

Let Ay (n) be the event defined to be the conjunction of the event |Y,,| =n and
of the event

(10.6) max By, v € ) Xj g <2¢/2logN.

1<k<n
We now prove by induction on n that if (N is large enough and) 2 < n < N'/4, then
(10.7) Py [2n(n)] =1 —nN3/4,
We start by checking that such is the case for n = 2. The walk always satisfies
|Y 5| = 2, so we only need to bound the probability of the event

max{Ex, r € X, UTQ} < 24/2log N.

Noting that |X; UX3| = N(N +1)/2 and using (5.4), we can bound this probability
from below by

N(N+1)/2

=(1-N"" =1

(1= e Cevamem2) M2 1+ 0(1)),

1
~ e
and this justifies the base case of the induction.
Let 2 <n < N'Y* and assume that (10.7) holds. It suffices to check that
(10.8) Py [A%(n+1) | An(n)] < N5T3/4)

where we write 2%, (n + 1) for the complement of 2y (n + 1). The probability on
the left-hand side above is smaller than the sum of

max F, > 2y/2logN | An(n)

zEX 41

(10.9) Py
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0__ rz=0
L {d ) =%,
21 { Ié o o o } =X
30 _d s N -
o*__k{LL'l i) xN_2}2X3:X3 (‘X3|:N—2)
4 1 _ i __
' {zy" Y, Ton—s } =Xy =Xy (|Xy] =N -3)
distance to
the origin

FIGURE 10.1. A schematic representation of a neighbourhood of the
origin (on top). All points on one level are at the same distance from
the origin. The black dots denote the sites visited by the random walk
starting from time Ho, indexed by Y3,Y3,Y4. Although the drawing
(with only the solid edges) looks like a tree, note that the further one
goes away from the origin, the more there are edges destroying the tree
structure, as exemplified by the dotted edges. For instance, any point
on level 3 should be connected to 3 vertices on level 2. By construction,
X3 contains exactly N — 2 sites, all at distance 3 from the origin, and is
equal to X53. Note that Xy = Xsisa consequence of the fact that in the
example, |Y3| = 3. Although on the example, since |Y4| = 4, we have
Xs C X5 (not drawn on the picture), these two sets are not equal, since
the grey dot on level 3 belongs to X's but not to X5 (every point of Xs
being on level 5).

and
(10.10) Py [[Vigal #n+1] An(n)] .
Since (Eg),c7,,, is independent of Ay (n), we can proceed as on the base case of

this induction and show that the probability in (10.9) is O(N~3). We now consider
the probability in (10.10). Recall that Y chooses to jump to a neighbouring site
x with probability proportional to e¥¥=. On the event |Y,| =n, Y, has N —n
neighbours at level (n+ 1) (the elements of A}, 1), and n other neighbours belonging
to ngn Xj,. Since the energy on any site is always positive, on the event Ay (n),

the probability that |Y,, 41| = n + 1 is at least
N-—n

(10.11) N e VIR

Since we assume n < N%/* and ay < @/2log N, the quantity above is larger than

N/2
N/2 + N1/4+4a

This justifies (10.8), and thus completes the proof of (10.7).

(10.12) =1-2N*3/4(1 4 0(1)).
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It follows from (10.7) that with probability tending to 1, the event 2x (N'/4) is
realized. We now explain why the walk cannot run its first N/ steps too fast.

First, we recall that under Py, the values (Ey)zcx,: (Ee)acxss-- - (Ba)zean
form a family of independent random variables distributed as Ay (0,1). Since
|Xpi1| < N and E[e®~E=] = ¢(ay) < 2¢%¥/2, Chebyshev’s inequality guarantees
that if 3 < k < N, then

— 1
]PN [Z eCLNEz > 4N€a?\’/2‘| < 5
T E Xy

By independence, a classical large deviation estimate guarantees that the @?\/'
probability that

(1013) ’{k < N1/4 . Z eaNEx < 4Nea?\,/2}
TEX)

N1/4
2 -
4

tends to 1 as N tends to infinity. Let us write 2’y for the event that both 2 (N1/4)
and the event displayed in (10.13) are satisfied. By (10.7), we thus have
(10.14) Py [2y] —— 1.
N—o0

Let v = (Yn)a<n<ni/a be a path. We write Y = v to denote the event that for
any n, 2 <n < N4 we have Y,, = ,. In a given environment Ty, the event Ay
depends only on (Y,)o<,<ni/4- Let T(Ty) be the set of paths v such that in the
environment Ty and on Y =+, the event 2y is realized.

We now fix some v € I'(ty). Conditionally on Y = ~, the waiting times of
the continuous-time walk X on the successive sites (Vn)a<n<ni/4 are independent
exponential random variables with respective parameter

(10.15) et Em N ean e
T~
On Y =+, the event 2y is realized, and in particular:

o the set {z : z ~ ~,} is partitioned into the N — n sites that belong to X,41
on one hand, and the n < N1/4 sites that belong to some X, for some k < n
on the other;

e the site v, itself belongs to X}, for some k < n;

e The events (10.6), (10.13) hold, and + does not visit the origin.

These observations enable to bound the parameter in (10.15) by

eQaN\/QlogN E eCLNEz +N1/462aN\/210gN

TEX 41

)

and for at least N'/%/4 of these n’s, the latter is smaller than

eQaN\/m <4N€ai’/2 +N1/462aN\/W) g N4E <4N1+E2 +N1/4+4E> .

To sum up, under the measure PV and conditionally on the event Y = ~, the
total time it takes for the continuous-time walk X to travel through v stochastically
dominates a sum of N1/4 /4 independent exponential random variables of parameter
bounded by 5N1+43+@° With probability tending to 1 (uniformly over Ty and
v € T'(ty)), this sum is larger than N=3/4+52_ Since we assume @ < 1/20, there
exists ¢ > 0 such that —3/4 + 5a = —1 + . In particular, we have shown that,
uniformly over Ty,

(10.16) inf PRy |Y =1 ——1

Yyl (TN) N—oo
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Moreover,
PiVRyvnAy] = ) PIVRy, V=1
~El(tN)
= Y PRy [V =q] PR Y =4
~yel(tn)

From (10.16), it thus follows that for any N large enough, uniformly over Ty,

Po™ [Ry N Ay (1+0(1) > PEV[Y =4
~vEl(TN)
= (1+o0(1)PgV[Ay].

Integrating with respect to P° and using (10.14), we obtain the desired result. O

Remark 10.8. There are many ways to improve the proof of Proposition 10.6 so
that it covers higher values of @. Yet, we now explain why a simple optimization of
exponents cannot cover every @ < 1. Let & be an exponent such that with probability
tending to 1, the event |Y ye¢| = N¢ occurs with probability tending to 1. We have
seen in the proof of Proposition 10.6 that for @ small enough, one can take £ = 1/4.
Yet, as @ is taken closer and closer to 1 (and fixing ay = @+/21og N), the exponent &
must approach 0, while the time spent on a site during the descent is an exponential
random variable with parameter of order at least N¢(ay) ~ N 14+ That is, the
total time spent on the full descent is of order no more than N~¢ with  approaching
2 as @ is taken closer and closer to 1.

Lemma 10.9. Let ¢ € (0,1). There exists a measurable Q7 C Qp such that P [Qy]
tends to 1 as N tends to infinity, and moreover, for any Ty € Qy,

(10.17) Vo~ 0, PIV [3t: NP <t < N3 1 [Xy] < 1] < exp(—N¢/2).
Proof. Proposition 3.5 (or more precisely, inequality (3.3)) ensures that for any

z € Vi,

EEZY

2

14 exp (—2N<_1) o
N¢-1 ’

N3+1
/ 1x, <1 dt] < (N+1)(N3+1)<

which, for N sufficiently large, is smaller than exp(—N¢/2). By a union bound and
Chebyshev’s inequality, the P-probability that

(10.18) 3z~ 0: EIN

N341
/C 1|Xt|<1 dt >exp(—NC/4)
N¢-1

tends to 0 as IV tends to infinity. We now argue that the probability appearing on
the left-hand side of (10.18) is, up to some power of N, an upper bound for the
probability in (10.17). More precisely, let us write

Hy =inf{t > N1 |X;| < 1},

and observe that

N3+1 I N3+1
E;N / I\Xt\gl dt 2 E:;N 1HN<N3/ 1|Xt|<1 dt

N¢—1 N¢—1

I Hy+1
> E;N 1HN§N3/ 1Xt=XHN dt
L HN
1
(10.19) > E7Y |luyens EX) U 1x,—x, dt”.

L 0
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where we applied the Markov property at time Hy in the last step. The total time
spent on site y € Vi is an exponential random variable with parameter

T,y = eV Z etV E=
z~y
Note that
E[Ty,] = No(an)® < 2N (7108 N)? = oN1+27,
In particular, since we assume a < 1, the P-probability that

(10.20) Vys.t. |yl <1, Ty, < N°

tends to 1 as N tends to infinity. We define )y as the set where the event displayed
in (10.20) and the complement of the event displayed in (10.18) hold. We have seen
that P[] tends to 1 as N tends to infinity. For Ty € )y, we have

1

1
Yy s.t. |yl <1, BTN 1x,—x, dt| > —.
Yys ‘yl Yy |:/0 Xi=Xo :| IN5

In view of (10.19), it thus follows that

N3+1
/ Lix, <1 dt
N¢-1

PIN[Hy < N7

P
2N5

TN
Em

Using also the fact that when tx € 0, the complement of the event displayed in
(10.18) holds, we obtain that for any = =~ 0,

PIV[Hy < N%| < 2N° exp(—N¢/4),
and this finishes the proof. O

Proof of Theorem 10.1. Let us write

én(1)
{= / ]-Xt:0 dta
0

where we recall that éx (1) is an exponential random variable of parameter 1/N?,
independent of everything else. It follows from (9.1) that

Gn(tv) =Eg™ [0,
Since £ is the total time spent at a point by a certain transient Markov chain (the
chain X with killing parameter 1/N?), we have in fact that under P§", the random

variable ¢ follows an exponential distribution with mean G (ty).
We decompose Eg™ [{] as

HQ EN(l)
/ 1Xt:0 dt / 1Xt:0 de| .
0 Hoy

Our first step is to show that the second term in this sum is small. Note that it may
be negative, since it may happen that Hy > én(1). We bound its absolute value by

(10.21) Eg~ +EZY

(10.22) EXN [Hy, Hy > én(1)] +EZY

én(1)
/ 1x,—o dt, Hy <eén(1)].
H>

The random variable Hs can be decomposed as the time spent on the origin before
reaching level 2, say Héo), plus the time spent at level 1 before reaching level 2,
say Hg(l). The random variable Héo) follows an exponential distribution whose
parameter is displayed in (10.1) (with z = 0), and takes the form
AB
A+B’
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where
A — Z N (Bo+By) 5 N
y~0
and
B — Z Z eV (Ey+E2) > N
y~0 zroy, 270

As a consequence, we have
AB > N(A+B)/2,

which implies that H. 2(0) is dominated by an exponential random variable of parameter
N/2. As for Hg(l)7 at any site at distance 1 from the origin, the walk may jump

at distance 2 with a transition rate at least (N — 1). Hence, Hz(l) is dominated by
an exponential random variable of parameter (N — 1). The first term in (10.22) is

smaller than
B¢~ [H3])PPEY [Hy > en(1)]?,

and this is exponentially small in N (uniformly over Ty) by the above observations,
since

PN [Hy > én(1)] < PEN [Hy > 1] + PIN [1 < én(1)].

We now turn to the second term appearing in (10.22). Recalling the definition
of Ay given in (10.5), we define Ay as the conjunction of Ay, Hy < éx(1) and
én(1) < N3. By Proposition 10.6 and the above observations, we know that

B [By] —o1
N—oc0

It thus follows from Chebyshev’s inequality that there exists a sequence ey tending
to 0 and such that

P° [PSN [él?\f} > €N:| < en

(indeed, it suffices to take €%, = @?\, [ﬁlN} ). From now on, we only consider environ-

ments Ty such that
(10.23) PyY (35| <ew.

We rewrite the second term appearing in (10.22) as

(10.24) EZ~

en (1)
/ 1x,—0 dt, Hy < én(1)
H>

én(1) B
/ 1Xt:O dt7 QlN
Ho>

— ESN + ESN .

éN(l) B
/ 1x,—o dt, Hy < én(1), A
Ho

The second term in the right-hand side above is bounded by

i [n 8] <m0 ey [35]
N——

by the Cauchy-Schwarz inequality. Since ¢ is an exponential random variable of
parameter Gy (Ty), the quantity underbraced above is equal to /2 Gy (Ty). Since
we also focus on environments such that (10.23) holds, we thus have

én(1) -
/ 1x,-0 dt, Hy < én(1), AN | < vV2en Gn(TN).

H>

(10.25)  0<EI™
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We now consider the first term in the right-hand side of (10.24). By the definition
of the event 2y, this term is (positive and) smaller than

N3
/ 1x,—0 dt, Ay

H2+NC71

N
EO

By the Markov property at time Ho, this is smaller than

N3
/ 1Xt:O dt7 ﬁN

N¢-1

(10.26) E;~

)

TN
EXHZ

where we wrote Ay for the event
inf{t >0:|X,| <1} > N1
Since Xy, is at distance 2 from the origin, the quantity in (10.26) is bounded by

NS
/ 1x,—0 dt, Ay
N¢—1

(1027) > EV

z:|z|=2

<N Y PRy {QLN and 3t s.t. N1 <t < N3 |X)| <1
z:|z|=2
The crucial point of our argument is that the event underbraced above does not
depend on Ty,. Indeed, it is a function of the trajectory up to hitting the 1-
neighbourhood of 0, and this does not depend on Ty . Let us write

Q% = {tn : Ity s.t. Ty and Ty are equal outside of 0 and moreover, Ty € Uy},

where Q' is given by Lemma 10.9. The probability P° [Q2%] tends to 1 as N tends
to infinity. For any tx € Q%, there exists Ty € @y that agrees with Ty outside
of 0. For such Ty and T)y, we have

PIV [Ay and Jtst. NH <t < N2 X, < 1]
=PI¥ [y and It s.t. NS <t < N3 |X, < 1],

and the right-hand side is smaller than exp(—N¢/?) for any = ~ 0 by Lemma 10.9.
As a consequence, the left-hand side of (10.27), and thus also the first term in the
right-hand side of (10.24), is smaller than exp(—N¢/?) for all N sufficiently large,
provided T € QY.

To sum up, we have shown that there exists Qx such that P° @N] tends to 1 as
N tends to infinity, and moreover, for any Tx € Qu,

H>
/ 1x,—o dt
0

where ¢ > 0 and we recall that limey = 0. To conclude, it thus suffices to see that
for any e > 0, there exists 2%, such that P° [Q2%] tends to 1 as N tends to infinity,
and moreover, for any tTn € QF,

(10.28) |Gy (ty) — EZY < e N V2enGn (Ty)+exp(— N4,

(10.29) ETY

Ho
/ 1x,—0 dt] = (1+£e) N 2p(ay) >
0

as soon as N is sufficiently large. Indeed, showing (10.29) is sufficient in view of
(10.28) since

N_2¢(GN)_2 2 N—2 (ealog]\f)_2 > ]\7—47

which is much larger than exp(—N¢/4). By Lemma 10.2, the left-hand side of (10.29)
is equal to the inverse of the quantity in (10.1) taken for z = 0. By Proposition 10.3,
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there exists Q% such that P° [Q%] tends to 1 as N tends to infinity, and moreover,
for any Ty € Y,

(10.30) Ty, = 6By and Z eV e Z By — (14+6)N2¢(an)?,
z~0 y~x,y#0

since the second condition does not involve Ty . Under the conditions displayed in
(10.30), the parameter in (10.1), taken for = 0, is equal to

(1+¢e)N%p(an)?

10.31) e~ Fo an By
( ) e ;)e eanto 37 e NEv + (1 £e)N2gp(an)?

eaNEO Zy,\,o eaNEy
eanBo 37 oeiNEu 4+ (1+£e)N2gp(an)?
Recalling that By = exp(ﬁx/ﬁb]v) and by ~ V2eN, it comes that if Ty, =
exp(BV/NEy) > By, then it must be that Ey > N'/%. Since ay > 1, we also have

exp(anFEp) > exp(N'/4). Consequently, the fraction appearing in the right-hand
side of (10.31) tends to 1 as N tends to infinity, and this completes the proof. O

= (1+¢)N?¢(an)?

11. THE GREEN FUNCTION AT THE DEEP TRAP

The purpose of this section is to show the following theorem.

Theorem 11.1. Under the measure Py, the random variable N2¢(ay)? GN(TE\(;)(I))
converges to 1 in probability.

What Theorem 9.1 says about G N(ng)(l)) is that its size-biased distribution is
the distribution of Gy (Tx) under P°. In the previous section, we characterized the
latter distribution. Knowing the size-bias of a distribution is however not sufficient
to characterize it in general. Indeed, consider that any non-identically zero Bernoulli
random variable has the constant 1 as its size-biased distribution. As we will now see,
in order to conclude, it suffices to show that Gy (ng) (1)) cannot take values smaller
than ¢cN~2¢(an)~2 for some ¢ > 0. This is the content of the next proposition.

Proposition 11.2. We have
Py [N2¢(CLN)ZGN(EE\?(1)) =2 1/2} N L
—>00

Proof. The quantity G N(ng)(l)) is bounded from below by the inverse of the

parameter displayed in (10.1) with z replaced by x%)(l). Moreover, since :cgg)(l)

is a deep trap, we have EI(5>(1) > N'/%, Reasoning as in (10.31) and the few lines
N

below, we see that in order to prove Proposition 11.2, it suffices to show that

) B anEx anEy < o N2 2 _
(11.1) Py | > e oo <2N¢(an)?| ——1

a~alY (1) y~a ey (1)
We will prove (11.1) with the same technique as the one used to prove Lemma 9.12.
Let € € (0,1), and

Wy ={z € Vn:|z| <2}
We say that a site z € Vi is atypical if both
TN, 2 0BNn

and

(11.2) D emnFe N eovEy £ (14 6)N2¢(an)’

T~z Y~T,YF£Z
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hold (where we write a # (1 + )b to mean that there exists no c such that |c| < e
and a = (1 + ¢)b). We say that z € Viy is uncommon if
37 : 2 € 2+ Wy and 72’ is atypical.
For " C Vi, we say that z is uncommon regardless of T if
A ez+ Wy, (7 +Wpn)NT =& and 2’ is atypical.
In order to show that (11.1) holds, it suffices to show that

NOIE .
Py [IN (1) is atypical o 0.

As in the proof of Lemma 9.12, if wg\‘?) (n) is atypical, then there must exist k < 7*1(3) (n)
such that xy, is uncommon regardless of {z1, ..., x_1}. We recall that the probability
in (9.28) can be made arbitrarily small if C, is taken large enough. It thus suffices
to show that

Py [m%)(n) is atypical, 7\ (n) < C’,.dN}
tends to 0 with N. This probability is bounded by
Crdn
Z Py [z is uncommon regardless of {x1,...,zx_1}].
k=1
Every summand is bounded by P[0 is uncommon], which itself is smaller than
(11.3) |Wn| P[0 is atypical] = [Wn| Pltn,0 = 6By] P[(11.2) holds with z = 0].
The conclusion follows since dyP [Ty, > dBn]| converges to a constant, |Wy| =
O(N?), while the last probability in (11.3) is o(N~2) by Proposition 10.3. O
Proof of Theorem 11.1. Let A be a measurable subset of [1/2, +00), and define
1
1 .
2N2¢(GN)2GN(TN) N2¢(an)?Gn(TN)EA

We have ||hn|loo < 1. Let € > 0. We learn from Theorem 9.1 that for any M large
enough and any N large enough,

hN(TN) =

(114) By [owGn)P (1), €] = 2 B[ (0) [ o > 0Bx] £).

dn
Moreover, if M is chosen sufficiently large, then for any N large enough, we have
(11.5) Py [EN] >1—¢,

as follows from Propositions 7.1 and 9.11. From now on, we fix M such that this
and identity (11.4) hold. Identity (11.4) can be rewritten as

(116) By [N26(an)?Gu(ry (1)) € 4, ]

= N2¢(GN)2% (EO [(J\72<Z5(<1N)2GN(’5N))71 1N2¢(ZIN)2GN(TN)€A:| + 25) :

We first choose A = [1/2,+00). In this case, we know from (11.5) and Proposi-
tion 11.2 that the left-hand side is equal to (1 &£ 2¢) for all large enough N. On the
other hand, the expectation on the right-hand side converges to 1 by Theorem 10.1,
since the integrand is bounded by 2. We thus get that for any IV large enough,

ty 14 2¢
N? 2= = :
olan) gy T i
Since this holds for arbitrary € > 0, we have shown that
t
(11.7) N2play)?-X — 1.

dN N—o0
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Using this information, we can rewrite (11.6) as
P [N20(an)?Gu (e (1) € 4, )]

= (1 + 8) (EO |:(N2¢(CLN)2GN(TN))_1 1N2¢(GN)2GN(TN)€A:| + 26) .

We now choose A = [1 —n,1+ n]. In this case, the expectation in the right-hand
side above still converges to 1 by Theorem 10.1. Hence,

P [N2(an) G (TR (1) € [1 = n,1+ 1), €N = (1%2)(1 % 3¢),
Using also (11.5), we thus obtain that for any N large enough,
Py [N%(aN)QGN(Tgé)u)) EMl—ml+ n]} — (1+e)(1£3) £e.
Since this holds for arbitrary ¢ > 0, we have shown that
P [N2(an)*Gn (e (1) € [1 = .1+ —— 1.

N—o00

The parameter 77 > 0 being arbitrary, this completes the proof of Theorem 11.1. O

As a by-product, we also proved (11.7), which we restate as a proposition for
later usage.

Proposition 11.3. We have

(11.8) f—j: ~ N?¢(an)? (N — o0).

12. HANDLING SEVERAL TRAPS

What we have achieved up to now is a thorough understanding of the asymptotic
behaviour of certain quantities associated with the first deep trap visited, and most
importantly, of the behaviour of the Green function at this location.

The purpose of this section is to show that from this information, we can infer
the asymptotic joint behaviour of all the relevant quantities at all the deep traps
visited, namely: the time it takes to find them, their depths, the value of the Green
function there, and the total time actually spent on the sites. In order to do so, we
use again the times introduced in (9.4) and (9.5), which we can slightly simplify
by taking M = oco. In particular, we have T (1) = T](\f)(l). For values of n other
than 1, it is not true in general that TR (n) = T](f)(n): the difference is that T](\;s)(Q)
is the time when we discover a second deep trap, while Tx°(2) is the time for the
process to discover a first deep trap, then wait €y (1), then wait a strong stationary
time, and then come at distance 1 to a deep trap again (possibly the same as the
first). The interest of these times is that they carry a lot of independence, as given
by Proposition 9.4.

We define 239 (n) as the deep trap discovered at time TR (n) (with some tie-
breaking rule if multiple deep traps are simultaneously discovered). We write T3¢ (n)
for the environment around site 237 (n), that is, T3 (n) = O (n) TN-

Proposition 12.1. Under the measure Py and for every n, N2¢(an)? Gy (T3 (n))

converges to 1 in probability.

Proof. We know from Proposition 9.4 that the random variables (T3¢ (n)),en are
independent and identically distributed under P~ . In particular, for every € > 0
and every n,

PV [N?¢(ay)? Gy(tX(n) € [1 —e,1+¢]]
=PIV [N?¢(an)® Gy (tF(1) €1 —€,1+¢]].
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Recall that T (1) = ng)(l). Taking E-expectation above and using Theorem 11.1,
we obtain the result. O

Recall that 7—[53) (n) is the event that xgg) (n) is visited during the time interval
[T](f)(n), TI(\?) (n) + NJ. For a time interval I, we say that = is seen during I if there
exists s € I such that | X, — 2| < 1. This differs slightly from the notion of being
discovered during [ in that it may happen that a point is seen during I, but had
already been discovered at a time prior to I.

For k € N, let .F](\js)(k) be the event defined as the conjunction of

for every n < k, H%)(n) holds, and moreover, during

12.1
| : (TJ(\;S)(”)v TJ(\?)(W) + N3], no deep trap is discovered ;
(12.2) for every n < k, the site xgg)(n) is not seen

during [0, 7% (k + D]\ [Ty (n), T3 (n) + N1,
Proposition 12.2. (1) For every k, we have

Py [f}j)(k)} — 1.

(2) For every k € N, with Py -probability tending to 1, we have 258 (n) = x%) (n)
for every n < k.
Proof. Tt was seen in Proposition 9.11 and Lemma 9.8 that the event described in

(12.1) has Py-probability tending to 1. We will show that for every n € N and every
M >0,

(12.3) Py [z (n) is not seen during [T (n) + N, TR (n) + Mty]] = 1.

Let us see why this would imply part (2) of the Proposition, and then part (1) as
well. First, outside of an event whose probability can be made as close to 0 as

desired, we can always assume that T](\f ) (k+1) < Mty, provided we choose M large
enough. Hence, (12.3) implies

(12.4) Py [x%(n) is not seen during [T (n) + N, TJ(\;S)(k + 1)]} e 1.

N—o0
Note that we always have x%)(l) =2P(1) and TR (1) = T](\}s)(l). Next, two things
could make sr:gg)(Z) and ¥ (2) different: (i) that a deep trap is discovered during
the time interval (T5°(1), TR°(1)] (this would define x§§> (2), but not = (2)) ; or
(ii) that the site wg\‘?)(l) is seen during the time (T%°(1), TJ(\;S)(2)] (this would define
% (2), but not x%?(?)). With probability tending to 1, we have
N < TR (1) - TR() < N,

so the Py-probability of the events described in (i)-(ii) tend to 0 as N tends to
infinity by (12.4) and the fact that the event in (12.1) has Py-probability tending
to 1. The reasoning can be continued to cover any n, and we obtain part (2) of the
proposition. Finally, part (2) and (12.4) ensure that indeed, the event in (12.2) has
P n-probability tending to 1 as well, and the proof is complete.

There remains to prove (12.3). In order to do so, we will need the following
lemma.

Lemma 12.3. We write t4 = max(¢,0). For every M >0 and x € Vy, we have

+oo
(12) B | [ e N 1 at

> PN [3s € [N,Mty]: Xs = 2% (n)] Gn (TR (n)).
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Proof of Lemma 12.3. Let
T=inf{s > N: X, =zF(n)}.
The left-hand side of (12.5) is larger than

+oo

E™Y [1T<MtN/ e*(thtN)+/N2 1Xt:£v}’v°(n) dt]
N

+o0
(1 2
> B3N [1T<MtN / e (t=TIN 1x, =23 () dt| .
T
Applying the Markov property at time 7, we obtain the result. O

For M > 0, we study the PI~-probability that the site 237 (n) is visited during
the time interval [T (n) + N, Ts°(n) + Mty]. Using the Markov property at time
T3 (n) and the Lemma at = X7 (,), we see that this probability is bounded by
the Ej¥-expectation of

—+o0
(126)  EW [ /N MM /NT g dt| (TR (n)

X1ge(m)
By Proposition 3.4, we know that the expectation in (12.6) is bounded by

/+OO o~ (t=Mty){ /N? 2N 42y dt < Mty + N? 42N,
N 2N
and the latter decays exponentially fast since log(ty) ~ €N with ¢ < log2. Note
that the bound thus obtained on the expectation in (12.6) holds uniformly over the
environment.

On the other hand, by Proposition 12.1, outside of an event whose Px-probability
tends to 0 with IV, we have

N2¢(an)*Gn (TR (n)) = 1/2.
Since N?¢(an)? < 2N2a%; grows sub-expoentially with N (recall (2.5) and (2.2)),

we have shown that

(12.7) Py [2%(n) is visited during [T5 (n) + N, TR (n) + Mty]] — 0.

N —oc0

We now explain how we can infer (12.3) from this. We begin by proceeding as in
the proof of Lemma 9.12 to show that

Py | max E, <2y/logN| —— 1.
2Rz 7 (n) N— o0

Since on the other hand, Eyn) = by, ~ V2EN, any visit to a neighbour of z% (n)

is followed (with probability close to 1) by a visit to 28 (n) itself shortly afterwards

(by a reasoning identical to the proof of Proposition 9.11), so that the probability

in (12.3) cannot be large if the one in (12.7) is close to 0. O

Proposition 12.4. Under the measure Py and for every n, N2¢(ay)? GN(T%) (n))
converges to 1 in probability.

Proof. This is a direct consequence of Proposition 12.1 and part (2) of Proposi-
tion 12.2. O

Recall that we write H](\f)(n) for the first time the site xg\(,;) (n) is visited, and that
we defined eg\?) (n) by the relation

1

HY (n)+2n (n)
/ | dt = Gy () () e (n).

X,=2{Q) (n
L) t
HY (n) N



AGING OF ASYMMETRIC DYNAMICS ON THE RANDOM ENERGY MODEL 47

Proposition 12.5. Under Py, the family of triples
_ s s - 5
(5 (TR () = TR (n = 1)), By Ty 01y €N (0))nen

jointly converges in distribution as N tends to infinity (where we let T](\}S) (0)=0).
Let us write

(12.8) (T (n) =T (n=1), T (n), e (n))nen

for limiting random variables, which we assume to be defined on the P-probability
space for convenience (these can be taken as an extension of those appearing in
Proposition 7.1, and we fix T](f)(O) = 0). Their joint distribution is described as
follows. The family of triples in (12.8) is a family of i.i.d. triples. Moreover, the
random variables T (1), T (1) and e (1) are themselves independent. Their
respective distributions are exponential of parameter §~%, the law displayed in (7.1),
and exponential of parameter 1.

Proof. We introduce a slight modification of the sequence of times (T'°(n))nen,
that we write (T (n))nen. They are constructed in the same way as the sequence
(TR (n))nen, except for the fact that Th (1) is the first time when a deep trap is
visited by the walk (instead of being simply discovered). More precisely, we let
Ty (0) =0,

T]/V(l) = inf{t TN, X, > (SBN}7

and then define recursively, for any n € N,
Ty(n) = Ty(n = 1) + Ty (1) 0 Oy 1,1y,

T (n) = Tr(n) + én(n) + Tn 0 Oy (n) e (n)-
We let 2y (n) be the deep trap visited at time T (n), Ty(n) = 027 (n) TN, and
e’y (n) be such that

Ty (n)+én(n) , .
/ 1Xt:$'N(n) dt = eN(n) GN(TN(TL)).
Ty (n)

As follows from Proposition 9.4, the family of triples
((T]/V(n) - T]I\T(n - 1)7 TN,z (n)> 6?\7(")))neN

is a family of i.i.d. triples under PIN. Moreover, the pair (T (n) — Th(n —
1), TN 2 (n)) is independent of €fy(n) under P{~. Indeed, conditionally on the
history of the walk up to time T4 (n), the random variable €’y (n) is simply an
exponential random variable of parameter 1 (the argument is the same as the one
in the paragraph below (9.27)). Note that from this argument, we also learn what
is the distribution of €’y (n).

For definiteness, let us look at the Fourier transform of the random variables
under consideration. By the above remarks, for every ty, every k € N and every
Ty Yn, 2n € R, we have

(12.9)
k
EIY |exp (Z (n) — T (n —1)) + iy, By TN, (n) + 12n e&(n))]
7k ) k
=E™ |exp Z tN (IT'n(n) —Ty(n—1)) + iy, By TNan))] H T =i
n=1 n=1 n
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We now argue that as N tends to infinity, the difference between
(12.10)

k
En |exp (Z ity (Ta(n) — Ta(n — 1)) + iy, By TN (n) T 12n e&(n))]
n=1
and
(12.11)
k
En |exp <Z izt (TN () = TN (0 = 1) + iy By Ty 00, + 820 € (n))]
n=1

tends to 0 as N tends to infinity. First, we have already seen several times that
the difference between Th (n — 1) and T4 (n — 1) is subexponential (to be precise,
it is smaller than N3 with probability tending to 1). So in (12.10), if we replace
Ti(n — 1) by T (n — 1), then the error made tends to 0 as N tends to infinity.
The first deep trap discovered is xgg)(l) and at time TJ(\?)(I). On the event Fu (k),
we know that xgg) (1) is actually visited during the time interval [TJ(\;S) (1), TJ(\?) (1)+N],

and that no other deep trap is discovered during this time interval, so mg\f) (1) = 2y (1).

On this event, the definitions of €’y (1) and 653)(1) actually coincide. Note also that
on this event, we have TI(\;S)(l) <TH(D) < TJ(\?)(I) + N. Proceeding as in the proof
of part (2) of Proposition 12.2; we can iterate this reasoning to subsequent sites,
and obtain that indeed the difference between (12.10) and (12.11) converges to 0 as
N tends to infinity.

In order to conclude, we want to take the E-expectation in (12.9) and identify
the right-hand side as the “correct answer”. Note that the limit of

k

i . —=1p(9) (6) ; -1

En lexp (Zl ixnty (T (n) — Ty’ (n—1)) + iy, By TN,OCE@(H))]
n=

as N tends to infinity is known and given by Proposition 7.1. By the fact that we can

replace xgé) (n) by zy(n) above, we obtain explicitly the limit of the E-expectation

of the right-hand side of (12.9), and this is also the limit of

)

k
En [exp (Zmntgﬁ(ﬂf)(n) — T (n= 1) + iy By Ty 0, + i e§3>(n)>

n=1

so the proof is complete. O

13. CONVERGENCE OF THE CLOCK PROCESS

In this section, we obtain the scaling limit of the clock process.

Theorem 13.1. Recall that we assume (2.2) with @ < 1/20, that (ty) satisfies
logty ~ N with ¢ € (0,log(2)), that dy is given by Theorem 5.1 (and satis-
fies (11.8)), that ¢, By and o are defined in (2.5), (6.3) and (6.5) respectively, and
that we assume o < 1. Let

t
(131) C(t) :/ TN, X, ds

0
be the clock process, and let Cn be its rescaled version, defined by
(13.2) Cn(t) = N2¢(CLN)2B;/1 C(tty).

Under Py, the rescaled clock process Cy converges in distribution, for the M
topology and as N tends to infinity, to the a-stable subordinator C whose Lévy
measure is given by

a dz

ZaJrl ?

I'a+1)
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where I' is Fuler’s Gamma function.

Remark 13.2. The M; topology is defined on the space of cad-lag functions, we
refer to [Wh, (3.3.4)] for a precise definition. Here, we understand the convergence
of processes defined on R, as the convergence of the restriction of the processes on
[0,¢t] for every ¢ > 0.

Remark 13.3. In Theorem 13.1, as in the next Theorem 14.1 on the convergence of
the age process, we impose two restrictions on the time scale, namely ¢ € (0, log(2))
and ¢ < 32/2, this last inequality being equivalent to the condition o < 1.

We note that we thus cover all possible time scales. Indeed, the convergence
of the clock process towards a subordinator can only hold on time scales that are
shorter than the equilibrium time. Let us see that this corresponds to the restriction
¢ <log(2) A B2/2.

Remember that we are considering a time ty such that log(ty) ~ ¢N. This
corresponds to looking at the process Z up to times of order By (on the exponential
scale), with log(By) ~ 3v/2EN.

On the one hand, by general facts on reversible Markov chains, we know that the
process Z has reached equilibrium for times larger than the inverse spectral gap.
As can be seen by adapting the arguments in [FIKP98|, the inverse spectral gap of
the dynamics we are considering here is of order exp(55.N), where 5. = /2log(2).
Imposing that By is smaller than exp(85./V) on the exponential scale leads to the
condition ¢ < log(2).

It turns out that the time needed for the dynamics to reach equilibrium when
started with the uniform law (as here) may be much shorter than the inverse spectral
gap in the high-temperature regime, and should then rather be estimated using
generalized Poincaré inequalities. Results in [Ma00] show that if 3 > 3., then Z is
indeed close to equilibrium by a time of order exp(8?N). (The dynamics considered
in [Ma00] is rather the RHT dynamics, but the argument readily generalizes to the
dynamics considered here as soon as we assume ay = o(v/N ), and in particular
under our present assumption (2.2).) Requiring that, on the exponential scale, By
is smaller than exp 82N is equivalent to assuming that ¢ < 32/2.

Let
() 2 21 [
CN (t) =N ¢(aN) BN / TNva]'TN,XS>6BN ds.
0

+o00
é — § é
eV (t) = N2o(an)? By TN (ny D (n) Gyt (n)) Lot 7 )
n=1

Proposition 13.4. For every T > 0, the M, distance on between the processes
Cz(\f) and CJ(\(,S) restricted to [0,T] converges to 0 in Py -probability.

Proof. The proof is similar to that of [Mol1, Proposition 6.3]. Let B&l be such that

(13.3) By' = N?¢(an)*By".

Let T > 0. We begin by showing that for every n < k, the M; distance between
_ ttn AT (k+1)

(13.4) 3;71/0 o Lo 45

and

(13.5) Byt 0 v (1) G (T (0) 1 v o

as processes defined on [0,77], tends to 0 in Py-probability. These two processes are
increasing. The second process is equal to 0 until time tfvlT ](\;S ) (n), when it jumps
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to the value

. @) @) L HY (m)+en ()
By T n o (1) Gt () = BN a0 [o) Lyi=a@ () 48
O(n

(recall that HJ(\‘,S)(n) is the first time the walk visits z%)(n)) We know from Propo-
sition 12.2 that with probability close to 1, the site xgg) (n) is not visited by the
walk during the time interval [0, T](\?)(k + 1))\ [TJ(\;S)(n), T](\?) (n) + N]. We know also
from Proposition 9.11 that with probability tending to 1, x%)(n) is indeed visited
by the walk during the time interval [T](\;s )(n), TJ(\;s )(n) + NJ. As a consequence, with

probability tending to 1, the process in (13.4) is 0 until time tX,IT](\f) (n), and then
is constant equal to

B TJ(\;S)(n)-i-N
BXIITN,:&;}S)(H)/ 1X (5)(n) ds

T](v’s)(n) sTEN
H® (n)+én(n)
" N N
= BN TN,xg\};)(n) ]'XS::cg\f)(n) ds

S5
HY (n)

for all times greater than ty' (Tz(\?) (n)+ N).

In words, we have argued that the two increasing processes in (13.4) and (13.5)
are with high probability equal at every time, except possibly during a time interval
whose length tX,lN tends to 0 as N tends to infinity. Moreover, by Proposition 12.5,
their final value is bounded in probability. These observations ensure that we can
construct a parametrization of the completed graphs of these processes, as defined
in [Wh, (3.3.3)], showing that the M; distance between the two processes tends to
0, provided we can guarantee that the interval where the two processes possibly
differ is far from the endpoints of the interval [0,7]. But this is so with high
probability, since we know that the limiting distribution of tfvl T](\f ) (n) has a density,
see Proposition 12.5.

From this observation, we obtain that the M; distance between

k ttn AT (k+1)
n—1
E BN / TN, X, 1X5:m(5)(n) ds
— 0 N
n=1

and
~ ; é 4
(13.6) By' Y T o () G (T () 10 1 g,
n=1

(as processes defined on [0, T]) converges to 0 in Py-probability. Proposition 12.2
ensures that with probability tending to 1, no other deep trap than (xgg) (n))ngk 18
visited up to time T](\;s )(k + 1). Hence, we obtain that the M; distance between

By

ten AT (k+1)
n—1
/ TN, X, 1TN,XS>5BN ds

0
and (13.6) converges to 0 as well. Now, in view of Proposition 12.5, this is sufficient,

since by choosing k very large, we can make the probability that ty" T,(f )(k +1)<T
as close to 0 as we wish. O



AGING OF ASYMMETRIC DYNAMICS ON THE RANDOM ENERGY MODEL 51

Proposition 13.5. Under Py, the process C’](\‘,S) converges in distribution, for the
M, topology and as N tends to infinity, to the process C'®) defined by

+oo
cOt) = 1D (n) e (n) Lizr6) (s
n=1

where the random variables
(T(n), T (n), e (n))nen
are distributed as in Proposition 12.5.

Proof. By Proposition 13.4, it suffices to study the convergence of CI(\?). The proof is
then identical to the proof of [Mol1, Proposition 7.5], so we only briefly mention the
argument. We use Skorokhod’s representation theorem, so that we can assume that
the convergence described in Proposition 12.5 is actually an almost sure convergence.
With this in hand, the convergence of the (Skorokhod representation of the) process

C](\‘,S) to the (Skorokhod representation of the) process C(®) for the M; topology easily
follows. O

Proof of Theorem 13.1. Let T' > 0. We begin by showing that

(13.7) limsupE

sup C'](\;s) — C’N‘
N—+o00

(0,7]

=0 (5 0).

The process C](\?) — C'y is increasing, and thus

(13.8) E |sup ’CJ(\?) - CN‘

[0,7]

Ttn
I
=By Enx / ™V, X, Loy x.<6By dS|
0

where we recall that By was defined in (13.3). Note that the integrand above is
simply a function of the environment viewed by the particle, which is stationary
under Py. The right-hand side of (13.8) is thus equal to

B&thN E [TN,O 1TN,025BN] .
Finally, note that by Proposition 11.3, we have
BgfltN ~ B&ldN.

Identity (13.7) then follows from (6.6).
We want to complete the following diagram

oY —— ¢®

N—oc0
! L @0
Cyn —— C,

N—o00

where each arrow represents convergence in distribution for the M; topology. Since
the uniform norm controls the M; distance, we have proved with (13.7) that the
convergence of CI(\?) to Cny holds uniformly in d. Proposition 13.5 ensures that C](\‘,s)
converges indeed to C(¥). In order to deduce the convergence of Cy to C (and thus
prove Theorem 13.1), what remains to be done (see [Bi, Theorem 4.2]) is thus simply

to show that C(®) —— C.
§—0

Let us thus proceed to prove this convergence. It is clear from its definition that
€ is a subordinator. Let 15(\) be the Laplace exponent of C) | defined by

E[e ¢ ] = e~ t¥s(),
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Using the definition of C(%)(¢), we obtain that
E[ef)\c(é)(t)] —1_ 6% + %E[ef)\e@)(l)-r(é)u)] + 0(152)7
and thus )
C2e® (1)
Ws(\) = = [1 _ et (1)] )

Given the definition of (e(®(1),7(%)(1)) (see Proposition 12.5), we can compute this
last quantity. It is equal to

1

5o Jyz0
z=20

ad®

—\ —
(1 —e™™)e yza+1

dy dz.
The §“ cancel out. We make the change of variables u = yz to obtain

+o00 o w/d
(1—e™) / y¥e ¥ dy du.
/u uetl y=0
—_——

=0

——T(a+1)
§—0

By the monotone convergence theorem, we thus obtain that ts(\) converges to

+oo _ «a

and this is indeed the Laplace exponent of C. We have thus shown that for every
t > 0, the Laplace transform of C(%)(¢) converges to the Laplace transform of C(t).
Since both processes are subordinators, this ensures convergence in the sense of
finite-dimensional distributions. Finally, for increasing processes, convergence of
finite-dimensional distributions imply convergence for the M; topology (this can
be seen directly from the definition, or using the tightness criterion for increasing
processes given in [Moll, Lemma 8.4]; in our case, we could also easily show that
the difference between C and C®) converges to 0 in probability for the supremum
norm). This finishes the proof. O

14. CONVERGENCE OF THE AGE PROCESS

We now discuss the convergence of the age process. In the next theorem as in
the next proofs, we use the following definitions. Let f be a cad-lag function. Its
inverse is defined as

U6 =mf{y : f(y) >t}
Let f be a continuous non-decreasing function. Then f’(¢) denotes the right
derivative of f at point ¢ (provided it exists).

Theorem 14.1. Recall the definitions and assumptions summarized in Theo-
rem 13.1. Let

(14.1) A(t) = TN,z

be the age process, and let Ay be its rescaled version, defined by
_ By

14.2 Ay(t)=ByA ([ t——— ).

) V0= 554 (1)

Under Py, the rescaled age process Ay converges in distribution, for the L1 10c
topology and as N tends to infinity.

The limiting process, say Z, may be constructed as follows: let T be an a-stable
subordinator, and let

t
vt:/ T, dY,,
0
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where (T})i>0 is an independent family of independent, mean 1, exponential random
variables. Let W = V™! be the inverse of V. Finally, define the process

Zt = th - thf.

In the sequel, we use the notation p(z) = Y(x) — T(z—). Note that Z is a
self-similar process of index 1. One checks that its law does not depend on the
choice of the a-stable subordinator T.

The following proof follows a similar strategy as in [FM14]. Recall that the
processes X and Z are connected through

Zy = Xo-1(1)

where C' is the clock process

t
C(t) :/ TN, X, ds.
0

Observe that
A(t) =C" o C1(1).

As in the proof of Theorem 13.1, we consider the rescaled version of the clock process
N ttn
CN(t)ZBgfl/ TN, X, ds
0

(Recall that By was defined in (13.3)). Note that
C~Y(Bnt) = tnCR (1),
and thus
An(t) = N7%¢(an) 7ty Cly 0 O () = BN Ty x (ex ot (1))

Also, as in the proof of theorem 13.1, we introduce truncated processes :

ttn
5 ~_
C](V)(t) = BNl/ TN,XS]‘TN,XS>5BN ds
0

and
) _ —_9, — ) I\ —
A () = N72p(an) "2 (CF) o (C) 71 (8);
“+ o0
5 ~_ ) 5
CN (1) = BN D Ty 01y e (1) O (TR () 1,1 g,

n=1

and

Ag\?) (t) = By't for ¢ such that (CJ(\(,S))*I(t) = tNlT](\?) (n).

The proof of the next proposition is similar to the proof of Proposition 13.4.

Nz (n)

Proposition 14.2. For every T > 0, the M; distance between the processes Agg)
and Ag\?) restricted to [0, T converges to 0 in Py -probability.

Proof. Let k > 1. Observe that on the event f](\?)(k), the two processes AS\(;) and

A%) take the same values (namely the sequence BIQLEN 2O (n)? forne{1,...,k})
TN

in the same order. The holding time at a trap mg\f)(n) is then

C’I(\‘,S) (t]_\,lH](\?) (n+1))— C’J(\‘,S) (t]_\,lHJ(\?) (n)) for the process AS\‘;), and
O (' TR (n+1)=) = C (TR (n)=) = By ey (n) Gx(x) (n))r
process .AES). On Fg)(k), these two quantities coincide. Therefore the two processes
Ag\‘;) and Ag\i) coincide on f](\?)(k) until time C](\‘,s) (t;VIH](\‘,;)(k +1)).

N () for the
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Proposition 12.2 implies that the Py-probability of F ](\? ) (k) tends to 1. Therefore
we also have that the M; distance between the processes (Agg)(t))

and (Agg) (t))tgcl(j)(t;lH}\f)(kH)) tends to 0.

Finally we argue that, by choosing k large, we can make the probability that
C](\?) (tfleJ(\f)(k +1)) < T as small as we want. On the one hand, the process C](\?)
has a limit in distribution, C(¥), which is described in Proposition 13.5 and satisfies
lim;_, oo C9(t) = +00. On the other hand, we observe that tg,lH](\?)(k‘ +1) is larger
than ty! T](\;s) (k+1) and that the limit in distribution of t" TJ(\?) (k+1), which we wrote
T (k + 1), was obtained in Proposition 12.5 and satisfies limy_, oo T (k + 1) =
+-00. O

t<C (et HY (k+1))

Next, we introduce truncated versions of the process Z: enumerate the set
{z>0: p(z) >} as

{>0: px)>dt={vi <va <...},

and let
Vs((s) = Z M(Ui) Ty, 520,

i=1,2,...;u; <s

where an empty sum equals 0. We consider the inverse of V(9 say W) and let
2 = p"), t=0.

Remark 14.3. The trajectories of the process Z() are easy to describe: Z() suc-
cessively takes the values p(vq), u(vs), ... with respective holding times p(v1)Ty,,
1(v2)To,, - ..

Proposition 14.4. Under Py, the process Agé) converges in distribution, for the

M, topology and as N tends to infinity, to the process Z(9).

Proof. By Proposition 14.2, it suffices to study the convergence of Ag\a,). We use
Skorokhod’s representation theorem, so that we can assume that the convergence
described in Proposition 12.5 is actually an almost sure convergence. With this in
hand, the convergence of the (Skorokhod representation of the) process Ag\?) to the
(Skorokhod representation of the) process Z () for the M; topology easily follows:
compare the description of the process Agg) in the proof of Proposition 14.2 with
the description of Z(°) in Remark 14.3. (|

Proof of Theorem 1/4.1. Recall that the space of trajectories is equipped with the
Ly 10c topology. Note that the M; is stronger so that Proposition 14.4 also holds for
the Ly ;0. topology.

Let T' > 0. Let us first show that, for any n > 0,

(14.3) limsup P

N—4oco

T
®) () _ -
| 1aQ0 - axwlae=a) o,

It will be convenient to consider the following process: let fls\?)(t) be given by
B&lTNJ, where z is the last deep trap visited by the process X(tNCK,l(.)) before
time ¢, with the convention Ag\‘;) (t) = 0 if no deep trap has been visited by time t¢.

On the one hand, we observe that both processes AS\(P and flg\f) take the same
values in the same order (namely the sequence of values of the successive deep traps

visited by X). The holding times differ: for AS\?), it is given by the occupation time
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ot
wt

of a deep trap; for /_153) it is given by the increment of the clock process C'y between

visits of deep traps. Thus we see that

T
/0 A9 (1) — AD (1)t

®) tn Oyt (T)
< 2By (suptne) Ky (T) Bﬁl/ TN X, Loy x.<6By ds,
0

where the sup is computed on the set of deep traps that have been visited by X
before time tyCy' (T) and K](\‘,;) (T) is the number of times Agg)(t) changes its value
before time tyC'y* (T).

(Let f and g be two functions defined on [0, 7] with values in a finite subset of
R,. Assume both f and g are piecewise constant, taking the values z1,...,xx in
that order and with respective sojourn times wy, ..., wg for f and (i, ...,k for g.
Assume (; > w; for all 5. Then f and g coincide except possibly on a set whose
Lebesgue measure is smaller than (¢; —w1)+ (¢ + ¢ —wa +wi) +... < K D, (¢G—w;).
Therefore the L, distance between f and g is bounded by 2sup, |;|K Y. (¢ — w;).)

Both Bx,l sup Ty, and KI(\(;) (T) are of order 1. To justify this last claim,
we let LS\?) (T') be the number of deep traps visited until time tNCK,I(T). On
the one hand, we already know that L%)(T) is of order 1. On the other hand
KJ(\?)(T)Ing’(T)gklfl‘\f)(k) = ng) (T)ngi)(T)gkl}‘ff)(k) for all k. As the probability

of }"](\f)(k) tends to 1, we deduce that K](\‘,s) (T') is of order 1 in probability.
As we already saw in the proof of (13.7), the expected value of

Ttn
—1
BN / TN, X, 1TN,XS<5BN ds
0

tends to 0. Thus we conclude that

(14.4) limsup P

T
/n|A%Nﬂ—uﬁ?@ﬂdt>n —0.
N—+o00 0 6—0

Let us now consider the difference Ay — Ag\‘;): these processes do not necessarily
take the same values, but they coincide when the process X is visiting a deep trap,
ie. Ay(t) = An(t) whenever An(t) > 6. Therefore

T
/}MN@—AQQWhg%T
0
Combining this with (14.4), we get (14.3).

To conclude the proof of Theorem 14.1, it then only remains to show that Z(®)
converges to Z as J tends to 0. This is elementary. (]
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