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Thiswork is a contribution to the analysis of intermittency in turbulence, and more precisely of its
relation with the existence of coherent structures in the flow. We perform joint in time and space
measurements of velocity and pressure in a swirling flow. We detect strong pressure drops on the
pressure time series, and study the statistics of the interarrivals of the drops. We then perform a
statistical analysis of the pressure and velocity signals, conditioned to the list of detected pressure
drops. This alows us to show that the detected drops can be associated with the existence of
coherent structures in the flow, whose time patterns, in pressure and velocity, can be deeply
connected to these of a filamentary vortex. The wavelet transform allows us to separate the velocity
signal into a background phase and a filament phase. We anayze intermittency in terms of
log-infinitely divisible cascade models. To do so we rewrite the structure functions, the extended
self-similarity ansatz and the log-infinitely divisible cascades formalism in the wavelet framework
and discuss the relations between these approaches and intermittency. We show that both the
complete velocity signal and its filament or background phases are well described by alog-infinitely
divisible cascade. Filaments do influence intermittency: They act on the way the cascade develops
along the scales but they do not modify the elementary step of the cascade. © 1999 American

Ingtitute of Physics. S1070-6631 99 00811-9

I. INTRODUCTION

It is now a well established fact that coherent structures
are observed in turbulent flows, in the sense that, for in-
stance, distinct geometrical properties characterize regions of
high dissipation or large vorticity.> However, it remains a
challenge to relate, in a quantitative manner, the dynamics of
these structures to the statistical characteristics of the turbu-
lent cascade. This is a difficult task because it involves in-
puting information of geometrical nature into a probabilistic
description. It is possible in numerical simulations, at least in
principle, because the entire flow field is available; however,
it is not so straightforward experimentally. Two approaches
have been developed: The first one consists in calculating
statistical averages of geometrical quantities such astherela-
tive direction of representative vectors; the other one is to
carry out conditional averaging: One identifies a geometrical
structure and then computes statistical averages accordingly.

The first approach, performed in numerical? and experi-
mental studies®* has shown the importance of alignment ef-
fects, such as of vorticity and the eigenvectors of the rate of
strain tensor, vorticity and the vortex stretching vector, etc.
Emphasis was made on regions of organized vorticity i.e.,
structured , rather than on regions of high enstrophy vortic-
ity modulus . It has also been recently observed that most of
the alignment properties are recovered using Burgers mod-
els of a single vortex or a shear layer.® That is, alignment
effects are linked to the existence of individual objects.

In the second approach, i.e., conditional averaging, the
crucia point is the detection of the coherent structures. An
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option isto build a‘*detector,”” using signal processing tech-
niques, from the signal itself that will be conditionally aver-
aged. One searches for events with a particular shape,® or
with a large amplitude,”® or insulates events of large energy
content.® The advantage is that detector and signal are di-
rectly correlated; it is also the main drawback: The results
may be biased a priori by the choice of the ‘‘detector.”’

In this paper, we use a separate detector, built from an
independent measurement. We generate a turbulent swirling
flow in a closed vessel and record simultaneously the pres-
sure at a point on the lateral wall and the velocity close to it.
The pressure signal is used as a detector for the presence of
vorticity filaments; the velocity field is the object of our
study. This procedure has the advantage to use a detector
which is clearly linked to geometrical objects. Indeed, in this
type of flow, the correlation between low pressure events and
filamentary vortices has been established in severa
studies.’® We will show that the velocity field is sensitive
to the passage of filaments in its neighborhood and calculate
statistical quantities conditioned to the presence of filamen-
tary structures.

Beside the fact that they can be detected by an indepen-
dent measurement, the choice of conditioning to filaments is
motivated by several observations. They have attracted much
interest in regards to intermittency since they were first seen
in numerical simulations™ and visualized in experiments:*3
They are regions of enhanced vorticity and dissipation*4-16
and they locally violate Kolmogorov's scaling since they ac-
commodate velocity differences of the order of u,.,s over a
scale separation  the Taylor micro-scale 111”18 They are
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very robust objects which survive the rapid fluctuations of
the strain field of a turbulence.’® Moreover, as aready men-
tioned, the alignment properties observed in turbulent flows
can stem from the local influence of coherent vorticity struc-
tures. Very intense large scale vortices have recently been
shown to have an influence over the turbulent cascade to
smaller scales.>? It has been proposed®? that very small
filamentary vortices length and core size , the Kolmog-
orov scale control most of the intermittency in the inertial
range.

Our analysis uses the wavelet framework rather than the
traditional increment description. Wavelets are nowadays
widely used for the study of turbulence.>?>~2* Here, our main
motivations are the following. First, wavelet coefficients and
increments share the intuition of anaysis of the data at a
given time scale. More precisely, the increments can actually
be exactly rewritten as wavelet coefficients obtained with a
wavelet consisting of the difference of functions or Dirac
masses , see Sec. V. Such a wavelet is poor: It is very ir-
regular, it has a quite low spectral localization and it has only
one vanishing moment. Wavelet coefficients, therefore, con-
stitute generalizations of increments in various respects. The
use of wavelets with more regularity and better joint time/
frequency resolution results in a better achievement of the
data analysis at a given precise time scale. Using wavelets
with a higher number of vanishing moments also results in
wavel et coefficients with better statistical properties. Thereis
a quasi-uncorrelation of the wavelet coefficients despite the
slow decrease in the autocorrelation function of the data in
turbulence. Second, the wavelet transform has been shown to
be a relevant tool for the study of scaling properties in time
series or systems. It alows to precisely detect the existence
of scaling and provides an efficient framework for the esti-
mation of scaling parameters. Thanks to the inherited prop-
erties of the wavelet coefficients, theoretical confidence in-
tervals for the estimates can be derived, relying on mild
assumptions on the data. Finally, varying the number of van-
ishing moments of the mother wavelet is a key feature of the
wavelet generalization of the increments. It offers a natural
way to give robustness to the detection—estimation of scaling
since the results should not depend on the a priori choice of
the mother-wavelet. It also brings robustness in the data
analysis against various possibly superimposed noises, cor-
rupting the data. For a review on wavelets and scaling, see
Refs. 23, 25, and 26.

We will return to most of these points during the discus-
sion of our results in the following sections. The paper is
organized as follows: in Sec. |1 we describe our experimental
setup, measurement techniques and the general flow charac-
teristics; in Sec. Il we detail the detection technique, we
present a statistical analysis of the waiting times between
pressure drops, and we give the average velocity pattern,
conditioned to the occurrence of strong pressure drops; in
Sec. IV we introduce the wavelet-based structure functions
and a log-infinitely divisible cascade model to discuss the
influence of vorticity filaments on the intermittency of turbu-
lence.
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FIG. 1. Experimental set up. The pressure and velocity probes are located 2
cm above the mid-plane of the flow.

Il. EXPERIMENTAL SETUP

The experimental setup is sketched in Fig. 1. Theflow is
produced in the gap between two counter rotating discs, and
enclosed in a cylindrical vessel—the von Karman
geometry.?” This arrangement is known to produce a strong
turbulence in a compact region of space 1011282

In our experiment, air is the working fluid; the discs
have adiameter 2R 20 cm and are set 27 cm apart; in order
to increase dragging, they are fitted with a set of eight verti-
cal blades, 2 cm high; the enclosing cylinder has a diameter
of 23 cm and is 39 cm long. The discs are driven by two
independent, 450 Watts, d.c. motors. They rotate in opposite
directions at equa rates, adjustable in the range F,q

10,40 Hz. It is kept at a constant value using a tachom-
etry feedback loop with a stability better than 0.1%. Pressure
and velocity measurements are made close to the wall, in the
vicinity of the mid-plane of the flow. The pressure probeis a
5 mm PCBH112A21 piezoelectric transducer, mounted flush
with the lateral wall. It is acceleration compensated; its ac-
tive diameter is 2.1 mm, its low frequency cutoff at 5% is
0.05 Hz and itsrise time is 25 s, Local velocity measure-
ments are performed using a TSI IFA100 constant tempera
ture anemometer driving a TSI1260A-10 hot-film probe with
a sensitive element 10 m thick and 0.5 mm long; in this
situation one essentially measures the modulus of the veloc-
ity component perpendicular to the hot-film axis.* The hot-
film probe constants are determined in a separate calibration
wind tunnel; correction are applied to take into account the
temperature effects due to the globa heating of the fluid
inside the vessel. The velocity probe is placed very near the
pressure sensor, its position and orientation being finely ad-
justable. Velocity and pressure records with 1048576 data
points are stored using a HP 23 bits digitizer; in order to
resolve the finer details of the fields, the sampling frequency
is set to 78125 Hz.

In the regimes studied here the discs rotate at a nominal
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frequency of 30 Hz, so that the integral Reynolds number
Re R?2 /| ( 2 F,and isthefluid's kinematic vis-
cosity exceeds 10°. The rms root-mean-square velocity
fluctuation is u,,s 4 m/s and the Taylor micro scale is
1.3 mm; this yields a turbulent Reynolds number R
320. We stress here that we only calculate an estimate of
the turbulent Reynolds number R ; the Taylor micro scaleis
computed using 2 15 ufmsl , Where  the rate of energy
dissipation per mass unit is deduced from an independent
measurement of the global power consumption of the flow.!
The Kolmogorov length scale is of order 30 m.
Typica velocity and pressure data are shown in Fig. 2.
One observes on the pressure signa—Fig. 2 b —the charac-
teristic drops that have been attributed to the sweeping of
vorticity filaments over the probe® On the velocity
recordings—Fig. 2 a, one can aready note the velocity in-
crease associated to the pressure drops, and also that the

signal is rectified—see the signals Probability Density Func-
tions PDF showninFigs.2 ¢ and 2 d . Therectification is
produced because the probe is located near the wall 2 mm
from it and is sengitive to the velocity modulus only. How-
ever, we note that it is mainly an effect of the slow large
scale dynamics of the flow: when the velocity signal is high
pass filtered with a cut-off frequency of 4 Hz, its PDF is
more symmetric. The PDF of the increments for large lag
are close to Gaussian, as it is usually observed. In addition,
the skewness of the velocity increments behaves as usualy
observed in such intermediate Reynolds number flows: true
scale invariance is not observed see Sec. IV , but itsvalueis
in agreement with the measurement of the flow power con-
sumption . Finaly, we note that the power spectra of pres-
sure and velocity display traditional Kolmogorov scaling
ranges—Figs. 2e and 2 f .
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IIl. COHERENT STRUCTURES: DETECTION AND
ANALYSIS

A. Detection technique

In most cases, the identification of coherent structuresin
a3D three-dimensional turbulent flow has been performed
thanks to a detection of ‘‘events’ on the velocity signal u.
This was done by thresholding high-pass-filtered versions of
u,3 or thresholding its wavelet coefficients® or using the
so-called Wavelet Transform Modulus Maxima WTMM
technique.®® Here, we adopt a different point of view which
relies on the measurement, joint in time and space, of the
pressure p and the velocity u signals. As earlier explained,
previous measurements in this geometry have shown that
sudden pressure drops are produced by the passage of vor-
ticity filaments over the transducer. Therefore, we identify
vortices in u by detecting pressure drops in p; then, we
perform a statistical analysis of u conditioned to p. Again,
several methods have previously been proposed to detect the
strong drops observed in turbulent pressure signals thresh-
olding technique,®* WTMM,* wavelet-based thresholding
method’ = « «. They have al shown that the strong observed
depressions are responsible for the significant departure from
Gaussianity of the probability density function of p see Fig.
2d . Previous experimental studies’3* showed that p is
close to Gaussian if the drops are removed from the signal
we checked this property a posteriori . Therefore, we pro-
pose to design a pressure drop detector based on the mea-
surement of large departures from Gaussianity, using the cu-
mulants of the pressure data.

Let us recall that the cumulants of a centered process X
are defined by

dn
C, ——Ine¥ . 1
dq q 0
For instance:

C, X 0 C, X*, C3 X%,

2

C, X* 3Ciees

where  denotes the ensemble average. The Gaussian dis-
tribution is entirely determined by its two first cumulants; all
its cumulants of order higher than two are equal to zero. In
order to detect local departures from Gaussianity, we com-
pute the local fourth-order cumulant C,(k) from the time
series X(k). A recursive local estimator has been proposed
in Refs. 36 and 37

M,0 0C,0 O
M,k M,k 1 Xk2 Myk 1
Chk Csk 1 (Xk* 3Xk2M,k 1
C.k 1),
where |\7I2 is an estimate of the second-order moment, Kk is
the time position, and and  are coefficients to be chosen.
This estimator C,(k) has to satisfy the usual trade-off: It has

to be sensitive enough to detect close successive events i.e.,
to avoid to miss detections and it should not be too sensitive
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to avoid false alarm detections. The parameters  and
determine the characteristic length scale of the response of
the detector C,(k). Using synthetic numerical data reproduc-
ing as closely as possible the statistical characteristics of the
p-signal, and are empirically set to 0.0025,

0.025 which optimize the trade-off mentioned above. We
have checked that the results presented below do not depend
on these precise values. As shown in Fig. 3, the cumulant
C,4(k) is zero amost everywhere except when alow pressure
event is observed.

The detection algorithm consists of the two following
steps. First we compute the running fourth order cumulant
from the normalized pressure signal (p p)/pums; the nor-
malization is necessary to apply the same procedure to sig-
nals with different p,,s values, i.e, flows at different Rey-
nolds numbers. Then we detect the sequence k for which
C4(k) 5, the manually set thresholding value. Within a sig-
nal slab of fixed length  where a detection occurred, the
precise instant k; of occurrence of an event is defined as the
time when C,4(k) is maximum. We request that the minimal
time interval between successive detections be larger than
T,o/5 Where T,y 1/F,,. This is consistent with previous
work!! which have shown that the mean waiting time be-
tween pressure drops is of order 10T .

We aso used a more standard thresholding detection
technique as a comparison: Threshold 4.5p,s as used
in previous work* and  3p,n. The results obtained by
using the cumulant method or the thresholding technique
threshold 3pms) are quasi identical for the detection
lists themselves as well as for further general consequences.
We stress that a detection of the positive peakson C4(K) is
much easier than that of the negative oneson p. Thisisdue
to a weak level of noise in C,(k) and it yields a precise
localization of the time instants k; where the drops occur.
Finaly, we have computed the histograms of the pressure
signal on data series where the filaments signature only is
kept filaments and for the rest of the pressure signal  back-
ground . The resulting PDFs are shown in Fig. 4 where a
Gaussian is plotted for comparison. As expected it is clear
that the detected events are responsible for most part of the
exponential tail towards low pressures.

B. Statistics of the interarrivals

Figure 5 is obtained by drawing a vertical line at each
instant of detection and shows that arrivals seem to form
clusters. This should be apparent in the PDF of the interar-
rivals. From 100 lists of about 90 events each 8892 events
exactly , we compute the PDF of the waiting times, shown in
Fig. 6. Thelin-log plot in Fig. 6 a suggests that this PDF is
well modeled by a Poisson law ( exp( t/), 20T,y for
the long waiting times ( t 15T,,), but also shows a clear
departure from this Poisson law for the short waiting times.
The log—log plot in Fig. 6 indicates that a power law
( t ?) could well model this short waiting time part of
the PDF. Note that this cutoff point is an order of magnitude
greater than the integral time scale T,y . Interestingly, let us
recall that a Poisson law very often points to statistically
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FIG. 3. Cumulant based detection. a velocity signal; b centered and
normalized pressure signal; ¢ dliding estimate of the fourth-order cumu-
lant, performed on the pressure time series.

independent events. A power law for the PDF could be as-
sociated with a statistical correlation see, e.g., Refs. 23 and
38 . With such a picture in mind, the change point around

t 15T,y can therefore be understood as a maximum cor-
relation duration within the interarrivals list. Events belong-
ing to the same cluster in Fig. 5 would be correlated while
different clusters would not. These results are similar to the
ones reported in Refs. 7, 23 and 32 where a cutoff around

t 10T,y was observed. In Ref. 34 adeparture from a Pois-
son law was observed for t T,y,. On the contrary, a pure
Poisson law with no departure at short interarrivals was re-
ported in Ref. 35 but on the basis of a different definition of
the detected events.

C. Average velocity pattern

We compute the time signature related to the occurrence

of pressure drops, both for the pressure and the velocity, by a
synchronous averaging performed over slabs centered on the
instants k; of detection. The results are shown in Fig. 7. As
expected, the average signature in p is a strong drop of about
4p,ms: The cumulant method detects pressure drops. In
addition, despite the fact that the detection is performed on
p, a nontrivial pattern is observed in u. It indicates that the
drops recorded on the pressure sensor can be associated with
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FIG. 4. Conditional PDFs of the pressure signal. The PDF of the part of the
pressure signal corresponding to the filaments only is computed on windows
of fixed size around the instants of detection; the PDF of the background is
obtained from the remaining signal.

the existence of structures with a specific velocity profile in
the turbulent flow. We have checked that averaging over a
set of instants chosen at random gives a trivial signature.

According to experimental observations, 113343940 the
average profiles are expected to correspond to the passage of
avorticity filament in the vicinity of the sensors. In the spirit
of the analysis presented in Ref. 6, we model the effect of a
filamentary vortex sweeping the pressure and velocity
probes. For simplicity, we consider the case of a Burgers
vortex although we make no claim on the actual structure of
the vorticity filaments. The results presented hereafter do not
crucialy depend on this particular choice.

Let usfirst set some useful notations. For a straight Bur-
gers vortex aligned on the z axis and with vorticity (r)

o€ ¥4 , the velocity and pressure fields are given by

1 e r/2ro2

> ; , u, z, 4

2 X2/4 2

3

1 exp

pr dx, 5

4 2r(2) rirg X
where (x,y,z) and (r, ,z) are rectangular and cylindrical
coordinates, is the dtretching rate of the vortex, rg

|/ its characteristic radius and ra o its circula

tion. As the measurements are performed near the wall 2

0 5 10 15

t [s]

FIG. 5. Cumulant based detection list. A vertical solid line is drawn at each
detection time. We observe that events are detected in clusters.
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to 3 mm , we consider in first approximation and in agree-
ment with previous observations,'** that the detected vorti-
ces are perpendicular to the wall and we neglect the axial
velocity compared to the azimuthal one. Thus, for a vortex
locally advected at velocity U, at distance from the probe
and in adirection making an angle  with the hot wire, one
measures see Fig. 8

U cos ur 6

Umess T

- | <

Different patterns can be obtained see Fig. 9 depending
on the choice of the parameters (U,max( p), , ,andrg) of
the model. Some sets of parameters do not contribute to the
average pattern: Those, for instance, that generate a sym-
metrical velocity signal such asin Fig. 9 b . Other sets, asin
Figs. 9 a or 9 ¢ contribute, on average, to a pattern shown
in Fig. 9d, which is quite similar to the experimentally
observed time shape. This shows that the average velocity
pattern is well represented by the case 0, as expected
from the symmetry of the motion of the filaments about the
Ox axis the pressure probe is not sensitiveto ). Next, we
observe that the distance  between the filament and the

-100f -

P [Pa]

=200

1 1
-0.01 0 0.01 0.02

t[s]

FIG. 7. Patterns of the coherent structures. The solid lines show the velocity

top and pressure bottom patterns obtained by a conditional averaging
performed at the instants where pressure drops occur. These patterns are
compared to those obtained using Burgers model dashed lines . The pa
rameters of the best fit for Burgers model are: U Vi 7.3 ms 1
max( P) max( Ppes) 200Pa, 0, 14mm,ry, 3.2mm.

0 02

probe must be chosen in a finite range. On one hand, is
necessarily nonzero (0 gives a zero-signature on u) So
that it must be greater than, say, 0.1 mm. On the other hand,
has to be smaler than . 5 mm, otherwise the drop
would not be detected by the pressure probe. Eventually,
must be in the interval 1y, 0.1 mm, ., 5 mm] see
examples with different choices of in Figs. 10a-10c .
Next, we observe that U can be chosen as the average ve-
locity U at the probe location and that the value of max( P)
can be directly deduced from the measurement. Hence, and
ro remain the only free parameters. Figure 7 compares the
experimentally observed velocity and pressure patterns solid
lines with these of the Burgers model dashed lines , for the
best fit of parameters, 14 mm and ry 3.2 mm. The
striking similitude between the experimental results and the
analytical model together with previous observations alow
us to associate the occurrence of pressure drops with the
existence of coherent structures that exhibit a clear vortex
signature in the turbulent flow. Moreover we can give an
order of magnitude for the typica size of these vortex-
filaments: Their typical radiusisr, 3 mm, of the order of
magnitude of the Taylor scale 1.3 mm wheress the ra-
dius of the smallest events that the pressure probe can detect
is of order of 0.5 mm. This is consistent with earlier

iy(r)

FIG. 8. Model description of a filamentary vortex motion over the hot wire
probe. The wall is paralel to the (xOy) plane. The hot wire and pressure
probes are located at the origin O. The vortex is aigned on the z axis and

advected at velocity U.
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findings'1®%>41 which showed that filamentary vortices  ment phases. The word ‘‘phase’’ is abusively used here, as

have a statistical core size related to the Taylor microscale.

IV. INTERMITTENCY AND COHERENT STRUCTURES:
A WAVELET ANALYSIS

In previous sections, we have detected coherent objects
in the flow and we have studied their statistical characteris-
tics. The purpose of this section is to investigate the connec-
tion between the existence of coherent objects in the flow
and its intermittent nature. By intermittency we mean stetis-
tical departure from the exact self-similarity description of
the velocity field, known as the Kolmogorov 41 theory. Ac-
tually we define intermittency as the variation of the PDFs of
the velocity increments as the lag  over which the incre-
ments are computed is varied. These deformations of the
probability density functions are usually studied through the
structure functions. In this section, we intend to compare the
structure functions of the whole velocity signal to condi-
tional structure functions, related to the background and fila-

filaments and background signal are not ‘‘states’ of the tur-
bulent velocity field, but portions of the signal selected by
the pressure detector

Computation of conditional structure functions has al-
ready been proposed. In Refs. 7,23 and 35, the structure
functions of the whole pressure signal are compared to those
related to background and filament phases, using a detection
performed on the pressure signal itself. In Refs. 6 and 9, the
structure functions of the entire velocity signal are compared
to those related to a filament phase or a background phase,
respectively, using detections performed on the velocity sig-
nal itself. Here, we propose to compare the structure func-
tions of the complete velocity signal to these related to back-
ground and filament phases, using a detection procedure
applied to the jointly recorded pressure signal. In addition, as
motivated in the introduction, we will use wavelet-based
structure functions instead of usual ones and, therefore, we
first introduce them and note their main properties.

| 1 : : R . : Tt f\ .
U i : “ z : z “ § 5 :
£ : s E| : A : E|l : :
>10F >10F >1UF
I s ; O T o T
=002 0 0.02 002 0 002 002 0 002
T - R - TF R - TUF
2 ! - : : 0} :
-0.02 0 0.02 002 0 002 002 0 0.2
tls tfs tfe]
FIG. 10. Velocity and pressure patterns for the Burgers model. 0 and left 0.2mm, middle 2 mm, right 5 mm.
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A. Wavelets and structure functions

The probability density functions of the increments are
studied through their moments. Under common hypothesis
of stationarity and ergodicity of the increments processes, the
moments of the absolute values can be estimated using the
so-called structure functions SF

S

: X t Xt d,

q O, 7
where X is the process to be analyzed, and the lag. Asis
often done in the study of intermittency in fully developed
turbulence,we confine ourselves to the study of the absolute
values of the increments and abusively use the term *‘ struc-
ture function’” ; this is necessary for the cascade formalism
developed here, as will become apparent in the next subsec-
tion.

Classical assumptions, usually made in turbulence and
understood as generalizations of Kolmogorov's pioneering
analysis,*? claim that within the inertial range, the SF follow
a power law

Sq 4, min max 1 8

and that the departure of the  exponents from a linear
behavior traces back to intermittency. Indeed, the fact that
the function  islinearinq ( 4 q/3 3) implies that the
PDFs of increments for various 'swould collapse together,
under suitable renormalization depending on 3 only. This
would mean that the shapes of the PDFs of the increments
are similar. On the contrary, the departure of the  expo-
nents from a linear behavior describes how those PDFs are
varying with  and, therefore, traces back to the statistical
intermittency as defined above.®

In this respect, the extended self-smilarity ESS
scheme* has become widespread in the analysis of scaling
in turbulence. It consistsin testing the scaling of the SFs, one
against the other, instead of against the variable, i.e,
Sq( ) Sp( ) @P). In the context of turbulence, because of
the theoretical Karman—Howarth equation,® S;( ) often
plays a specific role and we define (q)  (q,3).

We now revisit the analysis of scaling in turbulence us-
ing wavelets. Let us first start with some definitions of the
wavelet analysis. The coefficients Ty(a,t) of the wavelet
transform of a process X results from comparisons, by means
of inner products, between the process to be analyzed X and
afamily of analyzing functions

Ty a,t X, 4t X8 4t Sds. 9
The analyzing functions
1 s t

at$ 3 03 10

are dilated and translated templates of the mother-wavelet
o- The time delay operator, o4(S) s t), alowsto
select the time position around which the analysis has to be
made, while the dilation or change of scale operator ,
ao(s) la g(s/a), selects the length of the analyzing
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window or equivalently the range of analyzed frequencies .
Moreover the mother wavelet g is characterized by its num-
ber of vanishing moments N such that

k 01,...,.N 1, t“ o tdt 0. 11

By definition of the wavelet transform, N 1.%° This param-
eter plays a key role in the analysis of scaling presented
below see aso Refs. 25 and 26 . We note that the more
traditional increments can be exactly rewritten as wavelet
coefficients, computed with the special example of wavelet:

o) (t o (t). Indeed, in this case
Tx<a,r):fx<s> 5(“7_’—70)—5 Sy
=X(t+ary)—X(1). 12
-

T

Such a wavelet is poor because it is very irregular, has only
one vanishing moment (N 1), and very low spectra local-
ization.

Wavelet coefficients, therefore, constitute a powerful
generaization of the increments with respect to regularity
and spectral localization which ensure better statistical prop-
erties to study the data around a given time scale. Wavelet
based structure functions WSF are defined as see, eg.,
Ref. 22

Syt a Ty a,t 9dt, 13
and the wavelet counterpart of Sy( ) 9% min max
reads

4
S a a9, amn a aAmx- 14

The ESS-ansatz applied to the WSF  see, e.g., Ref. 9 now
reads

Sfta Sta "(a.p), 15

For simplicity, we again write ‘é"‘ "(g,3). The relation
between the wavelet- ESS, cascade models and the exis-
tence of coherent structures in turbulent flows will be a key
point of our experimenta study in the next subsection.
From a technical point of view, let us note that we re-
place the usual definition ,q(s) U a o(s/a) by ao(s)
la o(s/a). While the former choice insures energy con-
servation of the analyzing functions, the latter better suits
scaling behaviors analysis, for example, it reproduces ex-
actly the Holder regularity of a process.*’” Moreover, instead
of using the Continuous Wavelet Transform CWT Ty(a,t)
defined above, we perform a Discrete Wavelet Transform
DWT #/6 which amounts to computing the wavelet coeffi-
cients on a specific set of points called the dyadic grid

dy j,k Txa 2t 2k. 16
In the DWT framework, the WSF are written as®®

1
Wt J — i q
sfta 2 - dijk© 17

J
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where n; is the number of available coefficients at each oc-
tavej or equivalently each scale 2'). To simplify notations,
we abusively write: Si'(j) S§'(a 2!). In the scaling
range, one has® S"(2)) 2/ a. The coefficients of the
DWT can be efficiently computed using the fast pyramidal
recursive algorithm, known as Mallat’s agorithm.*” Note
that such an algorithm computes wavelet coefficients defined
using the energy conservation normalization.

The wavelet decomposition is basically a joint time-
frequency analysis of the data, which means that the coeffi-
cient dy(j,k) contains information on X located around time
t 2'k and scale 2!. This alows to compute WSF that are
conditioned to partitions of the time-frequency contents of
the data. Here we use it to compute the structure functions
related to the filament and background phases. To wit, we
perform a DWT on the velocity signal and separate the
wavelet coefficients dy(j,k) into two phases. The filaments
and the background. Let k; be the time positions where de-
tections are performed. The wavelet coefficients correspond-
ing to the filament phase are such that (j,k) satisfy k;

12 2k ki /2 ( isthe length of the slab, cf. Sec.
INA and are labeled d{(j,k). The remainder of the
dy(j,k) belong to the background phase and are labeled
d®(j,k). We compute the following three WSF:

1
st — dy j,k 9,
q J nj K x )
wt, () (" q
S j T dy’ j,k 9 18
S\(/‘Vt,(b) i - dg(b) ik 9

J

where n;(f) and n;(b) are the numbers of wavelet coeffi-
cients at octave j in the filament and the background phases.

B. Log-infinitely divisible cascade and wavelets

In the experimental analysis developed below, we study
the scaling properties of turbulent data using a log-infinitely
divisible cascade model. It belongs to the large category of
models that describe scaling in data by means of multiplica-
tive cascades®®* and was introduced in the form described
here by Castaing.>* We briefly resketch it and rewrite it in
the wavelet framework.

The description of the turbulent cascade relies on the use
of the following functional equation to describe the evolution
with | of the PDF P, of the velocity increments u(l)

u(t 1) u(t)
[ andl, | I,
P in ul

din

G|| In P| In ul In s 19

where G, isthe so called propagator, which only depends
onl and | . Physicaly, the above equation means that the
PDFs of velocity increments can be continuously deformed,
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from the integral scale to the dissipative one. Note that this
analysis implies the use of absolute values for the incre-
ments.

The Laplace transform of this equation with respect to
the variable In u(l) yields

ul @ é”q ul q, 20

where G, (q) is the Laplace transform of G, (In ), which
fully characterizes the multiplicative cascade of the velocity
increments U .

This cascade is said to be log-infinitely divisible or con-
tinuously self-similar if there exist two functions G(q) and
n(l) such that

(;” q G q n() n() 21
In this formulation, G(q) describes the elementary step of
the cascade, while n(l) determines its scale dependence. In
other words, G(q) defines the basic element or the basic
operation controlling the PDF deformation, while n(l)

n(l ) defines the number of times é(q) isto be applied to
cascade from scale | to scale . In some sense, dn(l)/d(l)
or equivaently, dn(l)/dIn(l)] represents the ‘‘speed’” of
deformation of the PDF as a function of the scale. Obvi-
ously, this splitting of G, (q) into separable functions of q
and | is not unique and implies some arbitrary choices of
reference. This will be discussed in the data analysis section

S0 as to make comparisons meaningful.
By definition, the cascade is said to be scale invariant if

nl nl Inl Inl Inl/l . 22

Note that in this case, it is the logarithmic function that
makesn(l) n(l ) afunctionof I/l only; this does not need
to be always the case and should rather be seen as an excep-
tion. In general one would need a reference scale | .

Continuing the analogy between increments u(l) and
wavelet coefficients dy(j,k) one can extend the log-infinitely
divisible cascade definition to wavelet-based structure
functions.> Keeping in mind that we want to test each phase
separately, this amounts to write

P InT)

Gg’; In Pg)|n-|-§<) In din / ,
T at e GL)ag T a9, -
é;‘; q GO) q n( )@ nl )(a),

where () denotes the considered phase, entire signal, back-
ground (b) or filaments (f). We write H( )(q) InG{)(q)
and let a be an arbitrary constant reference scale; then com-
bining the above equations, one obtains

In T¢)at ¢ HOgn)a ¢y’ 24

which is the form that has to be tested in order to show that
the log-infinitely divisible cascade model is correct. Note
that Eq. 24 implies
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FIG. 11. Inertia range. Derivative of
the logarithm of the classical third-
order structure function left and de-
rivative of the logarithm of the wave-
let third-order structure functions
right . The vertical dashed lines show
the supposed inertial range.

-1

IoﬁéfAt) -
H()
In T¢) a,t @ H()Zln T at P o),
25

which shows that the ESS property is fulfilled in the case of
alog-infinitely divisible cascade. The fact that In§; is alin-
ear function of InS, can be understood as a direct conse-
guence of the log-infinitely divisible model. From the esti-
mation of the slopeinthe In§, vsInS,, one gets an estimate
of H through "¢ )(q,p) H(q)/H(p). The main advan-
tage of the log-infinitely divisible cascade formalism is that it
allows to test both the kernel of the cascade (H) and its
development along the scales (n).

C. Intermittency and filaments
1. Study of scale invariance

In aclassical analysis of intermittency, a crucial issue is
the estimation of the exponents  and the determination of
their behavior as a function of . The procedures used to
estimate the exponents are identical in the SF and WSF
cases. They consist in measuring the slopes of linear fits in
log—log plots, namely alogS,( ) vslog plot gives Aq for
the SF, while alog, §(j) vslog, 2 j plot gives "§" for the
WSF.

As it has been widely observed in ordinary turbulence,
one major problem is that pure scaling laws do not strictly
exist at moderate Re. One then needs a criterion to define the
scaling domain inertia range . We arbitrarily choose the
regions where the velocity spectrum, the third-order structure
function and the third-order wavelet structure function inde-

TABLE I. Structure function exponents: ; and g‘ estimated from the SF
and WSF, for three different wavelets. The last column gives the 95% con-
fidence intervals for the wavelet based estimates.

e e wt Conf. Int.
q q N 3 N 5 N 7 WT
1 0.34 0.29 0.29 0.29 0.01
2 0.64 0.56 0.55 0.56 0.02
3 0.92 0.79 0.79 0.81 0.02
4 1.15 0.99 0.99 1.03 0.03
5 1.35 1.15 1.15 1.22 0.04
6 1.49 1.24 1.25 1.37 0.06
7 1.59 1.26 1.29 1.47 0.08

Fiog,2

pendently and satisfyingly obey a power law. This is not an
absolute objective criterion to select a range of scaling but it
is consistent with usual methods. In our experiments, we
obtain for the wavelet see Fig. 11 :

j 1 62 8, 26
and, for the increments
049 ms, 15 ms,
i.e,
r 80 , 250 . 27

Note that if there is a quite clear way to establish a corre-
spondence between arange of scales as defined in the wave-
let transform by a dilation factor and arange of frequencies
as defined when using the Fourier transform , the connec-
tion with a range of lags for the increments remains only
qualitative. We emphasize the fact that the results described
below are in no way crucialy dependent on these choices.
Therefore, from now on, we keep these ranges unchanged
and intend to compare estimates computed with the SF
against those estimated with the WSF, varying the number of
vanishing moments.

Scaling exponents have been measured from the SF and
WSF using wavelets with N 1,2,...,7 namely the
Daubechies compact support orthonormal wavelets, see Ref.
46 . Table | compares these estimates only N 3,57 are
reported and give 95% confidence interval for the wavelet
estimates.

We note that the wavelet-based exponents are systemati-
cally smaller than the increment-based ones. This may result
from the difficulty in defining a precise correspondence be-
tween the ranges of times lag ) and the ranges of scales
dilation factor a). In addition, we observe a dependence of
the estimated exponents with the four chosen wavelets re-
call that we understand the increments as a special case of
wavelet coefficients , even though the estimates almost fall
within error bars. Whereas the closeness of these estimated
values guarantee that no artifacts like superimposed deter-
ministic trends or nonscaling noises are corrupting the data,>®
it tends to show that the scaling behaviors within the inertial
range are not rigorously exact?® but may be regarded as rel-
evant approximations as is generally thought in turbulence .
Lastly, we observe that the third-order exponent 5 0.92
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FIG. 12. Wavelet-based structure functions. 10g,(S}")
left and log,(S") right versus octavesj for the signal
* | the background , and filament phases.
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estimated from the classical SF is smaller than 1. When ab-
solute values are used to compute the third-order moment,
the value 5 does not need to be constrained by the von
Karman—Howarth relationship which may not be fulfilled
since the measurements are made close to a wall . In addi-
tion, we note that similar lower values have been reported in
experimental?® and numerical® investigations of anisotropic,
inhomogeneous flows.

We now measure the exponents ‘c’]“
corresponding, respectively, to the entire velocity signal and
to its filament and background phases with wavelet N 7
and for the fixed range j; 6,j, 8 ). These values are
obtained separately from the conditional WSF computed as
described in Sec. IV A. Examples of the WSF for each phase
are shown in Fig. 12. We observe that the three curves look
very much alike. Therefore, if it is possible to define tan-
gency lines and thus scaling exponents for the entire veloc-
ity signal, then it is equally valid for the three phases. Again
in each case a dlight dependence with N for the ‘(’]""(f) and

the ¢ is observed and is of the same order as that of the
wt

WL(T) gng WD)

‘ A careful examination of the WSFs reveas interesting
changes in the estimated exponents. To wit, Table Il gives
the measured scaling exponents and their confidence inter-
vals also plotted as functions of g on Fig. 13 . One observes
that the exponents (| related to the background phase,
are larger than the ' corresponding to the entire signal,
themselves larger than the (") related to the filament
phase. We emphasize the facts that i the differences be-
tween the estimated exponents for the three phases can be
made quantitative: They do not fall within confidence inter-
vals one of the other, and therefore, they cannot be consid-
ered as statistically identical we recall that confidence inter-

TABLE II. Conditional wavelet based structure functions exponents. This
table is obtained with a Daubechies 7 i.e, N 7) wavelet in the range
(j1.J2) (68).

q Signal Background Filaments
1 0.29 0.01 0.31 0.01 0.22 0.02
2 0.56 0.01 0.59 0.02 0.41 0.03
3 0.81 0.02 0.87 0.02 0.57 0.05
4 1.03 0.03 1.14 0.03 0.70 0.07
5 1.22 0.04 139 0.04 0.80 0.10
6 1.37 0.06 1.62 0.06 0.85 0.14
7 147 0.08 1.85 0.08 0.87 0.19

vals are theoretical ones computed by using the statistical
properties of the wavelet transform® ; ii the differences
between the estimated exponents for the three phases are an
order of magnitude larger than those, within a given phase,
resulting from the variation of N. We, therefore, claim that
the observed differences for the exponents  of the three
phases are significant. In addition, we note a curvature effect:
The ¥“®) curve is closer to a straight line than the " one,
and the §"(" is more rounded. The global effect the expo-
nents in the background phase have a more linear behavior
than the exponents of the entire signal, and the exponents in
the filament phase show more deviations from linearity is
significant without doubt. We have checked that these obser-
vations are robust against changes of the number N of van-
ishing moments and also against sight variations of the cho-
sen bounds for the scaling region.

These results are consistent with a previously reported
study® where the q exponents where shown to vary when
conditioned to the presence of vorticity worms . However, in
this case the detection and conditioning technique were quite
different. Other investigations have also reported similar
variations in the vicinity of a strong coherent vortex
structure. 20>

From such an analysis, one may be tempted to conclude
that the background phase tends to obey the K41 description
of turbulence while the filament phase significantly departs

2 ! : !

+— signal
=—e background

1.5r|— filaments

FIG. 13. Exponents of the wavelet based structure functions for the whole
signal and the filament and background phases as a function of g. The
dashed straight line is given as a linear reference.
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FIG. 14. Examples of extended self-similarity plots of the wavelet based structure functions for the three phases: left log S ) vslog S ) and right lin-lin
plot of St ) vs (SHt0)) §) for the different phases ( ): top whole signal, middie background phase, bottom filament phase. Note that the scaling
wi()(53) 3 that is expected at the finest scales is not observed due to lack of resolution in the dissipative range.

from it. Thus, the filaments would be responsible for statis-
tical intermittency. We will show below by using a log-
infinitely divisible cascade model how and why such an in-
terpretation can be misleading.

2. Cascade analysis and extended self-similarity

In order to test the log-infinitely divisible model, we now
plot log ' ) vs log §' )—see Fig. 14. We observe that the
calculated points are well aigned on straight lines for all
pairs (p,q) and for each of the three phases independently.
This means that the ESS hypothesis is verified, so that one
can write

’ p:q,
28

Ins)a ") q,pIns)')a

()

a.p-

If we further remark that Sy'‘ )(a) is an estimator of
Tx(a,t) 9, then Eq. 28 has clearly the same form as that

of Eq. 25 . Therefore, one can rewrite it as

HO)gnl)a C

Insi*( ) a 29

()
a.p
and use it to estimate both the functions H( )(q) and
n( )(a). Since their definitions imply the choice of a multi-
plicative constant, we set arbitrarily H( )(3) 1.

To study H( ), we estimate the slopes of the ESS plots
Fig. 14 and compute

H()3 W) g3 W()g, 30






