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ABSTRACT. Attributing a positive value 7, to each = € Z%, we investigate
a nearest-neighbour random walk which is reversible for the measure with
weights (73 ), often known as “Bouchaud’s trap model”. We assume that these
weights are independent, identically distributed and non-integrable random
variables (with polynomial tail), and that d > 5. We obtain the quenched
subdiffusive scaling limit of the model, the limit being the fractional kinetics
process. We begin our proof by expressing the random walk as the time change
of a random walk among random conductances. We then focus on proving that
the time change converges, under the annealed measure, to a stable subordina-
tor. This is achieved using previous results concerning the mixing properties
of the environment viewed by the time-changed random walk.

RESUME. Aprés avoir attribué une valeur positive 7, & chaque z de Z%, nous
nous intéressons & une marche aléatoire au plus proche voisin et réversible
pour la mesure de poids (73 ), souvent appelée < modele de Bouchaud . Nous
supposons que ces poids sont des variables aléatoires indépendantes, de méme
loi non-intégrable (& queue polynomiale), et que d > 5. Nous identifions, pour
presque toute réalisation des (7z), la limite sous-diffusive de ce modele. Nous
commengcons la preuve en exprimant la marche aléatoire comme le change-
ment de temps d’une marche aléatoire en conductances aléatoires. Nous nous
consacrons ensuite & montrer que ce changement de temps converge, sous la
loi moyennée, vers un subordinateur stable. Nous y parvenons en utilisant un
résultat antérieur concernant les propriétés de mélange de ’environnement vu
par la marche changée de temps.
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1. INTRODUCTION

In this paper, we consider a trap model, known as Bouchaud’s trap model or also
the random walk among random traps, evolving on the graph Z?. In this model,
every site x € Z® represents a trap of a certain depth 7, > 0, and the dynamics
is chosen in order to make the measure with weights (7,),eza reversible. More
precisely, for a fixed a € [0,1] and 7 = (73),ez4, We consider the continuous time
Markov chain (X;):>o whose jump rate from a site x to a neighbour y is

(1y)°

(1.1) (735)71—“

We write P7 for the law of this process starting from x € Z%, EZ for its associated
expectation. The environment 7 is chosen according to some probability law P
(with corresponding expectation E). We focus here on the case when (7;),cza are
independent and identically distributed, and in the regime where there is some
a € (0,1) such that

(1.2) Plro = y] ~ yia (y — +00).
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In particular, the expectation of the depth of a trap is infinite. We also assume
that 7o > 1. For € > 0, we define the rescaled process X(®)(t) = \/X_1/a;, and
call J; topology the usual Skorokhod’s topology [Bi, Chapter 3]. We will prove the
following result.

Theorem 1.1. Ifd > 5, then for almost every environment, the law of X) under
P{, converges, for the Jy topology and as € tends to 0, to the law of BoH ™1, where B
is a Brownian motion, H is an a-stable subordinator, and (B, H) are independent.

The limit process B o H~! appearing in Theorem 1.1 is known as the fractional
kinetics process [Za02].

The proof of Theorem 1.1 we present below can easily be adapted to cover also
the Metropolis and heat bath dynamics, where one replaces the jump rates in (1.1)

by, respectively :
T, 2\ 7
min <1, —y) , and (1 + —I> .
Ta Ty

In the case when E[r] is finite, the random walk (X;):>0 is diffusive under the
averaged law, and converges to Brownian motion after rescaling [DFGW89]. As-
sumption (1.2), with a < 1, brings us in the domain where the invariance principle
breaks down.

The model investigated here has been considered on various graphs by physicists,
as a simplified representation of the dynamics of glassy systems (see [VHOBC97,
BCKM97] for reviews). The first occurences concern the dynamics on the complete
graph, with ¢ = 1 in [DOLS85] and with ¢ = 0 in [Bo92]. The general dynamics,
with a € [0,1], was considered in [RMBO0O0]. The case when the underlying graph is
7% has been studied in the physics litterature in [MB96, RMB00, RMB01, BB03].

The characteristic property of glassy systems is the phenomenon of aging. It is
experimentally observed the following way. The glass is prepared by a fast cooling
at time ¢t = 0. After a time ¢,,, some experiment is performed, and a relaxation time
is measured. It turns out that this relaxation time depends on the time t,, that
separates the instant of preparation and the experiment, on any accessible time
scale. For example, one can observe the magnetic susceptibility of certain materials
in presence of a small oscillating magnetic field of period 7. It is observed that
this magnetic susceptibility depends only on the ratio T'/t,, [LSNB83]. Macroscopic
properties of the material thus depend on its “age” t,,.

On the mathematical side, the model attracted interest as well (see [BC06] for
a review). In terms of the random walk, aging can be observed via two-time cor-
relation functions, letting both times diverge to infinity. The limit obtained should
be a non-trivial function of their ratio. One can derive such results from the ex-
istence of a scaling limit (see [BC06, Theorem 5.1] for a simple example, and also
[FIN02, BC05, BCO7, FMO0S]).

In dimension 1 and for a = 0, [FIN02] obtained convergence of the rescaled
process to a singular diffusion, on a subdiffusive scale. The result was extended to
general a € [0,1] in [BC05]. The multidimensional case was then considered.

A fruitful approach to this problem is to introduce a time-change (Xt)t>0 of the
initial process, in such a way that the counting measure becomes reversible for X.
More precisely, we let X follow the trajectory of X, but the time spent by X at
some site x is the time spent by X divided by 7,,. For the walk X , the jump rate
from a site « to a neighbour y is thus (7,7,)%, which is symmetric. Letting

t
A(t) :/ 7%, ds,
0
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we can rewrite X as
Xy = XA—I(t).

We define the rescaled processes X () (t) = \/eX.—1, and H)(t) = e/ A(e~'t). In
order to prove Theorem 1.1, it is sufficient to prove the following result (see [Wh,
(3.3.4)] for a definition of the M; topology).

Theorem 1.2. If d > 5, then for almost every environment, the joint law of
(X(E), H(E)) under P{ converges, for the Ju x M topology and as € tends to 0, to
the law of (B, H), where B is a Brownian motion, H is an a-stable subordinator,
and (B, H) are independent.

Theorem 1.2 was obtained in [BC07] in the case when a = 0, in any dimension
d > 2 (with a different renormalisation when d = 2). For a = 0, the time-changed
random walk X is the simple random walk. The proof is based on a coarse-graining
procedure introduced in [BCMO6], and relies on sharp heat kernel estimates for the
simple random walk.

Recently, [BC0O9] managed to extend the method to cover general a € [0, 1], for
any d > 3. A preliminary step was to obtain sharp heat kernel estimates for the
time-changed random walk X [BD09)].

Hence, Theorem 1.1 is not new. The interest of the present paper is that we will
follow a radically different method of proof, that we believe to be more natural.
The main tool needed here is that the time-changed random walk X is “transient
enough”, in the sense that the environment viewed by X is sufficiently mixing.
Moreover, we will see that we can in fact focus our attention on a priori weaker
statements in which one considers the law of the processes under the annealed
measure PPJ (that we will now write P, with corresponding expectation E). Finally,
in our method, intermediate statements do not involve a mesoscopic scale, but
directly the limit objects, which are more simple. We mainly focus on the following
statement.

Proposition 1.3. If d > 5, then the law of H®) under the measure P converges,
for the M topology and as € tends to 0, to the law of an a-stable subordinator.

We describe briefly how we prove this result. The process H(®) is an additive
functional of the environment viewed by the particle X (see (2.1) for a definition).
Under the annealed measure, this process is known to be stationary, and when
d > 5, mixing properties of this process are provided by [Mol10]. In the limit
£ — 0, the increments of H(®) thus become independent (and stationary). Moreover,
the process H(®) is a sum of non-integrable random variables (weighted by the
occupation time of the random walk). As is usual in this case, only the few deepest
traps, that is the ’s such that 7, ~ e~/ really contribute to the sum. Because
these contributions are asymptotically independent and identically distributed, in
order to understand the scaling limit of H(®), it should be sufficient to understand
the contribution in H () of the first deep trap encountered by the random walk.

Let us call 2(®) the first site discovered by the random walk such that 7, >
e~/ Tts contribution in H) is the product of Tq() by the occupation time of X
on z(9). For the first term, it is easy to identify the limit law of €'/, (., as € tends
to 0, and one can also see that the two terms become asymptotically independent.
We are thus left with the problem of estimating the time spent by X on z(®). The
random walk X may perform several visits to 2(°) on a time scale of order 1, and
then leave it for ever. We can thus replace the occupation time by the product of an
exponential variable of parameter 1, that we leave aside here, by the Green function
on that site. We choose to write this Green function as a function G(0,.) 7) of
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the environment centered at z(¥). The core of the problem is thus to obtain the
asymptotic behaviour of the environment centered at z(%).

We have already discussed the behaviour of (6, 7), = 7,. What remains
to understand is the environment around the site 2(¢), that we may write 7(5) =
(TZ(E) +Z)Z 20" We will show the following fact.

Proposition 1.4. Let G ((72).20) = limyy— 400 G(7), and ¢, = E[G 1]. The law
of ) converges to the law given by
1 aper).
¢ G(T)

This result enables us to finish the proof of Proposition 1.3. It also gives us an
explicit description of the Laplace exponent of H, see (8.10) (and one can check
that it coincides with the one obtained for a = 0 in [BC07], provided one adds the
missing G4(0)~" in [BCO7, (4.15)], and propagates changes accordingly).

In what follows, we focus on the case a # 0, but our proofs can be easily adapted
to cover the case a = 0. Our method is however not the wisest in this case, and one
can in fact obtain much better results for general random walks whose law does not
depend on the environment, see [FMV].

Let us now say a word on the topologies we consider. Results of convergence
concerning processes defined on R should be understood as the convergence of
the restrictions on [0,t], for any ¢ > 0. In the results mentioned above, there
appears the usual Skorokhod’s J; topology, and also the weaker M; topology. In
Proposition 1.3 and Theorem 1.2, it is not possible to replace the M; topology
by the J; topology (see [BCO7] or the discussion at the beginning of section 6).
One may also want to replace the J; topology involved in Theorems 1.1 and 1.2
by the uniform topology, but measurability problems preclude this possibility [Bi,
Section 18]. The change of topology can nevertherless be done if one replaces the
discontinuous processes X (¢) and X @) by continuous approximations of them.

Apart from this introduction, the paper is divided into 10 sections and an appen-
dix. In section 2, we recall the definition of the process of the environment viewed
by the particle, and state its main properties : stationarity, ergodicity, and mixing.
In section 3, we prove the asymptotic independence of the increments of H(®). We
then define an exploration process in section 4, and show that the number of sites
discovered grows asymptotically linearly with time in section 5. Section 6 justifies
that one can replace the occupation time of X on deep traps by the Green function.
The main achievement of section 7 is to prove Proposition 1.4, which enables us to
prove Proposition 1.3 in section 8. The convergence of the joint process (X(a), H(E))
under the annealed measure is then derived in section 9. The passage from the an-
nealed to the quenched measure leading to Theorem 1.2 is proved in section 10, and
relies on a kind of concentration argument that is due to [BS02] (and on the mixing
estimates). Finally, we prove that Theorem 1.2 implies Theorem 1.1 in section 11.
Section 12 is an appendix containing some classical results of interest from potential
theory.

2. THE ENVIRONMENT VIEWED BY THE PARTICLE

We recall here the definition of the environment viewed by the particle, as well
as some of its important properties. There are translations (6;),cz¢ acting on the
space ) of environments, such that (6, 7), = Tz1y. The environment viewed by the
particle is the Markov process on ) defined by

(2.1) 7(t) =0x, T
We recall the following classical result [DFGW89, Lemma 4.3 (iv)].
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Proposition 2.1. The measure P is reversible and ergodic for the process (7(t))t>o-

Throughout this paper, one central tool is an estimate of the speed of convergence
to equilibrium of this process [Mo10, Proposition 7.2], that we now recall. For some
s = 0, we say that a function g(X, 7) depends only on the trajectory up to time s if
one can write it as

(2'2) g ((Xu)uém (Tj(u)ugs) .
We say that such a function is translation invariant if moreover, for any = € Z¢ :

g ((z + Xu)ugsa (TXu>u<5) =g ((Xu>u<57 (TXu>u<5) .

For a function f : Q — R, we write Var(f) for the variance of the function f with
respect to the measure P, and f; = Ef[f(7(t))]. [Mol0, Proposition 7.2] states the
following.

Theorem 2.2. When d > 5, there exists C > 0 such that, for any bounded function
g that depends only on the trajectory up to time s and is translation invariant, if
f(r) =Ellg], then for anyt >0 :

(s +1)*

var(fy) < Cllgl 0

We point out that this result was initially established for a random walk among
random independent conductances. Although X is a random walk among random
conductances, they fail to be independent. Indeed, the conductance of the edge
between two sites z ~ y is (7,7,)%, hence conductances of adjacent edges are cor-
related. One can however check that, due to the locality of the dependence dealt
with here, the results of [Mo10] still apply in our present context.

For convenience, we also recall a useful observation from [Mol0, (7.2)]. For a
function g of the form (2.2), we write g(t) for

9 (Xsusres (75 Decusts )
and define f(7) = EJ[g]. Then one can check that, when g is translation invariant :

(2.3) fi(r) = Eglg(t)]-

3. ASYMPTOTICALLY INDEPENDENT INCREMENTS
Let § > 0. We define Hég) as

-1

£
(31) H(ga)(t> = 51/04/ TXSI{EI/QTXS >6} ds.
0

When é > 0, the process Hés) retains only the contributions of the deepest traps,
but should be a good approximation of H for small §. In this section, we consider
possible limit points for the law of Hga) under P, as € goes to 0. We will see, using
Theorem 2.2, that any such limit point is the law of a subordinator. More precisely,
for a sequence (ex)ken converging to 0, let us assume that the law of HS(E") under P
converges, in the sense of finite-dimensional distributions and as k tends to infinity,
to some measure u3. Possibly enlarging the probability space, we define a random
variable Hs which has law p§ under P. The purpose of this section is to show the
following result.

Proposition 3.1. Ifd > 5, then the process Hs is a subordinator under P.
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Proof. Under P, the process H;E) inherits the stationarity property from that of

(7(t))e=0. What we need to see is the independence of the increments in the limit.
We will prove, by induction on n, that for any A1,..., \,, and any s1 < -+ < Sa, :

eXp( Z (Hs(s2i) H&(Szil))ﬂ

E [exp (Xi(Hs(s2:) — Hs(s2i-1)))] -

(3.2)

:j:

1

<.
Il

The property is obvious when n = 1. We assume it to hold up to n, and give
ourselves A1, ..., Apt1, and s1 < - -+ < Sap42. We define

Py, = exp ( Z /\i(H(gEk)(sﬁ) - H?’“’(@m))) :
=1

Fi(r) = B [exp (= At (B (s2012 = s20) = HY™ (52041 = 520))] -

Using the Markov property at time ¢~ !sa,,, we have that

n+1
exp ( Z/\ H(Ek) H( k)(52 1)))

-1

Ej = E§[PuFr(7(c"  s20))],

where we recall that 7(¢~'s3,) is the environment seen by the particle at time
1

€7 S2n. What we want to show is precisely that
(3.3) ‘E[Pka( (e s20))] — E[PL]E[Fi(7(¢ ™ s20))]

goes to 0 as k goes to infinity. Indeed, on one hand, the induction hypothesis can
be applied on the limit of E[Py], and on the other, one has

E[F(#(e " s20))] = E [exp (—Aaa (HE™ (s2002) = H™ (s2001))) |

But, by Cauchy-Schwarz inequality, the square of the term in (3.3) is bounded by
the product of the variances of P, and Fy(7(¢ 'sa2,)). As Py is bounded, it is
enough to show that the variance of Fj(7(¢7's2,)) goes to 0 as k tends to infinity.
Due to the stationarity of (7(t)), the variance of Fj(7(¢71sa,)) is the same as the
variance of Fy (7).

Hence, we now proceed to show that Var(F}) goes to 0 as k tends to infinity.

We begin by rewriting F}, using the definition of H(ge) given in (3.1), as :

e (s2nt+2—52n) ”
exp | —A +1/ el T 1, 1/a_ ds || .
" a;l(szn+1—82n) k Xs{ey, Tx, 20}
We define g as

R er  (S2n4+2—82n41) e
gk (X, 7) = exp 7An+1\/ e Tx e, sy ds | .
0 k Xs &

The function g; depends only on the trajectory up to time 5;;1(82714-2 — Son+1),

Fi(r) = Eg

and it is translation invariant. Therefore, letting f*)(7) = E§[gx], and ft(k) (1) =
Ej[f*) (7(t))], we have (see (2.3)) :

Fr(r) = &)

€ (52n+1 S2n)

(1),

and Theorem 2.2 implies that, when d >

2
Var(F) < Ce d/2 2 (82n+2 — SQn)
ar( k) (52n+1 — Szn)d/27
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which goes indeed to 0 as k tends to infinity. O

The same technique applies as well for L((;E) defined as

—1

et
(3.4) 1O () = /O M) Lesarg 5 ds.

Proposition 3.2. Ifd > 5, then any limit point (in the sense of the convergence

of finite-dimensional distributions) of the laws of ng)

ordinator.

under P is the law of a sub-

4. THE EXPLORATION PROCESS

In this section, we define a way to explore the 1-neighbourhood of the trajectory
of the walk, and state some of its properties. Let v = (7,) be a (finite or infinite)
nearest-neighbour path on Z?. The set of sites we would like to explore is

(4.1) D(y)={xeZ:3In |z—.| <1}
Consider the sequence of sites :

S= (’71 + z)\z\gla (72 + Z)\z\gla SRR (’Yn + Z)|z|<la s

where (z + 2)|.|<1 is enumerated in some predetermined order. It is clear that S
spans D(v). We can define

(4.2) S =z1(7),...,xn(7y), ...

as the sequence S with repetitions removed. We call (x,, (7)) the exploration process
(for the path «), and say that a site is discovered (by the path ) if it belongs to
D(v)-

Let Y be the discrete-time random walk associated with X. We will be mainly
interested in the exploration process associated with the random walk, namely
(2n(Y))nen. As Y is an irreducible Markov chain on an infinite state space, it is
clear that it visits an infinite number of distinct sites, which implies that z,(Y) is
well defined for all n.

We write pg for the law of 7y under the measure P.

Proposition 4.1. Under P, the random variables (Tan(v))nen are independent and
distributed according to .

Proof. Let v = (vi)1<i<k be a nearest-neighbour path, and v = (v;)1<i<k—1 be
the (possibly empty) path that follows v but stops one step earlier. Let E,, be the
set of paths such that ~ discovers at least n sites x1(7),...,zn(y), but v does
not.

For v = (vi)1<igk, we write Y = v when Y and + coincide up to time k. Observe
that the events {Y =~} form a partition of the probability space when v ranges in

E,, (up to a set of null measure). For any real numbers t1,...,t,, we can therefore
decompose
(43) E[Tzl(y) < tl, N 7Twn(Y) g tn]

along this partition, which leads to :

Z PPS[Y = 777_11(7) g tl, e ’Tﬂﬂn(v) g tn]
YEE,

— Z E {PE[Y =Y Tar (y) <1y, .- S Tan_1(v) < tnfl] l{Ta:n(’y)gtn} ,
YEE,

as Ty, (y) 18 constant under Pf. The event {Y = v} depends only on (72)sep(y+)-
As v € FE,, the shortened path v does not discover z,, (7). Hence, of the two
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terms in the E expectation above, the first depends only on (7., (v))k<n, While the
second depends only on 7, (). These two terms are thus independent, and one can
rewrite the whole sum as

Z PPS[Y = 77Tz1('y) < tl, e ’Tmn—l('y) < tnfl] P[Tﬂﬂn(v) g tn].
YE€EE,

Using the translation invariance of P, the probability (4.3) thus equals
@[Tzl(y) Sty Ton oy (v) Stno1] Plro <t

The proof of the proposition is then obtained by induction. [

From now on, we will simply write x,, for x,,(Y).

5. ASYMPTOTIC BEHAVIOUR OF THE RANGE

We say that = € Z% is discovered before time t if x € D((Xs)sct). Let 7(t) be
the number of such sites :

(5.1) r(t) = [D((Xs)s<)].

In this section, we will show a law of large numbers for r(¢). In order to do so, a
convenient tool is the subadditive ergodic theorem. Its use requires that we ensure
first that r(¢) is integrable. We will in fact find an upper bound for E[r(¢)?], which

will be useful later on in order to show the uniform integrability of (L((;E) (t))e>0
(Lemma 7.8).

Proposition 5.1. There exists a constant C > 0 such that, for anyt >0 :
E[r(t)’] < C(t+1)>

Proof. The proof is similar to the one of the second part of [Mo10, Proposition 6.2].
Let R(t) be the cardinal of the range of the random walk at time ¢ (without taking
into account sites that are discovered but not visited) :

R@y:HX&sgﬂy

It is clear from the definition (4.1) that there are at most (2d + 1) sites discovered
associated to each site visited, so that

r(t) < (2d + 1)R(t).
We will therefore focus on R(t). For = € Z%, let T, be the hitting time of x :

(5.2) T, =inf{s > 0: X, = z}.

One can rewrite the range as

(5.3) Rt = Lim<n,
zeZ4

from which we derive an expression for the square of R(¢) :

(5.4) Rt*=2 ) Lr<r<n

z,y€Zd

The general term of this sum can be bounded from above, using the Markov prop-
erty of the random walk at time 7, as follows :
PlT.<T,<t] < PJT.<t T,
0

< < <Ty < T+
< POT, <t PL[T, <

].
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Hence, using equations (5.4) and then (5.3), we obtain that

Ej[R(t)?] < 2 ) PiT, PI[T, <t
z,y€Zd
(5.5) < 2)  PyT. <t EJ[R(t)].
reZd

One would like to compare the probability to hit = with the total time spent on
this site, which is easier to handle. However, because there exist sites with arbi-
trarily large jump rates, there is no clear comparison between these two quantities.
We will therefore create a larger set, written V. (), that contains  and so that it
does take some time to exit this set.

Let p,(z) be the total jump rate of site x :

pr(x) = Z(TwTy)a-
y~x
For n > 0, we say that a point x € Z? is good in the environment 7 if p, () < 7 ;
we say that it is bad otherwise. We need to fix n large enough, so that
1

Following [Mo10, (6.10)], we define V,(z) by

(5.6) P[0 is bad] <

(57) Y€ vT(.’I]) And E’Y = (’71) ER a’yl) M =T, =Y,72,---5V1-1 bad pOintSa
where v is a nearest-neighbour path. One can check that V. (z) contains the site ,
and that any point in the inner boundary of V. (x) is a good point. As a conse-
quence, the expected time spent inside this set cannot be too small as compared to
the probability to hit z. More precisely, we have the following result.

Lemma 5.2. For almost every 7, the following holds :
t+1 o
P7IT, < f] < en / Py(X, € V., (2)] ds
0

We refer to [Mo10, Lemma 6.3] for a proof of this lemma. Using this result back
into equation (5.5), one obtains :

t+1 _
EJ[R(t) < en Z E’[R / Pi[Xs € V- (z)] ds
x€Z4
t+1 .
(5.8) < en Y EIRONpow o /O I, o] ds.
z,x' €24
We introduce the following function of the environment :
(5.9) Wi(r) = Z EZ[R(D)]Loe v, (2)3-
€L

It is not hard to check that for any 2’ € Z%, one has

x/ 7_ Z Eer:n’ 1{1 EV,-(m-l-z/)} Z E 1{1 eV, (z)}>

x€Z4 YA

and using this fact together with inequality (5.8), one obtains :

E[ t g 677/ Z E Wt x! T {X —Z/}] ds

Py

t+1
< e / E[Wi(7(s))] ds.
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The measure P being invariant for the process (7(s))s>0, we are led to
(5.10) E[R(t)?] < en(t + 1)E[W,(7)].
Proposition 5.1 will therefore be proved once we have shown the following lemma.
Lemma 5.3. There exists C > 0 such that, for any t > 0, one has
E[W:(7)] < C(t+1).

Proof of Lemma 5.3. We will use Lemma 5.2 once more. Indeed, one has

EJ[R()] = ) PI[T,<{
yezZd

t+1 o

< en Z / PI[X, €V (y)] ds
y€eZd 0
t+1 R
(5.11) < en Z 1{y’€97(y)}/ PI[X, =1 ds.
y,y' €L 0

Let w(7) be defined by
w(r) = 3 Lo, -
yezZd
Then, inequality (5.11) can be rewritten as

t+1
mmm<mA E7[w(#(s))] ds.

It then follows from the definition of W; in (5.9) that
W <en Y [ B [Bue)toe, o) d
Using Cauchy-Schwarz inequality, we obtain :

t+1
o 1/2 5
E[W:(7)] < en Z / E [(E][w(7(s))])?] / P[0 € V,(2)]'/? ds.
wezd 0

Moreover, the function

s B [(B][w(7(s))])’]
is decreasing, as E7[w(7(s))] is the image of w by the semi-group associated to the
process (7(s))s>0, hence we are finally led to :

(5.12) E[W; ()] < en(t + 1)E[w(7)?] Z P[0 € V. (x)]'/2.
€L
What we have to prove is thus that, on one hand, the sum appearing above is finite,
and on the other hand, that the random variable w(7)? is integrable.
Due to the symmetry of the definition of V. (z) in (5.7), it is clear that

0€V, () & zeV,(0),

and as a consequence, w(7) = [V, (0)|. Let B(r) be the ball of radius r, with respect
to the graph norm. By a percolation argument and using (5.6) (see [Mo10, Lemma
6.4 (2)] for details), one can see that the probability that V,(0) is not contained in
B(r) decays exponentially as r goes to infinity. From this fact, one can check that
the two conditions mentioned above hold, which ends the proof of the lemma. [J

The result of Lemma 5.3, together with inequality (5.10), implies Proposition 5.1.
O
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Once the integrability of r(t) is ensured, a law of large numbers follows as a
consequence of the subadditive ergodic theorem.

Proposition 5.4. If d > 3, then there exists a constant ¢, > 0 such that

T(f) P-a.s.
— ——— Cp.
t t——+oo

Proof. The subadditive ergodic theorem (see [Ki68]), together with Proposition 5.1,
ensures that there exists a random variable ¢, such that, P-almost surely and in
L'(P) :

/
(5.13) .
t t—4o00
teN

One can in fact omit the restriction ¢ € N above. Indeed, if n is an integer and
n <t < n+ 1, the subadditivity property gives :

0<r(t) —r(n) <ID((Xe)ncs<nir)]-

Moreover, Birkhoff’s ergodic theorem ensures the almost sure convergence of

1 n
E Z |D((X8)k<5<k+1)|
k=1
to some random variable. In particular,

1 ~
E |D((X8)n<s<n+1)|

converges to 0 almost surely, which implies that one can take out the restriction
t € N in equation (5.13). Moreover, a consequence of the ergodicity given by
Proposition 2.1 is that ¢, is in fact constant. What is left is to check that ¢, is
strictly positive. For any integer n, we have the following convenient lower bound :

r(n) 2 D 1% ep((%0)ce )}

Indeed, the condition X ¢ D((Xs)s<k—1) implies that the site X has been dis-
covered in the time interval (k — 1, k]. Integrating this inequality, we have :

(5.14) Elr(n)] > Y P[Xi ¢ D((Xo)sci—1)]-

Note that, due to the reversibility of the walk,
P3[Xy, ¢ D((Xo)sch-1), Xi = 2] = Pl & D((X,)1<sch), Xi = 0]

Using once again the fact that (X; — ) has same law under P7 as (X;) under P§*",
the latter equals :

P30 ¢ D((Xo)1<oxk), Xi = —a].
Using the translation invariance of P, this computation leads us to

P[Xy ¢ D(Xs)s<h-1)]
= Z PPgTT[O ¢ 'D((Xs)lgsgk)an = _‘T]

reZd
= 3" Pl0 ¢ D((Xa)1<ock), Xi = 2]
reZd
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In order to show that ¢, is strictly positive, and considering inequality (5.14), it is
enough to show that P[0 ¢ D((X,)s>1)] is strictly positive, which amounts to check-
ing that the random walk is transient. This fact is contained in Proposition 12.2 of
the Appendix, where it is shown that the Green function G(7) is finite. O

6. UNMATCHED JUMPS

We begin by introducing some notation. For any § > 0 and any ¢ > 0, we define

(r((f) (n))nen as the increasing sequence that spans the set

(6.1) R = {ieN:eYor,, > 6.

In other words, the k' site discovered by the random walk is the n*® deep trap
discovered if and only if k = r((;g) (n). Let Téa)(n) be the instant when the n*® deep
trap is discovered :

T (n) = inf{t : r(t) > r (n)}.

We further define xgg)(n) to be the location of the n'* deep trap discovered, which
is equal to ) (g Note that :I:((;E) (n) and the position of the walk at the instant
S

of discovery X ), are neighbours (or possibly equal if at the origin). The depth
5

(n)
of the trap discovered is given by 7 (o), ., and (9 (o) 7') is the environment seen
T 5 (n) T (")

from the trap.
We would like to consider how much time is spent on a deep trap, so we introduce

e 1t
l‘gg)(n’t):/o Lt oy 5 and 1§ (n) = 1§ (n, +00).

With this notation at hand, the processes Hgg) and L((f) introduced in (3.1) and
(3.4) can be conveniently rewritten as

+oo
(6.2) Hga)(t) = Zl l((;a)(”a t) El/angﬂ(n)a
© 4 = S
(63) L;)(t> — leéa)(n,t) h (91((;5)(n) T) .

Once the random walk has found a deep trap, it will perform several visits to
this site, and then leave it forever. These visits happen on a time scale that does
not depend on €. Hence, due to the time renormalization, the function lge)(n, )
tends to look more and more like a step function as ¢ goes to 0. However, some
caution is necessary when one wants to give a precise meaning to this closeness.
Indeed, the function l((f)(n, -) is continuous, and we recall that the set of continuous
functions is closed for the usual Skorokhod’s J; topology. In the terminology of
[Wh], the limit process should have jumps that are unmatched in the converging
processes. Following [BC07], we will use Skorokhod’s M; topology, for which jumps

can appear in the limit of continuous functions. From the fact that lgg)(n, -) is close

to a step function, we will be able to show that H(ge) and L((;E) are well approximated,

respectively, by the processes 7—[((58) and E((f) defined by

+oo
( ( o
(64) H (1) = D157 () T Lser@ -

n=1
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“+o00
(6.5) £ ) = lefﬁ (n) h (915;)(”) T) Lo er®) oy
n—

This is the content of Proposition 6.3. Before stating it, we need to show that the
jump instants (Té(a) (n))nen do not accumulate in the limit, and that El/aTz(s)(n) is
tight. The next proposition shows in fact that, as € gets small, the sequence gf jump
instants tends to behave like a Poisson process. The knowledge of the intensity of
the limit process will be useful in the sequel.

Proposition 6.1. Under P, the law of (ET(S(E)(TL»”GN converges to that of a Poisson
process of intensity ¢, /6%, where ¢, is the constant appearing in Proposition 5.4.

Proof. We recall from Proposition 4.1 that (74,):en is a family of independent
random variables distributed according to . Hence, (11. 672(5))1-@; is a family of
é

independent Bernoulli random variables of parameter

Plet/ %7y > §] ~ 5% (€ — 0).

It is thus clear that rga)(l),rga)@) - r((;e)(l), ... are independent and identically
distributed, and that for any y > 0 :

ey X
Pl (1) > e7y) = (1 — P > 5]) Y e

e—0
As a consequence, (67‘((58) (n))nen converges in distribution to a Poisson process of
intensity §~*. Moreover, note that r(¢) defined in (5.1) inherits right continuity
from the one of X. Besides, because the walk cannot discover more than 2d + 1

sites at once, the heights of the jumps of r(¢) are bounded by 2d + 1. We obtain
the inequalities :

r((;s) (n)<r (T(;(E)(n)) < r((;s) (n) +2d+ 1.

This last inequality implies that (Er(Té(E)(n)))neN also converges in distribution to
a Poisson process of intensity 6~%. Hence, for any n, the random variable T(S(E)(n)
goes to infinity in probability, and Proposition 5.4 implies the announced result. [J

One can easily describe the limit distribution of !/ T © ()"
é
Proposition 6.2. For any n € N, the law of 51/0‘7'1@)(") under P converges to the
S
law whose density is given by
dz
aéa—xa+1 1[57+00)(.’L').

Proof. We recall that, under P, the random variables (7,,)sen are independent and
distributed according to pg. The family (Tm(a)(n)>n€N is the subsequence made of
S5

those elements whose value exceeds e ~/*. Hence, for any n € N, the law of T ()
S5

is the one of 7y conditionned on being larger than de~'/*, and we obtain, for any
=96
Ple'/*ry >
1/« > _ 0=
e e 2 7 = Bean 5 o)
which, according to (1.2), converges to §%/x* as £ goes to 0. O

We write D(][0,¢],R) for the space of cadlag functions from [0, ¢] to R. For a def-
inition of the M; distance on D([0,t],R), we refer to [Wh, (3.3.4)] (or equivalently,
[Wh, (12.3.8)]). With a slight abuse of notation, we will not distinguish between a
process and its restriction on [0, ¢].
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Proposition 6.3. (1) For any n € N and any t > 0, the My distance on
D([0,t],R) between lgs) (n,-) and the step function
(e)
b7 (M) Lz er

converges to 0 in probability under P as € tends to 0.
2) For anyt > 0, the M, distance on D(|0,t],R) between H and 1 resp.
s s
between Lga) and E((;E)) converges to 0 in probability under P as ¢ tends to 0.

Proof. Let n > 0 be some small parameter. We begin by showing that the difference

between l((f)(n, -) evaluated at time ETé(E)(TL) + n and its limit is small, in the sense
that

(6.6) E [zfﬁ (n) — 1 (n T (n) + n)] — 0.

e—0
One can rewrite the left hand side above as

(6.7) E l/TmeEln l{XS:sz)(n)} ds] .

s
Recall that :I:((;E) (n) is a site discovered at time T(;(E)(n), hence it is a neighbour of

XT@( ) and we can bound the integrand above by :
s n

1,0 < .
{|Xs*XT§s)(n)\<1}

Using this together with the Markov property at time Té(a)(n) leads one to bound

the term in (6.7) by :
+oo
E", / 1,6 ¢ ds] .
XTés)(n) [ e~ 1n {[Xa=Xol<1}

But as we recall in Proposition 12.3 of the Appendix, there exists C' such that for
any s >0 :

E

C

sup P [X = y] < 72

zy
from which (6.6) follows. In particular, this implies that the probability of the
event :

(6.8) 19 ) = 157 (n, e () + ) <

converges to 1 as ¢ goes to 0. On this event, the increasing process l((;g)(n, ) is

constant equal to 0 up to time ET(;(E) (n), and reaches a value close to its limit
by n at time (ET(;(E)(TL) + 7). From this observation, it is not hard to construct
parametrizations of the completed graphs (as defined in [Wh, (3.3.3)]) of l((;s)(n, )
and of the step function that show the M; distance on D([0,¢], R) to be smaller than
27, provided ETé(E) (n) does not lie in [t — 7, t]. By Proposition 6.1, the probability
that such an event happens is as close to 0 as desired, thus ending the proof of the
first part of the proposition.

Let us now turn to the second part of the proposition. We recall that H((f) was
defined in (6.4). Using the previous result, together with the fact that the random
variable El/aTzEf)(n) is tight by Proposition 6.2, we obtain that the M; distance
between

l((;g)(n, ) El/aTsz)(n)
on one hand, and

(e) 1/a
ls'(n) e / ol (n) 1{.25T§5>(n)}
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on the other, goes to 0 in probability as € tends to 0. Moreover, because of Propo-
sition 6.1, the number of n’s such that ET(;(E)(TL) belongs to [0,¢] is bounded in
probability. Hence, when considering Hég) in (6.2), one can restrict the sum to a
finite number of terms, and then apply the above observation to each of the terms,

thus proving the proposition. The same proof applies as well to L((;S) and E((f), using
the representation in (6.3) and the fact that the function h is bounded. (]

7. THE ENVIRONMENT AROUND A TRAP

Consider the environment around the n'" deep trap, 0 © m T We have al-
5
ready seen in Proposition 6.2 the convergence in law, after proper scaling, of

(9 () () 7) = T (- We would like to gain information about the other co-
15 n 0 15 n

ordinates of HI(E)(n) 7. For any z # 0, let Tég) (n, z) be defined by
s

T(ga) (n,z) = (ozf;)(n) T)Z = Tacf;)(n)-i-z'
For convenience, we write Tég) (n) for the family (Tés) (n,z)) Lo’ and may call
z#0

Tég) (n) the environment around the n*" deep trap. We insist that this environ-
ment has not any value asigned at the origin.

We will show that Tég) (n) converges in law (for the product topology) as € goes
to 0. The next proposition is a first step in this direction.

Proposition 7.1. For any integer n, the family of random variables (Téa) (n))e>0

is tight under P.

Proof. Let z € Z4\ {0}. It suffices to show that, for any n > 0, there exists M > 0
such that, for € small enough,

(7.1) P

Vv

[Tw?)(nﬁz z M} S

We say that z € Z% is atypical if it is a deep trap and the depth of the site (z + 2)
exceeds M :
e, >§ and Tatz = M.

The event appearing in the left hand-side of (7.1) can be rephrased as saying that
xf;g) (n) is an atypical trap. We say that » € Z? is uncommon if it is atypical, or
if (z — z) is atypical. Finally, for a subset I' C Z¢, we say that x is uncommon
regardless of T if one can infer that x is uncommon without considering sites inside
T, i.e. if one of the two following conditions occur :

x is atypical and {z,z+2}NT =0, or (z—2)is atypical and {z—z,z}NT = 0.
Let us assume momentarily the validity of the following lemma, and see how it

enables us to show the proposition.

Lemma 7.2. If xgs) (n) is atypical, then there exists k < r((;s) (n) such that xy, is
uncommon regardless of {x1,...,xTp_1}.

We saw in the proof of Proposition 6.1 that the random variables 67‘((;8) (n) con-
verge in law as € tends to 0. Therefore, one can find a constant C, such that the
probability of the event

(7.2) sr((;a) (n) < C,

is as close to 1 as desired when ¢ is small. On this event, using the result of the

lemma, the fact that z((;s) (n) is atypical implies that there exists k < e~ 1C,. such
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that xj is uncommon regardless of {x1,...,z_1}. The probability of this event is
bounded by
e 10,
(7.3) Z P[z, is uncommon regardless of {z1,...,xk—1}].
k=1

We now proceed to evaluate the generic term of this sum. We will condition on the
trajectories up to the discovery of the k'P site. We refer to the proof of Proposi-
tion 4.1 for the definitions of v~ (where v is a path), the set of paths Ej and the
meaning of the event that we write “Y = ~”.

P[x, uncommon regardless of {z1,...,Tx_1}]
= Z P[Y = v, zx(y) uncommon regardless of {z1(7),...,2r_1(7)}]
v€EE

= Z E[PjlY =], zx(y) uncommon regardless of {1(7),...,zx—1(7)}]-
YEEL

Moreover, the probability P{[Y = v] depends only on D(~*), while the event
2k () is uncommon regardless of {x1(7),...,zk—1(y)}

has been constructed in order to depend only on sites outside D(y"). Due to the
fact that P is a product measure, it comes that

P[xy is uncommon regardless of {z1,...,z5—1}]
= Z P[Y = 4] P[zx(v) is uncommon regardless of {z1(7),...,zr_1(7)}]
YEEL

< Z P[Y =] P[zx(y) is uncommon],
vEEL

Translation invariance of the measure P implies that in fact,

P[z is uncommon]
does not depend on x. We have thus shown that the sum in (7.3) is bounded by
(7.4) e~ 10, P[0 is uncommon] < 21 C,P[0 is atypical],

a term which should be uniformly small as € goes to 0, when M is chosen large
enough. It is easily seen to be so noting that

P[0 is atypical] = Pe/ %7 > 6] P[r, > M],

and that e~ 'P[e/*7ry > §] is bounded as ¢ goes to 0, while P[r, > M] can be made
arbitrarily small by choosing M large enough. O

Proof of Lemma 7.2. Let kg be defined by
ko = min{k : xx is uncommon}.

It x((f) (n) is atypical, then in particular it is uncommon, hence on this event, kg is

finite and smaller than T((SE) (n). Two situations may occur. If xy, is atypical, then

X, + 2z is uncommon, hence does not belong to {x1,...,Zk,—1}, so that
{Tkos Ty + 2} NV {21, ..o Tpg—1} = 0.
In this case, xy, is indeed uncommon regardless of {z1,...,Zk,—1}. On the other
hand, if it is z, — 2 that is atypical, then in particular it is uncommon, hence it
does not belong to {x1,...,zk,—1}, and the intersection
{zkoAfzﬂzko}rw{zlw'-vxkofl}

is empty, a fact from which the conclusion follows as well. (I
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We will show in the next proposition that the asymptotic behaviour of lgg)(n)

can be inferred from the one of 7‘56) (n). Let G(7) be the Green function at the
origin :

+oo
G(r) = E] [/0 150 ds} .
Let e((f) (n) be such that
(7.5) 1) = e ()G (8,00, 7)

From the fact that, with high probability, the site zgs) (n) is visited by the random
walk, one can easily derive that e((f) (n) converges in law to an exponential random
variable of parameter one.

We recall from (5.2) that we write 7, for the hitting time of .

Proposition 7.3. (1) The probability that the site xga)(n) is visited by the ran-
dom walk goes to 1 as € goes to 0 :

P T o < OO} —— 1.
x5 (n) e—0

(2) For any u > 0 and any x € Z%, one has
(7.6)  Piles’(n) > u, a5 (n) =@, T, < o]
=e ¢ Pg[zge) (n) = x, 7;((55)(”) < 0.

(3) As e goes to 0, the random variable ega)(n) converges in law under P to an
exponential random variable of parameter 1.

Before turning to the proof, we introduce some notation. Let ¢"(x,y) be the
probability for the walk starting from x to make its first jump on the site y. When
x,y € Z% are neighbours, we write

(7.7) o7 (z,y) = Y ()"

zZ~T

22y
Moreover, for any z,y € Z% we write « & y if x is a neighbour or a second neighbour
of y.

Proof of Proposition 7.3. From Proposition 7.1, we know that the probability of
the event

(7.8) Yy =~ x((f) (n) 7, <M

can be made as close to 1 as desired, by choosing M large enough. Let us assume

that the position of the walk at the time of discovery of x((f) (n) is z. In particular,

x is a neighbour of x((f) (n), and the probability (for a fixed environment) that from

x, the walk jumps to :I:((;E) (n) is given by

(7.9) q (2,2 (n)) = M — |14 M

T, Ty

2o ()" (Tmfﬁ <n>) '

On the event (7.8), the random variable o, (z, x((f) (n)) is bounded (uniformly over

x), while T () I8 larger than e~1/@§. Hence, the quantity in (7.9) goes to 1 in
s
probability, which proves the first part of the proposition.
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Let us now consider the second part. We have :

Piles’(n) > u, of’ (n) =2, T, < o]

S V 1ig_py ds > uG(6, 7). 2l (n) =2, To < oo .
The Markov property at time 7, enables us to rewrite it as

x

(7.10) PT { /0 1ix.—ay ds > uG(0, 7)| Plaf) (n) =2, T, < odl.

Starting from x, the total time spent on site x is an exponential random variable of
parameter G (6, 7). Hence, the first term in (7.10) is equal to e~ ", and we obtain
the announced claim.

The third part of the proposition is a direct consequence of the first two. Indeed,
summing over all z € Z¢ and integrating over the environment in equation (7.6),

one obtains that, conditionally on 7;(5)(”) < oo, the random variable egg)(n) is
s

distributed under P as an exponential random variable of parameter 1. The result
is then obtained using the fact that the probability of the event ’7;(5)(”) < 00 goes
S

to 1 as € goes to 0.

In Proposition 12.2 of the Appendix, we show that the limit
7.11 G((12):20) = lim G
(7.11) (72)s0) = _lim_G(7)

exists. The next proposition claims that G (HI(E)(n) 7') is well approximated by
5

G (75(5) (n)) .

Proposition 7.4. The difference

€ (0 7) =T (7))
converges to 0 in P-probability as € tends to 0.

Proof. We recall that we denote by ¢"(x,y) the probability for the walk starting
from z to jump to the site y. Proposition 12.2 of the Appendix states that, for any
environment 7 :

0 < G(r) — Tlr) < G(r) <1 ~ ming(y, o>2) ,

y~0

and moreover, that G(7) is uniformly bounded. Hence, in order to prove the claim,
it suffices to show that
min g7 (y, z§ (n))?
y~ag (n)
converges to 1 in P-probability as e tends to 0. This fact has in fact already been
shown to hold during the proof of Proposition 7.3. O

We now precise the particular form of the limits of ng) and Hés). From Propo-

sitions 6.1, 6.2, 7.1 and 7.3, we know that the joint distribution of
(7.12) (T ), 2" 0y 787 (), 05 ()

is tight under P. Let (x)ren be a sequence on which the joint law of (7.12) con-
verges. Possibly enlarging the probability space, we assume that there exist random
variables which are distributed acording to this limit law under P, and which we
denote by

(7.13) (Ts5(n), 75 (n), 75(n), e5(n)) en -

neN
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Hence, we assume that the following convergence holds :

(7.14) (T§Ek>(n), e/ T8 7 (n), et (n))
5 neN

s (Ty(), 7 (0),75(), e5()

Proposition 7.5. Let (gx) be a sequence such that (7.14) holds. The laws of the
processes Hgak) and L((SE’“) converge, respectively, to the ones of Hs and Lg, defined
by :

neN *

+oo
(7.15) Hs() = ) es(n)G(7s5(n))75 (n) 157, (m))
+o0 o
(7.16) Ls(-) = > es(n)(GR)(75(n) 1515 (n))

this convergence holding both for the My topology and in the sense of finite-dimen-
sitonal distributions.

Remark. One can check by a careful reading of the proof below that the con-
vergence of the joint law of (Hgs’“), Lgs’“)) holds. Yet, as we are not interested in
this stronger fact, Proposition 7.5 should be understood in the sense of separate

convergence of the laws of Ha(sk) and ng’“).

Proof. We begin by showing that, if convergence holds for the M; topology, then it

also holds in the sense of finite-dimensional distributions. For t > 0, let t1,...,t, €
[0,¢], and consider the projection
_ [ DQodR) — R
- Z = (Ztla-'-aZtn)'

Proposition 6.1 ensures that almost surely, the sequence of jumps (T5(n))nen does
not intersect the set {¢1,--- ,¢,}.The limit processes Hs and Ls (restricted to [0, t])
are therefore almost surely inside the set of continuity points of 7, and the claim
follows using the continous mapping theorem [Bi, Theorem 2.7].

For ¢ > 0, let us prove the convergence of H(ge") to Hs for the M; topology on
D([0,t],R). We recall from (6.4) and (7.5) that

—+o0

(er) )y — (ex) 1/
(7.17) 7‘[5 ()— 266 (n)G (eméw(n) T) € Tzf;")(n) 1{‘28kT§5k)(n)}.

n=1

By Proposition 6.3, it is enough to show that H((;E’“) converges in distribution to Hy.

Moreover, by Proposition 7.4, we may as well replace /Hgsk ) by the process
NS (o) (1) 1/
€k el €k «
(7.18) §_1: ) (n)G (76 (n)) T () Lsentt®® ()

By Skorokhod’s representation theorem [Bi, Theorem 6.7], there exist random
variables

(75 ), /% ey 57 (), 250 ()

that, for fixed k € N, have the same joint law as

(737087 0y ™ ()07 ()

neN

)
neN
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and converge almost surely, as k goes to infinity, to other random variables that we
write

(7.19) (Ts(m). 7 (). 7s(n) Es(m) _ .

Naturally, the random variables in (7.19) have the same joint law as the ones in
(7.13). Let ﬂgsk) be the process defined by

+oo
7(ER) (o) — s(ex) (N ((=(ex) 1o~
Hs " (s) = 265 (n)G (75 (n)) € Tolen) (ny 1{s>aki§€’€)(n)}'

n=1

The process ’H((;E’“) has the same law as the one defined in (7.18). We will show that

it converges almost surely (for Skorokhod’s M; topology) to the process Hj defined
by

+
8

Hs(s) = é(;(n)a(%&(n))%éo(n)]‘{s?is(n)}'

n

Il
i

This result would prove the proposition, as it is clear that Hjy and Hjs have the
same distribution.

Because of Proposition 6.1, we know that jump instants are almost surely distinct
in the limit, hence for any s that does not belong to {T5(n),n € N}, one has

= (er) .

We can then apply the criterion for M; convergence given in [Wh, Theorem 12.5.2
(iii)], noting that the oscillation function appearing in this criterion is zero for
increasing functions.

The same proof applies as well for L((;g’“). Indeed, Proposition 6.3 ensures that

one can approximate the process by Lgsk) in (6.5), which, thanks to Proposition 7.4,
is in turn well approximated by

“+o0

S e m)a (Téak)(n)) h (ezfm(n) T) Lisaromy

n=1

As the function h is such that h(7) does not depend on 79, one has

_ (e)
h (eszk‘)(n) 7') =h (7'5 (n)) ,
and the rest of the proof follows. O

Before being able to show that the environment around a trap has a unique
possible limit law, and to describe it explicitly, we need to show independence
between es(n) and 75(n). Having in mind that we will need to study the jumps of

Ha(s) as well, we will show the following stronger result.

Proposition 7.6. Let () be a sequence such that (7.14) holds. The random
variables 75 (n), 75(n) and es(n) are independent.

Proof. Let fi,fo : R — R and f3 : RZ\M{0} 5 R be three bounded continuous
functions. We are interested in

E[fi(es(n))fa(75 (n) f3(7s(n))]

Because of part 1 of Proposition 7.3, this expectation can be obtained as the limit
as k tends to infinity of

E | fule™ ) fa(ey "7, e0 () (1™ ) L7 (<o |
IJ n
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Observe that, in a fixed environment, fo (Ellc/aTz(ak)(n))fz; (Tég’“)(n)) is a function of
S

x((f’“)(n) only. Using the second part of Proposition 7.3, we obtain :
ET (ek) 1/a (ex) 1
0 fl(e(S (n))fQ(Ek Tmégk)(n)>f3(7-6 (TL)) {T(Ek)( )<OO}
a:s n

- / fi(@)e "dw B [ Foe 7 e ) 3 (1™ () Lgr ésk)(n)@o}} .
We are thus left with the study of
(7.21) B[ f2(ed/ 7,0 o (7P ()]
We partition according to the events {:C((;Ek)(n) =z}, forz ez :

Z E |:f2(€]1€/a7'z>f3(91 T) l{zés’“)(n):z}} .

reZd

We recall that we say that a site z is deep if €'/®7, > 6. Noting that on the event

x((f’“)(n) = x, the site x is deep, one can rewrite the generic term of the sum above

as :

(7.22) E |:f2(€]1€/a7'1)f3(9$ T) 1{z§“(n):x} | @ deep} Plx deep]

=FE [fg(&i/aTz)fg(ez T) Pg[xgsk)(n) =a] | deep} P[x deep].

Let us write A for the event “there are exactly n — 1 deep traps discovered before
the walk discovers site ”. Conditionally on the fact that the site x is deep, we
have

(7.23) Pylai™) (n) = 2] = Pj[A].

As the law of the trajectory up to the instant of discovery of site x does not depend
on 7, the probability PJ[A] does not depend on 7,,. Moreover, by the definition
of f3, the quantity f5(6, 7) does not depend on 7, either. Using the fact that the
measure P conditioned on the event that x is a deep trap is a product measure, we
obtain that the first expectation appearing in (7.22) is equal to

E [ faleror) | @ deep} E [f3(6, 7) P3A] | = deep)] .
Using (7.23) once more, we observe that
E[f3(0. 7) PGIA] | @ deep] = E|f3(0s 7) Pglef™) (n) = o] | = deep)
= E {f3(91 T) 1{xffk‘)(n):z} | x deep} .
As a consequence, the product in (7.22) is equal to
E [fg(sllv/an) | deep} E [fg(@z L PSSO deep} P[x deep].
{z5 ¥ (n)=a}

The first expectation does not depend on x. The two last terms can be merged
together to make the conditioning disappear. Summing over all = € Z?, we recover
the expectation in (7.21), which is therefore equal to :

E[f2(e/*r0) | 0 deep| E[f(ri™ ()] .

This proves the independence of the random variables we were interested in, taking
the limit k£ — +oo. (|
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We are now able to show that the environment around the first deep trap con-
verges in distribution. We have already seen in Proposition 7.1 that T;) (1) is tight.
Hence, what we need to see is that there is only one possible limit law.

Proposition 7.7. Let (1) be a sequence such that (7.14) holds. The law of 75(1)
is characterized by the fact that, for any test function h :

(7.24) cr E[(Gh)(75(1))] = E[h(7)],

where ¢, is the constant appearing in Proposition 5.4. In particular, the law of 75(1)
does not depend on the sequence (ex), nor on 9.

Proof. The proof uses the fact that the expectation of Lga)(t) is easy to compute.
Hence, we need to change the convergence in distribution in Proposition 7.5 into
convergence in the mean. This is done by the following lemma, which we momen-
tarily admit.

Lemma 7.8. For any t > 0, the family of random wvariables (L((f) (t)eso is uni-
formly integrable.

From the definition of Lga) in (3.4), and using the stationarity of the environment
viewed by the particle, we have

E {L((f) (t)} — e HEI(T) 1o1/arys)-
Because h(7) does not depend on 7p, the expectation above is equal to
E[h(7)] Ple}/%ry > 4].
Using the tail behaviour of 7 given in (1.2), we finally obtain that
E[r© } t
(7.25) E [L5 ()] —= 2Elh(7).

We now compute the expectation of the limit Ls(t) (see (7.16)). Note first that the

quantity
— +OO
E [Z 1{t>:ns<n>}]
n=2

is the expected number of points from (75(n)),em {13 that fall within [0,#]. Because
of Proposition 6.1, it is O(t?) when t goes to 0. Moreover, as given by Proposi-
tion 3.2, the process Ls is a subordinator. In particular, the jump instants are
independent from the heights of the jumps, so that we have

E [Ls(t)] = Eles(1)(Gh)(15(1)] Pt > T5(1)] + O(t*)  (t — 0).
Here, we used the fact that, as the function h takes values in (0, +00), the quantity
es(1)(Gh)(7s5(1)) is non-zero, and there is indeed a jump at Ts(1).
We saw in Proposition 7.3 that es(1) is an exponential random variable of pa-
rameter 1, and in Proposition 7.6 that it is independent from 75(1), hence
Eles(1)(Gh)(75(1))] = E[(GR)(75(1))].
From Proposition 6.1, we know that
_ n
Blt > T5(1)] = 5 +O(),

so we obtain :

— Crt=. —
E[L;(t)] = 5_a]E[(Gh)(T5(1))] + O(t?).

Comparing this with (7.25) leads to (7.24). Let us see that this relation characterizes
the law of 75(1). First, one can check that the relation (7.24) still holds without
the restriction that the function h should have values only in (0, +00). Let f be a
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positive bounded continuous function, such that f(7) does not depend on 7y. For
n > 0, we define h as

otherwise.

M) = ‘ G~ (r) HG(r) >

Then, from (7.24), one has :

& B [f0) @maapsn ] =E [G0 FO15050] -

Taking the limit as 7 tends to 0, and using monotone convergence theorem, we
obtain :

(7.26) e E[f(rs(D)] =E[G(r) " f(7)] -
Being valid for any positive bounded continuous function, equation (7.26) deter-
mines the law of 75(1). O

Proof of Lemma 7.8. We will use the following upper bound on Lga)(t) (see (6.3)) :

—+o0
() E ()
(7.27) Laa () < 17lloo 166 (n)l{thés)(n)}'

n=1

Let Nés)(t) be the number of n’s such that T(E) (n) falls inside [0, 1] :

(e)
Ny Z 1{t>T(E) (n)}

Let N be a positive integer, and u a positive real number. From (7.27), we have
the following upper bound on the tail distribution of Lga)(t) :

(7.28)  PILE(t) > |hllsNu] < PEn < N :119(n) = u] + PINP (1) > N].

The first term of the sum is bounded by

N
(7.29) Z PI (n) > u

Moreover, the random variable l(g)( ) either is equal to 0 if the trap ZC(E)( ) is not
actually visited, or is an exponential random variable which parameter is the inverse
of the Green function at x(a)( ). We know from Proposition 12.2 of the Appendix

that the Green function is uniformly bounded by a constant, say C, hence l(g)( )
is stochastically dominated by an exponential random variable of parameter C'~
(uniformly in n and in €). As a consequence, the sum in (7.29) is bounded by

Ne v/,

Let us know examine the rightmost term in (7.28). We recall that the sequence of

sites discovered by the random walk up to time ¢ =1t is (Ti)igr(e—14)- Let B( )( ) be
the indicator of the event that the site x; is a deep trap :

B (i) = 1(a1/0r, 55
Then one can rewrite Néa)(t) as

r(e™!

Z B
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which enables us to decompose the rightmost term in (7.28) as :

r(e~1t) e 11
(7300  P| Y BPG@)>N|<P|Y.BY ) > N| +Pler(e"1t) > 1],
=1 =1

where [ is any positive integer. We begin by bounding the first term of this sum.
From Proposition 4.1, we know that (B((;E) (1))ien forms a family of independent
Bernoulli random variables of parameter

Ple'/ o > 4].

According to (1.2), this quantity is equivalent to ed~¢ as € tends to 0. It is therefore
smaller than cpe for some large enough c¢p, uniformly over . We obtain, using
Chebychev inequality :

e 1

F|Y BO6) > N| <e VElexp(BY (1)
=1

Using the fact that E[exp(BéE)(l))] < 14 cpe(e — 1), we can bound the former by
exp (—N + e T n(1 4 eco(e — 1)) <exp (=N + Ico(e —1)).
Choosing I = ¢; N with ¢; > 0 small enough, this quantity decays exponentially
fast as N goes to infinity. We now turn to the second term on the right hand side
of (7.30), keeping I = ¢ N.
E[(er(e~"1))?]
CYI

and Proposition 5.1 ensures that the numerator is uniformly bounded as e varies.

We have thus shown that there exists C' > 0 such that, for any ¢ > 0, one has :

_ Y B C

(7.31) PIL (1) > Nu] < Ne™*/C 4 ¢~ N/C 4 5
From this control of the tail of L((;S) (t), one can check that

sup E [(L((f) (t))3/ 1

e>0

Pler(e™'t) > 1 N] <

is finite (choosing for instance u = N''/® in (7.31)), and this is a sufficient condition
to ensure uniform integrability. (|

Remark. From the relations (7.24) and (7.26), one obtains, in coherence with
Proposition 1.4, that
— = = -1
¢ =E [G(T) 1} = (IE [G(Tg(l))])
8. IDENTIFICATION OF THE LIMIT

In this section, we begin by proving that Hga) converges in distribution as e
tends to 0, and describe the limit subordinator in terms of its Laplace transform.
Then, by an interversion of limits, we obtain the convergence of the law of H() as
€ tends to 0. We start with a summary of previous results.

Proposition 8.1. Let (1) be a sequence such that (7.14) holds. The joint distri-
bution of (15(1),e5(1),75(1)) does not depend on the sequence (¢i), and is described
as follows : the three components are independent, and their respective distributions
are given by Propositions 6.2, 7.3 and 7.7.

Proof. Tt is a consequence of the above mentioned Propositions, together with
Proposition 7.6. (|
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Remark. From this result, one could show that the random variables

(El/aTxgE) (1)’ e((SE) (1)’ ngs) (1))

jointly converge in law as € goes to 0.
We insist that, from now on, the law of (75(1),es(1),75(1)) may be considered
without any mention of a particular sequence ().

Proposition 8.2. For any § > 0, the law of Ha(s) under P converges, for the M
topology and as as € tends to 0, to the law of a subordinator with Laplace exponent :

(8.1) Vs(N) = 5 OF[l — e A BT ()],

Proof. Tt is sufficient to show that, for any given sequence that converges to 0, one
can extract a further subsequence (ej)ren along which the law of Hég) converges
to the law of a subordinator, whose Laplace exponent 15 satisfies (8.1).

Let us give ourselves a sequence that converges to 0. Because the random vari-
ables in (7.12) are tight, one can extract a further subsequence (ej)ren for which
(7.14) holds.

Proposition 7.5 states that, as k goes to infinity, the law of the process H(gs’“)
converges to the law of the process Hs defined in (7.15). Moreover, we know from
Proposition 3.1 that Hy is a subordinator. We can therefore define its Laplace
exponent, say s, which satisfies, for any A\,¢ > 0 :

(8.2) BleMs()] = ¢~tés(N)

We recall that, because Hs is a subordinator, the height and the instant of
occurence of the first jump are independent random variables. Decomposing ac-
cording to whether a first jump occurs or not (and using Proposition 6.1), one can
see that

= _\H ot ot

(8.3)  Ele MW =1 — 5—a - 5—a
According to (8.2), it is also equal to
et =1 —ths(N) + O(t?),

which, when compared with (8.3), proves the announced result. (I

E [exp (—Xes(1)G(75(1))75(1))] + O(t?).

Remark. Similarly, one obtains that the law of Lga) under P converges, as ¢ tends
to 0, to a subordinator with Laplace exponent

6,0=F[1 — e=AesG@(Ts)],

From now on, the law of the process Hy is well defined, independently of any
particular sequence (gi) : it is the law of a subordinator whose Laplace exponent

is 1/)5.

Proposition 8.3. Possibly enlarging the probability space, there exists a process H
such that the following diagram holds :

H® — H
4 e—0 d

! L (@0
H® —— H,

e—=0
where arrows represent convergence in distribution under P for the M, topology.
Before proving the Proposition, let us define the space D4([0, ], R) of cadlag in-

creasing processes from [0, t] to R and with value 0 at 0. We recall a characterization
of tightness of probability measures on D4([0,¢],R) [Wh, Theorem 12.12.3].
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Lemma 8.4. Let (hy)nen be random (with respect to the measure P) elements of
D+([0,t],R). The family of distributions of h, is tight for the M; topology if and
only if the following three properties hold :

(8.4) Vn>03C>0Vn : Ph,(t) =C]<n,
(8.5) vn,n' >0 3 >0Vn : Plh,() =1 <n,
(8.6) V,n' >0 3 >0Yn : Plhn(t) — ho(t —0) >0'] <.

Proof. Tt is a simple rewriting of [Wh, Theorem 12.12.3], using the fact that we
restrict here our attention to increasing processes with value 0 at 0. (I

Proof of Proposition 8.3. We begin by showing that there exists ¢ > 0 such that,
for any €,6 >0 :

(8.7) E sup|H§€) —HY|| <atst,
[0,1]
Observe that

et
(8.8) E |sup |H® — H§6)|1 = 51/0‘/0 E |:TX81{81/QTXS<5} ds.

[0,¢]

The expectation in the integral is in fact independent of s, due to the stationarity
of the environment viewed by the particle under E. Using Fubini’s theorem, we can
bound it the following way :
e tes L
E[rolic/arycsy] = / / dy duo(z)
x=0 y=0
e~y

< [ holly o)) dy.
y=0
Using our hypothesis (1.2) concerning the tail behaviour of g, there exists C' > 0
such that for any = > 0, one has
pol(z, +00)) < -
Integrating this estimate, and then coming back to (8.8), we obtain inequality (8.7).
We can now show that the family of distributions of H(®) is tight for the M
topology, using Lemma 8.4. Let us begin by checking condition (8.4). We fix some
0 > 0, and observe that, for any C' > 0 :

(8.9  PHE@) =20 <PH (1) > )+ PHE @) - H (1) > C).

Let us now give ourselves 7 > 0. As the law of Hga) converges as € tends to 0,
Lemma 8.4 ensures that, for a large enough C, one has, for any ¢ > 0 :

PH (1) = O] <.

The second term of the sum in (8.9) is bounded by ¢td'=%/C. Possibly enlarging
C, this term can be made smaller than 7 as well, and condition (8.4) is thus proved.
Conditions (8.5) and (8.6) are obtained the same way.

We now show that there is in fact a unique possible limit law for H). Let
(ex)ren be a sequence decreasing to 0 and such that the law of H (ex) converges to
the law of some process H. First, one can easily check that the M; distance [Wh,
(3.3.4)] is dominated by the supremum distance. Inequality (8.7) thus guarantees

that the convergence of Hga’“) towards H(*) is uniform in k, and one can intervert
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limits [Bi, Theorem 4.2] : the law of H is also the limit of the law of Hs as ¢ tends
to 0. In particular, the law of H does not depend on the sequence ().

As we verified that H() is tight and has a unique possible limit law, and also
that the diagram (8.3) holds, the proposition is proved. O

Proposition 8.5. The law of H is that of an a-stable subordinator, whose Laplace
exponent is given by :

—+oo

(8.10) Y\ = Ta + DE [G(r)*] /O (-2 du,

where I' is Fuler’s Gamma function.

Proof. We begin by showing that the Laplace exponent ts(A\) of Hs converges,
for any A > 0, to 1()\) defined in (8.10). Let v be the law of es(1)G(75(1)). We
recall from Proposition 8.1 that the joint law of (75 (1),es(1),75(1)) is known. As
a consequence, one can check that the measure v does not depend on §. From

Proposition 8.2, we obtain that

«
xa—i—l

Ps(A) = CT(S_O‘/ (1 — e 2ov)§e dzdv(v).

x>0

The terms ¢ cancel out, and the change of variables u = zv leads to

S u/d
(8.11) Ps(A) = ¢y /+ (1- e_’\“)u:irl / v* dv(v) du.

=0 =0

Moreover, one has that

w/d +o0
/ v* drv(v) — v® dv(v),
0 =0 Jo

and, using the description of v provided by Proposition 8.1 :

+o0 _ +oo
/ v dr(v) = ¢t E[G(T)O‘fl]/ x%e” " du,
0 0

the last integral being equal to I'(a+1). From equation (8.11) and using monotone
convergence theorem, we obtain that 15(\) converges to ¥(\) as d tends to 0.

It remains to check that H is a subordinator, and that ¢ is its Laplace expo-
nent. Some caution is necessary due to the fact that convergence for Skorokhod’s
M topology does not imply convergence of all finite dimensional distributions in
general. However, it is clear from the argument at the beginning of the proof of
Proposition 7.5 that convergence of finite-dimensional distributions holds whenever
the times considered do not belong to the set

T° = {te R, : PIH(t) £ H(t")] > 0}.

This set is countable, as [Bi, Section 15] shows. Hence, for any Aq,..., A, > 0, and
any t1 < --- < t, outside T°, one has

E[G*AlH(tl)*/\z(H(tz)*H(tl))*"'*An(H(tn)*H(tn—l))]
= lim et He(t)=A2(Hs (t2) = Hs(82)) == An (Ha (tn) = Hs (tn 1))
§—0

= ¢~ =(t2—t1)Y(A2) == (tn—tn-1)b(An)

Finally, right continuity of the process H ensures that the above equality holds in
fact for every t1,...,t,, thus finishing the proof. (I



28 JEAN-CHRISTOPHE MOURRAT

9. JOINT CONVERGENCE

In this section we will identify the limit of the joint distribution of (X ) gE)
under the annealed measure P.

The first step is to describe the limit law of X, We state it directly in its
quenched form, although in this section, the annealed version would be sufficient.

Proposition 9.1. For almost every 7, the law of X© ynder P{ converges, for the
J1 topology and as € tends to 0, to the law of a non-degenerate Brownian motion B.

Proof. We refer to [BD09, Theorem 1.1] for a proof of this fact. O

Proposition 9.2. The law of (X(E),H(E)) under P converges, for the J; x M,
topology and as € tends to 0, to the law of two independent processes (B, H), where
B and H are the processes appearing respectively in Propositions 9.1 and 8.5.

Proof. We write Z) for (X(a), H(®)). Propositions 9.1 and 8.5 ensure the conver-
gence in distribution of the two marginals of Z(¢). In particular, the law of Z(%) is
tight. Let (1) be a sequence such that the law of Z(») under P converges, and let
us write Z = (B, H) for the limit. The distributions of B and of H are known, and
what we need to show is that these random variables are independent.

First, it is clear that from the convergence in the product J; x M; topology, one
can deduce the convergence of the finite dimensional distributions of Z(), following
the argument given at the beginning of the proof of Proposition 7.5. Then, one
can follow the proof of Proposition 3.1, replacing Laplace transform by Fourier
transform for definiteness, and obtain that the limit Z is a Lévy process.

It follows from the Lévy-Khintchine decomposition that the Lévy process Z can
be decomposed into Z(1) + Z2) where Z() is a continuous process, Z2) is pure
jump, and ZW, Z(?) are independent [Be, Section I.1]. The decomposition into
the sum of a continuous process and a pure jump one being unique, it follows that
ZW = (B,0) and Z? = (0, H), which proves the proposition. O

10. FROM ANNEALED TO QUENCHED

From the knowledge of the convergence of Z(¢) = (X ) H®) towards Z =
(B, H) under the annealed law PP[, we would like to obtain convergence under P
for almost every 7. This can be obtained by a kind of concentration argument that
is due to [BS02], and consists in checking that the variance of certain functionals of
Z(®) decays sufficiently fast when ¢ tends to 0 (a polynomial decay being sufficient).

As a first step, we consider the joint law of increments of Z on intervals that do
not contain 0. In other words, for some 0 < tg < --- < t,,, we consider the law of

(10.1) (z<8>(t1) — ZO(ty), ..., 2O (t,) — 2 (tn_l)) .

Using [BS02, Lemma 4.1] together with Theorem 2.2, we will see that, for almost
every environment, the law of increments of the form (10.1) under PJ converges to
the law of the increments of Z.

This statement concerning the law of increments of the form (10.1) is weaker
than the convergence of all finite-dimensional distributions, but is still sufficient
if one can prove the tightness of Z(5). We can borrow the tightness of X from
Proposition 9.1. In order to prove the tightness of H(®), we will in fact prove the
convergence of its finite-dimensional distributions (which is a sufficient condition,
see Lemma 8.4). As we pointed out, it is not enough for this purpose to control the
distributions of increments of H) on intervals that do not contain 0, so we will
need additional information concerning the behaviour of H(®) for small times.

We start by giving this necessary control of H() for small times.
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Proposition 10.1. For any v > 0 and any v < v/a, the probability
P[H®) (e¥) > &7]

decays polynomially fast to 0 as € tends to 0.

Proof. Tt is in fact sufficient to show that, for any 5 > 0, the probability

(10.2) PH® (1) > 7]

decays polynomially fast to 0 as € tends to 0, as one can check using the fact that
HO () = e/ HE(1),

Up to time 7!, the random walk X discovers r(e™1) sites. Writing I; for the
total time spent by the random walk on the i*" discovered site

+oo
li :/ 1,5 — dS,
0 {Xs=a:}

r(e™h)
gl/e Z liTss
i=1

where (x;) is the exploration process defined in (4.2). For any N, we thus have

we can bound H()(1) by

e !N
PIH® (1) > e P <P |eV/e Z Lite, > P| +P[r(e™!) > e IN].

i=1

Because of Proposition 5.1, the second term is bounded by CN~2, uniformly over
€. In order to ensure polynomial decay, we choose N as a small negative power of ¢,
say €7 for some v > 0 to be fixed. With this choice of N, the first term becomes

et
P |el/e Z liTs, > h
i=1

We choose another small parameter 7/, and decompose the above probability as
e 1=

P[3i < eI > 5_7/] 1+ P |t/ Z Ty > e P

i=1
The random variable [; is an exponential random variable, and moreover, its mean
value, which is the Green function at x;, is bounded by some constant as one can
see from Proposition 12.2. Hence, the first term of the sum above is bounded by
1y
Z Pll; > 7] < 5_1_”6_577,/0,
i=1
which converges to 0 faster than any polynomial. There remains to check that

1—v

.
Plet/om 3 7 > ef

i=1

converges polynomially fast to 0. We know from Proposition 4.1 that under P, the
random variables (7,,) are independent and identically distributed according to p.
Hence, because of the tail behaviour (1.2), the sum of 7., appearing above is of
order e~(1+7)/@ and a natural condition for this polynomial decay to hold seems to
be that v/ +~/a < 8. This condition is shown to be sufficient in [BK65, Theorem 3]
(note that there is a misprint in condition (d) of this theorem, where the sign 3
should be replaced by the sign E). O
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We will now proceed to prove that, for almost every 7, the law of H(€) converges
under Pf, although our only true concern for now is that of tightness.
As we said before, the argument of [BS02, Lemma 4.1] requires the decay of the

variance of certain functionals of H(). Let AMyvs Ap 20, and 0 <ty < - < tp.
For any increasing process h, we define F'(h) as
(10.3)  F(h) = exp (= Mih(t1) = Aa(h(tz) = h(t1)) = -+ = Aa(h(tn) = B(tn-1))).

Proposition 10.2. For F defined by (10.3) and d > 5, the variance of Ef[F(H))]
converges to 0 polynomially fast as € tends to 0.

Proof. Let v € (0,1). We define
PO = exp (~M(HO (1) ~ HOE)) — - = M(H O (1) ~ HO(11)))
which enables us to decompose F(H(®)) as
(10.4) F(H®) = e MHOE) ple),
We momentarily admit the following lemma.

Lemma 10.3. Ifd > 5 and v < 1/5, then the variance of EF[P®)] converges to 0
polynomially fast as e tends to 0.

Let us see how to finish the proof of Proposition 10.2, choosing some v < 1/5
(and d > 5). We will show that the variances of Ej[P®)] and E§[F(H ()] are close
enough to conclude. Note that, from the decomposition (10.4), one has

0< PO - F(HO) <1 — e MHOE,
It readily follows that
(10.5) 0<E [Eg[P(E)]} ~E [Eg[F(H(E))]} <1-E [e*AlH(E“E")} .

It follows from Proposition 10.1 that the term on the right hand side converges to 0
polynomially fast, as € tends to 0. Similarly, we have

0 < Ef[P))? — Ef[F(H))? < 2 (E5[P©)] — BG[F(H©)]) .

Integrating this inequality, and using the upper bound from (10.5), we obtain that
the difference

E[E5[PO)] - E [E5[F(HE)P]
also converges polynomially fast to 0, as ¢ tends to 0. As a consequence, the differ-
ence between the variances of E§[P®)] and E§[F(H(®))] converges to 0 polynomially
fast, and Proposition 10.2 is obtained using Lemma 10.3. (]

Proof of Lemma 10.3. We define the function ¢(¢)(h) as
g (h) = exp (=1 (h(ty —€”) — h(0)) — - = Ap (At — &%) — h(tn_1 — ")),

and we let f(1) = Ef[g(®) (H(®))]. Then ¢g'¢)(H(®)) depends only on the trajectory
up to time e~ 1(t, —e¥) < e, and is translation invariant. As given by (2.3),
one can rewrite P as

PO =Eg[f(7(e7"'e")] = fora(r).
As we assume that d > 5, Theorem 2.2 shows that Var(P®)) = Var(f.,-1) is

bounded by a constant times (!=*)4/2=2 5o it is enough to chose v < 1/5 to
guarantee a polynomial decay of the variance. (I

We can now derive, following the method of proof of [BS02, Lemma 4.1], the
convergence of the law of H®) in the quenched sense.
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Proposition 10.4. For almost every 7, the law of H®) under P§ converges, for
the My topology and as e tends to 0, to the law of H.

Proof. We know from Proposition 8.3 that H() converges to H under the measure P
for the M; topology. As we saw before, this convergence, together with the knowl-
edge that the limit described in Proposition 8.5 has no deterministic times with
positive probability of jump, implies convergence of finite dimensional distributions
under the annealed measure. For F defined by (10.3), we thus have
(106) EEG[F(H®)] — ELF(H)] = exp(~t1(M) =+ (t — t1)o(Mn)).
where 1 is the Laplace exponent of H defined in (8.10).

Moreover, we have seen in Proposition 10.2 that Var(Ej[F(H))]) decays to 0
polynomially fast. Let p € (0,1). We thus have that

+oo
> Var(E[F(H")]) < +oo.

As a consequence, the convergence of
E§[F(H*"))]

towards E[F(H)] holds almost surely. In fact, with probability one, this conver-
gence holds jointly for any function F' of the form (10.3) with A1,..., An,t1,...,tx
and p rationals. Using the monotonicity of H() and the continuity of the limit
(see (10.6)), the convergence can be extended to any A1,..., Ap,t1,...,t, simulta-
neously.

On the set of full measure where this joint convergence holds, we will show that
for any F of the form (10.3), one has
(10.7) Ef[F(H)] — E[F(H))
In other words, we will show that for any 7 belonging to this set of full measure,
the finite-dimensional distributions of H) converge to those of H. In order to do
50, we approximate H() by some H*") | for a well chosen n. Let n. be the smallest
integer satisfying p™ < e. The function F defined in (10.3) is such that, for any
two increasing processes h and b’ starting from 0 :

[E(h) ~ F()| < C mass |h(t:) — W ()] A 1.

1/ Ne
H(E)(ti)< € > ) <M t)
e e

and moreover, because of the definition of n. (and the monotonicity of H (")), the
latter is greater than H (“ni)(uti), and as a consequence,

Observe that

(10.8) 0< HW ) (1) — HE (t;) < HEW O (t;) — HE" (uty)
The quantity
lim sup | EJ[F(H©)] — Ef [F(HWE))]‘

e—=0

is thus, up to a constant, bounded by

£50 1<i<n

lim sup E} [ max |H® (t;) — H® ()] A 1] :
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which, as we obtain from the inequalities (10.8), is bounded by

limsup Ef | max (H®" ) (t;) — H®"(ut;)) A 1}

e—0 1<isn

~ | (1) (1) 1.
The process H being almost surely continuous at deterministic times, this last
quantity tends to 0 as p converges to 1. We thus obtain the claim (10.7), letting u
tend to 1 along rationals.

What is left to do is to check the tightness of the process in the sense of the
M topology. Lemma 8.4 shows that, as far as increasing processes are concerned,
convergence of the finite-dimensional distributions is sufficient. O

We can now prove our main result, namely the almost sure convergence of the
joint process (X (), H()). We recall from Proposition 9.2 that the process (B, H)
is such that B is the Brownian motion appearing in Proposition 9.1, H is the
subordinator whose Laplace exponent is given in Proposition 8.5, and the random
variables B, H are independent.

Proposition 10.5. For almost every T, the law of (X(E), H(E)) under P§ converges,
for the Jy x My topology and as € tends to 0, to the law of (B, H).

Proof. We recall that we write Z(®) for the process (X(E),H(E)), and Z for the
process (B, H). As a first step, Propositions 9.1 and 10.4 ensure that, for 7 in a set
of full measure Q;, the laws of Z(¢) under P{ are tight.

We now show that the laws of the increments of Z(¢), on intervals that do not

contain 0, converges almost surely to those of Z. Let Ai,...,\, € R and
0<ty<:- <ty Foraprocess z with values in R¥*! we define G(z) as
(10.9) G(z) = exp (iA1 - (2(t1) — 2(t0)) + - -+ + idn - (2(tn) — 2(tn=1)))-

From Proposition 9.2, we know that

E[G(Z29)] — E[G(2)).
e—0
Moreover, one can adapt the proof of Lemma 10.3 to show that the variance of
Ej[G(Z®)] converges to 0 polynomially fast as ¢ tends to 0. Indeed, the main
difference between P() and G(Z(®)) is that ¢ should be replaced by to > 0. For
any p € (0,1), the sum

+o0
> Var(Eg[G(2))

is thus finite, and as a consequence, the convergence

Ej[G(24))] — = ElG(2)]
n—-+0oo
holds almost surely. In fact, for 7 in a set of full measure, say (25, this convergence
holds for any function G of the form (10.9) with Aq,..., An, to, ..., tn, 4 rationals.
We can then proceed as in the proof of Proposition 10.4 to show that, for any such
G and for any 7 € €y, one has

Ej[G(29)] — E[G(2)).
e—0
Let 7 be an element of €21 N{s, and let £ be a sequence such that the law of Z(x)
under P converges to the law of some Z (for convenience, we assume that it is
defined on the same probability space equipped with the measure P). As 7 belongs
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to Q2, we know that for any function G of the form (10.9) with A1,..., \p, to,.. ., tn
rationals, one has }
E[G(Z2)] = E[G(Z2)].

Using right continuity of the processes, the equality extends to any G with 0 <
to < -+ < t,. The Fourier transform being continuous, it holds as well for any
M, .. Ap € R and thus Z and Z have the same law.

To summarize, we have shown that, for 7 € Q; N Qy, the laws of Z(%) are tight
and have a unique possible limit point, namely Z. This proves the proposition, as
the set 21 N Qs is of full measure. O

Remark. What we really used from Proposition 9.1 is the annealed invariance
principle, and the tightness of X () under the quenched measure. One can also prove
tightness directly, in a way similar to what we did here for the tightness of H ().
However, one then needs some equivalent of Proposition 10.1 for X. Precisely, one
needs to show that, for any 5 > 1/2, the probability

P {sup | Xo| > t"]
s<t

decays polynomially fast as t tends to infinity.

11. CONCLUSION

Proposition 11.1. For almost every 7, the law of X©) under P§ converges, for
the Jy topology and as € tends to 0, to the law of Bo H~!.

Proof. Following the notation in [Wh], let us write D4 (resp. D, 1q) for the sub-
set of D([0,400),R) made of increasing (resp. unbounded and strictly increasing)
functions, with value 0 at 0. We also let C' be the set of continuous functions from
[0,4+00) to R, equipped with the uniform topology, that we will write U. According
to [Wh, Corollary 13.6.4], the inverse map

DU,TT’ M, — C, U
T = ozt
is continuous. As a consequence, (H(¥))~! converges in distribution to H~! for the
uniform topology, and a fortiori for the J; topology. Moreover, as we learn from
[Wh, Theorem 13.2.1], the composition map
D([0,+00),RY) x Dy, Jy x J;  —  D([0,4+00),R%), J;
(z,y) - zoy

is measurable, and continuous on pairs of continuous functions. Hence, X () =

X@o (H(‘E))_1 converges in distribution to Bo H~!, and the proposition is proved.
O

12. APPENDIX

Let £ be the generator of the random walk X, defined by :
£f(x) = Y (1) (fly) — f(2)).
Yy~
We write (-,-) for the scalar product with respect to the counting measure. We
define the Dirichlet form associated to £, as
) = (2 =2 3 (Rn) () — F@)

2
x,yezd

together with the Dirichlet form &° associated with the simple random walk, ob-
tained by taking a = 0 in the expression above. Note that from the definition,
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as a consequence of our hypothesis that conductances are uniformly bounded from
below by 1, one Dirichlet form dominates the other :

(12.1) € (f, f) < &, f)-

Let B, = {-n,...,n}? be the box of size n, and B/, be its complement in Z¢. We
introduce the effective conductance C,, between the origin and Bj,, which is given
by the following variational formula :

(12.2) Cn(r) =inf {&(f, f) | f(0) =1, fip, =0},

and we let C be defined the same way, with & replaced by €°. Furthermore, we
define C', (1) as

(12.3) Cu(r) = inf {&(f, ) | fo) =1, fiB, =0},

where we recall that 2(0) is the set formed by the origin and its neighbours. It is
intuitively clear that C',(7) does not depend on 79, and that C,,(7) is the limit as 79
goes to infinity of Cy, (7). The next proposition provides a quantitative estimate on

this convergence. We write ¢”(z,y) for the probability for the walk starting from
z to jump to the site y.

Proposition 12.1. For any environment 7, and any integer n, the following com-
parisons hold :

C2 < Cp(1) < Crl(1),

n

Proof. The first two inequalities are obvious, using (12.1). Recall that we write T
for the hitting time of 0. Let 7p; be the hitting time of B;,. There exists a unique

function f that minimizes (12.2), which is given by
(12.4) f(&) = PIITs < T, .
Let us write m for miny~o f(y), and consider the function
g(z) = min(m™" f(z),1).
Then g is constant equal to 1 on D(0), and is 0 outside B,,. It is thus clear that
Cu(1) < €(g,9).

On the other hand, one has

€(g,9) <m2€(f, f) = m2Cu(7).
The last claim of the Proposition follows from the observation that, for any y
neighbour of the origin,

f(y) =P,[To < Tp,] = q"(y,0).
O

Recall the definition of o7 (z,y) from (7.7). If y is a neighbour of 0, one has :

q"(y,0) = S e (TOZGTZ)Q = <1 + ng)’ao)> ,

from which it follows that C,,(7) is indeed the limit of C,,(7) as 7y tends to infinity.
For n € NU {0}, let G7(-,) (resp. Go(-,-)) be the Green function of the walk

X (resp. of the simple random walk) killed when exiting B,,, or without killing if
n = oo. The function f in (12.4) that minimizes (12.2) can be rewritten as

_ g;;(,O)
f= Gr(0,0)
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and, as —£G7(-,0) = 1 on By, we obtain :

(12.5) Cu(7) = €(f,f) = (=2£, 1) = G7(0,0) "
We define C2,, Coo(7) and C(7) as the limits of, respectively, CS, C,(7) and
C, (7). Monotonicity ensures that these limits are well defined. Because of the
transience of the simple random walk in dimension three and higher, we also know
that C2, is strictly positive ([LP, Theorem 2.3]), and thus Cu (7) and Coo(7) as
well.

We recall that we write G(7) for G7_(0,0), which is also Coo (7). We let G(7)
be the inverse of C's (7). In the next proposition, we will see that this definition
coincides with the one given in (7.11).

Proposition 12.2. For any environment 7, the following inequalities hold :
G(r) < (C) ™

—2
Gr) <6 < (miy a7 (1,0))  Glo),
y/\J
In particular, G(7) satisfies (7.11).

Proof. These are direct consequences of Proposition 12.1, together with the iden-
tity (12.5). O

Finally, we recall here a classical result concerning the decay of the transition
probability of the random walk.

Proposition 12.3. There exists C > 0 such that, for any x,y € Z and anyt >0,
one has :

s c
PLIX; =y] < e

Proof. Using [Wo, Proposition 14.1] together with [Wo, Corollary 4.12], one knows
that a Nash inequality holds for the simple random walk on Z?, in the sense that
there exists C' > 0 such that for any function f,

LI < coee (s, IFII.

By (12.1), the inequality is preserved if one changes ¢° by €. From the Nash
inequality, one deduces the announced claim, following the argument of [Na58], or
equivalently [CKS87, Theorem 2.1]. O
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