LOCAL VERSIONS OF SUM-OF-NORMS CLUSTERING
ALEXANDER DUNLAP AND JEAN-CHRISTOPHE MOURRAT

ABSTRACT. Sum-of-norms clustering is a convex optimization problem whose solution
can be used for the clustering of multivariate data. We propose and study a localized
version of this method, and show in particular that it can separate arbitrarily close balls
in the stochastic ball model. More precisely, we prove a quantitative bound on the error
incurred in the clustering of disjoint connected sets. Our bound is expressed in terms of
the number of datapoints and the localization length of the functional.

1. INTRODUCTION

1.1. Context and informal description of main result. Let zy,...,zxy € R? (d € N)
be a collection of points, which we think of as a dataset. We consider the clustering problem,
which is to find a partition of {x1,...,zx} that collects close-together points into the
same element of the partition. The problem of K-means clustering is to identify a global
minimizer of the functional
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over all (y1,...,yn) € (R such that the cardinality of the set {y1,...,yn} is at most K.
This minimization problem is known to be NP-hard in general, even when restricted to
K =2 |2| or d = 2 [21]. Practitioners typically resort to iterative search algorithms such
as Lloyd’s algorithm and its refinements |20, 28|, which at least identify local minimizers
of (1.1). However, these methods are known to perform poorly in some cases, as will be
discussed further below.

In this paper, we focus our attention on the “sum-of-norms clustering” method (also
known as “convex clustering shrinkage” or “Clusterpath”) introduced in [25, 16, 19]. This
method can be thought of as a convex relaxation of the K-means problem. It considers the
minimizer of the convex functional
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over (y1,...,yn) € (RN, for some nonincreasing “weight function” w. (Typical choices
include constant and exponential weights.) Here | - | denotes the Euclidean norm on R

The point ¥, is thought of as a “representative point” of the cluster to which z, belongs,
and thus x, and x,, are declared to be members of the same cluster if ¥,, = 4,,,. The first
term of (1.2) is designed to keep the representative point of a cluster close to the points in
that cluster (and so encouraging having many clusters), while the second term (called the
“fusion term”) is designed to encourage points to merge into fewer clusters, at least if they
are close together according to the weight function. The parameter A controls the relative
strength of these two effects.

The present work investigates an asymptotic regime of sum-of-norms clustering as the

number of datapoints becomes very large and the weight w is simultaneously scaled in a
1
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careful way. In order to do so, it is useful to specify a more explicit model for the dataset.
We assume that the datapoints x1,...,xn are independent and identically distributed.
Their common law p, a probability measure on R¢, is supported on the union of disjoint
closed sets U1, ...,Ur. These sets are not known to the practitioner. We would like z; and
z; to be in the same cluster if and only if they lie in the same set U for some £ € {1,..., L},
and so we seek a clustering algorithm that can guarantee this in the limit as N — oo.

The weight function we choose is w(r) := y4*1e™", where v > 0 is a parameter that can
be tuned with the number of datapoints N. Roughly speaking, our main result states that,
under modest assumptions, if we choose A above a critical threshold not depending on N,
and also choose v ~ N3/(44) then in some mean-square sense, each point z, € Uy will be
associated with a “representative point” y, that is at distance of about N —1/(84) from the
centroid of the set U, as N — oo. In particular, the clustering of the dataset is successful
in the mean-square sense. The technical assumptions we need are that each set Uy is
“effectively” star-shaped (see Definition 1.1 below), that the measure p has a density with
respect to the Lebesgue measure, and that this density is Lipschitz and bounded away
from zero on its support. As an illustration, we can take p to be the uniform measure
on the union of the sets depicted in Fig. 1.2 below. The condition that the clusters be
effectively star-shaped is a nontrivial geometric restriction, although it does not seem to be
fundamental. See Remark 4.2 below for a weaker but more complicated sufficient condition,
and further discussion.

Our result applies in particular to the case in which y is the uniform measure on the
union of disjoint balls. One of the strengths of our result is that these balls, or more
generally the sets U1, ..., Uy, can be chosen arbitrarily close to one another, as long as they
do not touch. (However, we expect that the required number of datapoints N will grow
as the balls are brought closer to each other.) Another important feature is that we allow
for sets U1, ...,U, that may be non-convex, as long as they are effectively star-shaped.
Moreover, our result covers situations in which the convex hulls of the clusters intersect.

The unweighted version of the sum-of-norms clustering method, i.e. the case w = 1,
does not share any of these features. Indeed, the unweighted method fails to recover the
clusters of datapoints sampled independently from two disjoint balls if the balls are too
close together, as we showed in [13|. Moreover, the unweighted algorithm must output
clusters that are contained in disjoint balls (see [23, Theorem 3| or [13, Proposition 1.8]),
and in particular, it cannot separate two clusters unless their convex hulls are disjoint.

Popular alternative clustering methods such as Lloyd’s algorithm and its refinements
[20, 28] are also known to have important limitations. In [4, Appendix EJ|, the authors
exhibit explicit examples of configurations of disjoint balls U+, ..., U, of equal radius such
that if the measure p is the uniform probability measure on the union of these balls, then
the probability that Lloyd’s algorithm successfully clusters the dataset is at most (1 — %)L/ 3
They also construct similar examples for which a refined method called “kmeans++" also
fails to successfully cluster the dataset with a probability that can be made arbitrarily close
to 1.

Other convex relaxations of the K-means problem have been explored, but we are not
aware of theoretical guarantees that would cover the case in which two clusters can be taken
arbitrarily close to one another. Possibly the simplest way to ask the question is to consider
the “stochastic ball model” [22]: we assume that the datapoints are sampled independently
according to the uniform measure on the union of two disjoint balls of unit radius. In this
setting, the method explored in [4] is guaranteed to recover the clusters provided that the
distance between the two ball centers is above 2v/2(1 4 d~/2). (See also [12] for the related
problem of K-medians clustering.) Another convex relaxation of K-means clustering is
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explored in [11]: for the stochastic ball model, that method successfully clusters the dataset
provided that the distance between the centers of the balls is above 1 + /3.

Several earlier works have explored the theoretical properties of sum-of-norms clustering.
The unweighted method (w = 1) was shown to separate cube-shaped clusters provided
that they are sufficiently far away in [29]; for the case of two cubes of side-length 2 and
equal number of datapoints falling in each cube, the criterion requires that the minimal
distance between two points in each cube be at least 6v/d. More general conditions are
derived in [24] (see in particular part 2 of Theorem 1) that imply the successful recovery of
the clusters for the stochastic ball model if the distance between the ball centers is larger
than 4. These results were refined and extended to the case of arbitrary weights in [26].
The problem of separating mixtures of Gaussian random variables has been considered in
[27, 24, 18|, and algorithmic aspects were explored in [25, 16, 9, 10, 17]. Several works have
stressed the apparent advantages of using non-constant weights in sum-of-norms clustering
[16, 9, 10, 23].

1.2. Precise statement and proof strategy. Following our previous work [13], for the
purposes of mathematical analysis we consider the somewhat more general problem of
clustering of measures. For a Borel measure p on R? of compact support, we abbreviate
L?(p) == LR, 3 R) and (L?(u))? ~ L?(R%, 11;RY) to denote the Lebesgue spaces of
p-square-integrable functions from R? to R and R? to R? respectively. (We recall that
these spaces identify functions that only disagree on a set of y-measure zero.) We define
the functional J, .~ : (L?(u))? — R by

Tunaw) = [ u(w) = o du) + 291 [ M ue) — uly)] duo) dutw). (13

We note that (1.2) with w(r) = y**1e™" is obtained from (1.3) by setting p = + 25:1 O, -
The map = +— wu(z) is then the analogue of the map x,, — y, from points to cluster
representative points. We denote by u,, ) 4 the minimizer of J, ) 5, which exists and is
unique because .J, » - is coercive, uniformly convex, and continuous on (L?(u))?. (See (2.2)
below.) For every Borel set U such that u(U) > 0, we let

cent,(U) = Iu(lU)/U:cd,u(a:)

be the u-centroid of U. We also write a V b := max(a, b), and define

oo ifd=1,
d:=4% ifd=2, (1.4)
d ifd=>3.

Our main result considers a measure p with support comprising a finite union of connected
components, each with sufficiently regular boundary and satisfying a quantitative version
of a “star-shaped” property. We also assume that u is bounded below on its support, and is
sufficiently regular on its support. We draw N datapoints independently from p and run
our clustering algorithm on these datapoints. If « is chosen appropriately large depending
on N, and A is fixed sufficiently large independent of IV, then our clustering algorithm will
recover the connected components of supp u. Before stating our main result, we introduce
the technical condition we need on the components of supp .

Definition 1.1. For U a subset of R? and € > 0, let U, be the e-enlargement of U, namely
U. = {z € R?| dist(z,U) < &}.
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FIGURE 1.1. A set that is star-shaped but not effectively star-shaped.

FIGURE 1.2. A set of three open sets Uy, Us, Us satisfying the hypotheses of Theorem 1.2.

We say that a domain U is effectively star-shaped if there exists x, € U and a constant
Cy < oo such that for every € > 0 sufficiently small, the image of U, under the mapping
x> Ty + (1 — Cye)(z — 24) is contained in U.

For example, any convex open set is effectively star-shaped (in which case x, can be
chosen arbitrarily in the interior). Any effectively star-shaped set is star-shaped. An
example of a set that is star-shaped but not effectively star-shaped is illustrated in Fig. 1.1.
Now we can state our main theorem.

Theorem 1.2. Let u be a probability measure on RY such that supp p = UzL:1 Uy, where
Ui, ..., UL are bounded, effectively star-shaped open sets with Lipschitz boundaries, such
that their closures Uy, ..., U are pairwise disjoint. Assume that p admits a density with
respect to the Lebesgue measure, and that this density is Lipschitz and bounded away from
zero on supp pu. Then there exist Ao, C < 0o such that for every A = X, the following
holds. Let (X, )nen be a sequence of independent random variables with law p, N > 1 be
an integer, N = % 27]:[:1 0x, be the empirical measure of the datapoints, and

AV ={nef{1,... N}|X, €U}, (e{l,...,L}
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be the set of indices of datapoints in Uy. For every v = 1, the mean-square error between
the clustering algorithm and the centroids of the clusters is bounded as follows:
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(1.5)

For d > 2, optimizing the right-hand side of (1.5) suggests the optimal choice vy ~ N3/(44)
in which case the mean-square error is at most of the order of N~ "4 up to logarithmic
corrections. We do not know if the estimate in (1.5) is sharp. If technical issues that arise
near the boundary of the domains could be avoided, then we believe that we could replace
the term /3 in (1.5) by ~~1/2; this in turn would suggest choosing v ~ N%/G% up to a
logarithmic correction.

A similar result to Theorem 1.2 can be obtained if the weight r — e™7" is replaced by a
truncated version r — e”7"1,«, for an appropriate choice of w; see Proposition 6.1 below.
This result essentially says that we can choose w ~ y~1, up to a logarithmic correction,
without modifying the optimizer substantially. In the discrete setting, this reduces the
number of pairs of points that need to be included in the sum that is the double integral
in (1.3), and thus may lead to improvements in computational efficiency. (See 9] regarding
efficient computational algorithms for sum-of-norms clustering, and in particular regarding
the effect of the sparsity of the weights on the computational complexity.) For instance,
under the assumptions of Theorem 1.2 and with the choice of w ~ 4~ ~ N=3/(44) 4 typical
point only interacts with about N/4 points in its vicinity. Depending on the relative costs
of computation versus the procurement of new datapoints, efficiency considerations may
lead to a different choice of v than what would be suggested by the optimal accuracy
considerations discussed in the previous paragraph. We do not further pursue the question
of computational efficiency in the present paper.

While we did not keep track of this explicitly, one can check from the proof that the
critical value A\, < oo identified in Theorem 1.2 does not change as the sets Uy,...,Ur,
are individually translated or rotated, provided that they remain pairwise disjoint. In
particular, this constant does not depend on the minimal distance between the different
data clusters. As a careful examination of the arguments below shows, one can also choose
the constant C' < oo in Theorem 1.2 to be invariant under individual translations and
rotations of the sets Uy, ...,Ur, that do not make them intersect each other, provided that
we also require 7 to be sufficiently large. Roughly speaking, we would then require y~! to
be larger than the minimal distance separating any pair of clusters, that is,

1 L . .
2 A= Kglélerllnglst(Ug, Up).
The precise condition is displayed in (7.1) below. In particular, for d > 2, our approach
would yield non-trivial information provided that the number of datapoints N is much
larger than A~

An important step in the proof of Theorem 1.2, which is also of independent interest,
concerns the behavior of the functional J, )~ as < is taken to infinity. The factor R
in (1.3) was chosen so that J, ) 4 would converge to a limiting functional as v — oo, under
appropriate conditions on u. Let U be a bounded open subset of R? and suppose that
suppp = U. Suppose furthermore that p is absolutely continuous with respect to the
Lebesgue measure on U, with density p € C(U) bounded away from zero on U. We denote
by BV(U) the space of functions of bounded variation on U. (Some elementary properties



6 A. DUNLAP AND J.-C. MOURRAT

of the space BV(U) are recalled in Section 2 below; see also [3].) If u € (L2(U) NBV(U))4,
then we can define

Jpx o0 (1) 3—/IU($) — a|* du(x) +C/\/P(x)2d\DUI($)7 (1.6)
where
c= / e Wy . e|dy. (1.7)
Rd

We will see in Proposition 2.1 below that J, ) . admits a unique minimizer wu, )~ €
(L2(U)NBV(U))? In Theorem 4.1, we will then show in a quantitative sense that, if U
is sufficiently regular and the density p is Lipschitz, then u, - converges to u, ) as 7y
tends to infinity. The essential strategy here is to compare the functionals J,, ) oo and J,, »
and use their uniform convexity. An important technical complication is that J, x o (u) is
only defined for functions u of bounded variation on U while the minimizer of Ju N~ may
not (a priori) be of bounded variation. Therefore, to compare the functionals, we must
first smooth their argument u in a way that respects derivatives. Convolution by a smooth
function works, but we first must dilate u slightly since it is only defined on U, not all
of R?. Moreover, this modification of the optimizer for Ju needs to be performed in
such a way that the functional does not increase too much. It is this constraint that leads
us to the requirement that the domains be effectively star-shaped (or that the more general
condition in Remark 4.2 holds).

The utility of the gradient functional (1.6) in the proof of Theorem 1.2 is apparent in
Proposition 5.1 below. This proposition states that when A is large enough, the minimizer
of the gradient functional recovers the centroids of the connected components of the support
of the measure u. The critical A is identified in terms of the L norm of the solution to
a PDE arising from the first-order conditions for the minimizer. We expect that further
information about the behavior of the limiting functional could be obtained by further
studying this PDE.

As mentioned, the gradient clustering functional (1.6) only makes sense for smooth
measures. In order to show the convergence of the minimizers of the weighted clustering
functionals (1.3) on empirical distributions, we need to relate the minimizers of the finite-y
problem for empirical distributions to the minimizers of the finite-y problem for smooth
distributions. We do this by proving a stability result with respect to the oco-Wasserstein
metric Weo, which is Proposition 3.1 below. This works in combination with a quantitative
Glivenko—Cantelli-type result for the oo-Wasserstein metric proved in [15], and recalled in
Proposition 7.1 below. However, since the latter result only holds for connected domains,
we also need to truncate the exponential weight in (1.3), which is done in Section 6.

1.3. Outline of the paper. In Section 2 we establish some basic properties of J,, » , and
Jyun0- In Section 3 we prove a stability result for uy ), as p — p in the co-Wasserstein
distance. In Section 4 we prove the convergence result for w,, ) 4 as v — oo. In Section 5 we
show that the limiting functional u,, ) « recovers the centroids of the connected components
of supp 4 as long as A is large enough. In Section 6 we prove a stability result when
the exponential weight is truncated. In Section 7 we put everything together to prove
Theorem 1.2.

Acknowledgments. AD was partially supported by the NSF Mathematical Sciences
Postdoctoral Fellowship program under grant no. DMS-2002118. JCM was partially
supported by NSF grant DMS-1954357.
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2. BASIC PROPERTIES OF THE FUNCTIONALS

As mentioned above, for a bounded open set U C R, we denote by BV (U) the space
of functions of bounded variation on U. This is the set of all functions u € L*(U) whose
derivatives are Radon measures. For u € BV(U), we denote by Du the gradient of wu,
which is thus a vector-valued Radon measure, and we denote by |Du| its total variation. In
particular, for every open set V' C U, we have by [3, Proposition 1.47] that

d
|Du|(V) = sup/ ¢ - dDu = supZ/ ¢; dDju, (2.1)
o Jv o = Jv

where the supremum is over all ¢ € (Cc(V))? (the space of R%-valued continuous functions
supported on compact subsets of V') such that ||@|| () < 1, with the understanding that

N =

d
¢l oo vy = @] | oo vy = eS8 Sup (Z ¢?(w)>
z i=1

When u € (BV(U))?, the gradient Du is a Radon measure taking values in the space of
d x d matrices. Identifying such a matrix with an element of Rd2, we can still define the
total variation measure |Du| as above. (Thus, if Du is in fact an R?*?-valued function,
then |Du|(x) is the Frobenius norm of the matrix Du(x).) We refer to [3| for a thorough
exposition of the properties of BV functions.

In the remainder of this section, we collect some basic properties of the functionals J,, » .
It is straightforward to see that, for any v € (0,00), the functional J, ), is uniformly

convex on (L?(u))?. Indeed, for every u,v € (L?(u))?, we have
1
(-4 0) Ty (=) = Jpr (1) > / V2 dp. (2.2)

Since the functional is also coercive, the existence and uniqueness of the minimizer w,, ) 5
follow. The next proposition covers the case when v = oc.

Proposition 2.1. Let U be a bounded open subset of R% and suppose that suppp = U.
Suppose furthermore that u is absolutely continuous with respect to the Lebesque measure
on U with a density p € C(U) that is bounded away from zero on U. Then for any X > 0,
the functional J,, » 0o admits a unique minimizer u, x o € (L*(U) NBV(U))4.

Proof. We start by observing that the convexity property (2.2) is still valid for v = oo, for
every u,v € (L2(U)NBV(U))% Let (u)r be a sequence of functions in (L?(U) NBV(U))?
such that

dim Jyoo () = ue(LQ(Ul)IrlﬁfBV(U))d Turoo(t): (2:3)
Since p is bounded away from zero, the functional J,, 5 o is coercive on (L?(U) NBV(U))<.
By the Banach—Alaoglu theorem and [3, Theorem 3.23| (the latter saying that sets S of
functions in BV (U) for which sup,cg [;; [u| dz + [Du|(U) < co are weakly-+ precompact),
by passing to a subsequence we can assume that there is a u € (L?(U) N BV(U))¢ such
that u — u weakly in (L*(U))¢ and weakly-* in (BV(U))%. From the weak convergence in
(L?(U))? we see that

/]u(w) — zrdu(r) < likrgiorolf/ lug (z) — 2| dp(z).
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From the weak-* convergence in (BV(U))? we see that

/ p(2)? d|Dul(z) = sup / p()26(x) - dDu(z)
U o) U

< liminf sup /U o(2)26(z) - dDug(x)

k—o0 b

— liminf / o(2)2d| Dug|(z),
k—o0 U

where the supremum is over all ¢ € (Ce(U))? such that [pllLee(y < 1. The last two

displays and (2.3) imply that J,  co(u) = inf Jj, x 0, 50 We can take u, xoc = u. The

uniqueness of u,, \ « follows from the uniform convexity (2.2). O

A direct consequence of the convexity property (2.2) is that, for every v € (0, 00) and
u € (L%(pn))¢, we have

Uy ry T U
/ lu — U#,/\77|2 dp < 2 (Juaqy (W) + Juaqy (Upay)) — 4duay (M;>

<2 (Jyany () — inf J, ) - (2.4)

Under the assumptions of Proposition 2.1, the inequalities in (2.4) remain valid with v = oo,
provided that we also impose that u € (L2(U) N BV (U))?. Another important fact will be
that, for every v € (0, 00},

0 < infJ, 5, < Jyas(cent, (RY) = / |z — cent,,(RY)|* dpu(z), (2.5)

where we note that the right-hand side is the variance of a random variable distributed
according to i, and in particular is independent of A and ~.

3. STABILITY WITH RESPECT TO 0o- WASSERSTEIN PERTURBATIONS OF THE MEASURE

Throughout the paper, for any two measures p and v on R¢, we let Wy (i, ) be the

oo-Wasserstein distance between p and v, namely
Weo (i, v) = inf esssup |z — y|,
T (zy)~m

where the infimum is taken over all couplings 7 of p and v. It is classical to verify that this
infimum is achieved (see e.g. |8, Proposition 2.1|). We call any 7 achieving this infimum
an oo-optimal transport plan from p to v. In this section we prove that, for finite v, the
minimizer w,, » y is stable under co-Wasserstein perturbations of p.

Proposition 3.1. There is a universal constant C' such that the following holds. Let
¥, A, M € (0,00) and let u, i be two probability measures on R? with supports contained in
a common Euclidean ball B of diameter M. There exists an oco-optimal transport plan w
from p to @ such that

/ (&) — s @2 dr (e, 7) < OO+ 12(1 + DWo(w ). (3.1)

Proof. Throughout the proof, A and v will remain fixed, so we write J, = J, », and
uy = Uy n~- (Nonetheless, we emphasize that the constant C' in the statement of the
theorem does not depend on A or 7.) Let m be an oo-optimal transport plan from u to .
We write the disintegration

dr(xz,z) =dv(z | x) du(z)
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and define
u(z) = /Ug(i:) dv(z | x).
‘We have

it Jp = [ un(@) — 52 4@ + 2™ [ e F (@) — up(@)| 5 (@) d7(5)
— [ 10a(@) ~ 7 vz | 2) due)
gt //// ez (7) — uz(@)| dv(F | ) dp() dv(F | v) du(y).  (3.2)

For the first term on the right side of (3.2), we write
uz(@) = 2 = Jup(@) — 2 — |z = 2 + 2(uz(¥) - 7) - (2 — 7)
> |uz(7) — z* — 3M |z — 7. (3.3)

For the second term on the right side of (3.2), we note that, for y-a.e. z,y, on the support
of v(Z | ) @ v(y | y) we have, writing W := W (1, 1),

[y — ] <2W + |y — 2],

SO
e Tl > o= 2W o mly—al

Thus we can write

e @ - (@] (@ | @) dute) dv(i | ) duto)
>t [ ot ([ 1a(@ - wa @ vtz |0 ) ) dnto) duto)
> [ e ate) - ay)| dute) duto), (3.4)

where we used Jensen’s inequality in the last step. Substituting (3.3) and (3.4) into (3.2),
we obtain

inf J; > / luz (@) — 2> dv(T | z) du(z) — 3M// |z — z|dn(z, Z)
e[ e aa) —a(y)] dute) du(w)

> / () — o dule) + Ay*Hle W // eV fa(e) — a(y)] dule) duly) — SMW

> e W I (@) — 3MW,
where in the second step we again used Jensen’s inequality. Therefore, we have
inf J, < J, (@) < eV (inf J; + 3MW) < inf J; + 3Me*WW + (W — 1) M2, (3.5)
with the last inequality by (2.5). By symmetry, this implies that
linf J; — inf J,| < 3Me*WW 4 (2 — 1) M. (3.6)

Now we have, using the second and third inequalities of (3.5), as well as (2.4) and (3.6),
that

/ @ — uy*dp < 2(J, (@) — inf J,) < 2 (inf J; — inf J,) + 6Me*"WVW + 2 (e2'V — 1) M?

< 12Me2WYW + 42V — 1)M? < (M +1)2Q((v + WWao (11, 1)), (3.7)
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where we have defined Q(t) := 12e?'t + 4(e? — 1).

The remainder of the proof is very similar to the second half of the proof of [13,
Proposition 5.3|. For each € > 0, let . be a measure on the ball B, absolutely continuous
with respect to the Lebesgue measure, and such that

Woo (s pie) < €. (3:8)

Since . is absolutely continuous with respect to the Lebesgue measure, by [8, Theorems 5.5
and 3.2] there are maps T; and T, . from supp u. to supp p and supp f, respectively, such that
(id XT% )4 (pe) is an co-optimal transport plan between p. and p and similarly (id XT3 ), (pe)
is an oc-optimal transport plan between p. and . We have

/ (T (2)) — (T () dpee ()
<2 / g (To(2)) — . ()2 dpee () + 2 / it () — (T (2))|? dpae ().

For the first term on the right side, we use (3.7) above with u + u. and 1 < p (so that
< uy 0 T;):

(3.9)

/Iup(Te(ﬂf)) = . () dpe(z) < (M +1)?Q(( + 1)e).

For the second term on the right side, we use (3.7) above with p < u. and g < @ (so that
U= ugo TE):

/ . (&) — (T (@) dpae () < (M + 12Q(y + 1) W pie. 79).

Using the last two displays in (3.9), we get

/ (T2 (2)) — (T () ? dpe ()
<M+ 12Q((y + Do) + 20 + 12Q((7 + W (pen ). (3.10)

We can find a sequence ¢ | 0 and a coupling 7 of y and g such that (Tak,ﬁk,)*,uak — T as
k — oo. Taking € = ¢ in (3.10), and then taking the limit as k — oo, we get

/qu,x,w(x)—um,y( )2 dm(z, ) < 2(M +1)*Q((v + 1)Weo(u, 1)) (3.11)

Hence, since, @ is smooth, Q(0) = 0, and the left side of (3.11) is also evidently bounded
above by M?, we obtain the desired inequality (3.1).

It remains to show that 7 is an co-optimal transport plan. This follows by using (3.8) to
note that
esssup |Tx(z) — Te(z)] < esssup [Te(z) — x| + esssup |z — To(x)| < € + Wao (pte, 1),

T e T~ e T e

and then taking limits along the subsequence ¢ | 0. g

4. CONVERGENCE AS v — 00

In this section we show that, under suitable assumptions on U and p, the optimizer u, ) 4
converges to U, )« as 7 — 0o. In essence, we will obtain this by showing a quantitative
version of the fact that the functional J, ), I'-converges to J, x - as 7y tends to infinity.
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Theorem 4.1. Assume that U = supp u is effectively star-shaped and has a Lipschitz
boundary, and that the measure u has a density with respect to the Lebesque measure that is
Lipschitz on U and is bounded away from zero. Then there exists a constant C < oo such
that, for every \ € (0,00), we have

[ inf Jyx 00 = inf Juxq|+ / [t 00 = Uppa|* dp < CyR, (4.1)

Proof. Without loss of generality, assume that the point x, in Definition 1.1 is the origin,
and that the constant C, appearing there is 1. We denote by p the density of u with
respect to the Lebesgue measure. By [14, Theorem 5.4.1|, we can and do extend p to a
Lipschitz function on R¢, which we can also prescribe to vanish outside of a bounded set.
Throughout the proof, we will leave p, A fixed, and write u, = u, ) and J, = J, \ . The
constant C' may depend on g but not on v or A, and may change over the course of the
argument. We let U, be the e-enlargement of U as in Definition 1.1.

For every € € (0,1), v € (0,00], and x € U,, we define
Uye(z) = uy((1—€)z),

and for every x € U, we define

Uy (@) = (Uy,e * Xe) (@),

where * denotes the convolution operator, x € CX(R?% R.) is a nonnegative smooth
function with compact support in the unit ball satisfying

/R X(@dr=1  and /R rx(a)dz =0, (4.2)

and where we have set x. := e 9y (e7 ).
Step 1. We show that, for every v € (0, 00),

|, @) = afpta) e 421 ] e @) — )l ey
< Jy(uy) + Ce.
To prove this, we bound the first term on the left side of (4.3) by

iy e (@) — 2 pla) da < (1 — )~ /U P (1 - ) da

</ lu () — 2*p(z) dz + Cé,
U

where in the second inequality we used the fact that p is Lipschitz. For the second term on
the left side of (4.3), we proceed similarly, noting that

d+1 e Ve=vliG. (x — Uy T
¥ //U NeU|, () — Ty e ()] dps() ds(y)

! Ayl (1—2) x y
< —le—yl/(1- -
S — o) //U2e |y (2) uv(y)|P< _€>P<1_€> dzdy
d+1 | | y
— YTy _
1_52d//U2 o) — )l () (122 ) ot

d+1
1—5 (1 —¢)2d //UQG e y”u (z) — uy(y)|p(w)p(y) dz dy + Ce.

(4.3)

X
1—¢

Uy(z) —

Ue
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It is in this calculation that the star-shaped property is crucial: in the second inequality,
we used that the map sending U. to U (i.e. the map z — x/(1 — ¢)) is contractive. We
also used (2.5) and again the fact that p is Lipschitz. Combining the last two displays, we
obtain (4.3).
Step 2. We show that, for every v € (0, 00),
Jy(tye) < Jy(uy) + Ce. (4.4)

Using (4.2), we can write

[t = af? dute) /‘/ e (y) — )xe(z — ) dy
< [ e o /R el = y)pla) ddy,

Since p is Lipschitz, the inner integral is close to p(y), up to an error bounded by Ce, and
we thus get that

2
p(z)dx

|t eta) = ol da) /|uw 2) — 2?p(z) dz + Ce. (4.5)
We also have

d+1//U2 —7lz— yl‘u (@) —uye(y)|p@)p(y) dz dy
< 7d+1// e~ Tyl / [y (T — 2) = Uy e(y — 2)]xe(2) dz
i+ //U 2 /R e (@) — e ()| xe ()l + 2)ply + 2) dz dady
<ot [ et o) =l [ xente + 2l 2)dz ) dedy
< A0 //U2 o Vlz—yl Uy e (x) — Uy e(y)| p(x)p(y) dz dy + Ce,

where in the last step we used (4.3), (2.5), and the fact that p is Lipschitz. Combining the
last two displays with (4.3) yields (4.4).
Step 3. We show that, for every v € [1,00) and € € (0, 1],

p(z)p(y) dr dy

C

In view of (4.4), it suffices to show (4.6) with J,(u,) replaced by Jy(u, ). We start by
using the fact that || D*uy c|| o,y < Ce™? to write

i1 //Uf_w_yl'uw(:r) — Uy e(y)|p(x)p(y) dr dy
> It //U e Dus (@) - (@ — y) lp(@)oly) da dy
T — ul2
Ot //UQ e—vlﬂc—yl‘EQy‘p(gg)p(y) dx dy. (4.7)

Since p is bounded and

vd“/ T V= 7‘1/ e W|y|% dy, (4.8)
R4 R4
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we see that the second integral on the right-hand side of (4.7) is bounded by Cvy~le=2.
Next, we aim to compare the first integral on the right-hand side of (4.7) with the same
quantity with p(y) replaced by p(z). Since p is Lipschitz and || Duy || oo,y < Ce™, the
difference between these two quantities is bounded by

Certgttt || e yp(woty) dedy < 07 1e
U2
using again (4.8) and the boundedness of p. To complete this step, it remains to argue that

d+1// e VT y‘|Duy5( ) - (w—y)]p(x)dedy>c/p(x)2|Du%5(ac)\dx+C’Y_15_1
U2

(4.9)
Recalling (1.7), we see that the first term on the right-hand side above can be rewritten as

7d+1// e—7|I—y||Du%€(aj).(x_y)|p(x)2 dy dx.
U JRd

For every § > 0, we denote U° := {2 € U : dist(z,0U) < §}. Since [ Dty el oo () < Ce1,
the inequality (4.9) will follow from the fact that

7d+1/ / e VPl — yldyda < Cy7L (4.10)
U JRNU

Since U has a Lipschitz boundary, there exists § > 0 such that for every 0 < n <7’ <4,
the Lebesgue measure of U \ U" is at most C (' — n). Therefore,

vd“// e Ml — gl dy da
RI\U

[07]
< Oydtle=07 4 yd+l Z/ / e V=l — | dy da
Dy I\gky 1l JRA\U
d+1_-5 d JW 7k — 2=yl

<Cv*e”+’v+262/ / o lrmuldvds
o Uty gkt JRA
[

< Crytle™ 4 oyt Z e 2
k=0

<Oyt

s Uy o

This is (4.10). Combining these estimates with (4.4) yields (4.6).
Step 4. We show that

[l e () — z|* p(x da:+c)\// )2d| Do £| () < Joo(too) + Ce. (4.11)
Ue
This follows from the fact that the the left side of (4.11) can be rewritten as

a-9 [ () e 2 e () Ao,

and from the fact that p is Lipschitz.
Step 5. We show that

X

oo () = 1—¢

Joo(Usoe) < Joo(Uoo) + Ce. (4.12)
Arguing in the same way as for (4.5), we see that

/!uoo6 ) — z|* du(x) / U e () — x*p(2) dz + Ce. (4.13)
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For the second term, we notice that by [3, Proposition 3.2|, we have

D(ﬁOO,E * Xa) = Daoo,a * Xe
and thus

| @D+ 0 @) // 2. (@ — ) d| Diioo | (y) da

</U p(y)? d| D ¢ |(y) + Ce,

where we used (4.11), (2.5), and the fact that p is Lipschitz in the last step. Combining
this with (4.13) and using (4.11) once more, we obtain (4.12).

Step 6. We show that
C
Jy(Uooe) < Joo(Uoo) + Ce + e (4.14)

We decompose the fusion term of J, (teo,) into

1] @) = ol
d+1 e VY Dy () - (2 — T x
A [ D) - (@ = o) ol)

2
A=y 1T — Y

and estimate each of these integrals in turn. The second integral on the right side is the
same as the second integral in (4.7), and thus is bounded by Cy~'e~2. We next aim to
compare the first integral on the right-hand side of (4.15) with the one where p(y) is replaced
by p(z). Since p is Lipschitz, the difference between these two quantities is bounded by

CytH! // ¢ Dugg o ()| — y[* dz dy < Cv‘l/ | Ducg,e(w)] dz < Oy,
U2 U

where we used (4.12) and the fact that p is bounded above and below in the last step. Then
it remains to estimate

3] e D (0) 2 = )P drdy
U2
< [ ey aldy [ 1Duse(@)lp(e) de = c [ |Duselo)lpla) do
R? U U

where we recalled (1.7) in the last step. Thus we have
J'y(uoo,a) < Joo(uoo,a) + 0’7_15_27

and inequality (4.14) then follows using (4.12).

Step 7. We can now conclude the proof. We take ¢ := y~/3 and using (4.6) and (4.14),
we see that

oo (Uoe) < Joo (U y1/3) < Jy(uy) +CY 3 < Ty (g 1) +Cr P < Joo () +Cy 3,
From this, we deduce that
oo (o) = Ty (uy)| < Cy 3, (4.16)

and moreover that
0 < Joo(tty 1 13) — Joo(tise) < Cy /3, (4.17)
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By (2.4) and (4.17), we obtain

/ Uy 173 — Uoo|? dp < Cy 713, (4.18)
Using (2.4) and (4.4), we also infer that

/|u%71/3 —uy[2dp < Oy, (4.19)
Combining (4.16), (4.18), and (4.19) yields (4.1). O

Remark 4.2. In the proof of Theorem 4.1, the assumption that U is effectively star-shaped
could be replaced by the following weaker assumption: that there exist L < oo and, for
every € > 0 sufficiently small, a 1-Lipschitz injective map P: : U. — U with L-Lipschitz
inverse. In Theorem 1.2, we could then assume that the same property holds for each of
the sets Uy,..., U in place of the assumption that these sets are effectively star-shaped.

5. PROPERTIES OF THE LIMITING FUNCTIONAL

In this section we show that if A is large enough, then the minimizer wu, ) o of J, ) o
recovers the connected components of supp p.

Proposition 5.1. Let p be a probability measure on Rd satisfying the conditions of
Theorem 1.2, so its support is the disjoint union of Uy U ---UUy. There is a A\. < 00 such
that if X > Ac, then uy x oo(x) = cent,(Uy) for all v € Ug, € e{l,...,L}.

Proof. Let u(x) = cent,(Uy) for all x € Uy, £ € {1,...,L}. Since the gradient of u is zero
on each Uy, we have

Ty oo Z/ u(e) — of? du(a).

Let U = UeL:1 Uy, p > d, and let W1P(U) denote the usual Sobolev space with regularity 1
and integrability p. Note that W1P(U) embeds continuously into C(U) by Morrey’s
inequality; see [1, Theorem 4.12]. Let ¢ € (W!P(U))?*? be a weak solution to the PDE

d
k=1

Ylov = 0. (5.2)

We note that the problem (5.1)—(5.2) separates into dL problems, one for each j and /.
Each problem can be solved by [7, Theorem 2.4] (which follows the approach introduced in
[5, 6]). We have, for every v € (L?(U)NBV(U))4,

Tunselut0) = [ [u@) + (@) = s du(o) +-ed | pla)? Dol (@)
reel) + [ (ala) =) o@) + (@) duta) + e [ pla Dol (o)

A minor variant of (2.1) takes the form

[ oteraipil(@) = su{ [ oot apa), o e @) s ol <1}
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Selecting ¢ = ¥/||¢|| oo (1), and using the assumption that A > ||¢b|| e (1), we obtain
Tunielt ) 2 Juroeli) + [ (2uta) =) - vla) + fo(e)?) du(a)
+c Z / )21 () Dyvj(z) do

7,k=1
iroel) + [ (2ue) =) o(0) + o)) )
d
—Z/zm )(u(e); — ) (@) (2) da
7=1
oo (U /|U |2d,u
>JM>\O<>(

where we used (5.1) for the first equality. This implies that u, ) o = u, and hence the
statement of the proposition with Ae = [|9)| Lo (1) O

6. TRUNCATION

In this section we prove a stability result for when we truncate the exponential weight.
For ~,w € (0,00), we define the truncated functional

j,u,)\,%w (u)

= / Ju(z) — 2f* dp(z) + My // | — y| < whu(z) — uly)| du(z) duly).
(6.1)
The functional J, ), is uniformly convex and satisfies (2.2) and (2.4) in the same way as

Jux~- Let Wy x 4.0 be the (unique) minimizer of J,, .-

Proposition 6.1. Let v, \,w > 0 and let 1 be a probability measure on R with compact
support. Let M = diam supp p. Then we have

/ T () — s ()2 dpa) < 2MAy*H1e, (6.2)
In light of this statement, we define

Up Ay 7= Uy vy, (d+4/3)y 1 log v (6.3)

Then (6.2) implies that
/’u,u,A,'y(x) - Uu,)\,w(x”z du(z) < 2M)\771/3- (6.4)
Proof of Proposition 6.1. Subtracting (1.3) from (6.1), we obtain

Tyoryis (W) = Ty (1) = Ayt // eV {|z — | > whu(z) — uly)| du(z) du(y).
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Taking u = u, »~, we get
Ty W) — inf Jy, 5
= Ayt //e_”_y'l{\fc —y| > whuppy (@) = upny (y)] dulz) du(y)
< MAy*Hle e,
and similarly,
Tuny @y ) = 10F T

= Xyttt //e‘”‘yl{!:v —y| > W w(®) = Tpr @) du(z) du(y) < 0.

Therefore, using (2.4) and the last two displays we have

/ Ty o) — s (@) i)

< 2 (Juay (@) —inf Jpx )
<2 [Ju,kﬂ(ﬂu,/\mw) - infju,/\mw] +2 [ju«\mw(“u,/\ﬁ) — inf Jw\ﬁ]
< 2M Ny le™ v,
as claimed. O

7. PROOF OF THEOREM 1.2

In this section we prove Theorem 1.2. We first need a result from [15]. Recall the
notation d’ introduced in (1.4).

Proposition 7.1. Let U C R? be a bounded, connected domain with Lipschitz boundary.
Let 1 be a probability measure on U, absolutely continuous with respect to Lebesque measure,
with density bounded above and away from zero on U. For every o > 1, there is a constant
C < oo, depending only on U, «, and p, such that the following holds. If (X,)nen are
independent random variables with law u, then for every integer N > 1,

N
1 :
P (Woo <M, N > 5Xn> > CN—1/<dV2>(1ogN)1/d) < CN—°,
n=1

Proof. For d > 2, this is a restatement of |15, Theorem 1.1]. For d = 1, the result can
be obtained from the classical Kolmogorov-Smirnov quantitative version of the Glivenko-
Cantelli theorem. O

Now we can prove Theorem 1.2. For a measure 1 on R? and a Borel set U, we denote
by pL U the restriction of p to the set U.

Proof of Theorem 1.2. Recalling (6.3), it is clear that if ~ is so large that

4/3)y tlogy < min di ’ 1
(d+4/3)y" log~y L dist(Uy, Up), (7.1)

then
Uy LU Ay (T) = Ty 2~ (), for all z € Uy, (7.2)

and similarly
U U,z (T) = Ty x5 (2), for all z € Uy. (7.3)
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Also, we have by the definitions and Proposition 5.1 that there exists A. such that for every
AZ A,
UL Uy \,00 () = Uy x 0o (@) = cent,, (Uy), for all z € U,. (7.4)
y (7.4) and Theorem 4.1, we have

/Ué | centy, (Ur) — wpu, aq|* dp = /Ue |t 300 — Ut |? dpn < Cy 73,
By (7.3) and (6.4), we have, as long as (7.1) holds,
/U [Tury — W anl” i = /U [Gaverey =t gan | du < 2MAY3,
Combining ethe last two displays, we see l:chat
/U [y.2 — cent, (Up)|* dp < C(14 )y~ 3,
¢
Using (6.4) again, this implies that
/Ue |y xy — cent, (Up)]? du < O(1+ Ay~ 13, (7.5)
On the other hand, by Proposition 7.1, we have for each ¢ that

plUp MN'—U£> ~1/(dv2) 1/d’> ~100
P (Wa JINZTE) S oN log N < ON-100, 7.6
( (M(UZ) N (Ue) (log ) (7.6)

By Proposition 3.1, for each ¢ there is an oo-optimal transport plan 7y n between

l’jN'(‘gL such that, using also (7.2) and (7.3), we have

pwU,

w(Ur) and

[7 o (5) = i (P v, ) < Oy + Wi

Combining this with (7.5), we see that

1
e, s~ centu U dpy
// 2 (F) — cent,,(Up)? dr(a, )

<C ((w 1) Wao (“LUZ “NLUZ> +(1 +A)v‘1/3> :

pLUs ,U«NLU£>
1w(Ue)” pn (Up)

w(Ue) " pn (Uy)
Now summing over ¢ and using (7.6) and the fact that the term inside the expectation on
the left-hand side of (1.5) is bounded almost surely, we obtain (1.5). O
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