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ABSTRACT. We develop a higher regularity theory for general quasilinear
elliptic equations and systems in divergence form with random coefficients.
The main result is a large-scale L*-type estimate for the gradient of a
solution. The estimate is proved with optimal stochastic integrability under
a one-parameter family of mixing assumptions, allowing for very weak mixing
with non-integrable correlations to very strong mixing (e.g., finite range
of dependence). We also prove a quenched L? estimate for the error in
homogenization of Dirichlet problems. The approach is based on subadditive
arguments which rely on a variational formulation of general quasilinear
divergence-form equations.

1. INTRODUCTION

1.1. Informal summary of the main results. We are interested in the
stochastic homogenization of divergence-form elliptic equations and systems
which take the general quasilinear form

(1.1) - V- (a(vu(z),z)) =0 in UcR?

The precise assumptions are stated in detail below, but let us mention here
that the map a: R? x R? - R is uniformly monotone and Lipschitz in its first
argument. In addition, x —» a(-,z) is a stationary random field satisfying a
quantitative ergodic assumption.

In this paper, we prove a “quenched” Lipschitz estimate for solutions of (1.1)
which is optimal in terms of the stochastic integrability of the random variables
appearing in the estimates. While the results are new for linear equations
and even under strongly mixing conditions (see however the discussion of [3]
and [24] below), they hold for the most general nonlinear divergence-form
elliptic operators and under quite weak mixing conditions. We are primarily
motivated by the fact that strong gradient bounds play a central role in the
quantitative theory of stochastic homogenization for elliptic equations. This is
because the magnitude of the gradient of a solution controls how sensitively it
depends on the coefficients — and it turns out that good estimates of the latter,
combined with appropriate concentration inequalities, yield optimal quantitative
bounds in homogenization. This was shown for linear equations by Gloria and
Otto [25, 26, 27] and Gloria, Neukamm and Otto [22, 23]. The work in this paper
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is the crucial step to developing an optimal quantitative theory of stochastic
homogenization for general quasilinear equations and systems in divergence
form, as well as for improving the stochastic integrability of the current linear
theory, as we will show in a future work.

To give a better idea of the gradient estimate we prove, we recall that a
solution u of the linear equation

-V -(A(z)Vu) =v-f(x) in By,

under the assumption that the coefficient matrix A(z) and vector field f(z) are
Holder continuous, satisfies the following pointwise bound:

(1.2) Ivu(0)f < C (1 + ]21 |vu(z) dx) ,

where the constant C' depends in particular on the regularity of the coefficients.
Of course, the assumption of Holder continuity of A is crucial, as the best
regularity for general equations with rapidly oscillating coefficients is W12+
(Meyers’ estimate, for Sobolev regularity) and C%¢ (De Giorgi-Nash-Moser, for
Holder regularity) for some ¢ > 0 depending on the ellipticity. Therefore the
estimate (1.2) is not scale invariant, and in particular at very large scales (i.e.,
with the ball B; replaced by Bg with radius R > 1) the estimate is false, in
general, even if A is smooth.

The primary purpose of this paper is to show that, nevertheless, an equation
with random coefficients has better regularity than a general equation, and we
can in fact prove that, due to statistical effects, an estimate like (1.2) holds on
large scales. The main result, stated precisely below in Theorem 1.1, states
roughly that, under appropriate mixing conditions on the coefficients, for any
R > 1, a solution u of (1.1) in a domain U 2 By, satisfies

(1.3) ][ |Vu(z)|? de < C (1 + ][ IVu(z)[® dx) for every r ¢ [X, %R] .
B, Br

The main difference between (1.2) and (1.3) is that the latter estimate holds
only for balls with radii larger than a random “minimal radius” &', while
the former holds in every ball (hence pointwise). The random variable X
is almost surely finite — but not bounded — and thus the central task is to
estimate the probability that X is very large. That is, we would like to specify
which of the stochastic moments of X are bounded under various quantitative
“mixing” assumptions on the coefficients. In this paper, we prove (1.3), with
optimal stochastic integrability estimates on X', under a continuum of mixing
conditions on the coefficients, ranging from relatively weak mixing (allowing
for non-integrable correlations) to very strong assumptions. For instance, if
the coefficients satisfy a finite range of dependence condition, then we have the

bound
(1.4) E[exp (X?®)] < oo for every s <d,

which is optimal in that such an estimate is certainly false for s > d. On the
other hand, if the coefficients satisfy a weaker “a—mixing” condition with an
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algebraic rate given by an exponent >0 (see (P3) in the next subsection for
the precise statement of this assumption), then we give the (optimal) bound

(1.5) E[X?] < oo for every 0 < .

We call (1.3) a “quenched” estimate because the random variable X does not
depend on the solution u, and thus in particular on what random dependence u
may (or may not) possess. We call it a “Lipschitz” estimate because R is very
large and in this scaling the microscopic scale is O(1), and thus we think of the
left side as approximating |[Vu(0)|. Notice that (1.3) implies

]gl Vu(e)f de < CX° (1 . ]{BR u(z)f dx),

so we may also think of X as a random prefactor constant in an estimate with
deterministic scales. Under the additional assumption that the coefficients
are smooth on the microscopic scale, the left side of the latter inequality
controls |Vu(0)| (by the nonlinear version of the Schauder estimate (1.2), in
fact) and, in that case, we then obtain a true pointwise Lipschitz estimate at
the origin. However, we prefer to think of control over the very small scales as
a separate issue. Indeed, questions about the behavior of solutions on scales
smaller than the microscopic scale are outside of the realm of homogenization, as
they cannot be due to statistical effects. An estimate like (1.3) is the strongest
possible estimate for the control of microscopic-scale fluctuations in terms of
large-scale fluctuations for solutions of (1.1); higher regularity such as Cte
cannot hold at large scales without some reinterpretation of the meaning of
such an estimate. In fact, for equations with periodic coefficients (a special case
of what we consider here), there cannot exist uniform bounds on the modulus
of continuity of the gradient unless the coefficients are constant.

While we use scalar notation throughout the paper, we only use arguments
which apply to systems under the assumption that the constant-coefficient
homogenized system admits C'1® estimates (which is a necessary condition,
satisfied both for linear systems as well as in the nonlinear scalar case, for
example). Moreover, for the error estimate presented in Theorem 3.1, which is
of independent interest, this assumption is not required. Therefore, the methods
in this paper are quite flexible in their application to general elliptic systems.

Finally, we point out that the arguments leading to the Lipschitz estimate
(Theorem 1.1) apply with only very minor modifications to yield Lipschitz esti-
mates up to the boundary for Dirichlet problems (even with possibly oscillating
boundary data).

1.2. Motivation and previous works. There has been much recent interest
in quantitative results for the stochastic homogenization of uniformly elliptic
equations, prompted by the striking results of Gloria and Otto [25, 26]. Partially
inspired by the previous works of Naddaf and Spencer [33] and Conlon and
Naddaf [10], they proved optimal estimates on the typical size of the fluctuations
of approximate correctors and their energy density for linear elliptic equations
under strong independence assumptions on the coefficients. Expounding on
this work and some ideas developed independently in [32], these authors and
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Neukamm [22, 23] then proved optimal estimates and a quantitative two-scale
expansion for uniformly elliptic equations under quantitative assumptions built
on spectral gap-type concentration inequalities.

At the analytic heart of all of these results are estimates on large stochastic
moments of the gradient of the approximate correctors as well as the gradient
of the Green’s functions. Later, much stronger bounds on the Green’s functions
were obtained by Marahrens and Otto [31] for coefficient fields satisfying a
logarithmic Sobolev inequality. They also proved the first “quenched” result: a
C% estimate for 0 < « < 1, with bounded (stochastic) moments (see also Gloria
and Marahrens [21]). These estimates, and the latter result especially, suggested
the possibility of developing a large scale Lipschitz regularity theory for random
elliptic equations, which could potentially not only generalize these results but
substantially improve the quantitative theory of stochastic homogenization.

The first quenched Lipschitz estimate for random elliptic equations was
proved recently by the first author and Smart [3]. This result was obtained for
solutions of variational quasilinear equations under the assumption that the
coefficients satisfy a finite range of dependence, and gave optimal estimates
on the stochastic integrability of the random variable X’ in (1.3), that is, they
obtained (1.4).

There were two separate ideas central to the arguments of [3], which differed
substantially from those of the previous works mentioned above: the first
was, following the philosophy of Avellaneda and Lin [4] in the context of
periodic homogenization, to “borrow” the higher regularity of the constant-
coefficient homogenized equation. The technique is to prove a Lipschitz estimate
by implementing a Campanato-type C'h¢ iteration and comparing, at each
dyadic scale, the heterogeneous solution to the homogenized one with the
same boundary values. Since the latter is more regular, the “flatness” of the
solution (the normalized L? difference between the solution and the nearest
affine function) improves at each step of the iteration by a universal factor
less than one. It is necessary to keep track of the error made by substituting
the solution for that of the homogenized equation at each iteration. It was
shown in [3, Lemma 5.1] that one obtains a Lipschitz bound on scales larger
than the minimal scale above which this error in homogenization is controlled
by a fixed algebraic (or at least Dini) modulus. This quantitative variation
of the compactness argument of [4] does not depend on the precise form of
the equation (in particular, it does not require the equation to be variational)
and thus in certain cases it may give more information than the compactness
arguments of [4] (for example, in a recent preprint, the first author and Shen [2]
used the idea to generalize the results of [4, 5] as well as those of Kenig, Lin
and Shen [28, 29] to certain linear systems with almost periodic coefficients).

The key step in quantifying the stochastic moments of X in the Lipschitz
estimate, if we follow this method, is to obtain a quantitative estimate on the
error in homogenization for the Dirichlet problem which is strong in stochastic
integrability: here the estimate may be suboptimal in the typical size of the
error (provided it is algebraic or Dini) in order to bound the probability of
deviations as strongly as possible.
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This brings us to the second central theme of [3], which is that the method
of subadditivity, introduced in stochastic homogenization by Dal Maso and
Modica [11, 12], is very well-suited for obtaining estimates which (although sub-
optimal in the typical size of the error) are strong in stochastic integrability. Tt
is here that variational techniques play a central role, as the natural subadditive
quantities for analyzing the problem arise from the variational characterization
of the equation. Therefore, the results in [3] were stated for local minimizers of
uniformly convex integral functionals, which is equivalent to the special case
of (1.1) in which a(-,x) is the gradient of a uniformly convex function. If the
equation is linear (i.e., a(p,z) = A(x)p for a square matrix A with positive
eigenvalues), then this reduces to the requirement that A be symmetric.

More recently, Gloria, Neukamm and Otto [24], partially inspired by [3],
obtained a quenched Lipschitz estimate for linear equations and systems. In
particular, they give the first such estimate for linear equations and systems with
nonsymmetric coefficients, although their techniques do not seem to generalize
in a straightforward way to nonlinear equations. Their arguments use a similar
scheme based on a Campanato iteration and approximation of the Dirichlet
problem for the heterogeneous equation by the homogenized problem. They
introduce a random variable r, which is related to the quantity we denote
by X (and the analogous random variable in [3]) but is defined using harmonic
coordinates, and is therefore perhaps more intuitive and geometric. It also
allows to establish qualitative results (without imposing any mixing conditions)
and gives control of higher regularity of the solutions after subtracting the
corrector (i.e., the regularity of the error in the two-scale expansion).

The arguments in [24] and [3] are very different in how the integrability of X
or r, is obtained (that is, in how the error in homogenization of the Dirichlet
problem is quantified in each step of the Campanato iteration), and those of [24]
so far yield suboptimal estimates of the stochastic integrability of X under
strong mixing conditions (for example, under independence assumptions, they
get (1.4) for some s > 0 rather than every s < d).

We conclude this subsection by mentioning two more recent related works:
both Ben-Artzi, Marahrens and Neukamm [8] and Bella and Otto [7] obtained
moment bounds on the gradient of the approximate correctors for linear elliptic
systems using concentration inequalities, and Lamacz, Neukamm and Otto [30]
obtained such estimates for a percolation model using similar methods.

1.3. An overview of the approach. Before stating the main results, it is
necessary to give a brief overview of the ideas leading to the proofs (since the
latter affects the former).

First, the Campanato scheme for proving a Lipschitz estimate from [3]
reduces our task to that of obtaining an estimate for the homogenization error
for the Dirichlet problem which is optimal in stochastic integrability. This
estimate, stated below in Theorem 3.1, is of independent interest as it is the
first quantitative result in stochastic homogenization for equations taking the
general quasilinear form (1.1) and, except for the result in [3] that it generalizes,
the only quantitative result in stochastic homogenization for nonlinear elliptic
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equations in divergence form. The proof of the error estimate is an adaption of
the variational, subadditive approach of [3], although here we do not have the
same variational structure. We instead start from the fact that solutions of

(1.6) -V-(a(Vu,z))=f inU

may be characterized as the null minimizers in H'(U) of a nonnegative func-
tional taking the form

(17) we T [w f]- inf{ [ (F(0().(0).0) - V() - (a) de

ge L*(U;RY), —V-g:f},

where the function F(p,q,x) in the integrand is uniformly convex in (p,q).
Moreover, if u is a null minimizer of J[- , f], then the corresponding vector
field g which attains the infimum is the flux, that is, g = a(Vu,z), and the
integrand vanishes identically. This variational formulation does not coincide
with the classical one in the case that a is the gradient of a Lagrangian.

This more general variational principle first appeared in special cases in the
work of Brezis and Ekeland [9] and Neyroles [35]. Later, major progress was
made by Fitzpatrick [14], who showed that general maximal monotone maps
admit a variational characterization. Variational formulations of monotone maps
were subsequently explored in some details by Ghoussoub and his collaborators
(see [16] and the references therein). In Section 2, we review the connection
between variational problems of this form and general quasilinear, divergence-
form elliptic equations.

We consider the functional J [-,-] to be the fundamental object of study in
this paper and we seldom refer to the PDE or the coefficients a. Thus, rather
than looking to identify effective coefficients a directly, we search for an effective
variational problem characterized by an effective integrand F. The latter, as
we will see, may be defined by the (P-almost sure) limit

F(p,q) = lim inf ][ Fp+vu(x),q+g(z),x) dr.
(pq) = lim vz o Jo ( (), q+8(x),x)
Here O, is the cube centered at the origin with side length 37, and L2 (U)
denotes the set of solenoidal (i.e., divegence-free) L? vector fields in U with
normal component vanishing on the boundary of U.

In the context of periodic homogenization, such an approach to homogeniza-
tion has already been explored by Ghoussoub, Moameni and Siiz [17], who
gave an analogous formula for F' and a qualitative proof of homogenization, as
well as by Visintin [38, 39]. Since the (normalized) energy

poUpq) = int { £ F (4 Tu(@). g+ g(0),0) do s we HY(U), g e I2,4(0))

of the minimizing pair with given affine boundary data is a naturally mono-
tone/subadditive quantity, the argument of Dal Maso and Modica [12] naturally
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extends to this setting to give a qualitative proof of homogenization in the
general (stationary-ergodic) random setting as well.

Here however, our interest is in quantitative results, and for this g is only
half of the picture. We also need the naturally superadditive quantity, modeled
on the analogous one from [3], which we denote by

W) =it { £ (P (Vu(@). g(0). ) - 4" Tu(e) - p* - g(a)) do :

we H'(U). g e 12,(0).

Notice that p imposes no boundary conditions on v and g, which is what gives
it the property of superadditivity. As we will see, the large scale limit of —u is
the convex dual (Legendre-Fenchel transform) of that of pg, and the variables
(p,q) are dual to (¢*,p*). The fact that o and p are monotone from different
sides will allow us to “trap” the limiting behavior between these two extremes,
in effect revealing the additive structure of the problem which renders a more
precise quantitative analysis possible.

1.4. Statement of hypotheses and main results. As mentioned in the
previous section, we consider the variational problem associated to (1.1) to be
the fundamental object of study, and therefore we state our results in terms of
null minimizers of the functional J|-, f] rather than solutions of (1.6). The link
between the variational problem and the PDE is studied in detail in Section 2,
where it becomes clear that our assumptions cover the case of (1.1) in full
generality.

For the rest of the paper, we assume that d > 2 and fix the parameters Ky > 0
and A > 3. We consider coefficient fields F' = F'(p, q,x) satisfying

(1.8) Fe L (R xRY x RY)
such that (p,q) = F(p,q,x) is uniformly convex, that is,
1 :
(19) (p7Q) '_)F(p7Q7x)_ﬁ(|p|2+|Q|2) 1S convex

as well as uniformly C'»!, uniformly in z; in view of (1.9), it suffices to assume

(1.10) (p,q) » F(p,q,z) - % (Ipl* +1g*) s concave.
We require also that, for every p,z € R9,

(1.11) ;&Q(F(p,q,x)—p@)ﬂ-

We define the set of all coefficient fields by

(1.12) Q:= {F : F satisfies (1.8), (1.9), (1.10) and (1.11)}.

We endow Q with the translation group {7}, },cge, which acts on €2 via

(TZF)(pac.Zax) = F(p7Q7$+Z)a
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and the family {Fy} of o—algebras, with Fy; defined for each Borel U ¢ R? by
Fu = o—algebra on () generated by the family of maps
Fo [ Fp.q0)p()de, pgeR?, peC(RY.

The largest of these o—algebras is denoted by F := Fra. The translation group
also acts naturally on F via the definition

T.A={T,F : Fe A}, AcF.

Associated to each F € €2 and bounded open U € R¢ is the functional
JH'(U)x HY(U) - [0, 00),

defined for each (u,u*)e HY(U)x H-Y(U) by

(1.13) Jlu,u*]:= inf{ [] (F (Vu(z),g(z),z) - Vu(x) - g(z)) dx

:ge LX(U;RY), -v-g= “}
where the condition -V - g = u* is to be understood in the sense that

/Ug(a:) Vo(z)dr = (¢p,u*) for every ¢ € Hy(U)

and (-, -) denotes the canonical pairing between H} (U) and H~1(U). Although J
depends on both F" and U, we keep this implicit in our notation as the identities
of Fand U are always clear from context.

We consider a probability measure P on (€2, F) which is assumed to satisfy
the following three conditions:

(P1) The random field F' is uniformly bounded below on the support of P, in
the sense that
]P’[essinf inf F(p,q,x)> —Kg] =1.

zeRd  p,qeR4

(P2) P is stationary with respect to Z—translations: for every z € Z¢ and
AeF,
P[A]=P[T.A].

(P3) P is “a—mixing” with an algebraic decorrelation rate: there exist an
exponent § > 0 and a constant C3 > 0 such that, for all Borel subsets
UV cR? AeFy and B e Fy, we have

IP[An B] - P[A]P[B]| < C5 (1 +dist(U,V)) ™.

The assumption (P3) is a relatively weak mixing condition. The conclusions
of the main result can be considerably strengthened, with minor modifications
to the arguments, if one is willing to assume stronger mixing conditions. To
make this point explicitly, we also state results under an a—mixing condition
with a faster rate of decorrelation:
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(P4) P is “a-mixing” with a stretched exponential decorrelation rate: there
exist an exponent v > 0 and a constant C4 > 0 such that, for all Borel
subsets U,V c R4, A e F; and B € Fy, we have

|IP[An B] -P[A]P[B]| < Cyexp (- dist(U,V)").
Notice that a finite range of dependence hypothesis on the probability measure P
(as assumed for instance in [3]) implies (P4) for every 7 < oo.

We emphasize that assumptions (P1)-(P3) are assumed to be in force through-
out the paper. This is not the case for (P4), which is only assumed to be in
force where explicitly stated.

We now present the statement of the main result.
Theorem 1.1 (Lipschitz regularity). Assume that P satisfies (P1), (P2), (P3).

Fiz p > d and 6 € (0,8). There exist C(d,A,B3,C3,p,0) > 1 and a random
variable X > 1 satisfying

(1.14) E[x’]<C
such that the following holds: if R>1, f € L>(Bg) and ue€ H'(Bg) satisfy
(1.15) J [u, f]=0,

and if we define

(1.16) M = Ko+ %gﬂg(]{g}% u(z) - a? da:)é + R(]iR () d:c); |

then we have the estimate
1.17 VuxdeSC'M2 or ever X1+M%STS R.
Y
By

Moreover, if P satisfies (P4), then (1.14) may be improved to the statement
that, for every s € (0,dy/(d+7)),

(1.18) E[exp (X*)] < C,

where the constant C depends additionally on (v,Cy,s), and (1.17) to the
statement that

(1.19) ][ \Vu(z)]’ de < CM?  for every Xlog(l+M)<r< %R.
B,

Remark 1.2. The condition (1.15) says that u is a null minimizer (on Bg) of
the functional J [+, f]. According to Proposition 2.15, this is equivalent to the
statement that u is a solution of

(1.20) -V-(a(Vu(z),z)) = f(x) in Bg,

where a is the uniformly monotone vector field represented by F' in the sense
defined in Section 2. Moreover, according to Theorem 2.9, any uniformly
monotone vector field a admits a variational representation satisfying our
assumptions, and thus there is no loss of generality in the variational formulation
compared to the PDE itself. In particular, the conclusion of Theorem 1.1 applies
to solutions of equations of the form (1.20) with random coefficients which are
uniformly monotone, Lipschitz and bounded. (It is obvious how to translate
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hypotheses (P2) and (P3), since these are essentially unchanged; the proper
translation of (P1) into a statement about a(p, z) is indicated in Lemma 2.14,
below.)

Remark 1.3. The integrability of A given in Theorem 1.1 is optimal under
each of assumptions (P3) and (P4) and for every value of the exponents § and ~.
This can be verified by the construction of explicit examples. Observe that if P
satisfies a finite range of dependence, then we may take any 7 < co in (P4) and
we thus get (1.18) for every exponent s < d, which matches the result in [3].
This is certainly optimal, because the probability of obtaining any particular
coefficient field (for the random checkerboard, say) in a ball of radius R is of
order exp(—cR?).

While we do not give further details here, we also obtain appropriate bounds
on X under mixing conditions other than a-mixing. For instance, if P is
assumed to satisfy a spectral gap inequality, then we obtain (1.18) for every
s < d[2 and, under a logarithmic Sobolev inequality, for every s < d (we also
expect both of these to be optimal).

Remark 1.4. The parameter M in the lower bound for r in (1.17) and (1.19)
may be removed in the case that F' is positively homogeneous of order two
(e.g., in the case that the corresponding PDE is linear). The reason it arises
in the general setting has to do with the fact that one may not obtain full
information regarding the random fields {F(p,q,-)}, 4re by looking at (p,q)
lying in a bounded set, and thus the random scale above which the Lipschitz
estimate holds necessarily exhibits some dependence on the size of the solution.
See also Remark 3.2 below.

1.5. Outline of the paper. In Section 2, we review the variational characteri-
zation of general divergence-form elliptic equations. In Section 3, we explain the
general scheme for obtaining the Lipschitz estimate and reduce the main result
to an estimate on the error in homogenization for the Dirichlet problem. The
rest of the paper is focused on obtaining the latter result, stated in Theorem 3.1.
We introduce the subadditive and superadditive quantities in Section 4, and
review some of their basic properties. In Section 5, we reduce Theorem 3.1 to
two ingredients: one is probabilistic and gives a quantitative estimate for the
convergence of the subadditive and superadditive quantities, while the other is
a deterministic statement that asserts that these quantities control Dirichlet
problems with arbitrary boundary data. The proofs of these results are given
in Sections 6 and 7, respectively, which are the analytic core of the paper. We
also discuss how to construct @ from F in Section 6.5. In Appendix A, we
put the mixing conditions into a convenient form for their use in Section 6.
In Appendix B, we give the proofs of some regularity estimates (such as the
Caccioppoli and Meyers estimates) needed at several points in the paper, which
although well-known, we nevertheless could not find in the literature in the
generality required here.
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2. VARIATIONAL FORMULATION OF DIVERGENCE-FORM ELLIPTIC EQUATIONS

At the core of the proof of Theorem 1.1 is a subadditivity argument which
generalizes the one used in [3]. The purpose of this section is to set up this
argument by first formulating the PDE as a variational problem. This section
is thus somewhat independent of the rest of the paper, and we also prove a new
result (Theorem 2.9 below), which is of independent interest. Apart from this
result, the material covered here is well-known and can be found for example
in [14, 16, 36, 39] and is included for the convenience of the reader.

2.1. Variational characterization of monotone maps. The variational
formulation of maximal monotone operators, which was pioneered by Fitz-
patrick [14], makes it possible to interpret the quasilinear PDE (1.1) as a
minimization problem for an integral functional. We now review the basics of
this (relatively recently developed) theory.

In this subsection, we drop z-dependence and consider a Lipschitz, uniformly
monotone vector field a: R¢ — R?. That is, we assume that a satisfies, for some
constant A > 1,

la(p1) —a(p2)| < Ap1 = pof,
(a(p1) —a(p2)) - (p1—p2) 2 3 Ip1 —paf” .

We next recall that (2.1) implies that a is mazimal monotone.

Lemma 2.1. The map a is mazximal monotone, that is, for every p,q € R<,
(2.2) nf (a(€) -a)-(€-p) 20 = q=a(p).

Proof. Suppose the first statement in (2.2) holds. Fix h € R? and § > 0 and take
& =p+0dh to obtain
0<(a(§)-a)-(§-p)=(alp) —q)- (§-p) + (a(§) —alp)) - (£ -p)
<d(a(p) —q)-h+\?|h.
Dividing by ¢ and passing to the limit 6 - 0, we obtain
(a(p) —q)-h>0.

This holds for arbitrary h € R?, thus a(p) = ¢q. This gives one implication
of (2.2), and the other is obvious. O

Remark 2.2. An inspection of the proof of Lemma 2.1 reveals that, for a to
be maximal monotone, it suffices that a be merely monotone and continuous.

According to [37, Proposition 12.54] (or the Browder-Minty theorem), a
is surjective. It then follows that the inverse a=! of a is also Lipschitz and
uniformly monotone (with the same constants), that is, for every ¢y, g € R?,

23) la~ (1) —a " (g2)] < Mar - el
| (afl(ch)—afl(Q2))'(Q1—q2)2 §|q1—q2|2.

We look for a variational representation of the map a in the following sense.



12 S.N. ARMSTRONG AND J.-C. MOURRAT

Definition 2.3. Let F: RYx R > Ru {+00} be a convex function. We say
that F' (variationally) represents the monotone vector field a : R¢ — R? if the
following two conditions hold for every (p,q) € R? x R%:

(i) F(p,q)2p-q,
(ii) F(p,g)=p-q < q=a(p).
Representatives of maximal monotone vector fields are not unique. It is
sometimes desirable to find a representative that has the following additional

property.
Definition 2.4. Let F: R?xR% > Ru {+00} be a convex function, and let

(2.4) F*(q*,p*) = sup {(p,q)-(¢",p") - F(p,q)}

p,qeR4

be the Legendre-Fenchel transform of F' (where we write (p,q) - (¢*,p*) for
p-q* +q-p*). We say that F is self-dual if F*(q,p) = F(p,q) for every (p,q) €
R4 x R4,

We continue with some examples of representatives of monotone vector fields.
Example 2.5 (Gradients of convex functions). Consider a uniformly convex
function L :R? — R satisfying

1 1 1 1 1 A
2.5 —|p1—p2fP <=L —L —L(— = )s— - paf?.
(2.5) 2A|pl P 5 (p1) + 5 (p2) 2p1+ P2 2|191 2
Then the uniformly monotone map given by

a(p) = VL(p)

is represented by the self-dual function

F(p,q) = L(p) + L*(q),

where L* is the Legendre-Fenchel transform of L. Moreover, property (2.5)
ensures that F' is uniformly convex and C'1.

Example 2.6 (Linear modifications [9, 34]). Suppose ay is a monotone map
represented by Fy and let M be a d x d matrix such that p- Mp > 0 for every
p € R? Then the monotone map
a(p) =ao(p) + Mp

is represented by the function

F(p,q) = Fo(p,q - Mp) +p- Mp.
Indeed, the fact that F' is convex is clear. We also have

F(p,q)>p-(¢-Mp)+p-Mp=p-q,

with equality if and only if ¢ — Mp = ag(p), that is, ¢ = a(p). Besides, if Fj is
uniformly convex and C!, then so is F. In particular, if

a(p) = VL(p) + Mp

with M skew-symmetric, then a can be represented by the self-dual function
F(p,q) = L(p) + L* (¢ - Mp),
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and moreover, F' is uniformly convex and C1t if L satisfies (2.5).

A fortiori, if A is a symmetric positive definite matrix and M is skew-
symmetric, then the monotone map

a(p)=(A+M)p

is represented by

(2.6 F(p.a) = 5 Ap+ 5 (a = Mp) - A™ (g~ Mp).

Those readers interested only in the case that (1.1) is linear may skip the rest of
this subsection and take (2.6) to be the definition of F' in the rest of the paper.

Remark 2.7. For G : R x R? > Ru {+o00}, denote GT(q,p) := G(p,q). The
function G represents a if and only if GT represents a™!.

Example 2.8 (Representing general maximal monotone maps). Let a : R4 — R?
be a maximal monotone map. The Fitzpatrick function [14] of a, defined by

(2.7) F(p,q) = sup (q-&-a(g) - (£-p)),

represents a. Indeed, the facts that F' is convex and that F'(p,q) > p-q for every
(p,q) are clear; the condition F(p,q) <p-q is equivalent to

gerﬁgfd(a(f) -q)-(£-p) 20,

which is equivalent to having ¢ = a(p) since a is maximal monotone, see (2.2). As
will be clear from Step 3 of the proof of Proposition 2.10 below, the Fitzpatrick
function is the smallest representative of a.

The previous example demonstrates that an arbitrary maximal monotone
map is variationally representable. However, for Lipschitz, uniformly monotone
maps, it is desirable (and necessary for our purposes) to find a representative
that is uniformly convex and C'%!. Unfortunately, the Fitzpatrick function does
not satisfy this property in general — in particular, it is never uniformly convex
if the map is linear. This issue is resolved by the following theorem.

Theorem 2.9 (Uniformly convex and C''! representative). Assume a: R? - R4
satisfies (2.1) for some X\ > 1. Then there exists a self-dual F : R?xR? - R that
represents a and satisfies

1 .
(2.8) (p,q) = F(p,q) - ﬂ(|10|2 +|q|*) is convexz,

(2.9) (p,q) = F(p,q) - %(|p|2 +|q*) s concave,
where we have set
(2.10) A:=2)\+1.

The proof of Theorem 2.9 uses the following result.

Proposition 2.10. Let a: R - R be a Lipschitz, uniformly monotone vector
field, and let F: R x R4 - Ru{+o0} represent a. The dual function F*
represents a=!.
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Proof. We decompose the proof into four steps. In the first step, we introduce
a function F,, on R? x R? that can be thought of as an indicator function of
the graph of a [36]. It is designed to be larger than any representative of a.
We then note that the Fitzpatrick function introduced in (2.7) is F2T. In the
second step, we show that F2* represents a. In the third step, we show that
Fr:T < F < F,. In the last step, we deduce that F* < F* < F**T and complete
the proof.

Step 1. Let Foo : R4 x R? - RuU{+00} be the (possibly non-convex) function
defined by
p-q ifg=a(p),
Foo 5 = .
(p,4) { + 00 otherwise.

It is clear that any F' that represents a must satisfy F' < F,,. Moreover,

Fi(q,p) =sup(q-§+a(§)-p-a(§)-€).

£eRd

In other words, F:T is the Fitzpatrick function introduced in (2.7). Since the
Fitzpatrick function represents a, Remark 2.7 implies that F* represents a™!.

Step 2. We now show that F:* represents a. The function is convex. Since
Frr < F, it is also clear that if ¢ = a(p), then F2*(p,q) < Foo(p,q) =p-q. It
thus suffices to demonstrate the following, for every p,q € R
(2.11) FJ(p,g)2p-q and q#a(p)=FJ(p.q)>p-q.

Since the Fitzpatrick function FXT represents a, we have FT < F,,. By duality,
FrT < Frr. Using again that FXT represents a, we obtain (2.11).

Step 3. We now show that
(2.12) FT<F<F,.

The second inequality is clear since F' represents a. For the first one, the
convexity of F' ensures that for every p, ¢, € R% and every € > 0,

F(p,q) - F(&a(§)) 2e [F(§+e(p-€),a(f) +e(g-a(§))) - F(& a(€))].
Since F'(p,q) > p-q for every (p,q), the latter quantity is larger than

a(§)-(p-&+(g-a)) - £+0()  (¢~0).
Sending ¢ - 0 and recalling that F'({,a(§)) = a(§) - €, we arrive at

F(p,q) > q-&-a(§) - (§-p)
Taking the supremum over £ € R? gives F' > FxT.

Step 4. By duality, we deduce from (2.12) that F% < F* < Fz*T. We have
seen in Steps 1 and 2 respectively that F% and Fx*T represent a-!. So F*
represents a~! as well, and the proof is complete. O

Remark 2.11. The assumption that a be Lipschitz and uniformly monotone
is not necessary for Proposition 2.10. The result can be proved along the same
lines assuming only that a is a (possibly set-valued) maximal monotone map.
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Proof of Theorem 2.9. We decompose the proof into four steps. In the first step,
we construct a preliminary representative F of a which is uniformly convex.
In the second step, we use F to construct a representative F of a that is also
self-dual, following an approach due to [6]. In the third and fourth steps, we
check that F' is uniformly convex and C1.

Step 1. We construct a uniformly convex representative of a. For convenience,
denote 7 := 1/A. In view of (2.1) and (2.3), we can write

(2.13) a(p) =7p+ag(p) and a'(q)=71q+ai(q),

where ag and a; are maximal monotone operators (see Lemma 2.1 and Re-
mark 2.2). Let Fy and F; be the Fitzpatrick functions representing ay and aj,
respectively:

Fo(p,q) = sup (q-€-ag(€)-(€-p)) and Fi(g,p):= sup (p-&-ai(€)-(£-q)).

By Example 2.6, the functions
(p,q) » Fo(p,q—7p) +7lp]> and (q,p) = Fi(q,p-7q) +7lql?

represent a and a~! respectively. It then follows that a is represented by

~ 1
(2.14) F(p,q) = 5 (Fo(p.a=7p) + 7lp* + Fi(g,p = 79) + 7la*) .
Observe that I can be written in the form
~ T
(2.15) F(p,q) = §(Ipl2 +1ql*) + G(p, q),

with G convex.
Step 2. We define F' to be the proximal average of F and F*:

. 1~ 1~ 1 1
(2.16) F(p,q) = 1nf{§F(p1,q1) + §F (q2,p2) + §|p1 —pz|2 + §|Q1 - CI2|2},
where the infimum is taken over all p1, g1, p2, g2 € R% such that

(217) (0.0) = 5(p1 ) + 5 (2 2)

and the Legendre-Fenchel transform F* of F is defined in (2.4). According to [6,
Theorem 2.2|, the function (p,q) — F(p,q) is self-dual. Using the notation of
Remark 2.7, we let H = (F + F*T)/2. It is clear from (2.16) that F < H. By
duality, we also have H*T < F*T = F'. Moreover, we learn from Proposition 2.10
(and Remark 2.7) that both H and H*T represent a. Since H*T < F'< H, it
thus follows that F' represents a.

Step 3. We now show that F'is uniformly convex using the representation
(2.15), that is,

~ T
F(pi,q1) = §(|Z91|2 + |CI1|2) +G(p1,q1)

with G convex. In order to lighten notation, let us denote & := (p; — p2)/2 and
n = (q1 — q2)/2. For pi,pa,q1,q2 € RY satisfying (2.17), since p; = p + £ and
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q1 = q+n, we have

1 1
T(|]91|2 + |Q1|2) + §|p1 —p2|2 + §|Q1 - CJ2|2

=7 ([P + g +2p- € +2q -+ + |nf?) + 2/¢* + 2[n|?

Sy (I

2+T

T 2

2+ T

+(2+7)

. T
p g 2+7'q

::25(17#]75,77)
Defining A := (2 + 7)/7 (which matches (2.10) as 7 = 1/A), we thus obtain

(2.18) F(p.q) - % (Ipf* +1ql*)

= inf {% (Glo+&q+m)+C(p.q.&m) + F(g+n,p+§))+ %W}-

&,meRd

The expression inside the infimum on the right side above is a convex function
of (p,q,&,m). It follows that the infimum itself is a convex function of (p,q);
see for example [37, Proposition 2.22]. This yields the uniform convexity of F
or, more precisely, (2.8).

Step 4. We show that F' is C! as a consequence of its self-duality and
uniform convexity. In fact, this follows from the general fact that the Legendre-
Fenchel transform of a uniformly convex function is C'%! from above. Since
F*(q,p) = F(p,q), this will complete the proof. Letting z = (p,q), we have
shown that there exists a convex G such that

1 .
F(z)- ﬂ'ZP =G(2).
We now observe that for every z* € R4,

F*(z*)=sup (z-2" - F(2))

zeR2d
* 1 2 ~
_zse;gi (z-z 2A|z| G(z))
A *|2 : 1 *|2 a
=§|z | —Zgégd(ﬂk—/\z | +G(z)).

Since the function (z,2*) ~ |z — Az*|> /2A + G(2) is convex, the infimum on the
right side of the previous line is also convex, and we obtain (2.9). g

Remark 2.12. An alternative proof of Theorem 2.9 that does not rely on
a proximal average (and thus gives a somewhat more explicit formula), but
does not give a self-dual representative, is as follows. Choosing 7 =1/(2A) in
(2.13), we see that ap and a; are uniformly convex and C'!. Hence, each has
a uniformly convex representative by Step 1 of the above proof. We can then
construct representatives Fy and F; of ag and a; respectively that are C'1,
by considering the dual functions. The function F defined in (2.14) is then
uniformly convex and C'', and it represents a.

We also need a converse of Theorem 2.9, which is easier to prove.
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Lemma 2.13. Suppose that F : RYxR? - R satisfies (2.8) for some A > 1 and
has the property that, for every p € R?,

(2.19) qigﬁ{fd (F(p,q)-p-q)=0.

Let a(p) € R be the point at which this infimum is attained, which is necessarily

unique since q — F(p,q) is uniformly convex. Then a is variationally represented
by F' and satisfies (2.1) with \ = 4A.

Proof. By the definition of a, we have that, for every p,q € R,
F(p.g)=p-q¢ <= a()=q¢

We have left to show that a satisfies (2.1) with A = 4A. Let py,py € R%.
By (2.8), (2.19) and the definition of a,

(a(p1) —a(pz2)) - (p1 —p2)
= F(pr,a(p1)) + F(p2,a(p2)) —p1-a(p2) —p2-a(p1)

>2F (%(pl +P2), %(a(pl) + a(pz))) -pi-a(p2) —p2-a(p)
+ o (1= paf +an) - am)

2 %(pl +p2) - (a(p1) +a(p2)) —p1-a(p2) —p2-a(pr)
+ < (-l + ) - a(e2)])

= 5@ ~a) - (- p2) + o (1p1 - + ) - a(ea)])

Rearranging this gives

25 (=P + ) ~a(2)P) < (alp1) - a(p2)) - (1 - p2).

Discarding the second term on the left side gives the first inequality of (2.1) with
A = 4A; discarding the first term on the left side and using Young’s inequality
gives the second inequality of (2.1) with A = 2A. O

We conclude this subsection by stating a connection between the minimum
of F' and a(0), for F' and a as in the statement of Theorem 2.9.

Lemma 2.14. Suppose that F represents a and satisfies (2.8) and (2.9). Then
there exist C,c> 0, depending only on A, such that

(2.20) ~Cla(0)f < inf F(p,q) <-cla(0)*.
p,qeR4

Proof. Since F'is uniformly elliptic, VF' exists in the classical sense and is itself
a uniformly monotone and Lipschitz map on R¢ x R? with constant A, as is
its inverse. Moreover, there exists a unique point (pg, go) € R? x R? at which F
attains its minimum. We will show that these facts imply the lemma.
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First, using that the inverse of VF' is Lipschitz with constant A, we get

(2.21) |pol* +[a(0) - qol® = [(0,2(0)) — (po, 40)I’
< A|VF(0,a(0)) = VF(po, qo)[* = Ala(0)[*.
In particular, by Young’s inequality,
Ipol” + lqol” < C'la(0)[",

and therefore

1

F(po,q0) 2po-qo > 5 (|po|2 + |<J0|2) 2 —(]|a(0)|2.
This yields the first inequality of (2.20).
Similarly to (2.21), we next use that VF is Lipschitz with constant A to get
a(0)]” < A (Ipol? + [2(0) - qol?) .

and thus, by the uniform convexity of F',

0= F(0,2(00) 2 F(pora0) + 5 (1P +la(0) - aoP)
1
272
Rearranging gives the second inequality of (2.20) and completes the proof of
the lemma. O

> inf F(p,q) + = la(0)[".
p,qeR4

2.2. Variational formulation of quasilinear elliptic PDEs. A uniformly
elliptic operator on a bounded domain U can be thought of as a uniformly
monotone mapping from H'(U) into H~'(U). From this point of view, it is
natural to seek a variational representative in terms of a given representative of
the underlying vector field a. This is provided below in Proposition 2.15 which,
together with Theorem 2.9, completes the link between general equations of
the form (1.1) and null minimizers of functions of the form (1.7).

We now reintroduce z-dependence, consider Ky > 0 and A > 3 as in the
hypotheses in the introduction and consider a Lebesgue measurable

a:RIxR? >R

such that for each x € R, a(-, x) satisfies (2.1) for A :=
la(0,2)| < K.

By Theorem 2.9 and Lemma 2.14, there exists I’ €  such that, for each x € R,

(A-1) and

1
2

(2.22) F(-,-,x) variationally represents the monotone map a(-,z),

and such that for every p, g,z € R9,

| =

1
(2.23) T (Ipf? +14*) - CKE < F(p.q,2) < = (Ip]* +|¢*) + CKE,

where the constant C' depends only on A.

The next proposition asserts that the functional J + (-,-) defined in (1.13)
variationally represents the quasilinear elliptic operator v » -V -a(Vu,-) as a
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monotone function from H1(U) to H=1(U) (compare with Definition 2.3). This
result, like many of those in this section, is well-known (cf. [16]).

Proposition 2.15 (Variational formulation of (1.1)). Fiz U € R? and F € Q
satisfying (2.22) and (2.23), and let J be given by (1.13). For every (u,u*) €
HY(U) x H-(U),
Jlu,u*]>0.
Moreover, the following statements are equivalent:
(1) (u,u*) is a solution of the quasilinear equation
-V (a(Vu,-)) =u* in U;
(i) J[u,u*]=0;
(iii) u is the unique minimizer of the functional
we Jw,ut], weu+ HY(U);
(iv) w* is the unique minimizer of the functional

w* = Ju,w*], w*e H(U).
Proof. By F(p,q,) > p-q, we have, for any ue H'(U) and g € L?>(U;R9),

(2.24) | (vu(@).g(@).2) - Vu() - g(x)) dz > 0.

Moreover, equality holds in the previous inequality if and only if
F(Vu(z),g(z),z) = Vu(z) -g(z) ae. inU,

which by (2.22) is equivalent to

(2.25) g(z)=a(Vu(z)) a.e. inU.

This yields the equivalence of statements (i) and (ii) in the proposition.

The equivalence with (iv) also follows from these facts and the observation

that the minimum of the functional appearing in (iv) is zero, that is, for every
ue HY(U),

2.26 inf “1=0.
( ) u*EIIJI}I(U)j[u’u ]

This can be seen for a given u € H'(U) by simply taking u* := -V-(a(Vu(z),z)).
That this u* is unique minimizer follows from the equivalence between equality
holding in (2.24) and (2.25).

It remains to establish the equivalence between (iii) and the other statements.
Fix f e H'(U) and u* € H™! and notice that, for u e f+ H}(U), we have

7 (0] =mf{ [ (Fu@).g@).0) - V() (@) do - u- fou)

:ge LX(U;RY), -v-g= u*}.

It is clear that, for fixed f € HY(U) and u* € H-1(U), the quantity in the infimum
on the right side is bounded from below (by 0), uniformly convex as well as lower
semicontinuous on the linear space (f+H}(U))x{g e L>(U;R?) : -v-g =u*}. It
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therefore has a unique minimizer. It suffices then to show that this minimization
problem is null, that is, for every f e HY(U) and u* € H-Y(U),

2.27 inf  J|ug+ f,u"]=0.

(227) ugeHE (U) Lo + fo’]
This follows from the solvability of the Dirichlet problem for the PDE and the
equivalence of (i) and (ii). Alternatively, we give a variational proof of (2.27) by
considering the dual convex optimization problem (following, e.g., the arguments
in [13, Proposition I11.2.1} or [16, Proposition 6.1]).

Fix fe HY(U) and u* € H-Y(U) and define G: H-'(U) - R by
Gw*)=inf (J[uo+ f,v* +u*]+ (ug,v*)).

’UJ()EH(%(U)
We want to argue that G(0) = 0. It is clear that G(0) > 0, so it suffices to
argue that G(0) <0. It is easy to check that G is bounded below, convex and
lower semicontinuous. The Legendre-Fenchel transform of GG satisfies, for every

ve Hy(U),
G*(v)= sup ((v,v") - G(v"))

vreH-1(U)

= s (- o) - T [+ fvt +u])
v eH Y (U) ugeH}(U)

> sup (=J[v+ f,v"+u*])
v*eH-1(U)
= O’

where we used (2.26) in the last step. By duality, using the fact that G is
convex and lower semicontinuous, we have G** = G. Thus

G(0)=G**(0) = sup (-G*(v))<0. O
veHN(U)

3. LIPSCHITZ REGULARITY: STRUCTURE OF THE PROOF OF THEOREM 1.1

In this section, we present the scheme for obtaining a Lipschitz estimate from
Campanato iterations. We also state the error estimate in homogenization of
the Dirichlet problem and argue that these two elements imply Theorem 1.1.

3.1. Two ingredients in the proof of Theorem 1.1. The primary ingre-
dient in the proof of Theorem 1.1 is the following estimate for the error in
homogenization of the Dirichlet problem. Under strong mixing conditions, it is
necessarily suboptimal in its estimate of the typical size of the error because
it is optimal in terms of stochastic integrability. The functional J is defined
in (1.13) and the homogenized functional J referred to in the statement of the
theorem is defined below in Section 4.8 (see (4.41)).

Theorem 3.1 (Quenched L? error estimate in homogenization). Fiz a bounded
Lipschitz domain Uy € R? and exponents 6 € (0,1] and 6 € (0,5). There exist
so(d, A\, B,6,0) >0, C(d,\,3,C5,8,Up,0) > 1 and, for every s € [sg,0), a

nonnegative random variable X satisfying

(3.1) E[X’]<C



LIPSCHITZ REGULARITY FOR EQUATIONS WITH RANDOM COEFFICIENTS 21

such that the following holds. For R>1, U := RUy, f € W1L2*(U) and setting

(3.2) M e K0+(][U|Vf(x)|2+5 dx)ﬁé,

the unique functions u,u € f + HY(U) such that

(3.3) T [u,0] =7 [@0] =0,

satisfy the estimate
(3.4) R ][ lu(z) —a(x)* dx < CM2(1 + M) x, R/,
U

Moreover, under assumption (P4), for every s € (0,dv/(d+ 7)), there exist
a(d,N\,v,d,s) >0, C(d,A,0,Uy,7,Cy4,s) > 1 and a random variable Y, satisfying

(3.5) Elexp(Y¥s)] < C

such that, for u and w as above,

(3.6) R J{] () - (2) de < CM? (1 + Y, R*log(1 + M)) R~

Remark 3.2. The non-quadratic dependence of the estimates (3.4) and (3.6)
on the parameter M is a nonlinear phenomenon. Indeed, in the linear case
(as usual we mean the PDE is linear, i.e., F' is quadratic) it may be removed
by homogeneity. However, in the nonlinear case, this is not an artifact of our
method: thinking in terms of the PDE, it arises because it is not necessarily the
case that the span of the random fields {a(p,-)}ega lie in a finite dimensional
space. Thus different p’s may exhibit different (i.e., independent) randomness,
and since the estimates are quenched, we are required to control them all at
once, up to the fixed size M. Thus the larger M is, the larger we may expect
the random part of the right sides in the estimates to be.

The following proposition encapsulates the general scheme for proving Lips-
chitz estimates introduced in [3]. It reduces Theorem 1.1 to Theorem 3.1 by a
Campanato-type iteration, which allows us to focus most of the effort in this
paper on the proof of the latter. It is almost the same as [3, Lemma 5.1], but we
have included a slight variation to allow us to handle equations with non-zero
right hand sides. We also formulate the result using the L? norm rather than
the L*™ norm, but this makes no difference in the argument.

Before giving the statement, we briefly introduce some notation. We take £
to be the set of affine functions on R¢ and define, for each o € (0, %] and r > 0,
the set

A { ) ot (f, b= dm);

or leL
1(1. 2 \?
35(;1[3;( o) - 16a) dx) )}
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In words, the set A(r, o) consists of those L?(B,) functions u which satisfy one
step of a O Campanato iteration with dilation factor o: the flatness of u in
B,, is improved from its flatness in B, by a factor of two.

Proposition 3.3 (Campanato scheme). For o € (0,3] and v € (0,1] such that
07 > 2 and o > 0, there exists C(0,7v,a) > 1 such that the following holds.
Suppose that R>1, K,L >0, rg € [1, R/8] and u € L?(Bgr) have the property
that for every r € [rq, R/8],

(3.7)  inf E (]ir lu(z) - v(2))? d:z:)é

veA(r,o) T
1 3
<re (K + — inf (][ lu(z) - al? da:) ) + L.
21 aeR \ J By,

Then for every r € [rg, R/2],
1. 2 2
(3.8) —inf (][ lu(z) - al d:z:)
B,

T acR
< O(%;ﬁgf«i(]i}a u(z) - af’ dac)2 +K(%) +LR7).

Proposition 3.3 asserts that if a function u € L?(Bg) (we are thinking of R
very large) has the property that, in every ball B, with radius r between R/8
and a “minimal radius” rg, it can be well-approximated by a function in A(r, o),
then in fact u does not oscillate too much on scales larger than the minimal
radius. Its proof appears in Section 3.3 below.

In order to make use of Proposition 3.3, we need to check that null minimizers
of the homogenized functional belong to A(r, o). This is handled by the following
simple lemma, which is a reflection of the well-known fact that a family of
scale-invariant functions satisfies a C'b* estimate if and only if it satisfies an
improvement of flatness property.

Lemma 3.4. Suppose that o€ (0,1], K >0, and u € C»*(Bg) has the property
that, for every r e (0, R/2],

of 1. 2\
[Vuleoas,) < K7 (gllgﬁf (]g [u(z) ()] d:c) ) :
Then there ezists o(a, K) € (0, 3] such that uwe A(r,o) for every r € (0, R/2].

The proof of Lemma 3.4 is also given in Section 3.3 below.

3.2. Proof of Theorem 1.1. In this subsection, we prove the main result of
the paper by showing that the combination of Theorem 3.1 and Proposition 3.3
yields a pointwise Lipschitz estimate at large scales.

Proof of Theorem 1.1. Throughout we fix p > d, 6 € (0,3). We take §(d,A) >0
to be the exponent ¢y in the statement of the interior Meyers estimate given
in Proposition B.4 in the appendix. For each r € [1, R/8], let v, € u + H}(By,)
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denote the unique minimizer of J[-,0] belonging to u + H}(By,), and @, €
v + HY(B,) the unique minimizer of J[-,0] in v, + H}(B,).

By the definition of J and a in Sections 4.8 and 6.5, respectively, and
using Lemma 2.13 and Proposition 2.15, we see that wu, is a solution of the
constant-coefficient equation

-vV-a(vVu,)=0 in B,.

Note that a is uniformly monotone and Lipschitz with constants depending
only on A. Applying Lemma 3.4 and [20, Theorem 8.9], we have that u, €
A(r,0) for some o(d,A) € (0,3]. Note that while the assumptions in [20,
Theorem 8.9] require that the coefficients a be differentiable, this assumption is
not quantitative and therefore the theorem holds for Lipschitz coefficients by
approximation.

By making p smaller if necessary, we may assume without loss of generality
that ol-4/p > %, which is convenient in view of the hypothesis of Proposition 3.3.

Throughout the argument, we let C' denote a positive constant which may
vary in each occurrence and depends only on (d, A, 3, C3,p,0) or, in the case
that (P4) holds, depends only on (d, A, 5,Cs,p,~, Cy, s).

Step 1. We record some preliminary estimates involving v, and u — v,. The
interior Meyers estimate (see Proposition B.4) and the Caccioppoli inequality
(see Proposition B.2) imply that

(]J[BT V() dx)zi& <C (Ko + (L[ggr Vo, (2)[* dx)é)
<C(K0+Eu;1f(]i4r o, () - af? d:[:)%)

We next apply Proposition B.1 in the appendix and then use Hélder’s inequality
to obtain

(3.9) ﬁ;NM@—vw@ﬁdx

2d o_2d

<crfﬁf@|mKoR (éJﬂ@mesCM?

Then by the Poincaré inequality, we get, for every r < R/S8,

(3.10) ][ lu(z) - v, (2))? de < CRs > 5 (]gR|f(:c)|p dx)i <CM?>.

Combining these with the trlangle inequality yields that

(3.11) (][ Vo, ()" dx) <C’0( +4_17"££111£(][J;4T lu(z) - af’ dx);),

where we write C = Cj for future reference.

Step 2. We plan to appeal to Theorem 3.1 in a sequence of dyadic balls. In
order to prepare the ground for this, we fix C’ > 1 to be selected below and
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observe that letting ¢ = 1/(2C) > 0, for any r < R/8, the condition

1. 2 3
A2 —inf - "M
(3.12) in (]gM lu(z) - al dx) <cC

47“ acR
implies by (3.11) that

(3.13) M, = Ky + (][ Vo, ()" dx) e Ko+ CoM(1+c¢C)<C'M
By

provided that C" > 2 + 2.

Step 3. We define the random minimal radius X > 1 in the general case that
only (P3) holds. Set 6" =6+ 3(8-6). With s = so(d, A, 3,0,0") > 1 and X; as
in the statement of Theorem 3.1 with ¢’ in place of 0, we set

X = [(C,)2+2d/sxs]§-
According to the conclusions of Theorem 3.1, we then have that

E[)(O] < C(Cl)2s+2d
and, for every r e [X(1+M)e . ]

(3.14) —][ @, (z) - v.(x) dz < ((;,,)2]\42 r=0=0/s < O NP

provided that r satisfies (3.12), since (3.12) implies (3.13). Note that the
constant C'in (3.14) does not depend on our choice of C’, and that the exponent
a >0 depends only on (d, A, 3,0).

Step 4. In the case that assumption (P4) holds, we define X differently. Here
we fix an exponent s € (0,dy/(d + 7)) and allow the constant C' to depend
additionally on (v, Cy,s). Letting )V, and o >0 be as in the second statement
of Theorem 3.1 with M replaced by C’"M,, we define

X = max{ysi7 (C")i},

so that .
E[exp (X*)] < Ce@) ™ (C"My)™,
and for every r € [X, g R],

1
A O o

provided that (3.12) holds. Up to a redefinition of o > 0, this is (3.14), with «
depending additionally on (7, s).

Step 5. We observe that, for every r € [X(l + M)
holds,

(3.15) (][ u(z) - . (z)|* dx)
<G [TQM R (]{BR |f(x)P dx);] ,

2d
0

%R] such that (3.12)
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where we write C = C for future reference. Indeed, this follows immediately
from (3.10) and (3.14).

Step 6. Let C" = 81+4/2 + Cy(1 + 2C)), where Cy = C(0,1 - d/p,a) is the
constant given by Proposition 3.3 (and o was defined in Step 1, above). We
show that, for every r € [X(l + M)%, %R],

(3.16) 1 inf ( g lu(z) - af? dx)2 <C"M.

T acRd

We argue by induction. The estimate is obvious for r € [R/8, R/2]. Suppose that

(3.16) holds for every radius r € [4rg, R/2], with 7o such that ro > X (1+ M)% .
Then (3.12) holds for every r € [ro, R/8], provided we choose C" > C"[c. In view
of (3.15), an application of Proposition 3.3 yields that, for every r € [rg, R/2],

L. ( () - af’ dm)2 < Cy(M +2C, M) < C"M.
B,

T acRd
This completes the proof of (3.16).
Step 7. We conclude. By the Caccioppoli inequality (Proposition B.2), (3.16)
and the Holder inequality, we have for every r € [X (1+M )%d, %R],

1.
]ir IVu(z)]* dx < C(Kg + —21n[£

< ae BQT‘

() - af da + 12 ]i U@ dx)

<OM2+CRY % (][ () da:)p
Br
<CM?>.
This completes the proof of the theorem. Il

3.3. The Campanato C''“—type iteration. In this subsection we give the
proofs of Proposition 3.3 and Lemma 3.4.

Proof of Proposition 3.3. Step 1. We first argue that we may assume (3.7) to
hold for every r € [rg, R/2]. Indeed, assume that the proposition is proved with
this stronger assumption. Then we can use the result with R replaced by R/4
to get (3.8) for r € [rg, R/8], up to a redefinition of C. That (3.8) holds for
r € [R/8, R] is obvious (up to a redefinition of C'). We may therefore assume
that (3.7) holds for every r € [ro, R/2].

Throughout, C' and ¢ denote positive constants depending only on (o, o,7)
which may vary in each occurrence. Define sy := R and, for each j € N, set
s; = 0/ LR[4. Pick m € N such that s, < r9/2 < s,,. Denote, for each

je{0,...,m},
F'—l'nf][|() l()|2d :
]._Sj1l€£ Sjua: z x| ,

1 1
H] = —mf(][
Sj aeR B

() - af dx)2

53
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Step 2. We show that for every je{1,...,m},
1
(317) .Fj_,.lﬁEF]‘+OSJ_~&(K+H]'_1)+OLS;.
By (3.7) (and o < 1/2) that there exists v € A(s;,0) such that
3
1
(3.18) — (][ lu(z) - v(z))? da:) <s;% (K + Hjq)+ Ls].
Sj st

By the triangle inequality,

1
1 2 1
Fig< (][ lu(z) - v(z)[ dm) + inf (][
Sj+1 \ Y Bs Sjr1 leL \ JBs

The first term is bounded by 0%/2-1 < C' times the left side of (3.18), while since
v e A(sj,0), the second term is bounded by

llinf(]gs, lo(z) - 1(z)[ d:za)2 < %FJ + %Sl (]i lu(z) - v(z)[” dac)2 :

lw(z) - 1(z) d:v)2 :

J+1 j+1

and we use (3.18) again to estimate the right-most term. This yields (3.17).
Step 8. We show that, for every j € {0,...,m -1},

1 J
(3.19) Fji < éFj +C's;® (K + Hy + ZE) +CLs].

=0

Select p; € RY such that

1 2
Fj:—inf(][ |u(x)—pj~a:—a|2d:v) :
B,

S acRd

-

The triangle inequality yields, for every j € {0,...,m},
(3.20) F; < H; <2Jpj| + F;.

Moreover, for any a,b € R,

1 1

2 2

ij|s€(][ \Pj'x|2d9€) Sg(][ \Pj‘$+a‘b|24m)
S Bs . Sj Bs .

J j J

< g(][ lu(z) -p; -z -af’ dm) +€(][ lu(z) - b dx) :
Sj st S st

J
so that

Similarly, for every j € {0,...,m -1},

I=

C 2
(3.22) ]pj+1—pj\s;(]g.I(pm—pj)-xf dm) <C(Fju + Fy).

J j
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By iterating (3.22) and using (3.21) with j =0, we get
J
(3.23) ;| < Ho+ C Y. F;.
i=0
By (3.17), (3.20) and (3.23), we obtain (3.19).
Step 4. We show that, for every j € {0,...,m},
(3.24) F; <277 Fy+ Cs;* (K + Hy) +CL(5]7+R73;-°“).
We argue by strong induction. Fix A, B > 1 to be selected below and suppose
that k € {0,...,m -1} is such that, for every j € {0,... k},
(3.25) F; <27 Fy + As;* (K + Hy) + L (As] + BRs;*).
Using (3.19) and this assumption (and then Fy < Hy), we find that

1
Fia <3 (27"Fy+ As;® (K + Ho) + L (As) + BRYs;*)) + CLs]

k
+Csp® (K+H0 + (2—J'F0 + As; (K + Hy) +L(AS;Y +BRVs;a)))

J=0

1
<o (kD 539 (K + Hy) (§A +CAs“ + C’)
1 1
+ Ls], (iawA + C) + LRYs;%, (aB +CA+ CBsko‘).

Now suppose in addition that & <n with n such that Cs, < ;11. Then using this
and o7 > %, we may select A large enough that

%A+(JA3,;"+C§ZA+C§A and %J‘UHOSA

and then select B large enough that

%B +CA+CBs;* <B.

We obtain
Fro <27 D+ Asi® (K + Hy) + ALs),, + BLRYs;2,.

By induction, we obtain (3.25) for every j < n. For every je {n+1,... ,m},
we have 1 < s;/s,, < C and hence F; < CF,,. We thus obtain (3.25) for every
j €{0,...,m}. This completes the proof of (3.24).

Step 5. We conclude the argument. To obtain (3.8), we need to estimate H.
According to (3.20), (3.23) and (3.24), we have

J
H; < Fj+2|p;| <2Hy+C Y F;

=0
i

<2Hy+C Y (27'Fy + 57 (K + Ho) + L (s] + R's;*))
=0

<2Hy+CFy+Cs;*(K + Hy) + CLRY (1 + sj‘.a)
<C(Hy+s;*K+LR).
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This completes the proof of the proposition. O

Proof of Lemma 3.4. Denote lo(x) :=u(0) + z- Vu(0). Then the hypothesis of
the lemma yields, for every r € (0, R/2] and s € (0,r/2],

(Jg [u(@) = lo () d:c); < ose [u(@) ~lo(w)|

< st [Vu]coya(Bs)

< Ksttop 1-8inf (][ lu(z) - 1(z)]? da:)2 :
By

leL

Taking s = or, this gives

%(]i () - lo(2) dx)i < Koo (%il&f(]g% () - 1) dx)i).

Taking o € (0, 3] small enough that Ko < 1, we obtain the lemma. O

4. THE SUBADDITIVE QUANTITIES

We introduce the subadditive quantity po and superadditive quantity u
which play the central role in the proof of Theorem 3.1. We review their basic
properties and give some notation needed in the rest of the paper.

Throughout this section, we let C'> 1 and c € (0, 1] denote positive constants
which may vary in each occurrence and depend only on (d, A).

4.1. Definition of the subadditive quantities. We denote the space of L?
solenoidal vector fields on a bounded Lipschitz domain U ¢ R? by

L2,(U):= {f e L*(U;RY) : /Uf(x) -Vo(x)dr =0 for every ¢e H&(U)}.

The subspace of LZ |
component on OU is

L2,0(U) = {f e L2,(U) : []f(x) Vo(x)dr =0 for every ¢ e Hl(U)}.

Note that L2 ,(U) is the L? closure of the vector fields in L2 |(U) with compact
support in U.

(U) consisting of solenoidal vector fields with zero normal

For every p, q,p*,q* € R? and bounded Lipschitz domain U ¢ R?, we define
w(U,q",p*) =
inf o (F(Vu(2),g().0) - ¢ Vul@) = p - g()) do

ueHY(U),geL? (U)

sol

and

o(U,p,q) = ]{]F(p+Vv(x),q+h(x),x)dx.

Since the admissible set for pp has more constraints, we see that, for p, g, p*,q* €
R4,

(4.1) w(U,q*,p") <p-q¢* +p*-q+ (U, p,q).

inf
veHj(U),hel2 ) ((U)
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Up to normalization, u(-,q*,p*) is superadditive and po(-, p,q) is subadditive.
Precisely, if U, Uy, ...,U, are bounded domains satisfying
(4.2) Up,...,Up are pairwise disjoint and |U~ (U u---uUy)| =0,
then
* %k £ |UZ| * ok 5 ‘Ul‘
(43) /’L(U7q » P ) 2 Z mu(Uzuq P ) and /’LO(U7p7 Q) < Z W/I’O(Uiup7 Q)
i=1 1=1

This is due to the fact that an approximate minimizer for u(U, ¢*, p*) gives, by
restriction, a candidate for the minimizer of u(U;, ¢*,p*) for each subdomain Uj;
and, conversely, a minimizing candidate for po(U, p,q) may be constructed by
assembling each of the minimizers of p(U;, p, q) as these agree on the boundaries
of the subdomains (up to additive constants).

We next observe that p and pp are uniformly bounded on the support of P:
for every bounded open U ¢ R? and p*, ¢* € R?, we have

(4.4) -C (Kg +|p* P + |q*|2) <u(U,q*,p*) <CKZ, P-as.

To see this, we first use (P1) and the proof of Lemma 2.14 to obtain that the
minimum of F(-,-,x) occurs at a point (po(x),qo(x)) satisfying

[po(@)[* + lgo ()| < CKG.
Moreover, by (1.11) and (P1),
—K§ < F(po(x), qo(x),x) <0,
so by (1.9) and (1.10),

N>

% (Ip = po(x)] +1g - qo(2)*) - KE < F(p,q,2) < = (Ip— po(2)[* + g — qo(2)]?).

Hence by Young’s inequality, we have P-a.s.,
1
(4.5) + (IpP* +1aP) = CKG < F(p.g.x) < A(p* + [af*) + CKG.

To get the right inequality of (4.4), we test with the zero function in the
definition of 1 and use the previous inequality. To get the left inequality
of (4.4), we use the previous inequality and Young’s inequality to get, P-a.s.,

F(p,q,z)-p-q"—q-p*>-C(KZ+[p**+|q).
In particular, from (4.4) we have the bound
(4.6) (U, p) < C(EG+[p P +1g'[*)  P-as.

Similarly, P-a.s., we have the following uniform estimates on pug, for every
bounded open U € R? and p, q € R%:

1
(4.7) (PP +1a*) - CKG < o (U, p, @) < A(|pP* + |af*) + CKG.

The right inequality was obtained by testing with the zero function and us-
ing (4.5). The left inequality follows from (4.5) and Jensen’s inequality. Finally,
note that

(4.8) po(U,p,q) 2p-q.
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Indeed, for each bounded and Lipschitz U ¢ R?,

inf ][F +vVu(z),q+h(x),z)dx
veH(U), heL?,, ((U) JU (v (),+h(x).x)

inf o ][U(p +Vu(r))-(¢+h(x))dz

veH}(U), heL?

sol,0
=p-q.

MO(Uap7 Q)

vV

4.2. Notation for cubes. Throughout the rest of the paper, we work with a
triadic cube decomposition of R¢. For each n € N and z € R4, we set

On(z) :=3" |3z + Oy,

where we recall that O, is the cube (-3"/2,3"/2)?. For each n € N, the family
{O.(z) : e R} ={z+0O, : 2z €3"Z?} forms a disjoint partition of R? (up to a
Lebesgue null set). Notice in particular that the cube O,(z) is not centered
at x (unless x € 37Z9). Rather, it is the unique cube which contains = with side
length 3™ and centered at an element of 3"Z¢.

In order to work with the uniform mixing condition (P3), it is sometimes
convenient to delete a thin mesoscopic boundary strip from the cubes O, (z) so
that the cubes are separated from each other. We denote these trimmed cubes
by

_— (_1 (3" - 37/148) 1 (3" - 3n/(1+ﬁ)))d c R
n 2 ) 2 - )

where we recall that 5 > 0 is the exponent appearing in condition (P3). For
every x € R?, we let @,(z) =3"|3™z| +8,. It is clear that, for every x,y € R9,

(4.9) m, () #®,(y) =— dist(®,(z),83,(y)) > 3705

The proportion of volume we have sculpted from O, to create @, is relatively
small:

|Dn N @n|

< O318101+8)
O]

(4.10)

4.3. Definition of 1z and f,. Since each triadic cube O,,; is the disjoint union
of 3% subcubes of the form z +0O,, with z € Z?, we obtain from the super- and
subadditivity properties and stationarity that E [n(0,,¢*,p*)] is nondecreasing
in n and E[po(0,,p, q)] is nonincreasing in n. Therefore,

(4.11) Ji B {(0n, ¢ p)] = Ti(q" p") = sup B [(@n, g7, p7)
and
(4.12) Jim E [120(0n, p, 9)] = Tio(p: q) = L E [110(00, P, 4)] -

Note that, by (4.1), we have

(4.13) a(q*,p*) <ho(p,q) +p-q* +p*-q.
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Next we observe that p and o are monotonic with respect to the trimmed
cubes, up to a small error:

(4.14)  w(@pim, gt p) 237 N p(@a(2), %, ")

@n(x)g@ner
_ Cg—nﬁ/(1+ﬁ) (Kg + |p>e|2 + |q*|2)
and
(4.15)  po(@nim;0,q) <37 Y po(@a(2),p,q)
@n(z)EEner

+ (3 BI(A+B) (Kg +[pf? + |q\2) .

To obtain these, we make the obvious partition of @,,,, into the union of the
trimmed cubes 8, () € 8,,,,, and the extra trimmed region and apply (4.6), (4.7)
and (4.10). In particular, by taking expectations and using stationarity, we get

(4.16) E[pu(@n1,q",0")]
>E [u(@, (), ¢, p*)] - C3 A (K2 + ™| + |g**)
and

(4.17)  E[po(@ne1,p,q)] < E [po(@n(2), p, q)] + C3ED (K + |pl* +[qf?) .

4.4. The minimizing pairs for p© and pg. Throughout the rest of this pa-
per, we denote the minimizing pair of u(U,¢*,p*) by (u,g) = (u(-, U, ¢*,p*),
g(-,U,q*,p*)). To be precise, (u,g) are uniquely defined for each p*, ¢* € R and
bounded open subject U ¢ R? by the conditions that (u,g) € H*(U) x L2 (U)
pU.0 ) = £, (F (Vu(@). g(x).2) - " Tu(x) - -g(x) dx.
][ u(xz)dzr =0 for every connected component V of U.
v

The existence of the minimizing pair for p is immediately obtained from the
direct method since the uniform convexity of F' guarantees that the functional
is weakly lowersemicontinuous. Uniqueness is also a consequence of uniform
convexity.

It is immediate from (4.5) and (4.6) that

(4.18) ]{](|Vu(a:,U,q*,p*)l2+Ig(%U,q*,p*)IQ) dx
<C(KZ+IpP+g*]?) P-as.

We denote the minimizing pair of 1o(U, p,q) by (v, h), and it is uniquely defined
by (v,h) e H}(U) x L2, ,(U) and

sol,

(4.19) 1o(U, p, q) = ]{]F(p+VU(x),q+h(x),x) dz.

We sometimes write v = v(-,U, p,q) and h =h(-,U, p,q)) to display the depen-
dence on (U, p,q). The existence and uniqueness of the minimizing pair for
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1o is a straightforward application of the direct method, just as for u. The
analogous bound to (4.18) is

(4.20) Jg (Ive(z,U.p, )" + n(z,U,p, )[) do
<C(KZ+p*+1gf) P-as.,
which follows immediately from (4.5) and (4.7).

Remark 4.1. The quantities p and pg are inherently variational and may not
have a simple description in terms of the PDE. We remark that neither v nor v
is necessarily a solution of the equation (1.1), nor is g or h necessarily the flux
of u or v, respectively. For (v,h), this is because the minimization problem is

too restrictive, requiring h e L2 ((U) rather than he L2 (U). For (u,g), it is

because there is no boundary condition, and in particular the minimizer may
have boundary conditions other than an affine function with slope p*.

4.5. Two convexity lemmas. Uniform convexity enters into our arguments
exclusively through the following two lemmas. We recall that €2 was defined in
(1.12).

Lemma 4.2. For every F € Q, bounded domain U € R?, wy,wy € H'(U) and
fl,fg € L2 (U),

]g (|Vwi(z) = Vws(2)[* + [fi(z) - f2(2)[*) do
< 4A(][U F(Vwi(z),fi(x),z) de + ]iF(VwQ(:B),fQ(:E),x) dw—2u(U,0,0)).

Proof. Denote w := %wl + %wg and f := %fl + %fg and compute, using (1.9):
w(U,0,0) < ]{]F(Vw(x),f(x),x)dx

< %JgF(le(x),fl(x),x)dx+%]gF(ng(x),fQ(:v),x)dm

“x T (|Vwi(z) = Vws(2) [ + fi(2) - f2(2)[*) da.

A rearrangement of this inequality yields the lemma. U

The next lemma is a converse of the previous one and follows from (1.10).

Lemma 4.3. For every F € Q, bounded domain U € R?, wy,ws € HY(U) and
fl,fQ € LSOI(U),

][U F(Vur (2), £1(x), ) dz < 2 ]6 F(Vws (), fs(), ) dx - u(U,0,0)

5 L (190(@) - Tun@) +18(2) - () ) d
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Proof. Set w := 2wy —wy and f := 2f, — £}, so that wy = 3w+ 3wy and f; = 3£ + 1f;.
Using (1.10), we observe that

]gF(ng(m),fg(x),x) dx
> %JgF(Vw(x),f(x),x)daH%JgF(le(a:),fl(x),a:)dx

- F(90@) - v @F + ) - £ (o)) dr
Using
w(U,0,0) < ]ll;F(Vw(:c),f(x),:c) dx
and rearranging, we get the lemma. U

Remark 4.4. We also obtain versions of the previous two lemmas for functions
with affine boundary data. Under the additional assumption that w; + ws €
Hg(U) and fi(z) + f5(x) € L2 (U), the conclusion of Lemma 4.2 may be

improved to
(4.21) ]{](le(x)—ng(x)|2+|f1(x)—fg(x)|2) da
< 4A(]€F(Vw1(:v),f1(a:),:v)da:

+£FWM@%MMJM%4mWﬂ®)

Likewise, under the additional assumptions that 2w; —ws € H&(U ) and 2f; —f, €
L%, ,(U), the conclusion of Lemma 4.3 may be strengthened to

(4.22) ][UF(le(x),fl(x),x) dr <2 ][ F(Vws(), (), 2) dz - 11o(U, 0,0)

7 (Ile(l’) Vwy(2)|* + [fi(2) ~fa(2)[*) dx

Remark 4.5. Appropriate versions of Lemmas 4.2 and 4.3 as well as (4.21)
and (4.22) for arbitrary (¢*,p*), (p,q) € R?xR? rather than (0,0), are immediate
consequences of the former by applying the results to the operators

(p.q) = F(p+p,g+q,x) and (p,q) =~ F(p,q,x)-¢"-p-p*-q.
Indeed, while these operators do not in general belong to €2 because they do
not satisfy (1.11), they do satisfy the other conditions (1.8), (1.9) and (1.10),

and meanwhile (1.11) was not used in the proofs of Lemmas 4.2 and 4.3. We
make use of this fact without further comment.

4.6. Some basic estimates on the triadic cubes. We next present some
inequalities which allow us to compare p and g in the trimmed versus the
untrimmed cubes. We have, for every p*,¢* € R¢ and n € N,

(4.23) 1( @0, ¢, p*) < (00, g, p*) + C3OD (K2 + [p*2 + |g*?) -
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Indeed, it follows from superadditivity that

* * E‘n * * Dn\@n * *
(B, q*,p*) > uu(@n,q P )+gu(mn\@mq D),
| On | | O |
so that
* * * * Dn\@n * * * *
p(Bns ¢, 0") = (@, ¢, p )Zﬁ(u(@mq 00) + (8, N B, ¢F, D7),

and (4.23) follows using (4.6) and (4.10). Similarly, for u we have

(4.24) 110(@0, 1, q) > p1o(Tp, p, q) — O3B (K2 + [pf2 +qf?) .

We do not have an almost sure inequality which bounds p(0,,¢*,p*) by
w(8,,q*, p*), but using stationarity, we can show such an inequality in expecta-
tion:

(4.25) E[p(0n,¢",p")] <E[p(@n11,9%,p")]
_mnB
+C (E[(@ns1, ¢, p")] - E[u(@n, ¢*,p*)]) + O35 (K3 + [p** + |g* ).

To see this, notice that @,,; can be partitioned into 3¢ + 1 disjoint connected
sets, which consist of the untrimmed cube O,,, the 3% — 1 trimmed cubes of the
form @, (x) € @,,1 which do not intersect O, and a trimmed region of measure
at most C3-"8/(1+M)| @, ,; |. Using the superadditivity of p with respect to this
partition, taking expectations, using stationary and (4.6), we arrive at

(426) Sd]E [:u(@n+17 q*ap*)] > K [M(Dna q*vp*)] + (3d - 1)E [ﬂ(@n; q*7p*)]

- O3 (K3 + P + 1)
from which (4.25) follows. Using (4.23), we may slightly improve (4.25) to
(4.27) E[u(0n,q" p)] <E (80, ¢, p")]

18 * *
+C (E[(@ns1, ¢, )] - E[1(0n, g%, p*)]) + 3715 (KG + [p** + |g* ).

This also permits us to compare the minimizers of p in the trimmed and
untrimmed cubes. Writing U := @, U (0, \ 8,) and applying Lemma 4.2, we
have

]6 (Vu, g) (2, U,p*,q*) = (Vu,8) (x,0,,p%, ¢*)* da
<C (O, q¢*,p*) — (U, q*,p"))

* * |@n|
SC(N(DmC] P )_|D |

|Dn\@n|
=

H(@naq*ap*)_ M(Dn\@n7q*ap*))

_nB
<C(1(Bn,q",p") = (@, ¢, p*)) + C (KG + " +|g"[*) 375
Taking expectations and using (4.27) and the fact that

(Vu,g)(x,8,,0",¢") = (Vu, ) (2, U, p*,q")|a,,
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we obtain that
129) E| £ (vug)(@80 1 0") - (Vi) (w50,

T * *
<C(E[(@ns1, ¢, )] -E[1(0n, ¢*,p*)]) + O35 (KG + [p** + |g* ).

4.7. Some further properties of 1 and . For every U € R?, we have that

1 .
(4.29) (@) = po(Up,0) = 55 (Ip]* +g*) is convex
and
A 2 2 :
(4.30) () = 1o(U,p,0) = 5 (Ip + |af*) s concave.

The first claim follows from (4.21), Remark 4.5 and Jensen’s inequality. The
second claim follows from (4.22) and Remark 4.5. Combined with (4.7), these
imply that po(U,-,-) satisfies the continuity estimate

(4.31)  |uo(U,p1,q1) = po(U, p2, q2)|
<C (Ko + p1] + p2| + |laa] + |@2]) (Ip1 = p2| + 1 — q2]) -

The analogous inequality also holds for pu:

<C (Ko + [pil + [p3| +lat| +la3]) (pi = p3| +lai - a31) -
To see this, we use (u,g)(-,U, ¢}, p;) as a candidate for attaining the infimum

in the definition of (U, q;,p;) and use (4.18).

4.8. The homogenized coeﬂ‘icient_s F and functional J. We define the
homogenized variational coefficients F' by
F(pv Q) = ﬁO(p> Q)

It is then immediate from (4.7), (4.12), (4.29) and (4.30) that F' grows quadrat-
ically and is uniformly convex and C'™! in both variables, that is,

| _
(4.33) = (IpP +1al*) - CKF < F(p.q) < A([pl* + [gf*) + C K3,
_ 1 ‘
(431 (1.0) = F(p.0) - 5 (i +1af?)  is conves
and
Fal A 2 2 :
(4.35) (2,0) > F(p.q) = 5 (IpI* + laf*) is concave.

Likewise, (4.31) implies that

(4.36) ‘F(plach)_F(anQZ)‘
<C (Ko +[p1] + |p2| + la1] + |a2]) (Ip1 = p2| + a1 — ¢2])
and hence

(4.37) [VE(p. )| < C(Ko +Ipl +1al).
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From (4.34) and (4.35) we also deduce that

(4.38) ‘VF(pla @) - VE(ps, 612)‘ <C(p1 = po| + 1 — a2]) -
By (4.8), for every p,q € RY,
(4.39) F(p,q)2p-q.

In order to see that F variationally represents a uniformly monotone and Lips-
chitz vector field (which we would then denote by a), it suffices by Lemma 2.13
to check that, for each p € R?,

(4.40) inf (F(p.a)~p-q) =0.

This is a consequence of (4.39) and the duality between  and 7z, for which we
require the results in Section 6. We thus postpone the demonstration of (4.40)
and the construction of the homogenized coefficients a to Section 6.5 (see
Proposition 6.6).

We define, in each bounded Lipschitz domain U ¢ R?, the functional
(4.41) T [u,u*] = inf{ /U (F(vu(z),g(x)) - Vu(z) -g(z)) dz

:ge L2 (U;RY), -v-g= u*}.

Modulo the proof of (4.40), we have shown that the theory described in Sec-
tion 2.2 applies to J.

5. STRUCTURE OF THE PROOF OF THEOREM 3.1

In this section, we reduce the proof of Theorem 3.1 to two ingredients. The
first is the core issue, namely the convergence of the subadditive quantities u and
1o defined in the previous section. The second is a general, deterministic fact
that follows from an oscillating test function argument and essentially allows to
recover Theorem 3.1 from the convergence of the subadditive quantities.

5.1. Two ingredients in the proof of Theorem 3.1. We first present the
results concerning the convergence of the quantities p and pg, which are proved
in the next section. As we will see, the quantities 7 and F are dual convex
functions and thus each pair (p, q) is dual to VF(p, q). For every (p,q) € RéxRd
and bounded domain U ¢ R?, we denote

EWU,p,q) =|uo(U,p,q) - F(p,Q)|+|n(U, VF(p.q)) - VF(p,q) - (p,q) + F(p,q)|.
The goal is to show that, for some exponent a > 0,
P[E(Tn,p,q) 23] « 1.

We are interested in bounding the probability on the left side as strongly as
possible — as opposed to finding the optimal exponent «, which is much less
important for our purposes. In addition, we need an estimate which also
possesses some uniformity in (p,q) and allows for translations of the cubes.
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The following theorem possesses each of these desired properties. It can be
compared to [3, Theorem 3.1]. Its proof is the focus of Section 6.

Theorem 5.1 (Convergence of the subadditive quantities). Fiz M,R > 1,
0€(0,8) and T > 1. There exist so(d,\,3,0,7) 21 and C(d,A,B,C3,0,7) > 1
such that, for every n e N, s € [sg,00) and te[1,00),

< CRIM?s.

sup sup >t

E(y+0n,p,9)
5.1 P >
> [ R CEE + 1P+ aP)3

pvquM3n7/s

Moreover, if (P4) holds, then for some a(d,\,B) >0 and with C depending

additionally on (v,Cy), we have the following stronger estimate: for every
exponent s € (0,dy/(d+7)), neN and t > 1,

E(y+0n.D,q)
52) P| su su = >Ct
(5:2) [p S TRET PP+ [qP)3 e

< ORIM™ exp (-3"t) .

The second ingredient in the proof of Theorem 3.1 is the following proposition
(which can be compared to [3, Proposition 4.1]) the proof of which is the focus
of Section 7. It is a purely deterministic statement which asserts that estimates
on £ on mesoscopic cubes (of exactly the sort appearing in Theorem 5.1) imply
quenched estimates for the error in homogenization for general macroscopic
Dirichlet problems. Thus it essentially reduces Theorem 3.1 to Theorem 5.1.

Proposition 5.2 (Deterministic bounds for Dirichlet problems). For every
bounded Lipschitz domain Uy € R and 6 > 0, there exist C(d, A, Uy, 3,C3,0)
and exponents a(d, A, 5,0) >0 and p(d,\,§) > 1 such that the following holds.
For every F € Q, m,neN, U :=3""U, and f e W12(U), if u,u e f + H}(U)
are such that

(5.3) J [u,0] =T [@,0] =0,

then for every integer | satisfying n <l <m+n,

(5.4) 3-2(n+m) ][ lu(zx) - g(x)f dx < C'M?2 (57; oy 3-2m 3—a(n+m—l)) ’
U ’ )

where we denote

59 M= Ko f 198 )

and
1

P P
(5.6) egmM=5;mM<Uo>:=(f( sup M) dx)
L) s 110y U

pquBCMSdm/Q Kg + |Z)|2 + |q|2
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5.2. The proof of Theorem 3.1. We next show that Theorem 3.1 is a
consequence of the previous two statements.

Proof of Theorem 3.1. Step 1. We verify the weaker estimate, i.e. (3.1) and (3.4).
We allow C(d, A, 8,Cs,9,Uy,0) > 1 to vary in each occurrence.

Fix R > 1. Also set " := 0+ 3(8-0) and fix 7> 1 and s > s to be selected
below. We may suppose without loss of generality that R = 3¥ for some k € N.
Write k£ =n +m with n,m € N and m chosen as large as possible subject to the

constraint
md ntT
2 T s
and pick [ :=n+|m/2]. Observe that, with these choices of n,m and [, the last
factor in the second term on the right side of (5.4) is estimated by

3-2m 4 Bfa(n+mfl) < CR*@’/S)
provided that 7 and sg are chosen sufficiently large. Indeed, since

ar 6—(n+m)~(1+l) e—n (n — o),
S sd] s

—n
2sd "’
it suffices to check that

an+m-1)~

aT T
o1+ 2o
2d ( ’ sd) 7,
and this is satisfied provided that 7> 2df’/a and sy > C' is sufficiently large.

Therefore, Proposition 5.2 gives
R ][ lu(z) -u(x)[* de < OM?E! \+ CM?*R™),
U ) b

where £ . is defined in (5.6). By Jensen’s inequality and stationarity, we
find that, for every s > p, where p(d, A,d) > 1 is the exponent in the statement
of Proposition 5.2, we have

[ E(r+o )Y '
s € ny P> q
E g;m =K ][ sup 5 Tz | 4
[( ’ ’MO) ] ( U (PvQGBCMOSmdM Kg + |p|2 + |q|2) )

E(x+0u,p,q))
<E ][ sup —— 2| dx
| /U (pvqu K&+ [p]* + |q|?

CM03md/2

xeB\/E p,qucMosmd/g Kg + |p|2 + |Q|2

We next use the fact that, for a nonnegative random variable X,
E[X*] = f #IPIX > 1] dt,
0

and apply Theorem 5.1 (replacing s by s+ 1 and 6 by 6’ there, and increasing
Sp as necessary) to obtain, for every s > so(d, A, 3,6,9),

E[( Sup Sup E(DTMp?q) )

< OME3™
zeB /5 p,quCMOSmd/Q Kg + |p|2 + |Q|2
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Setting
XS,TL,MO =C (1 +3" /857,17m7M0) )
we therefore obtain, under the assumption that M < M, the estimate

R? ][U () — T2 da < Xy ps M235,

with X, , v, satisfying E[A7 /1< CMg?. We now define

XS,M() ‘= Ssup 3_j(ﬁ_g)/%XS,j,Mo'
jeN
Clearly, E[X?,, ] < CMg®. Note also that the definition of X, 5, does not
depend on R, and

(5.7) R ][U () - (@) da < Xy, M237")5,

where 0" := 0 + }1(6 - 0). If sy is large enough (depending”on the appropriate
quantities), then by our choice of n and m, we have 3™ < R=¢. To remove
the dependence of X 5z, on My, we define
X, = sup 225X, o
keN ’

It is clear that (3.1) holds and, translating (5.7) in terms of X, yields (3.4).
The proof is now complete.

Step 2. Under assumption (P4), we verify the stronger estimates (3.5), (3.6).
Here we fix an exponent s € (0,dvy/(d ++)) and allow C and ¢ to depend
additionally on (v, Cy,s). We pick s; and sy such that s < s1 < s9 < dvy/(d +7)
with the gaps between these bounded by ¢. As above we may suppose that
R = 3% for some k € N. We write k = n+m where n,m € N are chosen so that m
is as large as possible such that n > m, and

(5.8) (m+n)s;<nsy and mdy/(d+~) <na(dy/(d+7) - s2).

Note that, in addition to R, the integers m and n depend only on s. Choosing
l=n+|m/2] in (5.4) yields

(5.9) R ]{J u(z) - a(x)? dv < CMEL,, , + CM2R

<OM? (1 + Yo, R7°) R/,
provided that M < M, where we have defined

Yoty = SUP (B (3m01@El = C),)-

(Here and in what follows we think of R and m as functions of n.) We next
study the integrability of Vs a,. According to (5.2), for every ¢ > 1,

P [5,'17m7M0 > 03_(”+m)°‘(d7/(d+7)_82)t] < OMZexp (—3("””)5215) .
Using (5.8) and rearranging this leads to the bound
B[R (3m/GDEL |~ C) 2 Ct] < CMZexp (-3 19t)
Taking a union bound and summing this over n € N yields
P[Vsar, > Ct] < CME%exp (~ct).
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Defining Vs := csup, kY, o+ and integrating the previous inequality, we ob-
tain (3.5). The inequality (3.6) is obtained by expressing (5.9) in terms of Y.
This completes the proof of the theorem. O

6. CONVERGENCE OF THE SUBADDITIVE QUANTITIES

In this section, we prove Theorem 5.1. We focus the majority of our effort
to obtain the following slightly weaker statement. In the final subsection, we
derive Theorem 5.1 from it.

Proposition 6.1. Fiz (¢*,p*) e RYx R4, There exist a unique pair
(P(q*,p*),Q(q",p*)) e R x R?
such that

(6.1) (g p*) +p*-Q+q - P=Ty(P,Q)

and, for every 6 € (0,3), an exponent so(d, A, 3,0) >0 and C(d, A, 3,C5,0) >0
such that, for all s € [sg,0), R>1, neN andt>1,

(62 P sup E(y+0n,q%,p") > O(KE +p | +|g*|*) 3™t | < OR,
YeDR

where we denote
(63) g*(U7 q*vp*) = |/’L(U7 q*ap*) _ﬂ(q*7p*)| + |M0(U,?,@) _EO(?7@)| :

Moreover, if we assume (P4), then, for every exponent s € (0,dvy/(d+~)) and
with C' depending additionally on (s,7,Cy), we have the following stronger
estimate: for all R>1, neN andt>1,

(6.4) P|sup & (y+0,,¢",p") > C(KE +|p*]* + |q*|2)3—nmin{a7dv/(d+v)—8}t
yeBr

< CR%exp (-3"t).

6.1. Reduction to the case p* = ¢* = 0. It suffices to prove Proposition 6.1
for p* = ¢* = 0. Indeed, given p*,q* € R4, let

Fpogo(p,q,2) = F(p+p*,q+q¢",2) =p-q¢" —q-p" —p* - q".

Note that F)« ,~ belongs to {2 and satisfies the same assumptions as F', except
that the constant K, in (P1) must be replaced by Ky + |p*| + |¢*|. Applying
Proposition 6.1 to Fj ,+ (to be more precise, to the pushforward of P under
the map '+ Fj« ) at (0,0) then yields the general result.

6.2. Flatness of minimizers. The purpose of this subsection is to prove
Lemma 6.3 (stated below), which is the key step in the proof of Proposition 6.1.
The main idea is to show that if the difference in the expectation of u between
two successive triadic scales is small, then the minimizers of y© must be very
flat. This invites a comparison to corresponding minimizers of y, allowing us
to show that the expectation of u is close to its limit.
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In order to lighten notation, we simply write u(U) for u(U,0,0), & for
72(0,0), and (u,g)(-,U) for (u,g)(-,U,0,0). We denote the spatial averages of
the minimizing pair (u,g)(-,U) of u(U) by

P(U) = ][UVu(:c,U) der and Q(U):= ]ig(yc,U)dw,

and we use the shorthand notation

P,:=E[P(=,)] and Q,:=E[Q(m,)].

Throughout this section, we denote the difference between the expected values
of p at the two successive triadic scales n + 1 and n (with the smaller cube
trimmed) by

(6.5) 7o = E[0(On41)] - E[u(@0)].

and we denote errors which will accumulate due to mixing and trimming at
scale n by

Fop 1= K237M08040) 4 [237n/3,

The following adaptation of [3, Lemma 3.2] is the first step in the argument
for Proposition 6.1. The lemma states that the variances of P(®,) and Q(®,)
are controlled by a multiple of 7, + k,. The proof uses the weak mixing
condition (P3) for the first time in the paper. In preparation for its application,
we rephrase (P3) in terms of the following covariance estimate (this is proved in
Appendix A, see (A.2)): for every U,V ¢ R? F—measurable random variable
X and Fy—measurable random variable Y, we have

(6.6) cov [ X, Y] <405 X oo |Y || oo (1 + dist (U, V)P,
where | X |, denotes the P—essential supremum of | X|:
[ X oo :=inf {A>0: P[|X]|>A]=0}.
Lemma 6.2. There exist C(d,\,B) >1 and C'(d,\,3,C3) > 1 such that, for
every n € N,

E[|P(e,) - P[]+ E[|Q(@,) - Q[ ] < O + O

Proof. In this argument, C denotes a constant depending only on (d, A, ()
and C" denotes a constant depending only on (d, A, 5,C3); these may vary in
each occurrence. Fix n € N, a unit direction e € 9B, a smooth vector field
f:R? > R? and a smooth function ¢ : R? - R satisfying the following:

f and ¢ have compact support in @,,1,
f=Ve=e in0O,,

divf =0,

If] + Vel <C in R

Since f and g(-,0,,1) are divergence-free, we have

(6.7) ]g (@) Vu(@, D) do - ]é V(@) g(e,Onn) de =0,
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Step 1. We localize Vu(+,0,41) and g(-,0,41) to the trimmed subcubes. The
precise claim is that

(6.8)
5 |:]€]UV (|VU(:L'7 Dn+l) - VU($, Uu V)|2 + Ig(m, Dn+1) - g(-f, Uu V)|2) dﬂ?:l

<Cr, + Cky,

where

U= U (+m,) and V=0, U,

ze{-3n,0,3n}4d

and U denotes the closure of U. There are 3¢ + 1 connected components of
U uV, which are V' and the cubes of the form @,(z) ¢ O,,;. Thus for every
T € Opy1, We have

(6.9) {(%g)('a UuV)le.@) = (4,8)(, U)o, ) = (u,8) (-, Ba(2)),
. (u’g)('vUUV”V: (U,g)(,V)

In particular,

w(U)=3" Y (@)

B (2)S0n+1
and

V|
UuV|

U]

u(V) + ——=u(U).

(6.10) WU UV) = Tov]

By stationarity,
E[p(U)]=E[p(@,)].
Notice that, by (4.10), the volume of V' is small in proportion to that of O,,1:

(6.11) V| < C3 88 g, 4.

It follows from (6.10) and (4.6) that

HU DY) = 0) # e (V) = U)) 2 () -~ CEGG 109

By Lemma 4.2 and the previous inequality,

E[Jiv (IVe(z,001) = Vu(a,U 0 V) +g(2,001) - gz, UL V)[’) dx]

< C (B [1(Bae)] ~E[4(U 0 V)))
< € (E[u(@n1)] - E[p(U)] + CRZ3910+9))
=C(1, + Cky),

and this is (6.8).
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Step 2. Using (6.7), (6.8) and (6.9), we compute

var |:/;/ f(z) vu(z,V)dz+ > f@n(y) f(z) vu(z,@,(y)) da:]

B (Y)S0n+1
= var [/ f(x) - vu(z,UuV) dx]
UvuV
< 2var [f f(x)-Vu(x,Dn+1)dx] +C’(7'n+C',‘<an)|Dn+1|2
On+1

= C(7n + Cky) |Bnaa] -

By (4.18) and (6.11), we have
fv Vu(z, V)| de < CIVIKZ < CK235/09) g, 1| = Crip [Onen ]

The previous two inequalities yield

<C(1n + Cry).

varl > ]gn(y)f(x) -Vu(x,8,(y)) dr

Bn (y)gDn+1

Now we expand the variance using the identity

var[ > ][ f(z) vu(z,@,(y)) dx]

Eln(y)SElnu Bn(y

= Z covljgn(y) f(x) vu(z,a@,(y))dx,

@n (y),Bn (2)S Ons1
][ ( )f(x)-Vu(x,@n(z))dx].
BEn(2

Recall that by (4.18) and the definition of f, the random variables appearing in
the covariances above are P-a.s. bounded by C'Kj. In view of (4.9), we can apply
the mixing condition (P3) in the form of (6.6) to obtain, for every @, (y) + @,(2),

cov [ f PLORZCCHOIE f L F@) Tu.m,(2)) dx]

< C'KE3mAI00) = C'K2k,,.

n

To sum up, we have proved the estimate

Y var []gn(y) f(x) vu(z,@,(y)) d:p] <CO(1p + C'ky).

Bn (Y)S0n+1

The previous inequality and the fact that f = e in @, imply
var [e- P(®,)] = var [][ f(z) vu(z,a,) dx]
Bn
< > Var[][ ( )f(x)-Vu(x,@n(y))da:] <O(1p + C'ky).
@n (Y

B (Y)E0n+1
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An almost identical argument, starting from the second equality of (6.7) rather
than the first and replacing each occurrence of f(x)-Vu by V() - g, gives the
estimate

var[e- Q(8,)] < C(1, + C'ky).

Summing the previous two inequalities over e € {eq, ..., e4} yields the lemma. [

Note that (4.28) permits us to obtain the conclusion of Lemma 6.2 for the
untrimmed cubes: there exists C'(d, A, 5) > 1 and C'(d, A, 5,C3) > 1 such that,
for every n e N,

(6.12) E[|P(c,) - an] +E[|Q(o,) - @,ﬂ <Crp+ 'k,

The next lemma is the key step in the proof of Proposition 6.1. It allows us
to estimate the expected difference between p and its limit @ by the expected
difference between p at two successive scales.

Lemma 6.3. There exist C(d,\,B) > 1 and C'(d,\,3,C3) > 1 such that, for
every n € N,

(6.13) E [10(@2n, P, Q)] <E[p(0,)] + C(75 + C'ky).
Proof. The convention for the constants C' and C” is the same here as in the
previous lemma.

Fix n € N. In order to estimate the quantity po(®s2,, Py, @,,) from above, we
construct a candidate for minimizing the energy which satisfies the appropriate
affine boundary conditions. Precisely, it suffices to exhibit (v,h) € H}(@,,) x
L2, 0(®2,) satisfying

(6.14) E[][ F (P, + vo(x),Q, + h(x),z) dx] <E[1(0n)] + C(mm + C'ry).

Bl2n

Step 1. The construction of the candidate (v,h) € Hg(8s,) x L2, ,(82,),
which we build by patching the minimizers for u on the overlapping fafmily of
cubes {z + Op41 ¢ 2 € 3"Z%}. We first build a partition of unity subordinate to
these cubes by setting

0= [ vo(y-a)de.

where 1y € C°(R?) is a smooth, even function satisfying

0 < 1hp < C3™", /1;@ do(x)dz =1, |Vih| < C37 D™ suppyy € O,.

We note that ¢ is smooth, even and supported in 0,1, satisfies 0 < < 1, and
the translates of it form a partition of unity: for each x € R?,

(6.15) Zdw(x—z) = 1.

Moreover, we have

(6.16) sup [V (z)| < C37".

reR4
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We also introduce two smooth cutoff functions &, ¢ € C°(Oy,) satisfying
(6.17) 0<E<1, €=1on {xey, : dist(z,00y,) > C3¥A)Y
¢=0on {a; €z+0,: 2€3"Z% 2+0,1 ¢ EIQn} ,|vé < 037 A+9)
where 6 € (0, 5] will be selected below in Step 7, and
(6.18) 0<(¢<1, (=1lon {:z:ez+|:|n 1 ze 374, z+Dn+3§D2n},
(=0on {x €2+ 0pe t 2€3"Z%, z+0p,, ¢ Dgn}, V(| < C3™.
To construct v, we first define a vector field f € L2(R?;RY) by
(6.19) f(z):=C(x) D> Y(x-2)(Vu(z,z+0n1) - Py).

2e3n 74
Since f is not necessarily the gradient of an H! function, due to the errors made
by introducing the partition of unity and the cutoff function, we need to take
its Helmholtz-Hodge projection. We may write

(6.20) f=f+Vw-v-S in Oy,

f:= ][ f(x)dx,
O2n

we H (R9) is defined as the unique solution of

where

- Aw=-V-f in Oy,,

][ w(z)dz =0,

Oan
w is Oy,—periodic,

and S is valued in the skew-symmetric matrices and has entries S;; € H (R?)
uniquely determined (up to an additive constant) by

- ASi;=0;fi—0if; n Dap,

S;; s Ogp,—periodic.
Here f; denotes the ith entry of f and V- S is the vector field with entries
Z;l:l 0;S;j. Indeed, one may check via a straightforward computation that each
component of the vector field f — Vw + V - S is harmonic and therefore constant
by periodicity. This constant must be f since Vw and V- S have zero mean
in Og,. This confirms (6.20).

We finally define v € H}(@2,) by setting
v(z) =&(x)w(x), €0,
Note that the cutoff function ¢ is supported in @, and thus we indeed have
v € H}(®s,). Below we will argue that Vo is expected to be close to f in

L2(m,,) due to the fact that, as we will show, w, f and V- S each have a small
expected L? norm.

We proceed similarly to construct h e L2 ((®a,). Define k € L2(R% R?) by
(6.21) k(z):=((x) Z P(x-2) (g(:c, 2+ 0pi1) —@n) ,

ze3nZ4
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Since k is not necessarily solenoidal, we remove its divergence part via the
Helmholtz-Hodge projection. As above, we may write

k=k+Vh-V-T

where

k:= k(z)dx,

O2n

h e H}. (Oz,) is the unique solution of

- Ah=-V-k in Oon,

][ h(z)dz =0,

Oa2n
h is Oy,—periodic,

and T is a skew-symmetric matrix-valued field with entries in H} (02,). We
finally define h e L2 (®,,) by setting

s0L,0
h(z) = &(x) (V- T) (2) - Vh,
where € H'(8,,) is defined (also uniquely up to a constant) as the solution of
~Ah=-VE&(x)-(V-T) in @,
{81,7{:0 on 0 @y, .

It is clear that h € L7 ((82,). Below we will argue that [k - h| has small
expected L?(Ey,) norm.

This completes the construction of (v,h) € H}(®3,) x L2 ;(82,). The rest
of the argument is focused on the proof of (6.14).

Step 2. We show that, for every z € 3"Z% n Oy,

(6.22) E[ £ (It @) (vatw. = +0,0) - o)

z+0n

+|k(z) - ¢(2) (g(z, 2 + Opa1) - @n)|2 ) dx] <Oy

By Lemma 4.2 we have, for every z € 3"Z¢,

> ][+y+D (Vu,g)(x, 2+ Opat) - (Vu, g)(z, 2 +y +0,)|° da
ye{-3,0,3n}d 77 n

¢ ¥ (f FTue) s .m).0) de-ply+ s+ 0,)

ye{-37,0,37 }d
=C |\ u(z+0p41) - Z p(z+y+0,) |-
ye{-3n,0,3n}4
Taking expectations and using the triangle inequality, we find that, for every

z€3"Z% and y € {-3",0,3"}4,

623) E[f I(vig) s+ y+0i) - (Vag)z + Sl de < O
z+0n
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The bound on the first term on the left of (6.22) is obtained from the previous
inequality and the following identity, which holds for every z € 37Z¢ and x € z+0O,
by the definition of f:

f(x)-((x) (Vu(x, Z40p41) — ﬁn)

=((x) > Y(x-y) (Vu(z, 2z +y +Opp1) = Vu(z, 2+ 0p41)) -
ye{—3m,0,3n)d

The bound on the second term on the left of (6.22) follows from (6.23) and a
similar identity.
Step 3. We claim that

(6.24) E[[f]+E[[K] <7+ 'k
In view of (6.18), it is convenient to denote
(6.25) Z,:={2€3"Z% : 2+ 0,43 C Oap} .

Observe that (3"Z¢ N 0y,) \ Z, has C'3™(4-1) elements. By Lemma 6.2 (or more
precisely (6.12)), (6.22) and (4.18), we have

E [|ﬂ2] <E lg-nd D ]émn f(x)dx 2]

2€3"Z9N0gy,
][ C(x) (Vu(x,z+|]n+1)d$—?n)
z+0n

2
+CT,

<2E [3”d >,

ze3nZ4n0o,

<2E [3"61 >

2€Zy,

][ Vu(z, 2 + Opyr) do — P,
zZ+0n

2
] +COKE3™+Cr,
<Crp+C'kp.

An analogous calculation gives the estimate for E [‘E‘z]

Step 4. We show that
(6.26) E [34n £ unp d:c] < O K23AI0),
O2n

Let ¢ € HZ (R?) denote the unique solution of
-A¢p=w inRY,

£ o@az-o,

¢ is Og,—periodic.

By integration by parts, we have the identities

627 [ [vve@)f de= [ ju@)fde= [ vo(x)-£(@)de

- [ - vo(o): (f(x) _E [ Ji 1) dx]) dz.
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We need a second mesoscale, given by an integer k € (n,2n) to be selected
below. Tn what follows, we denote (V¢). = f,, Vé(z)dr and 3. = ¥.csrzdng,,

as well as f:i=f - [fun f(x) d:zc]. Now we estimate, by the Poincaré inequality:
‘/D |w(x)|2 dx = ‘/D Vo(z) ?(35) dr
2 (f (Vo(@) - (v9).) - T@)du+(v0).- [ L E@) dx)

<Cys ( i Ok dm); ( i @) dx);
EHCOR f Ty da.

To estimate the first sum on the right side of the previous inequality, we use
the discrete Holder inequality, (6.27) and (4.18), and then Young’s inequality:

= (Lo 7o d”ﬁ)é (/). Fr azyc)é
- (zz: /Zmn Trer dx)é (Zz: /zmn |ﬂfv(x)|2 dx)é

3h ( fD Ve d:c)% ( f ) F()f dg;)é

< 3k(fg () dx)2 (CK2[D20)?

1
qu ()2 d + CK2|Tgn| 32*.

We next estimate the expectation of the second sum. Using Holder’s inequality
in two different forms, we get

(6.28) El;(w)z. f mk’f“(x)dx]
-YE[(vo).- [Ty
< ZZ:E[|(V¢)Z|2];E[([Hm?(x)dx)Qr

‘ (gﬁﬂ(vw])é (==|(/ mf@@mf])é .
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For the first factor on the right side of the previous inequality, we have, by the
Poincaré inequality and (6.27),

(6.29) szE [1(v9).[]=E lz |(V¢)z|2] <C3E [fm
< O3-kd+in g [/D;n |VV¢($)|2 dx]
= O3 kdrin g [—/Dzn w ()] dm] :

In preparation to estimate the second factor, we use the mixing condition in
the form of (6.6) to get

El( f k?(x)dx)Q] :E[ > fy Ror fy I+D7L?(x)dx]

y,y'€3nZ4n0y,
<C'(CKolm)* Y (+ly-yD~”
y,y'€3nZAn0Oy,
- O/K§32dk—ﬁ(k—n)
By stationarity, the same estimate holds with z + Oy in place of Oy provided
that the cube 2z + O; does not touch d0s,. For the cubes which do touch the

boundary of the macroscopic cube (and thus intersect the support of (), we use
the following cruder, deterministic bound given by (4.18):

2
( f f(x)dx) < O3 f ()| do < CK232%
O Ok

Combining these, using that there are at most C3(27=k)(d-1) cubes of the form
z + 0, which touch the boundary of O,,, we get

v do]

2

2
(6.30) ZE [(/ jf(x) dx) ] < O K232Am+dk=Blkon) | (1 g 2g2dn+dk=(2nk)
P z+0g

We may now estimate the right side of (6.28) using applying (6.29), (6.30) and
Young’s inequality. The result is:

w1 B[S [ Tl
z z+0y
1
< ZE [[ lw(z)[? d:c] + K2 |0y 3% (€737 4 03-(noR))
O2n
Combining the above inequalities now yields
E [/ |w(x)|2 dx:| < K534n |D2n| (013—ﬁ(k—n) + C3—(2n—k)) ‘
O2n

Taking finally &k to be the nearest integer to (2n+n3)/(1+ /), we obtain (6.26).

Step 5. We estimate the expected contribution of |VA|? by a computation
which bears a resemblance to the one in the previous step. The claim is that

(6.32) E []g% IVh(z)[ dx] <C(Ty + Ep)-
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Here we use the abbreviations g. := g(-, 2+0p11), ¥, = V(- =2), X, = X egnzdnm,,
and fz = fz+Dn+1‘ Observe that, in the sense of distributions, we have

(633) V-k= ngd)z(gz_@n)"'Z@Z/zVC(gz—@n) in 0oy, -

In particular, the right-hand side belongs to L?(02,) and thus h € H2. (O2,).
Using the identity

(6.34) Y ((@)Vip(z) =0, zeRY

which follows from (6.15) and (6.18), we may re-express the previous identity,
for x € Oy, as

(6.35) (V-k)(2) =) ((2)V.(2) - (g:(2) - @, — k(2))

For each i € {1,...,d}, let ¢; € HZ (R?) denote the unique solution of
- Ag; = 0;h in Oy,

][ ¢i(x)dr =0,

O2n
¢; is Og,—periodic.

Then integrating by parts, we find
(6.36) f V() di = f 0h(2)? dx = f 06:(z) (V - k) (2) dx.
O2n O2n O2n

We continue the computation by substituting (6.35) and using the notation

(0i61)= = £, Dichi() d:
fD i0i(2) (v -k) (2) dx
L fz (O:i(x) = (8:9:).) C(2)Va (@) - (8:(2) - @, — k() dz
+ (00 [(@)0) - (8:(x) - Q- k(@) do
+ 3 [ @) () V(@) - (8:(2) - Q) da:

We put the second sum on the right side of the previous expression into a more
convenient form using (6.21), (6.15), integration by parts and (6.34) twice:

5000, [C@)90u0)- (8:(0) T, - k(o)) da
=S 000, [ @@ Te-) (8:0) - Q- (@) (g(2) - Q,)) da
=3 (00, - (090, [ @0 @)70-) - (g (2) -, e
X 000 [ 0.0V (g:2) - Q) d
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Combining the previous two identities yields
(6.37)

| 00u(2) (v 1) (@) do
=3 [ @6(2) = (0:00).) (@) 90(2) - (8:(x) ~ 0y~ k() di
2 (060, 090.) [C)"(D70:() - (g() Q) da
+ 2 [ @01(2) - (0:6).) (@) 7C() - (8:() - Q,)

We estimate the three sums on the right side of (6.37) in a similar fashion,
each in turn. For the first sum, we use (6.16), the Holder, discrete Holder and
Poincaré inequalities, (6.36) and Young’s inequality to deduce that

Zl(ai¢i(x)_(ai¢i)z)<(x) (V¢z($)‘(gz(l’)—@n—k($))) dx

SC(Z fZ|VV¢i(g:)|2 dx) (Z /|gz(a: -k :c)| dq:)
Si/ﬂzn |0;h ()" d:v+C’ZZ:/Z‘gz(x) —@n—k(zt)‘2 dr.

Taking expectations and using (6.22), we get
(6.38) [Z / 0i¢i(x) — (0i4)>) (sz(a:) : (gz(x) -Q, - k(:c))) dx]
g [f2n 0;h ()| dm] +C' |Tgn| .

For the second sum, we notice that each entry vanishes unless y € z+ 0,2, there
are at most C' such entries y in the sum for any given entry z, and for such y
and z, the Poincaré inequality gives

(@60, - @0 [ <cs(o [ jvvana)P de.

Using this, (6.16), (6.36) and (4.18), the Holder and Young inequalities and the
fact that 3"Z¢ N O, has C'3"? elements, we get

> ((0:0), = @90).) [ (€@ (@) 70:(2) - (g(2) - Q) da
<C(32”||:| |12[+ Vv (z)) dx) (232”0K§\Dn|)2

Si/ 10;h ()| da + CK23".

O2n
For the third sum on the right side of (6.37), we proceed in almost the same
way as for the first two, except that rather than use (6.16) we use the estimate
for v( in (6.18) and the fact that V( vanishes except if z ¢ Z,, (recall that Z,
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is defined in (6.25)) and there are at most C'3"(¢-1) such elements in the sum.
We obtain:

> [(061(@) = (000).) () () (g:(0) - Q) d

<C(32”Z[|vv¢z(x ? dx) (Z 3" 2”(7}(0||:|n|)2

2¢Z,

1
<7 0;h(2)|? da + C K237
O2n

Combining the previous two inequalities with (6.36), (6.37) and (6.38) yields
E [ [ 1om) dm] < CK2324D 4 Oy, 7
O2n

Dividing by |02, gives (6.32).

Step 6. We estimate the expected size of |V - S|2, using a computation which
is closely analogous to the one in Step 5. Indeed, the main difference from
Step 5 is essentially notational. The estimate we will show is

(6.39) E [][ 7. S() d:p] <O+ 1),

As in the previous step, we use the abbreviations u, := u(-, z+0,41), ¥, = V¥ (-—2),
Y. = Yiegnzdng,, and [ = [, Observe that, in the sense of distributions,
for every i,j € {1,...,d}, we have

ajfi - 3¢fj = Z ¢ (3j¢z(3z‘uz - ﬁn,i) - @z‘%(ajuz - Fn,j))

+ sz (ajC(azuz - Fn,z)) - 8@((@juz - Fn,j)) n Oop -
The right side belongs to L?(0s,), thus 0;f; — 0; f; € L*(0s,) and S;; € HZ (R).
Using (6.34), we may also express the previous identity slightly dlfferently as

(6.40) (93 = 0if;) (w) = 3 ¢ (@) [Va(2), Vus(z) - Py~ f(a) ],
+ sz [VC7 Vu, - F”]zg n Uon,
where we henceforth use the notation
[V, W]ij = VW — YWy
for indices i,j € {1,...,d} and vectors v,w € R? with entries (v;) and (w;),
respectively. Next we define, for each i € {1,...,d},
(V-8), = Za Sij-

It is evident that o; € H

2er(O2,) and o is a solution of the equation

d
~Ao; = - Zaj (ajfi - aifj) In Oy, .
g=1
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Since o; has zero mean in Oy, there exists p; € H130 C(Rd)7 which is unique up to
an additive constant, satisfying

- Apz =0; in Rd,
p; is Og,—periodic.
We have the identities
(6.41) f VY i) da = f 03(2)? da = [ Vi) - Vou () d.
Oon Oon O2n
Integrating by parts and using the equation for ¢;, we obtain
d
O2n O2n j=1“02n
To further shorten the notation, in each of the following expressions we keep
the sum over j implicit (note that i is not summed over) and set (9;p;), =

£ +a,., 9jpi(x) dr. Continuing then the computation by substituting (6.40), we
obtain

| (@) @,5i- 0ufy) da
=% [ (@) = (010).) @) [74:(0), Vus(2) - Po - (@), d
D@0, [ (@) [T0), V) =P~ £(2)]
+ 3 [ o (@) [9C(w), Tu.@) - P, do

We put the second sum on the right side into a more convenient form via (6.19),
(6.15), integration by parts and (6.34):

%0500, [ ) [90:(0), ¥ (0) - P~ £)],
- S @), [ [T, 90() - P - )T 0) - P, e
= S (@00~ @0,) [ @) @) [90:0), Ty 2) - P, o
X @0, [0 [V6@). Vu.() - P], do.

Combining this with the previous identity, we get

f lo3(2) 2 da
=3 [ @)~ @0).) (@) [F6(2), Tus(a) - P~ £ (2],

+ 2 (@5pi), - (95p:).) [z(C(fﬂ))Z%(fﬂ) [V (@), Vuy () = P, ], de
+ fz(ajPi(fF) - (ajpi)z) Y. (x) [VC(IE), Vu, () _F”]ij dz.
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We may now compare this identity with (6.37) and observe that the three
sums on the right side are similar to those on the right side of (6.37). In fact,
following the arguments in Step 5 (with obvious substitutions, changing for
instance ¢; to p;, g. —@n to Vu, — P,, and k to f), we may bound these three
sums in the same way. This completes the argument for (6.39).

Step 7. We show that the effect of the cutoff ¢ in the definitions of v and h
is expected to be small: precisely,

(6.42) E[]é Vo () - Va(e)? dx] +]E[][

O2

lh(z) - v-T(z)]’ dz
” <Cry+ 'Ky
We use the identity
Vu(z) - Vw(z) =w(z)VE(z) + ({(x) - 1)Vw(z)
and (6.17) to obtain
(6.43) ][ Vo(z) - () de

O2n

<0340 L ()P de + C ][ €(x) - 12 |vw(2) P da.
O2n O2n
The expectation of the first integral on the right side is controlled by (6.26):

E [3—4n/(1+5) |w(x)|2 da:] < CKgg—n,B/(1+B)+4n5/(1+5) < Chp,

O2n

provided we select
1
6:=—0.
165

For the expectation of the second integral on the right side of (6.43), we recall
from (6.17) that £ = 1 except in

D := {:z: € Oy, : dist(z, 00y,) > 032”/(“5)} .

Therefore, using that D intersects at most C'37(4-20/(1+9)) subcubes of the form
2+ Opy1, with z € 3"Z%, and applying (4.18), (6.24) and (6.39), we obtain

(6.44) IE[ f Je(@) - 1P [vu(e)? da:] < |D12n|1@[ [ 1vur da:]

< ¢ E[f If ()] dx+f If(z) - Vw(z)[” dx]
|02, D O2n
< o (CRB B0 o, Clo, (7, + )
2n

<Crp,+C'ky,.
Combining the previous inequality with (6.26) and (6.43), we obtain the desired
estimate for the first term on the left of (6.42).

The argument for estimating the second term on the left side of (6.42) is
similar. We start from the identity

h(z)-v-T(z) = (£(z) - 1)V -T(z) - Vhi(z)
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and observe that the equation for h can be written as
~Ah=-V-((£-1)V-T) in @y,
and therefore we have
f@2 Vi) d < 0/@2 £(2) ~ 1P|V - T(2)P? da.
It thus suffices to show that
E [f £(2) - 12|V - T(2)]? das] <Cr+ 'k,

The proof of this estimate is very similar to (6.44), and so we omit the details.

Step 8. We estimate the expected difference in L?(z + 0, ) between (Vv,h)
and (Vu,g)(+, 2z + Opy1) for each z € 37Z4 N @y,. The claim is that

(6.45) E [3“”‘ Z ]Q ‘Vv(x) —Vu(r,z+Op41) + ?nf dx]

2€3"ZNEo,, Hn

+E [3““ > ]£+D |h(x) —g(x, 2+ 0p41) +§n|2 dr | < C(1n + C'ky).

ze3n79NEo,

Indeed, for each z € 3"Z% N @y, and x € z + O, we have

vo(z) - Vu(z, 2 + Opt) + Py
= (Vo(z) - Vw(z)) + (F(z) - Vu(z, 2+ Opar) + Pr) = (F- V- S).
Thus the estimate for the first term on the left of (6.45) is a consequence of (6.22)
(note that ¢ =1 on z + O, for every z € 3"Z4 n @y, ), (6.24), (6.39) and (6.42).

The estimate for the other term follows immediately from (6.22), (6.24), (6.32)
and (6.42).

Step 9. We complete the argument by deriving (6.14). By Lemma 4.3, we
have, for each z € 3"Z% N @,,,

][ F(P, +vo(z),0, + h(z),z) dz

<2 F(Vu(x,z+0p41),8(2, 2+ Opy1), ) de — p(z + 0,)

z+0n

+ C][ ( ‘VU(I) = Vu(x, 2 + Ops1) +?n‘2
z+0n

+|h(z) - gz, 2+ Opar) + @n‘z ) da.

In view of (6.17), it is convenient to denote Z! = {z € 3"Z% : 2+ 0,1 ¢ B2, }
and U := Uzegé(z +0,). Note that £ vanishes on @y, \ U and thus v and h do
as well. Observe also that

8o~ U| < O3 8| and  [|Z2] 00| - |8an]| < C37 |@on] -

Now we take the expectation of the previous inequality, sum over z € Z’

n’

using (4.5), (4.6), (4.18), (6.23), Lemma 4.3, (6.45), stationarity and the above



56 S.N. ARMSTRONG AND J.-C. MOURRAT

observations to obtain
E [/ F(?n + Vv(x),@n +h(z),x) dx]
< SB[ [ PP+ vu(@), G, o)) de]

!
zeZ],

B[ [ PG di]
B2, \NU
< @] (B [(30)] + C (70 + C'kn)) -
Dividing by | @s, | yields (6.14) and completes the proof of the lemma. O

6.3. Proof of Proposition 6.1. We use the flatness theory developed in the
previous subsection to prove Proposition 6.1. We begin by iterating Lemma 6.3
to obtain a rate of convergence for E[u(®,)] and E [,uo(@mf, @)] as n — oo
to their common limit 7.

Lemma 6.4. There exist o(d, A, ) >0, C(d, A, 3,C3) > 1 and P,Q € R? such

that

(6.46) fin(P, Q)

and, for every n e N,

(6.47) B [1(®,)] - 71 + [E [10(@0, P, Q)] - 7] < O35,

Proof. We split the proof into three steps. The convention for constants is
different from the previous subsection. Here C' > 1 denotes a constant depending
only on (d, A, 8,C3), while C > 1 and 0 <@< 1, which are used only in Step 1,
are allowed to depend on only (d, A, 3). These may vary in each occurrence.

Step 1. We show that there exists a(d, A, 5) > 0 such that, for every n € N,

(6.48) i-E[u(@,)] < CK23me.
By (4.12), (4.13) and Lemma 6.3, we have
(6.49) 7 < E[po(@20, P, @) | <E[(0n)] + (Cr + Ckiv)

which by (4.27) can be upgraded to

n<E[u(®,)]+ (éTn + C’/-sn) :

Let p, = E[u(®,)]. Recalling the definition of 7, in (6.5) and using (4.23)
yields

p<E[u(@,)]+ C (E[1(@ni1)] - E[p(@0)]) + Chin.
Denoting fi,, := 7 — E[p(®,,)], we can rewrite this as

Tins1 — fin < —C ' Ty, + CK23778/(145)
Letting @:=1-C-! < 1, we arrive at

fnet Fn o O g,

hl n T ’5’”1
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Summing the telescopic series, we get the discrete Duhamel formula

n—1
fin <T" o + CKE Y enh1g=ht/(1+h),
k=0

and (6.48) follows since fip < CKZ.
Notice that by (4.16) and (4.23), (6.48) implies that for every n e N,

(6.50) IE [1(=0)] =7l + [E [1(0n)] - 7l < CKG3™™
In particular, 7, < C K237 by the triangle inequality.

Step 2. We argue that there exist P,Q € R? such that
(6.51) |P-P,|+|Q-Q,|<CK33 ™,
By Lemma 4.2,

[ vu(,50) - Ve, 0,)P do
On

< 0([ F(Vu(x,\jn+1),g(x,|:|n+1),x)dx—u(Dn)).

On

By (6.23), the latter is bounded by a multiple of 7,,. By (6.23) and (6.50), we
thus have

E[P(001)] - E[P(@0)]]+ E[Q(Crn)] - E[Q(8,)]| < CK33 ™.

This implies that {E[P(0,)]}ney and {E[Q(Tn)]}new are Cauchy sequences
in R%, and thus there exist P, (Q € R¢ such that

(6.52) E[P(0,)] =P and E[Q(0,)]-Q asn- .
Moreover, we have
[P-E[P(0u)]| < Y [E[P(Bkn)] - E[P(0)] < CKF3™™,
k=n
and similarly
@ -E[Q(o,)]| < OK§3™™.
To complete the proof of (6.51), it remains to show that
[P~ E[P(@.)]]+|Q, -E[Q(0,)]| < CK§3 7.
This follows from (6.12) and (6.50).

For future reference, we notice that (4.18) also implies that
(6.53) |P|+|Q| < CK3.

Step 3. By redefining a(d, A, B) > 0, if necessary, we argue that, for every
neN,

(6.54) IE[10(=n, P, Q)] - E [u(=,)]| < CKZ3 ™.
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We have

E[po(®20, P, Q)] - E[p(e2

‘]E [/'1’0 IEZTLap Q)] E[MO(@Qnaﬁnaén)“
+ (E [1o(®20, P, Q)] - E [u(@)]) + (E [1(8,)] - E[1(@22)]) -
The first term is estimated by (4.31), (6.51) and (6.53):
|E [MO(@%"”Fy @)] -E [Mo(@zmﬁmén)]‘ < CKg?)_m«

The second term is estimated by (6.49) and (6.50) and the third term by (6.50).
Combining these, we deduce

‘]E [#0(@2n7ﬁ7 @)] -E [M(@Qn)]‘ =K [MO(@QTL’?’ @)] -E [M(@Qn)] < CKgg_na'
Replacing o with «/2 yields (6.54).

Notice that (6.54) implies 7 = fio(P, @), that is, we have proved (6.46). It
also implies, by (6.54) and the triangle inequality, that
(6.55) [E[po(@,, P, Q)] - 11| < CK§3™.
This completes the proof of the lemma. U

n)]

We next upgrade the convergence from the previous lemma, using the mixing
conditions, to obtain estimates on stochastic moments of | — 71| and |uo — 7| in
the triadic cubes. Recall that &, is defined in (6.3).

Lemma 6.5. For every 0 € (0, 3), there exist an exponent so(d, A, 5,a) > 1 and
a constant C(d, A, 3,C3,«) > 1 such that, for every n €N and s > s,

(6.56) E[|€(=,)] < (CKZ) 37m.

Under the additional assumption that (P4) holds, there exist a(d, A, 5,7) >0
and C(d, A, B,Cs,~,Cy) > 1 such that, for every n eN,

. g*(@'ﬂ) n —a
(6.57) E lexp (3 dv/(dw)C_Kg)] <exp (03 (dv/(d+v) )) )

Proof. In this argument, we drop the dependence of i on (P, Q) for convenience
and denote

(6.58) o, = K33,

where the exponent o > 0 implicit in o,, depends only on (d, A, 3) and may
change in each occurrence. Here C' depends only on (d, A, 5,C3) and may vary
in each occurrence.

The first four steps are concerned with the proof of the first statement.
Note that (6.56) is much easier to prove under slightly stronger (although still
relatively weak) mixing conditions than (P3), such as for example “i)-mixing.”
We have to work a bit because “a-mixing” is a very weak condition.

Step 1. We claim that, for every n € N, at least one of the following two
estimates must hold:

(6.59) E[(7-m(®)),] < ZE[(7F - u(®0))}] + Cor,

o | Ut
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or
— 2 5 —\2 2
(6.60) E [(#o(@,) - 1),)° < SE[(no(®,) - 7)3] + Co?.

(In fact, one can replace 5/8 by any number larger than 1/2.) We proceed
with the proof of this alternative by noting that, since ug(@,) — u(@,) > 0,
Chebyshev’s inequality yields, for every t > 0,

P [1o(mn) — (@) > to,] < (ton) ' E [po(,) - p(m,)] .
By Lemma 6.4, taking C' sufficiently large, we obtain that

1
P [Mo(@n) - /L(@n) > CUn] < g
It follows that

o | —

Plu(®,) <u-Co, and uo(®,)>7+Co,] <

This implies

9
(6.61) min{P[u(8,) <u-Co,], Pluo(@,) >+ Co,]} < I
From (6.61), we obtain the desired claim observing that for every nonnegative
random variable X and s> 0,

E[X]<E[X1x.]+s<(P[X>s]E[x2])"+s

and applying Young’s inequality.
Step 2. We show using the mixing condition (P3) that

(662) E[(u-u(®,))]

e (3 var [ - (@), ] + B[ - (@), 12) + C o2,

IN

and
(6.63) E[(pt0(@ns1) —10)7]

< 3 (3 var [(o() - 7). ]+ E[(o(@) ~70),J') + O

(In fact, one can replace 6/5 by any number larger than 1.) The arguments
for (6.62) and (6.63) are almost identical, so we only prove (6.62). Recall from
(4.14) that

p(Bhi1) > 37 Z (@, (z)) - Coy,

@n (2)CEn
hence
(= p(@p41))s < 37 Z (1= p(@,(7)))s +Coy.
En (2)CEn+1
=S,
We have
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and by stationarity, E[S,] =E[(x— u(@,))+]. In order to estimate the variance,
we use (P3) in the form given by (6.6), (4.6) and (4.9) to find that, for every

@n(x) # @n(y)a
lcov [(F = (@, (2))), , (- p(@a(y))), ]| < CK3 P08 < Co,
and therefore

var[S,] =372 >, cov [(11 = p(@n(2))), , (7= p(@2n(y))),]

@n(r)z‘gn(y)g@n+l
< 3 var [(7- p(®,)), ] + Co?.
Summarizing and using Young’s inequality, we obtain (6.62).

Step 3. We show that for every n € N, at least one of the following two
inequalities holds:

(6.64) B[ p(mn))?] < B[ p(e,))}] + €0
(665) E [(/’LO(@TL+1) _ﬁ)i] < %E [(/’LO(@TLJrI) _E)i] + CO—?L

In fact, we claim that (6.59) implies (6.64) and (6.60) implies (6.65), and thus
the alternative follows from the one in Step 1. Indeed, by (6.62), we have

E [ (1= p(8ni1))?]

(3~ var[(7 - (@), ]+ E[(1 - (@) ]*) + C o

(B E[(7- pw(@a))i]+ (1=3E [(1 - p(@a)).]*) + C 0
<2 (3 20-3)E[(a-nE)+ o,

where we assumed (6.59) to hold in the last step. This gives (6.64). We omit
the proof of the second implication, which is very similar.

Step 4. We show that, for each fixed n € N,

(6.66) min {E[ (7 - 1(@,))? ], E[(no(@n) - )]} < Co?.

Let A; and A,, respectively, be the subset of N consisting of n for which (6.64)
and (6.65) hold. We have N = A; u A; and thus, for each n € N, at least one
of the set A;n{l,...,n} and Ao n{1,...,n} has at least n/2 elements. If the
former, then by (4.16), (6.64), (4.6) and a simple computation, we have

<

[Nl NerNe § Nep)

n/2
Ela-n@)))<(55) EL@-n@)]+Co

1_0 n
If it is rather Ayn{1,...,n}, then we have a similar bound for E [(Mo(@n) - ﬁ)i]

Since the first term on the right side is bounded by C¢? after a redefinition
of a, we obtain (6.66).

9 n/2
< C’Ké( ) +Co?.
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Step 5. We show that
(6.67) E[€.(m,)] < OK33™.
Observe, using uo(U) < u(U) again, that we have, for any bounded domain
U c R4,
1o (U) =7l < po(U) = p(U) + [z = (U
and
7= p(U)] < o (U) = p(U) + o (U) 7]

Combining the previous two inequalities for U = @, taking their expectation
and applying Lemma 6.4 (in particular (6.54)), we get

max {E [[j10(@,) - ], E[[fi - u(@,)[]}
< min {E [|u(@,) - 7], E[luo(@,) - ]} + E [no(@n) - u(@n)].

Note that a centered random variable X satisfies E[X,] = E[X_], so that
E[|X]|] = 2E[X,]. We use this observation and apply Lemma 6.4 twice to obtain

E[[fi - s(@,)[] < E[[E [1(8,)] - (8,)[] + Co,
= 9E[(E[u(®,)] - n(®,)),] + o,
<OE[(i- p(®,)),]+ Con.

Similarly, we also have

E [J10(@a) - 7] < 2E [(10(®,) - 71).] + Coa.

The previous three inequalities and (6.66) yield

E[€:(@n)] < 2max{E [|uo(®n) - 7], B[z - p(@.)[]}

<dmin{E [(7 - pw(@,)), ], E[(1o(2,) - 7). ]} + Coy
<Co,.

This completes the proof of (6.67).

Step 6. We upgrade the convergence rate in (6.67) to the optimal one for
large moments, using Lemma A.2, thereby completing the proof of the first
statement of the lemma. The claim is that, for every 6 € (0, 3), there exist an
exponent so(d, A, 3,0) >1 and C(d, A, 3,0,C3) > 1 such that, for every s > sq,

(6.68) E[|€(=.)] < (CK3) 37,

In this step, we allow the constant C' to depend additionally on #. We also
allow a(d, A, 3) >0 to vary in each occurrence, as usual.

Fix n,m e N. Also fix k € N, which will be selected below and only depends
on (d,A,3,0). In particular, k < C. Using the subadditivity of (- u(-)); in
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the form of (4.14) and then applying Lemma A.2 and (P3), we obtain

E [(/j - ,U(@rwm))ik:l

2k
sE[ DY <n—u<@n<x>>>++0f<33W“ﬂ))]
@n(x)g@n+m

2k
< 2R (3—dm > (ﬁ—u(@n(w))h)

+ (CK02)2k3—2k’nﬁ/(l+ﬁ)

@ (2)CEBn+m

< CKM (max {IE [ (- “(@”(x)))+] , 3-dm}2k +37hn 3-’ma) .

CK?
Inserting (6.67), we obtain
E[ (7~ (@) ] < CHGE (37 + 3707)" +300)

A slight reformulation of the previous inequality (replace n +m by n and n
by n —m) yields, for every n,m ¢ N with m <n,

E[(- (@))% ] < CKE (370 3om)™ 4 goo0mm).

We may extend this inequality to m € R, with m < n by adjusting the constant C'.
We now select m as a function of n so that f(n —m) = 0n, that is, m(n) :=
(8 —0)n/5 and we thereby obtain, for every n € N,

E[ (- (@) ] < CRGE (3700007 370 G010)™ 4 500m)

We now select k € N to be the smallest positive integer satisfying

Oa d(5-0)
2k max {—, } > 0.
5 p
Thus, as we had promised, k < C'. We deduce that, for every n € N,
E[ (- w(®,))2 ] < CKCh3 " < O30,

Fix sq := 2k and observe that we may use the previous inequality and (4.6) to
obtain, for every s > s,

E[(7i - 1(®,))}] < (CK3) B[ (7 - (@) ] < (CKZ)*3.
By a very similar argument, we also obtain the bound
E [(#0(8nim, P, Q) ~11),] < (CK3)*37".

We next use the fact that, due to u(U) < uo(U, P, @), we have
(6.69)

g*(U) = |:E_ /'I/(U)| + ‘ﬂO(Ua P7 Q) _ﬁ‘ <2 (ﬁ_ M(U))+ +2 (MO(U7 P7 Q) _ﬁ)_,_
and combining this with the previous inequalities to obtain (6.68).

Step 7. In this last step, we upgrade the convergence to exponential moments
under the additional assumption that (P4) holds. This is the first and only
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place in the paper that we use (P4), and is analogous to the previous step
except that we use the much stronger Lemma A.3 in place of Lemma A.2.

The convention for the constants in this step is different from the rest of the
proof: here we allow C' to depend on the parameters (v, Cy) in (P4) in addition
to (d, A, 5,C3), and o may depend also on ~ in addition to (d, A, ).

Fix n,meNand 0 <t < (C1KZ)"13%, where the previous C := C' > 1 is fixed
large enough that, for all bounded Lipschitz domains U ¢ R?,
(6.70) P{(-p(U)). < C1K3] = 1.

Now we compute, using (4.14) and Lemma A.3:

log IE [exp (¢ (71 - N(@n+m))+)]

<logE|exp (tB_dm > (ﬁ—ﬂ(@n(ff)))+)

En (m)g@n+m

+ CtK23m8/+8)

=logE [T exp (t3’dm (7 —p(@,(x))), ] + OKZt3™

_@n (CC)QIEner

<C(E[(z-p(m,)),]+ K33 exp (-3") exp (CK3t)) + CKZt3 ™.
We now apply (6.67) to obtain, for every n,m e N and 0 <t < (CK2)~13m,
%logE [exp (t (7 — 11(@p4m)), )] < CKE3™ + CK3t 13" exp (C Kt - 3™).

A very similar computation yields

1 -
Z log]E [exp (t (MO(@THma Pa Q) - ﬁ)_,_)]
< CK33™ + CR23™ exp (CK2t - 37).

Combining these inequalities and using (6.69), we obtain
1
p log E [exp (1€ (@psm))] < CKF3™ + CK3t 3" exp (CKjt - 3").

A reformulation of this inequality (as in Step 6, we replace n +m with n and n
with n —m) yields, for every n,m € N with m <n and ¢ > 0 as above,

1
n log E [exp (t€.(m,))] < CKZ3™ "™ + CKZt 3% exp (C Kt — 3(™)7) |

We may extend the previous inequality to m € R, with m <n by adjusting the
constants C. We now select m :=nvy/(d ++) and ¢ := (CKZ)13%, with C' > C}
chosen sufficiently large that the expression inside the exponential on the right
side of the previous inequality above can be estimated by

Cth _g(n-m)y < %3dm _g(n-m)y _ _%B(Hm)'y.
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Substituting, we get

E.(a,)

1
dm dm—(n-m)a dm ndy/(d+
logEleXp(?) CRT )1303 (n-m)a | (13 eXp(—§-3 /( W)

< C«gdm—(n—m)a‘
This is (6.57). O

We next complete the proof of Proposition 6.1. Most of the heavy lifting
has already been accomplished, and the statement of Lemma 6.5 is already
quite close to that of Proposition 6.1. What is left is to allow for arbitrary
translations of the cubes.

Proof of Proposition 6.1. Here C' is a positive constant depending only on
(d, A, B,C3) while o depends only on (d, A, ), and these may vary in each
occurrence. As above, we drop the dependence of jy on (F, @) and let o,, be
denoted by (6.58), where the exponent « implicit in o,, may change in each
occurrence.

For y € R?, let [y] be the nearest element of Z¢ to y (where we resort to the
lexicographical ordering by the indices in case of nonuniqueness). Observe that

[yl+@.cy+a, and |(y+0.)~ ([y]+8,) < C30D|g,|.

Similar to the proof of (4.23), it follows from (4.3) and (4.6) that, for each
yeR? and neN,

p(y +0,) 2 u([y] +®,) - CKE3 ™D > y([y] +m,) - Co, P-as.
In particular, for every R > 1,

sup (71— pu(y +0,)), < sup (7-p(z+8,)), +Co, Pas.

yEBR ZEBCR

Similarly,

sup (po(y +0n) = 1), < sup (uo(z+8,) —n), +Co,  Pras.

yeBpr 2€Bcr

The previous two inequalities and (6.69) imply
sup E(y+0,) <C sup E(z2+8,)+Co, P-as.

yeBr z€Bcr
Hence by a union bound and stationarity, we get, for any ¢ > C'o,,,
P|sup E.(y+0,) 2 C| < |[Bor| P[E.(8,) 2 C(] < CRIP[E.(m,) 2 CC].

yeBRr

To prove the first statement of the proposition, it remains to show that, for
any 6 € (0, ), there exists so(d, A, 3,6) > 1 such that, for every s € [sg,00) and
> 1,

(6.71) P[€.(m,) > CKZ3™t] < Ct™.
This follows at once from Chebyshev’s inequality and (6.56).
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To prove the second assertion of the proposition, we have left to show that,
under assumption (P4), that for any ¢ > 1 and s € (0,dv/(d + 7)), we have

(6.72) P[£.(8,) > CKZ3mminlod/(@m)=s1f] < Cexp (—%3"%) ,

where the constants o and C' have appropriate dependence as stated in the
proposition. Fix s € (0,dy/(d+ 7)), n € N and ¢ > 1 and compute, using
Chebyshev’s inequality and (6.57):

P [3”6”/ <d+7>—58([@{") > 3“%] <exp (-3"t)E lexp (3”6”/ () €+(Bn) )]

0 CKg

< exp (=375t + O3 (/@)=

Suppose that s > (dy/(d+7) - «) +c. Then the expression in the exponential in
the last expression is at most —%S”St for n > C, and thus, for such s, we obtain,
for every ne N and ¢ > 1,

E(m,) 1
p| &\En) S sontavian-9;| < o (__3nst) '
[ CK? P73

By applying this inequality for s’ := (dvy/(d +7v) — «) + ¢ and adjusting the
constant C', we obtain, for every 0 < s < ¢’,

g*(@n) -nc 1 ns’ 1 ns
]P’lC—Kg >3 t] < Cexp (—53 t) < Cexp (—53 t).
After combining the previous two inequalities and possibly redefining «, we

obtain (6.72). O

6.4. The proof of Theorem 5.1. We next give the proof of Theorem 5.1,
which follows from Proposition 6.1 and some union bounds.

Proof of Theorem 5.1. According to (4.1) and (6.1), we have
F(p,q) =mo(p,q) = inf (A(g*,p") ~p-q* ~p*-q).
p*,q*ERd

That is, [ is the Legendre-Fenchel transform of —zi. It follows that, if (¢*,p*) =
VF(p,q), then

EU,q*,p*)=EWU,p,q) = (U, q",p*) = 1(q", p)| + o (U, p,q) = 11o(U, p,q)| -

Thus we see that the error estimate (6.2) is already close to the desired con-
clusion (5.1), we just need to obtain some uniformity in (p,q) and in large
scales.

Step 1. We prove (5.1). Fix 6 € (0,3) and 7> 1. According to (4.31), (4.32),
(4.36) and (4.38), the quantity & is continuous in (p,q): that is, for every
P1, P2, q1,q2 € R? and bounded domain U ¢ R¢,

(673) |5(U7p17q1) _5(U7p27QZ)|
<C (Ko + Il + @] + |2l +la2]) (Ip1 = pol + g1 — o) P-aus.
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This yields that

E(Onsp:q)
(6.74)  sup
Pa<By ey (G + [PI? + 1g)3 770/
£(On, . 9)
<O+ Sup P-a.s.,
PGEB, g anGrs (IG5 + DI +[g]?) 3770/

where we have set
Gh.s = 30174 c RY,
Observe that the number of elements in the set B 3nrs NGy, 5 1S

’BM:))ng/S N Gn,s’ = O Mdgnd(0+7)/s

By a union bound and Proposition 6.1 applied with exponent 6 + 3(3 - 6), we
have, for every n e N, ¢ > 1 and s > so(d, A, 5,60) > 1,

E(y+0,,p,q)
P sup  sup — >Ct
pquBM3nT/s yEBR (Kg + |p|2 + |q|2)3_n9/5

E(Y+0n,p.q)
< | Byysners N Gn,s|2- sup Plsup - >t
e pacrd |yesn (KG +[pl? +]ql?)3-0/
< ORdM2d32nd(9+T)/s (3n(679)/2st)_5
— CRdM2d32nd(9+7)/s—n(,B—G)/Qt—s.

By making so(d, A, 8,0,7) larger, we may assume that 2d(6 +7)/s < 2(8-0)
and then we get, for every n e N, t > 1 and s > so(d, A, 3,0,7),

< CRAM?ts,

p7q€BM3TLT/S yEBR (Kg + |]'/)|2 + |q|2)3_n9/s -

P[ ap s LWrTpd)

This is (5.1).
Step 2. We prove (5.2) under assumption (P4). The argument is almost the
same as in Step 1, only easier. Following the argument there, the result of the

first union bound can be improved by using (6.4) rather than (6.2): we get, for
every s € (0,dy/(d+7)), R>1,neNand t > 1,

]P[ wp  sup LW Ownp0) th]

p,qeBy3n yeBRran (Kg + |p|2 + |Q|2)3ina

[ E(y+0n,p,q) >t]

gBMannQ-supP sup >
| ’ | p,qeRe | yeBran (Kg + |p|2 + |q|2)3_na5

< ORIM?*333 exp (-37t) ,

where we have set , := min {a, dy/(d +7) - s} and G,, := 37"/2(Z x 7). For
convenience we may assume that o, <1 so that |Bys. 0 G| < 33, Finally, we
may absorb the factor 3"? into the constant C' at the cost of slightly shrinking
the exponent s. Since ag > a(dy/(d+~) - s) for some a(d, A, 3) > 0, we thereby
obtain the result. O
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6.5. Construction of the homogenized coeflicients a. We conclude this
section by verifying that F' is the representative of a Lipschitz, uniformly
monotone vector field a.

Proposition 6.6. There exists a Lipschitz, uniformly monotone vector field a
which is variationally represented by F and satisfies, for some C'(A) > 1,

[a(0)| < CKy,
(6.75) [a(p1) —a(p2)| < 4A [p1 - pol |

@) ~a()) - (01 - p2) 2 5 I -l

Proof. According to Lemma 2.13, to prove the existence of a vector field a
represented by F', it suffices to show that, for each p € R¢,

(6.76) inf (F(p,q) -p-q) =0.
geRd
Fix po € R4, We first claim that there exists unique ¢, ¢* € R¢ such that

(6.77) VF(po,q) = (4", po).
To see this, observe that ¢ » D,F(po,q) is bijective on R? by (4.33) and the
uniform convexity of F, where DqF denotes the gradient of F' in the variable q.
Thus there exists a unique ¢ € R? for which D,F(po,q) = po. We may then
identify ¢* = D, F(po, q)-

According to Proposition 2.15, we have

0= inf{ ]én (F(po+ Vw(x),f(x),z) - (po+ Vw(x)) -f(x)) dx

sol

cwe Hy (o), feL? (Dn)}.

It is immediate from this expression that
1(0n, ¢, p0) + 4" po < 0 < k(T Po, ¢) = Po - 4-
Passing to the limit n — oo yields
(6.78) (g, po0) + ¢+ po < 0 < Fig(Po. q) = po - 4.
In the notation of Proposition 6.1, the identify (6.77) asserts that

(po:4) = (P(po,4a"), Qpo, 7))
Thus according to (6.1),

(6.79) F(po,q) = Tio(po,q) = 5(q*, po) + (¢ + ¢") - po.
Combining (6.78) and (6.79) yields

F(po,9) = Tio(po,9) = po- 4.
This gives (6.76), as the other inequality was proved already in (4.39).

To conclude, we notice that the second and third lines of (6.75) are immediate
consequences of the second assertion of Lemma 2.13 and (4.34). The first line
of (6.75) follows from (4.33) and Lemma 2.14. O
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7. THE PROOF OF PROPOSITION 5.2

In this section, we show that the L? difference between the solutions of the
Dirichlet problem (on a given macroscopic domain) for the heterogeneous and
homogeneous equations is controlled by the convergence rate of u to its limit
i on mesoscopic subdomains. The argument is a generalization of the one
for [3, Proposition 4.1], although here the proof is much simpler due to the fact
that the variational formulation we use is very convenient to work with — even
compared to the more classical variational formulation (for equations which
admit one). In particular, since the variational problem for J is always null,
we have only to prove the analogue of the easier of the two energy estimates
from [3, Appendix A].

For the rest of the section, we fix a bounded Lipschitz domain U, € R,
m,n € N and set U := 3"*™mU,. We also fix F'€Q, § >0, f e Wh2*(U) and let
M be defined by (5.5). We denote by (u,g) and (u,g) the unique elements of
(f+H(U)) x L2 (U) such that

(7.1) O=[U(F(Vu(x),g(:c),az)—Vu(:c)~g(:c))d:c
and
(7.2) 0= fU (F (Vii(z),8(z), z) - Vi(z) - g(z)) da.

In particular, v and w satisfy (5.3). Note that for u,we f + H}(U), we can use
the substitutions

£ vu@)-g@)dr = f i) g(a) do.
£ vu@) @) dr = /() -B@) do.

which reveal the uniform convexity of the minimization problems. As in the
statement of Proposition 5.2, we consider n +m to be the macroscopic (triadic)
scale and n to denote a mesoscopic scale.

The convention for constants in this section is as follows: « > 0 is an exponent
depending on (d, A, 3,9), while the constants C' > 1 and 0 < ¢ < 1 depend on
(d, A\, Uy, 5,C5,0). We allow each of these parameters to vary in each occurrence.

We prove Proposition 5.2 by an energy comparison argument. The idea is to
remove the microscopic fluctuations from (u,g) by a mesoscopic spatial average,
thereby obtaining (%, g). The main step is to show that the F-energy of (7, g)
is not much larger than the F—energy of (u,g). This is stated precisely below
in (7.15). Since by construction, we will also have that g—g ¢ Lgol,O(U ), we will
be able to deduce that

0= f (F(vu(@).g(x).2) - Vf(2) - g()) do

= Ji (F(va(x),g(x)) -Vf(x) g(x)) dxr — a small error.

This allows us to conclude that V& and Vu are close in L2(U), as are g and g.
By construction, u and @ are also close in L2(U) since the latter is the spatial
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average of the former, which belongs to W2+ for some § > 0 by the Meyers

estimate. Hence, by the triangle inequality, we deduce that v and w are close
in L2(U).

7.1. Construction of the approximating pair. To prove Proposition 5.2,
it suffices to consider the case in which m >5 and n+3 <[ < m+n, since we can
then recover the general case by adjusting the constant C' in (5.4). The integer [
is used to measure an additional mesoscopic scale that gives the thickness of a
boundary strip to be removed from U in the construction. Note that

(7.3) c3dmm) < || < ¢34 m),

We define Lipschitz subdomains Ve cV c W c U by
Ve ::U{Z-I—Dn : 2 e 3n7, z+Dl+4SU},
Vi=UJ{z+0,:2€3"Z% z+04,cU},
W::U{Z+Dn : ze3"Z4, Z+Dn+3§U}.

Since U is Lipschitz, we have

(7.4) U\ Ve < o3t-tmm) ),

Since n + 3 <[, we have

(7.5) Ve U (z+0).
2€3"Z4nW

Observe that dist(V°,0V) > 3! and select a cutoff function n € C(U) satisfying
(76) 0<n<l, n=lonV°+0, n=0onU~\NV, sup|vn(z) <C3™.
xeU

We next construct the approximating pair (@, g) € (f + Hi(U)) x L2 (U) by

sol

modifying (u,g). Define the mesoscopic spatial averages of (u,g) by
1) wa@)= f u@)de and gay)= £ g@)dn yeV.
y+0np y+On

Observe that (s, 8s) € HY(V) x L2,(V). We get our approximate pair by
smoothly interpolating between (us,,8s.) and (u,g) near the boundary of V:

{'ﬂ(ﬂf) =1(2)usa(2) + (1 =1(2))u(z),
g(x) = n(7)gs(2) + (1 - n(x))g(x) - Vh(2),

where h € H'(U) is the (unique, up to a constant) solution of the Neumann
problem

(7.8) o,h=0 on OU.

Observe that we indeed have (@, g) € (f + HY(U)) x L2 (U).

SO.

{Ah: V-(n8w+ (1-n)g) inU,

We conclude this subsection by giving some LP estimates needed below.
First, according to the Meyers estimate (Proposition B.6), there exists an
exponent do(d, A, ) € (0,5] such that

s 1/(2+80) s 1/(2+60)
(7.9) ( £ vutop da:) + ( £ vato d:c) <CM.
U U
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Note that g(x) = a(Vu(z),z) and g = a(Vu) by Lemma 2.13 and Proposi-
tion 2.15. By (1.9), (P1), and (6.75), we have that

la(p,z)[ <C (Ko +p)) and [a(p)| < C(Ko+]pl).
We deduce that, a.e. in U,
(7.10) lg| < C(Ko+|Vu|) and |[g|<C (Ko+|Val)

and thus
1/(2+60)

(7.11) ( ][U g ()2 dx)l/(M) ; ( Ji ()P d:c) <OM.

The inequalities above, together with the Holder inequality, give a bound on
the energy density of (u,g) and (u,g) in the boundary strip U \ V°. Indeed,
we have

1 2 2 2 =y N2
112) [ (Fu@F 9@+ le(@)f +[8)F) dz

50/(2+§0)

U~NVe

< CMQ(—| )
U

They also imply, by the Cauchy-Schwarz inequality, that for every y eV,

< CM23—a(n+m—l)_

2
(7.13)  |[Vua(y)] < ( ][ V()| dx) 1Yl ][ V()| de < O3 M2,
y+0n, |Dn| U
and similarly, using (7.11),
(7.14) |gea(y)] < C3*2 M.

7.2. The energy estimate. As we will see, Proposition 5.2 is essentially a
consequence of the uniform convexity of F' and the following estimate, which
we prove in this subsection:

(7.15) ]{]F(vu(x),g(x)) d;c—]{]F(w(x),g(x),x) dz

o)
2+4q 2+6(

£ 0, %0
< CM? ][ sup —(;BJr 2,p, qg dz + O M23-o(nmam=1),
U \paeBey ampz K0 + PP+l

Here 6o(d, A, ) > 0 is defined in the previous subsection and given by the Meyers
estimate.

We now present the derivation of the claimed energy estimate.

Proof of (7.15). We break the argument into several steps.

Step 1. We begin with the main part of the argument for (7.15). For x eV,
let (p*(x),q*(x)) denote the dual pair (via F) to (Vus(7),gsu(z) - VA(Z)),
that is:

(P (2),q"(2)) = VF (Vtsa(2), geal2) = V().
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Using (u,g) as a minimizer candidate for u(y + 0., p*(y),¢*(y)), we have
(Y +0n, 0" (y), 4" (y))

< f . F(Tu(@).8().2) =" (1) - Vu(x) ~p" (1) -8(2)) da

- f P (Vu@).8@).2) de = (0" W) (1)) (Vea(). £ (0)
By (6.1),

(@ (). 2" (1)) (Vttsa(y) . 8ea (1)) = F (Vtusa(y), 8sa(y) = VI(y))
+p(y) - Vh(y) - 1(p*(v), 4" (y))
and therefore we deduce that, for every y e V,

(716)  F(Vena(v).8a() ~VA()) = f  F(Vu(e).g(x).x) do

<-p*(y) - Vh(y) +a(p*(y), " (v)) = p(y +On, 0" (¥), " (¥))
<—p*(y) - VI(y) +EY + 0, 0" (1), 0" (¥))-

Integrating this over V°, we obtain

| F(Vua(@)gale) - vh@) do- [ f F(Tu(v).8@).) dyde
< [ @Ivh@) do+ [ E@+0,.p"(@).0" () d

This is already quite close to (7.15). The rest of the argument is mainly
concerned with using (7.9) to show that the contributions to the energy in the
mesoscopic boundary strip U \ V° are negligible, to bound |VhA| and to put the
last term involving &(x + 0, p*(x),¢*(x)) into a form resembling the right side
of (7.15).

In fact, to complete the proof of (7.15), it suffices to verify the following
three inequalities:

111) | f F(Tue)g@)) de- o [P (0u).a0).0) dyds
| f T (7). B@) dr - 7 [ F (V2. () - Vh(@)) d
< CMP3ommD,
(7.18) ]{] p* ()| [VR(z)| dz < CM23-tsm=D)
and

1 (o
(7.19) mfvog(:cmmp ()4 (x)) da

)
246 S5+

<19 2+0
E O, ?
< CM? ][ sup (;c+—2,p,qg dx .
U \paeBe,,qamz 180 + [p|* + q]
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Step 2. We next show that
(7.20) ][ (37" Jusa(x) —u(z)| + |[Vusa ()] + ]gsa(x)\)2+5° dx < O M?+%,
v

We first estimate the second term in the integrand using (7.9):

][ Vs (2)[ da = ][ ][ Vu(y) dy dx < ][ ][ IVu(y)[P* dydx
|4 ViIJz+O, V Jz+oOp,
|U| ][ 2+d0 2+,
<= dx < CM=.
vl T |Vu(z)] T

2480

The third term in the integrand is handled similarly.
To estimate the first term in the integrand, we use the expression

][ e () — u ()7 da
y+0n

_ ngn u(x)_]gmn u(z) dz

<C u(zx) - ]£+Dn u(z)dz

y+0n
][ w(z)dz - ][ u(z)dz
x+0n y+0n

We use the Poincaré inequality to bound the first term on the right side:

and to bound the second term on the right side, we compute, for all y € V' and
T €y +0,,

]£+Dn u(z)dz - ]€+|:|n u(z)dz

2+§0

dx

2+80

dx

2+80

+C dz.

y+0On

2+50

u(x) - u(z)dz

Yy+0n

da < O'3n(2+%0) ][ IVu(z)]* de,

y+0n

]én f01(x—y).vu(ta;+ (1-t)y+2)dtdz

<3 ][ Vu(z)| dz.
Y+On+1

Assembling these yields

][ |usa(g;) —u(x)|2+50 da < C3n(2+6o) ][ |Vu(x)|2+5° du
y+0On Y

+0n+2

and then integrating over y € V' yields the desired estimate of the first term in
the integrand in (7.20). This completes the proof of (7.20).

Step 3. We use (7.9) and (7.20) to obtain
(7.21) ][ (V)% + () *™) do < CM>0,
U

Differentiating the expression for u, we get

viu(z) = Vi(r) (usa(x) = u(@)) +1(2) (Vusa(2) = Vu()) + Vulz).

Thus the desired estimate for vV follows from (7.9), (7.6) (recall that n <)
and (7.20). The estimate for g is similar, but we have the extra term Vh. To
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estimate this, we note that

V- (18sa+ (1-1)g) =V-((1-n) (8% -8))
and apply for instance [15, Theorem 1.2], in view of (7.20), to get

(7.22) ][ IVh(z)* dz < C ][ Igea(2) — g(2)[** dx < CM*0,
U U

This completes the proof of (7.21). For future reference we observe also that,

by (4.37), (7.20) and (7.22), we have
(7.23) £ @)+ la @)™ do < CM,
\%

Step 4. We prove (7.18). First we notice that we can bound VA more brutally
(compared to (7.22)) in L? by exploiting that (1-7) vanishes in V' and using the
Hélder inequality. Using [15, Theorem 1.2] with exponent 2 rather than 2 + 4
and (7.4), we get

(124) £ V(@) da < cﬁ [ o) - (@)

d0/(2+d0) 2/(2+580)

U\V +

SC(‘ |U| ‘) (][lgsa(x)_g(xﬂ2 6dx)
U

< CSfa(nerfl) M2 )

The previous inequality, (7.23) and the Holder inequality yield (7.18).

Step 5. We give the proof of (7.19), which follows from an application of the
Holder inequality and (7.23):

ﬁ -/\/Og(x + D”’p*(x)vq*(ff))dl‘
<i E(x+0,,p*(x), ¢* ()
U Jve K3+ (@) +]g* ()P

25 \75
<O ([ B @ sl @P) o)™

25\ 35
y [ (f(xmn,p"(x),q*(w))) T
ve \KG + |p* (@) + lg* ()
2%5 243
g ny Y
<CM? ][ sup (;CLQPQQ dx .
U \p.aeBe,,qams 50 + [pl* + la]

In the last line, we introduced the supremum with the help of (7.13) and (7.14),
but we also of course need a similar estimate for |Vh|. To get the latter, we use
the fact that h is harmonic in V°+ 0, and then apply Cauchy-Schwarz with the

help of (7.22), similar to the derivation of (7.13) and (7.11) above, to obtain,
for every y e V°,

(K3 + (@) +|g* (2)]) da

2
IVh(y)|* < C(]gm IVh(z)| dm) < CM?23md,
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This completes the proof of (7.19).

Step 6. We give the proof of (7.17). To estimate the second term on the left
side of (7.17), we use the identity

£ 7 (i) 8(w)) de - ﬁ [ F (V). gal) - V() d
1

= F(Vi(z),g(x)) dv
|U| U\Ve
and by (P1), (7.21) and the Holder inequality,

|U\ Vo| do/(2+60)
)

1 —
T ‘/ F (V’l\[(ﬂf),g(l‘)) dx — C’M23—a(n+m—l).
U] 1Jusve

SCM2(

The first term on the left side of (7.17) is handled similarly, using (7.9) in place
of (7.20) and (7.21). Set
(7.25) Vei={zeV° 2+, cV°},

and observe that |U \ V°°| < C3~(n*m=0)|U]. We obtain

1
£ P e do- g [ PO R0 dyis
1
<
|V°’ U\Vee
< CM23—oc(n+m—l)’

|F'(Vu(z), g(x), )| do

which completes the proof of (7.17) and hence of (7.15). O

7.3. The proof of Proposition 5.2. We now derive Proposition 5.2 as a
consequence of (7.15).

Proof of Proposition 5.2. By construction, g-§ € L2, ((U) and u, @ € f+Hj(U).
This implies that

[ vu@) gy de = [ vi@) E@)de= [ V@) g) = [ Vi) E@).
According to the previous line, (7.1) and (7.15),
(726)  § (F(Vile).§(@) - V() () da
< ]{[ (F (Vu(e),g(z),z) - Vf(z)-g(x)) dz + CE" = CE",
where &) 1, is as in (5.6) with p:= (2+dy)/dy and we denote

g = M2 (grlL,m,M + 3—a(m+n—l)) )
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By (7.2), Proposition 2.15 and the fact that we f + H}(U), we have
0= f (F(va(@) 5()) - V(@) -§(@)) da
- £ (F(V(2).8()) - V£ (2) -B()) da
= inf o ]{1 (F (vu'(2),8'(2)) - Vf(z) g'(x)) da.

- (u’7g,)€(f+H(% (U))XLSOI,O

The functional inside the infimum on the last line is uniformly convex in the
variable (u/,g") € (f + H3}(U)) x L2, ,(U), and therefore the previous display

and (7.26) imply that o
£ (@) - V@) +[g(x) ~g@)P) dr < "
(c.f. the proof of Lemma 4.2). The Poincaré inequality then yields
3-2(n+m) ]{] @(z) - (x) dx < CE”.
Using the identity u -7 =1 (us, — u) and applying (7.20), we also have
3-2n ]{] lu(z) - 7(2)? dx < CM2.
The previous two lines and the triangle inequality imply
3-2(n+m) ]{1 lu(z) - ()] de < CE" + CM?372™,

which is (5.4). This completes the proof of the proposition. 0

APPENDIX A. CONSEQUENCES OF THE MIXING CONDITIONS

In this section we review some basic consequences of the mixing conditions
which are used in several key arguments in the paper. So that we may handle
both mixing conditions at once, we assume that P is a-mixing with a rate given
by a decreasing function ¢ : [0, 00) — [0, 1]: for all Borel subsets U,V € R? and
events A € Fyy and B € Fy, we have

(A1) [P[AnB]-P[A]P[B]| < ¢ (dist(U,V)).

We next reformulate this condition equivalently as a statement about the
difference between the expectation of a product and the product of expectations.
Throughout, we denote the P-essential supremum of a random variable | X| by

I X[ = inf {A> 0 : P[|X]>A]=0}.

Lemma A.1. Assume that P satisfies (A.1). Fiz M, D > 0. Consider Borel
subsets Uy, ..., Uy € R? such that dist(U;,U;) > D for every i+ j. Let Xi,..., Xy
be random variables on ) such that, for eachi e {1,... k}, X; is Fy,—measurable.
Then

o [f1x] s

<a(k-1) (H |Xi|oo)¢(D>.



76 S.N. ARMSTRONG AND J.-C. MOURRAT

Proof. 1t suffices by induction to prove the result for k& =2. We need to show
that

(A.2) cov [ X, Y] <4 X |o|Y ] (dist(U,V)),

provided that X is Fy—measureable and Y is Fyy—measureable. To get this, we
compute

cov[X,Y]=E[XY]-E[X]E[Y]

_ [le [|Y|°° (P[X >sandY >t]-P[X > s]P[Y > t]) dtds

1Xleo =Yoo

and observe that the integrand is bounded by ¢(dist(U,V")). O

In the next two lemmas, we put Lemma A.1 in a more convenient form for
its application in the proof of Lemma 6.5. The notation here for the cubes is
the same as in Section 4.2.

Lemma A.2. Assume that P satisfies (P2) and (A.1). Fiz n,keN and let X
be an Fg, -measurable random variable satisfying 0 < X <1. Let X, denote the
translation of X by z € Z¢. Then there exists C(d,k) > 1 such that, for every
me N,

2k
E (3—dm >, XZ)
2€3"ZAN Brim

Proof. We first separate the subcubes into 3¢ distinct groups. We have

2k ﬁ 2k 2k
Aoz lls oz )
2€3"ZAN @ p1m ye{-37,0,3"}¢ 23"+ 1Z4N @y 4 )
2k 2k
AL

< C (max {E[X],3}" + 6(3")).

IN

ye{-37,0,3}4 2e3"* 174N @ m

2k 3
=3'E >, X. .
2€3"* 129N @4

Therefore it suffices to analyze the sum on the right side. The benefit of
the previous computation is that each of the distinct cubes in the collection
{z+0O, : 2z €3"17Z?} are separated by a distance of more than 3".

We follow the classic method of moments: we expand the sum by writing

(I

263" 174N By iim 215,22k €31 ZAN B

and proceed by analyzing each term in the sum according to how many distinct
entries it has. We write (21, ..., 22) € H; if it contains exactly j distinct entries.
For convenience, set N := [3"*1Z4n@,,,| and note that ¢39m < N < C'39m.
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We next apply Lemma A.1 to each element (z,...,29) € H; to separate
its j distinct entries and use the crude bound E[X¢] <E[X], for s > 1, which
follows from the P-a.s. bound | X| < 1. We get:

E[X,, X, | <E[X] +4jp(3") for every (21,...,2%) € Hj.

We next estimate the number of elements in H;, which is a simple combinatorics
exercise. A crude upper bound is

)

V) N

s (V) s

which we see from the fact that there are (JJV ) different ways to select j distinct
elements from a finite set of size N, and then at most 7% ways to make a

2k-tuple from them. Using Stirling’s inequality
]' 2 jj eXp(_j>7
we obtain
|| < exp(j) N9 (2k)3.
We deduce that

Z E [le'“XZQk] = Z Z E [le'“XZ%]
21,0022 €3 ZAN By 1 J=1 (z1,...,221 )€H;
2%k '
<O 1H;| (B[X] +450(3M))
j=1
2k

< Y exp()NY (2k)* (E[X Y + 45¢(3"))
j=
Set 0 := max {4kN-texp(-1),E[X]} and observe that

S exp(J) NI (26)2 (B[XV + 476(3%))

j=1
2k
<> exp(5) N (2k) 2 (67 + 4(2k)p(3™))
j=1
< 2N exp(2k) (6%% + 4ke(3™)).
This completes the argument. O

We next give the analogous statement to Lemma A.2 for exponential moments.

Lemma A.3. Assume that P satisfies (P2) and (A.1). FizxneN and let X be
an Fg, —measurable random variable satisfying 0 < X <1. Let X, denote the
translation of X by z € Z%. Then there exists C(d) > 1 such that, for every
meN and t €[0,1],

logE [ [I exp(tX.)|<C3"™ (tE[X]+¢(3")exp (Ct3™™)).

2€3" 79N By 4m
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Proof. As in the previous lemma, we use that the family {z + @, : z € 3"*1Z?}
consists of disjoint cubes separated by a distance greater than 3". Fix m e N
and t > 0 and compute:

logE[ H exp (th)]

2€3" 174N Epm

< log( I1 E [exp(tX.)] + C3%" exp (Ct3™) ¢(3”))

ze3nt17dn@,

< S logE[exp(tX.)]+ C3" exp (Ct3%™) ¢(3")

2e3" 174N @, 1m
= 3% log E [exp(tX)] + O3 exp (Ct37™) ¢(3").

In the above string of inequalities, we used Lemma A.1 in the first line, the
elementary inequality log(s+t) < t+log s (which is valid for every s > 1 and ¢ > 0)
in the second line and stationarity in the third line. Next we use Holder’s
inequality and stationarity once more to obtain, for every ¢ > 0,

logE [ I[] exp (tXZ)] =logE [ I [ exp (th+z)]

2€3" 79N Brtm ye{-37,0,37}¢ 2e3"*1Z4dN@Ep4m

<log H E [ H exp (3thy+Z)]

ye{-3n,0,37}d 2e37+17dN@E,
=logE H exp (BthZ) .
ze3n+t17dn @, 0,

Combining the above inequalities yields, for every m e N and ¢ > 0,

logE [ H exp (tX.) | < C3%™ (logE [eXp (thX)] +¢(3") exp (Cthm)) )

2e3"ZAN By 4m

We now use the elementary inequalities
exp(s) <1+Cs for every 0 < s < 3%
log(1+s)<s  for every s >0,

and the fact that 0 < X <1 to obtain, for every me N and 0 <t <1,

logE [ [T exp(tX.)|<C3™ (tE[X]+¢(3")exp (Ct3™)).

2€3" 79N By 4m

This completes the proof. O

APPENDIX B. BASIC ENERGY ESTIMATES

In this appendix we record some regularity estimates needed in the paper, in
particular the Caccioppoli inequality and both local and global versions of the
Meyers estimate.
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The statements here are entirely deterministic, so throughout we fix F' € (2
such that F' satisfies the inequality in (P1), that is,

1
(B.1) ﬂ(Ip\2+|ql2)—Ko(1+|p\+|q|) < F(p,q,)

A
<3 (Ip? +1a?) + Ko(1 + |p| +|a])-

We also fix a bounded Lipschitz domain U and let J : HY(U) x H-Y(U) - R
be the functional defined in (1.13).

We begin with a simple L? energy estimate.

Proposition B.1. Suppose u,v € HY(U) and u*,v* € H-Y(U) are such that
u-veHYU) and

(B.2) J [u,u*] =T [v,0*] =0.
Then there ezists a constant C(d,\,U) > 1 such that
lu=vlmw) < Clu” =0 gy -
Proof. Select h e L2(U;R%) to satisfy
(B3) -vV-h=v" and 0= ]{](F(w(m),h(x),w) _ vu(z)-h(z)) de
and recall that, by Proposition 2.15,
(B.4) F (Vu(z),h(z),z) - vu(z) -h(xz) a.e. inU.
Let h e H'(U) denote the (unique up to a constant) solution of
- Ah=u*-0v" in U,
{&,h =0U[(1,u* —v*) on AU.
According to [15, Theorem 1.2], we have
(B.5) VRl < Cu* =0 yor gy -
Using (B.1), (1.11) and (B.4), we have that

T [v,u] < ][U (F (Vo(z), h(z) - Vh(z), ) - Vo(z) - (h(z) - VA(z))) do
< c]{] Th(z)P de < Clu* =0 g, -

Now we use (B.1), the uniform convexity of w ~ J [w,u*] on u+ H}(U), the
assumption J [u,u*] =0 and the Poincaré inequality to obtain the lemma. [J

We next verify the interior Caccioppoli inequality. The variational formulation
yields a particularly simple proof.

Proposition B.2. Fiz a domain V such that V € U. Suppose that v € H*(U)
and u* € H-Y(U) satisfy

J [u,u*] = 0.
Then there ezists a constant C(d,\,U, V') > 1 such that

(B.6) |Vul 20y < C (Ko + |ul| 2y + w510y -
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Proof. By Proposition B.1, it suffices to consider the case u* = 0. Select a
solenoidal vector field g € L2 (U) to satisfy

0= ]{] (F (Vu(z),g(x),z) - Vu(z) - g(x)) d.
By Proposition 2.15,
(B.7) F(Vu(z),g(z),z) = Vu(z) -g(z) ae. in U
Set v := (1 +n?)u, where n e C*(R?) is a smooth test function satisfying

(B.8) 0<n<l, n=lonV, suppncl, Slelé)\Vn(at)ISC’.
Using that g is solenoidal and u —v € H}(U) as well as (B.7), we obtain
0= [Ug(x) ~(Vu(x) = Vu(zx)) dx
- [ &) (@) Vu(@) + 2u(@)(@) V() do
> [ (P(vu(e), g@),2)(x) - C(2) |g(o)] [u(2)]) do.
Using that I satisfies (B.1) and applying Young’s inequality, we get
[ (9@ + @) () de < CKG +C [ P(va(@). (@), )n(a) do
<CK3+C [ (@) lg(@)]u(@)|do

1
<OKE+~ / lg(2)|?n?(z) + C’f lu(z)[* da.
2 Ju U
A rearrangement yields the proposition. U

The proof of the Meyers estimate follows the argument of Giaquinta and
Giusti [18] which requires a version of the Gehring lemma in order to obtain
some improvement of integrability. We use the one given in Giaquinta and
Modica [19, Proposition 5.1] which can also be found in [20, Theorem 6.6].

Lemma B.3. Fiz a domain V such that V cU. Let K >0,5>0, 0<m <1,
feLY(U) and g€ L*3(U). Suppose that, for every r >0 and x € R* such that
Bs,.(x) €U, we have

]{w) ()] da < K ((]2() ()™ dx)”'l" + ]iw(x) |g(x)|dx).

Then there exist 6o(d,m, K,0) € (0,6] and a constant C(d,m,K,U, V) >1 such
that f e L'+ (V') and

Sisrs arse((fwia) " [l ).

We next present a version of the interior Meyers estimate.
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Proposition B.4. Suppose that we H(U) satisfies
J [u,0] =0.

Fiz a domain V ¢ R such that V ¢ U. Then there exist o(d,A) > 0
and C(d,\,U,V') > 1 such that

[Vl 2450 1y < C (Ko +ull2@r) -

Proof. Fix x € U and r > 0 such that z+2rgy € U. By (a properly rescaled version
of) Proposition B.2 and the Poincaré-Sobolev inequality (cf. [20, Theorem 3.15]),

2
][ \Vu(z)f de < C (Kg +772 ][ u(x) - ][ u(y) dy da:)
x+rdo x+2rQg T+2rOg

2 24 &
<C|K§+ (]£+2r|:\0 |Vu(z)|® dx) .

Note that the constant C here depends only on (d,A). Thus the hypotheses
of Lemma B.3 hold for the function (K2 + |Vul?) with m = d/(d + 2) and
K =C(d,\), and so an application of the lemma yields the result. O

The rest of this appendix is concerned with obtaining a version of Meyers’
estimate which is valid up to the boundary of a Lipschitz domain. For this we
adapt the classical argument which can be found for example in Giusti [20]. We
begin with a variant of the Caccioppoli inequality which holds for balls centered
in U but which may intersect OU.

Proposition B.5. Suppose that f € H'(U) and that uwe f + HJ(U) satisfies
J [u,0] =0.

Then there exists a constant C'(d,\,U) > 1 such that, for every z € U and r >0

(B.9) VUl 2, (:ynv) € C (Ko + 77w = fllr2(sy o0y + IV F 2282, )00y ) -

Proof. Select a solenoidal vector field g € L2 (U) to satisty

0= £ (F(Vu(x).g(x).2) - Vu(a) - g(x)) da
and recall that, by Proposition 2.15,
(B.10) F(vVu(x),g(z),z) = Vu(z)-g(xr) a.e. in U.

We consider the test function v := u+n%(u - f), where n € C°(Bz.(2)) is a
smooth cutoff function satisfying

0<n<l, n=lonB.(2), suppncBs(z), sup [Vn(z) <Crt.
z€Bar(2)
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Using that g is solenoidal, u—v € H}(Ba,(z) nU) and (B.10), we get

0= - g(x) - (Vu(z) - Vu(x)) dz

- /BQT(Z)OU g(z) - (n*(z)(Vu(z) - Vf(2)) + 2(u(z) - f(z))n(z)vn(z)) dz
2 fBW)mU F(vu(z),g(x), z)n*(z) dz - fB n?(z)|g(2)| |V f(2)| dx

2r (2)NU
ot [ i) (@) u(e) ()] de.

Using (B.1) and Young’s inequality, we get

»/BQT(Z)OU (|VU(J})|2 + |g(ZL’)|2) 772(1') dx

<CKZ+C o) UF(Vu(x),g(m),x)UQ(x) dx

<CKj+C 7 (x) g(2)] |V f (2)] dz

BQT(Z)ﬂU

st [ @) @) ) ~ () de

<CKj+C g @) de+C [ @) f@)Pde
BQr,-(Z)ﬁU Bgr(Z)OU

+Cr2 fBQT(Z)mU lu(z) - f(x)\2 dx.
This completes the proof of the proposition. Il
Proposition B.6. Fiz § >0, f e WL(U) and ue f+ H}(U) such that
J [u,0]=0.
Then there exist do(d, A, ) € (0,0] and C(d,\,6,U) > 1 such that
[Vul 21y < C (lull 2wy + | flwress@ry) -

Proof. According to the Sobolev extension theorem for bounded Lipschitz
domains (cf. [1, Theorem 4.32]), we may assume that f e W1H2(R?) and

(Bll) Hf||W1,2+6(Rd) < C||f||W1,2+5(U).
We may also extend u to R¢ by setting u:= f in R¢\ U.

We first claim that, for every z € R4 and r > 0, we have
(B.12) ]i o [7u) CV (@) de
T 2\
< C(Kg + (][ Vu(z) - v (2)] dx) S APRO dx),
B, (2) B, (2)

We split the argument into two cases: Ba.(z)\U =@ or Bs.(2)\U # @. In the
former case, we use the interior Caccioppoli estimate to obtain, as in the proof
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of Proposition B.4, that

a+2
d

][ \Vu(z)| de < C| K2 + (][ |Vu(x)|ﬂ% d:v) ,
Br(z) Bar(z)

which of course implies (B.12). If Bs.(2) \ U # @, then, since U is Lipschitz,
we have

|By-(2) N U| > ¢|Byr(2)] .

Since u— f =0 on R\ U, the Sobolev-Poincaré inequality (the version we need
can be found in [20, Theorem 3.16]) gives

a+2

2d \ 2d
2 @) - f@Pdr<o(f, v - v @)
Bar(2) Byr(2)
Then according to (B.9), for every z € R? and r > 0,
[Vu =9 iz < C (Ko +rHu= flizs, o) + 19 fl2e)) -

The combination of the previous two inequalities gives (B.12), except that the
balls on the right side have radius 4r rather than 2r. This can of course be
removed by a simple covering argument.

Applying Lemma B.3 (with V' = U and U = U + By), in view of (B.11)
and (B.12), now gives the result. 0
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