
PHYSICS OF FLUIDS VOLUME 11, NUMBER 3 MARCH 1999
Some new features of the passive scalar mixing in a turbulent flow
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We analyze experimentally the statistical properties of a turbulent mixing created in the gap between
two counter-rotating disks at a Taylor Reynolds numberRl'400. Local isotropy is investigated for
the inertial and dissipative scalesr , using two tests, one applied onC(r ), the correlation coefficient
between temperature increments and velocity increments, and the other one onS(r ), the
temperature increment skewness factor. When heating one of the disks and cooling the other one,
either positive, negative or almost null values ofC andScan be obtained at small scales as a direct
result of the presence of several temperature sources. In particular, we emphasize the fact that null
or small values for these quantities in the inertial range are an evidence of local isotropy of the
temperature field. In these cases, we use the Vaientiet al. equation@Physica D73, 99 ~1994!# for
the evolution of the temperature increments probability density functions~PDFs! to predict the
inertial and dissipative range PDFs, using an initial PDF, and two measurable closure functions. The
intermittent behavior quantified through these statistics is well reproduced by the numerical
integration of this evolution equation. ©1999 American Institute of Physics.
@S1070-6631~99!01703-1#
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I. INTRODUCTION

Local isotropy of high Reynolds number turbulent velo
ity fields is a basic assumption of the universal similar
theory developed by Kolmogorov~K41!. The K41 theory
leads to the following scaling laws for the longitudinal v

locity increments: ^(Du)p&5^(u(r )2u(0))p&'ēp/3r p/3,

when r lies in the inertial range, and whereē is the mean
dissipation rate.1 These moments are characteristic of se
similar probability density functions~PDFs!. However, ex-
perimental studies report significant deviations of the h
order velocity2 moments from these universal statistics a
this behavior is classically attributed to the internal interm
tency of turbulence. Consequently, an important small-sc
property of high and moderate Reynolds number turbule
is the level of internal intermittency, i.e., the spatial localiz
tion of the ‘‘fine structures’’ of turbulence responsible for th
fluctuations of the kinetic energy dissipation rate. A quan
tative measure of this phenomenon is obtained from
study of the PDFs associated with the inertial and dissipa
scales, which are non Gaussian, but possess exponential

It was then reasonable to believe that details of the st
ture of the scalar field advected by a fully turbulent flo
would follow automatically from a better understanding
the velocity properties and that the K41 theory could be
tended to the description of the scalar fields mixed
turbulence.3 The result is the Kolmogorov-Obukhov
Corrsin—hereafter referred to as KOC—scaling theory. B
it appeared4 that, the intermittent nature of energy transf
from large to small scales is for scalars more complex t
expected,5 and various statistical approaches have been
veloped over the last years to analyze theoretically
6361070-6631/99/11(3)/636/11/$15.00
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anomalous scaling exponents of the temperature struc
functions S2n(r )5^(u(r )2u(0))2n&.6–9 In particular, an
original approach has been developed in Ref. 10, permit
us to obtain the temperature increment PDF evolut
through the scales, starting from initial statistics at a parti
lar scale and using two conditional expectations which c
be measured11 or computed.12 Let us remark that all of these
different theoretical approaches need, as a starting point
local isotropy of the passive scalar mixing, which is in fa
never totally experimentally respected. For instance, as
Vaienti et al. theory supposes null odd moments associa
with symmetric PDFs and closure functions, it has be
emphasized12 that the PDF equation is verified only for th
range of scales where the local isotropy of the mixing
respected. This range covers the small scales and extend
to a maximum scale that depends on the Pe´clet number and
the large-scale mean temperature gradient.12 Some of the ex-
perimental data were even symmetrized, in order to force
odd moments to zero, and to simulate the behavior of a p
fectly isotropic field. In fact, many studies over the last d
cades have also revealed that the scalar field exhibits m
anomalies than the velocity field, and that the scalar pro
to be a very sensitive detector revealing subtle aspect
turbulence itself. In particular, one of these most striki
anomalies in the shear flows lies in the observation that
scalar longitudinal derivative skewness factor significan
departs from zero.13–18 This phenomenon, usually attribute
to the formation of ramps13 or cliffs17 which localize the
temperature gradients on more or less two-dimensional
gions of the flows, consequently invalidates the isotropy
pothesis.

In the present study, we investigate the possibility
© 1999 American Institute of Physics
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experimentally create a substantial level of isotropy of
mixing of a passive scalar, and we verify several tests
consequences associated with this feature. We will fi
present, in Sec. II, the experimental set-up and the flow c
acteristics. In Sec. III, we will then show that isotropy can
obtained for the temperature field, when there exists a ra
of scales for which the following two conditions are sat
fied: null velocity-temperature increment correlation coe
cients, and zero temperature increment skewness factors
mentioned before, these properties are quite original
have been obtained by the association of a cold and a
source applied on a room temperature flow. It was also
ported in the past that asymmetrical heating could give so
unusual properties, due to the creation of a counter–grad
turbulent heat diffusion.19,20 For the case of the presen
study, we will emphasize some other characteristics suc
symmetric temperature increment PDFs and symmetric c
ditional expectations. Finally, in Sec. IV, we will verify tha
the temperature increment PDFs evolution, computed by
integration through the scales of the Vaientiet al. equation,
is in fair accord with the measured PDFs for the sca
smaller than 80h ~whereh is the Kolmogorov length scale!.

II. EXPERIMENTAL SET-UP

We study the mixing created in the gap between t
counter-rotating disks, in air. This set-up, represented in
1, is known to produce a strong intensity turbulence in
compact region of space.21,22 More details about this experi
mental set-up can be found in Refs. 22,23. The disks ha
radius R510 cm, and they are separated by a distanceH
522 cm. In order to increase the entrained fluid quant
they are equipped by a set of 8 vertical blades~thickness 5
mm, height 20 mm! and by two skirts~heighths555 mm!.
The rotation axis is vertical.

Temperature fluctuations are created by cooling the
per disk and heating the other one with respect to the am
ent temperature~24 °C!. This is an original means to crea
mean temperature gradients, in the sense that, tradition
only a single heat source is used~for instance in a heated
boundary layer or a heated jet!. We will see later on that the

FIG. 1. Experimental set-up.
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presence of these two sources, associated with the par
larities of this swirling flow, does lead to an original scal
field behavior.

More specifically, the lower disk is made of copper a
it is heated by a classical electrical resistance. The sur
temperature on the heated disk can be imposed, and
about 35 °C. The upper disk is made in aluminum and
possesses a hollow cavity where dry ice may be placed
these conditions, when the disks are spun, a stationary
can be reached, and the surface of the upper disk kee
constant and uniform temperature (25 °C! for runs of about
10 min duration. So, the surface temperature varies fr
35 °C on the bottom, to25°C on the top disk. On the othe
hand, thin thermal boundary layers develop on the surfac
each disk, where the mean temperature profiles present s
gradients. Therefore, in the central zone, which extends
about 11 cm~approximativelyH22.hs , see Fig. 1!, the
maximum mean temperature difference between its top
bottom, is 4 °C. Hereafter, only this measurement zone w
be investigated.

In all experiments, the thermal field is passive, i.e., t
statistical characteristics of the velocity field are the same
those in the non-heated-flow. In order to study the pheno
enon that governs the transfer through the scales of the
perature variance, we have to explicitly take into account
velocity role. Therefore, simultaneous temperature-veloc
measurements are performed using a dual probe which
cludes a cold wire and a hot wire. These wires are para
and distanced by 0.4 mm.

We use a 5mm diameter hot wire, with an active lengt
of 1 mm, resulting in a length to diameter ratio of approx
matively 200. It is operated by a TSI IFA 100 constant te
perature anemometer with an over-heat ratio of 1.6.

The cold wire has a 0.6mm diameterd, a total length of
2 mm and an active etched lengthl of 0.5 mm, so that the
ratio l /d is about 800. This value is an optimum, resultin
from two criteria: ~1! Heat conduction between the etche
region and the stubs or prongs is a significant source of
rors, for cold wire lengthsl /d<1000.24 Unfortunately, larger
values would lead to the violation of the second criterion.~2!
The spatial resolution of the wire. This is a special requi
ment in order to correctly determine small-scale characte
tics such as derivatives or increments. The spatial resolu
corrections for the cold wire could be made using the meth
described in Ref. 25, for spectra or the temperature m
dissipation rate. Typically, in our measurements, the ac
length isl'4h'(4/1.28)hu53.12hu . Note that, for such a
length, the scalar dissipation is underestimated.25

Therefore, we consider that the chosen length is a g
compromise between these criteria, and we will discuss l
on the possible limitations of our results. Note that simi
end-effect problems are met for the hot-wire for whichl /d
should be larger than 200, which is just the value we use

The cold wire is operated by a constant current circ
with the sensitivity 0.1 mV/°C, at a very low overheat rat
~current 0.1 mA! to minimize contamination by velocity
Also, in order to avoid the contamination of the cold-wi
measurements by the hot wire wake, the probe is placed
region of the flow where a mean stream exists, near the
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periphery, and the cold wire is positioned upstream. N
that the velocity has an azimuthal and a radial componen
the central zone, we mainly measure this radial compon
The effect of the temperature fluctuations on the hot-w
measurements has been determined to be less than 1%
the method presented in Refs. 26,27. This small differe
reported here is explained by the fact that most of the m
surements have been made in the central part of the ex
mental set-up, where mean temperature differences with
spect to the ambient are about 0.5 °C only. This effect is
corrected.

Data are digitized at a frequency of 78125 Hz, with
resolution of 23 bits and stored using a VXI Hewlett-Packa
E1430 digitizer. All records include at least 106 points.

III. SOME ISOTROPIC PROPERTIES OF MIXING

A. Temperature and velocity spectra

Let us first present a brief summary of the flow con
tions. We study a double sheared flow, produced by
counter-rotating regime of the disks. The rotation frequen
V of the disks is variable, between 20 and 40 Hz. The in
gral scale Reynolds number is Re5R2V/n'105, and the
turbulent Reynolds number is typicallyRl'400, but the
largest value we obtained is as large as 600, correspondin
a fully developed turbulent flow. The total velocity fluctu
tion RMS is u8'3 m/s, and the mean total velocity at th
position the sensor is placed, is between 7 m/s and 12
depending on the rotation regime. The typical temperat
RMS lie between 0.1 °C and 0.15 °C. The Kolmogor
scale is in the range 50mm–80mm, and the Taylor micro-
scale for the dynamic fieldl is in the range 1 mm–2.5 mm
Both scales were classically estimated using the isotro
approximation forē, the velocity mean dissipation rate, in
ferred from the integration of the velocity derivativ
spectrum.28

Figure 2 shows typical spectra for velocity and tempe
ture ~shifted downwards!, using usual ordinates. The Re
nolds and Pe´clet numbers of the experiments correspond

FIG. 2. Typical spectra for temperature~lower curve! and velocity~upper
curve!.
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to these plots areRl5600 and Pel'400. The intermittent
behavior is particularly visible on the temperature spectru
whose slope is slightly lower than25/3.15

A classical way to observe the inertial range is to stu
the velocity structure functions.

Figure 3~a! presents the balance between the three te
of Kolmogorov’s equation,

^~Du!3&26n
d

dr
^~Du!2&52

4

5
ēr , ~1!

written in the dimensionless form,

2^~Du!3&/~ ēh!16n
d

dr*
^~Du!2&/~ ēh2!5

4

5
r * ,

where r * 5r /h. The scalesr are calculated using Taylor’s
hypothesis using the mean velocity. More details about
behavior of the moments of the scalar are given in Ref.
The turbulent transport termA52^(Du)3& presents a linear
behavior in the inertial range equalizing the total-dissipat
term C5 4

5ēr , and it equilibrates the dissipative termB at
about 15h. This is the upper limit of the dissipative rang
Remark here that the mean dissipative rate was comp
using the assumption of isotropy for the dissipative sca
ē515n^(]u/]x)2&.

Alternatively, the dissipative rate is computed using t
isotropic relation, ē515n*0

`k1
2Fu(k1)dk1, where k1

52p f /U is the wave number,f is the frequency in Hz, and
U is the mean velocity. A quite good agreement betwe
these two methods is obtained.

The Kolmogorov equation verification, see Fig. 3~a!,
clearly emphasizes that, at this largeRl number, the typical
inertial range is between 20h and 150h.

One may also define the inertial range from the prop
ties of the third-order structure function skewness fact
2S5^(Du)3&/(^(Du)2&)3/2, which should present a 0.2
plateau in the inertial zone,11 when both moments obey th

FIG. 3. Third order velocity structure functions as a criterion to define
inertial range.~a! Kolmogorov’s equation verification: termA (s) and term
B (*). A1B (1) to be compared withC ~solid line!. ~b! Velocity incre-
ments skewness factor (h). The dashed line is 0.25.
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Kolmogorov scaling law. Figure 3~b! shows that a plateau a
0.25 is indeed reasonably well defined in the inertial ran

Both tests are well-satisfied at this large Reynolds nu
ber, and they are not sensitive to the intermittency effect

B. Velocity-temperature correlations

Examining the correlation coefficients between veloc
and temperature increments,

C~r !5^DuDu&/A^~Du!2&^~Du!2&,

provides a particularly interesting point of view to study t
transfer from the large to the small scales. Indeed, the sig
C at large scales is characteristic of the way tempera
fluctuations are generated, whereas a null correlation at s
scales is an indicator of isotropy for the temperature fie
Explicitly, the more rapidly these correlationsC become
null, the faster the isotropic stage is attained. Note that
value ofC tends to the velocity-temperature correlation c
efficient for very large separationsr .

In our experiments, the double nature of the source
temperature fluctuations allowed us to obtain three region
the flow:

~1! The first one, near the hot disk, where velocit
temperature correlations are positive. Warm air mo
rapidly, and the flow behaves similarly to a heated je

~2! The second one, near the cold disk, where the veloc
temperature correlations are negative. Cold air is f
and the flow behaves as a heated turbulent bound
layer.

~3! A central region, where these correlations are alm
null, obviously much smaller than the correlations me
sured nearer the disks. Concretely, we consider that
correlation coefficient is null, whenuC(r )u<0.05 in the
inertial zone. For the large injection scales, it is obvio
thatC(r ) will take the sign of the disk having the stron
ger influence. Let us note that this central region
known to preserve the homogeneity and the isotropy
the velocity field.21,22

The three regions are referred to asF1 ,F2 , and F0,
differing by the position of the sensor or by the mean vel
ity gradient applied between the disks.

As the rotation frequency of each disk is variable, t
mean total velocity at the periphery of the disks may a
differ, from one run to another. Let us call themVc for the
cold disk, andVh for the hot disk, so the periphery mea
azimuthal velocities areVc52pRVc andVh52pRVh , re-
spectively. The mean azimuthal velocity profile varies b
tween1Vh to 2Vc over a distanceH. Approximatively, the
mean radial azimuthal velocity will be zero at a positi
H05Vh /(Vh1Vc)H. At this position, the mean velocity i
then maximum by incompressibility. This benchmark will b
further used in order to position different measurements
position h2 signifies that the measurement is perform
above the pointH0, on the side of the cold disk, a positio
h1 is near the hot disk.

We illustrate these three types of correlation coefficie
in Fig. 4 which emphasizes in particular the large range
.
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correlation coefficients that can be obtained, thus illustrat
the wide variety of mixing properties available in our flo
configuration. For this set of measurements, the mean t
perature in the hot side of the measurable zone is 28 °C
the cold side it is 24 °C, and the ambient temperature
24.5 °C.

However, as it can be seen in Fig. 4, all these situati
display correlation coefficients that go to zero at very sm
scales. This feature was also found in previous ‘‘classic
experiments11 and it is in very good agreement with loca
isotropy. Note for instance that this test was used to ch
the measurement quality in a heated boundary layer by O
Rouiset al.11

Taking into account the fact that the integral scaleL is
about 1200h, ~computed asL/h'(RL)3/45(Rl

2/15)3/4), and
the inertial range extends between scales smaller than 1h,
and larger than about 20h, we thus succeeded in obtaining
correlation coefficient null through all the inertial range
theF0 case. To our knowledge, this is the first time that su
a verification of the scalar isotropy property is found, at le
over such a large range of scales.

Let us remark here that the correlation coefficientC(r )
is a physical magnitude linking statistically the temperatu
variations, with the velocity variations. We propose furthe
second test of isotropy, concerning the passive scalar sc
itself: the symmetry coefficient of the temperature inc
ments.

C. Temperature increment skewness factors

As a second step, we will now analyze measurement
the central region (F0), which satisfy the isotropy require
ment for a wide range of scales from the correlation coe
cient point of view. We submit these experimental data
another isotropy test, by studying the temperature increm
skewness factor,S(r )5^(Du)3&/^(Du)2&3/2. By isotropy,
this quantity has to be null for sufficiently small scales.
the literature, it is classically found that the temperature

FIG. 4. Correlation coefficientsC(r ) between velocity and temperature in
crements: measurement inF1 region (h, h1512.5 cm!, measurement in
F0 region (L, h2525 cm!, and measurement inF2 region, (n, h2

528.5 cm!.
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crement skewness factor computed along different flow
rections does not tend to zero, but remains constant, as a
of the small-scale persistent temperature anisotropy.13–15,17,29

Usually, this constitutes a strong argument for the sm
scale residual anisotropy and specific studies have been
ried out to determine the factors which lead to nonzero te
perature increment skewness factors. Two directions h
been more specifically followed:

~a! Considering shearless flows is the first approximat
permitting to simplify the reality. This has led to th
conclusion that in numerical studies without shear,
in grid turbulence, the mean temperature gradient is
main factor responsible for the residual temperature
rivative skewness factor, in the direction parallel to t
mean temperature gradient.17,29In the direction perpen-
dicular to this large-scale anisotropy, the skewness
tor is effectively zero.

~b! However, shear flows correspond to the most reali
situation, and it has been concluded that the temp
ture derivative skewness factor also exists in the dir
tion perpendicular to the mean temperature gradient
a direct effect of the combination of the local she
and the mean temperature gradient.13–15

We will show here that it is nevertheless possible
obtain a quasi-null skewness factor, as an intermediate s
between positive and negative skewness factors. As Fi
shows, even if these measurements are characterized
very small correlation coefficientC(r ), a large variety of
skewness factors is obtained. The skewness factors de
on the scaler /h, but also on the different measurement p
sitions in the central region between the disks. The suc
sion of curves presented in this figure is obtained when m
ing the probe in the central region, from the cold disk~upper
curves! towards the hot disk~lower curves!, along a physical
distance of 6 cm, situated in the center part of the measur
zone. We recall that the positionh1 or h2 is not character-

FIG. 5. Temperature increment skewness factorsS(r ) for variousF0 cases,
from upper to bottom side:h2529 cm (h), h2528.5 cm (!), h2

527. cm (L), h2521.5 cm (n), h1510.5 cm (*) andh1512.6 cm
(s).
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istic of the geometrical position, but of the ‘‘regime pos
tion,’’ which takes into account the disk rotation frequenc

Temperature increment skewness factors usually pre
a plateau as the scale goes to zero, as it should arise
KOC scaling laws. Therefore, aS(r ) plateau obtained for the
scalesr<10h ~as it is the case here!, is a good verification of
the measurement quality. On the other hand, if the KO
theory is to be valid, isotropy imposes that all of these o
order moments should be zero. This is a strange behavio
the skewness factors, which is worth being understood.30

At the large injection scales,S(r ) is always zero, by
homogeneity and no-correlation between temperature fi
u(x) andu(x1r ). Figure 5 provides a good indication abo
the integral scales~larger than 1000h), where all skewness
factor curves go to zero, which is in good agreement with
value of about 1200h we have reported in the previous su
section.

For the smaller scales,S(r ) evolves together with the
correlation-coefficientC(r ), as it can be seen in Fig. 6:
variation on the correlation coefficient implies a variation
the skewness factor. In particular, whenC(r ) is equal to
zero, so that local isotropy is reached, theS(r ) evolution is
frozen till the small dissipative scales. This observati
means that the scalar environment, i.e., the dynamic fi
here represented by the correlation coefficientC(r ), is re-
sponsible for the possible isotropic conditions for the te
perature field.

A possible way to learn more about the temperature
crement skewness factors would be to study an equa
through the scales for this quantity. In particular, in Ref. 3
an equation for the temperature derivative skewness fa
was obtained in a shear flow, but the balance between
terms is rather difficult to verify.

In fact, the positive skewness factors correspond to
measurements performed in the cold part of the central zo
This means that the rare and strong velocity fluctuations
preferably associated with cold pockets of fluid, and this
persistent even for the small scales. The temperature in

FIG. 6. Comparison betweenC(r ) ~top! andS(r ) ~bottom! for two different
sets of measurements in theF0 cases: ath2529 cm (h) andh2527 cm
(L).
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ment skewness factor has the same sign as the temper
derivative skewness factor. Thus, the positive sign ofS near
the cold disk is in perfect agreement with the theoretical s
obtained for the temperature derivative skewness facto
Ref. 31. This sign was obtained taking into account the m
temperature gradient sign and the shear sign.

Similarly, a negative skewness factor is obtained in
hot part of the central zone, where the mean tempera
gradient keeps its sign, but the shear sign is opposite, s
the radial component of velocity presents a maximum atH0.
The two temperature sources are indeed necessary in ord
maintain temperature fluctuations across the whole flow.
tween these zones, it is therefore possible to obtain ne
zero increment skewness factors, as it can be seen in Fi
This state is a transitory state between two states assoc
with opposite signs. In a way, a zero skewness factor is
ated in our flow configuration as an inevitable state betw
two kinds of mixing. A large range of values has also be
obtained for the derivative skewness factor~computed by the
increment at the scale 2h), which varies from20.6 to10.8.
In particular, as we have just emphasized, a null tempera
derivative skewness factor can be achieved contrary to w
is usually obtained in a shear flow with a single-temperat
source mixing, where a large value for the derivative ske
ness factor is reported~approximatively 0.8 in modulus!.31

However, note that in the case of heated grid turbulence,
magnitude of the temperature derivative skewness fa
which is small ~'20.3! has also been reduced to ze
~<0.05! by perturbing the flow with a second grid at ambie
temperature.32

In fact, the same features can be observed on the t
perature field itself which presents a large variation in
skewness factor which goes from values around 1 near
heated disk, to21 near the cold disk. Nevertheless, w
could not so far establish a quantitative linkage between
small-scale value ofS(Du) andS(u), since an obvious cou
pling with the velocity field is also to be taken into accou
In particular, it is worth recalling that in a ‘‘classical flow’
such as a heated jet or a heated boundary layer, ramps
opposite signs, and this sign is always the same for eac
these flows, regardless of the measurement station in an
these flows. However, in any given particular flow, the te
perature skewness factor may take different values of b
signs. For instance, in a heated boundary layer,S(u) varies
from about20.3 in the heated wall region, whereas it
about 10.5 in the outer region~with even larger positive
values closer to the interface region!.

As already discussed in the introduction, a simple phy
cal image of the temperature field, permitting in a way
explain these non zero skewness factors, is the ramp m
of temperature13,33 where the direction of the ramps is give
by the temperature mean gradient sign multiplied by
shear sign. Figure 7~a! presents a temperature signal close
the heated disk, where temperature ramps are well defi
and the skewness factor of the temperature signal is equ
20.6, while the temperature derivative skewness facto
0.32. Figure 7~b! shows a temperature signal in a case
symmetric mixing, where ramps are observed in both dir
tions. The temperature skewness factor is greatly decre
ure
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in this case and takes a value near 0.1. The temperature
rivative skewness factor is 0.08 for this case. Finally, F
7~c! shows a signal recorded near the cold disk where ram
can also be observed. In this case, the temperature skew
factor is about10.5. The time period presented in the
three plots corresponds approximatively to 4 rotations of
disks~the rotation frequency is 40 Hz!, and a ramplike struc-
ture approximatively appears at each rotation period. In
central part of the mixing, the cold ramps meet the h
ramps, and they can cancel one another on average and
ate a symmetric stage, so that a quasi-isotropic mixing ca
obtained statistically.

Thus, a sheared mixing having a double temperat
source can produce, in a central region, a quasi-isotro
zone, where the temperature increment skewness factor
very small, and the temperature derivative skewness facto
much smaller than what is usually obtained. All these effo
which are necessary to obtain a quasi-null longitudinal
rivative skewness factor, in a region where velocit
temperature increment correlation coefficientsC(r ) are
small, demonstrate that the local isotropy property of
passive scalar field is not at all an obvious natural state
shear flows with a mean temperature gradient. However,
measurements prove that an almost perfectly isotropic s
is possible in this particular heated and cooled shear flow
fact, our flow configuration permits to mix a cold turbule
flow created by the cold disk and a warm turbulent flo
created by the warm disk. The verification of the local is
ropy property will now permit to investigate more deeply t
characteristics of the scalar field and in particular its int
mittent behavior.

IV. PREDICTION OF THE EVOLUTION THROUGH THE
SCALES OF THE TEMPERATURE INCREMENT
PDFS

A. The PDF equation and the closure problem

In the previous section, we have examined the mix
symmetry, as an isotropy test in the direction normal to

FIG. 7. Temperature signals for three kinds of mixing, using arbitrary un
~a! Near the hot diskh1512 cm, ~b! in the central zoneh2523 cm, ~c!
near the cold diskh2528 cm.
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mean temperature gradient. As the real isotropy~rotational
invariance! cannot be directly tested in experiments, diffe
ent methods are proposed in the literature: if isotropy exi
exact theoretical results may be deduced related to diffe
levels of approximation. These relations are then submi
to verification ~relations between lateral and longitudin
spectra, even-order structure functions, odd-order struc
functions, etc.!. As a consequence, when a conclusion ab
isotropy is pointed out, it is always related to a spec
criterion.34

In what follows, the properties of our quasi-isotrop
mixing will be further analyzed and used to predict the ev
lution through the scales of the temperature increment PD

More specifically, the isotropy properties described
the preceding paragraphs, null velocity-temperature corr
tions and very small temperature increment skewness,
be used to solve numerically the evolution equation obtai
by Vaienti et al.:10

F2

r
1

]

]r G@P~r ,X!q1~r ,X!#12k0

]2

]X2
@P~r ,X!q2~r ,X!#

52k0F2

r
1

]

]r G]P

]r
~r ,X!, ~2!

wherek0 is the molecular diffusivity coefficient,X5Du(r )
5u(x1r )2u(x), and P(r ,X) is the probability density
function of the temperature incrementX, at the scaler . This
equation was derived using the assumptions of homogen
and three-dimensional isotropy of the temperature fluct
tions. One of the main constraints was therefore that all te
perature increment odd-order moments be strictly equa
zero or, equivalently, that all PDFs be perfectly symmet
The closure problem then consists in determining two c
ditional expectations: that of the longitudinal velocity incr
ments conditioned by the temperature increments,q1(r ,X)
5^DuuDu&, and that of the square temperature gradient c
ditioned by the temperature increments,q2(r ,X)
5^(¹u)2uDu&, where¹u is evaluated at locationx, using a
finite difference scheme with the smallest separation 4h.
Figure 8 presents these conditional expectations, for diffe
scales, as a function of dimensionless temperature in
ments:X/u8, whereu8 is the temperature RMS.

These conditional expectations have been previously
termined experimentally for a boundary layer over a hea
wall11 and for a direct numerical simulation.29,12To simulate
isotropy, the Eq.~2! verification then needed symmetrizatio
of the PDFs and both conditional expectations.12 In the
present case, the very small temperature increment skew
factors explicitly lead to almost symmetric PDFs for the e
tire inertial range. Also, the conditional expectationq1 is
almost symmetric@see Fig. 8~a!# for the scales smaller tha
120h, contrary to its evolution in the boundary laye
turbulence.11 In particular, its typical ‘‘A’’ shape11 is reason-
ably well recovered in almost the whole inertial zone, desp
oscillations of non negligible amplitude. Determiningq1

with great accuracy is a very difficult task since the varian
of both Du and Du are strongly reduced when the scaler
gets smaller and smaller. Moreover, it can be observed
s,
nt
d

re
t

-
s.

a-
ill
d

ity
-
-

to
.
-

-

nt
e-

e-
d

ess
-

e

s

at

its scale evolution is quite weak, according to the fact t
this conditional expectationq1 is related to the stationary
state of the velocity-temperature increment correlation co
ficient. To compute theq2 conditional expectation, isotropic
approximations have been used~i.e., three times the tempera
ture square longitudinal derivative!. As it was the case in
Ref. 11,q2 evolves from an horizontal line at large scales
a parabola at small scales@see Fig. 8~b!#. Note that only a
selected subset of the data points has been plotted using
bols in Fig. 8, in order to prevent clutter.

Finally, let us remark the parallel between our approa
which needs two closure information, and the study of
‘‘balance equation.’’8 Indeed, our first closure function lie
on a measurement of the velocity field (q1 function!,
whereas the closure of the theoretical problem presente
Ref. 8 supposes that the velocity field is Gaussian and d
correlated in time. Also, our second closure~the measure-
ment of theq2 function! concerns the dissipation field, as
is the case in the ‘‘linear ansatz’’ considered in Refs. 8,9

FIG. 8. Conditional expectationsq1 ~a! andq2 ~b!, function of temperature
increments rendered dimensionless using the temperature RMSu8, for the
symmetric mixing situation. For both figures, different scales are rep
sented using the same symbols: 120h (h), 80h (L), 60h (s), 30h (n),
15h (n). For the conditional expectationq2, additional scales are repre
sented: 10h (*), 5h (1), and 2h (!), in order to emphasize the small-sca
trend ofq2.
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B. Yaglom’s equation

Let us remark that Yaglom’s equation,35

2^Du~Du!2&12k0

d

dr
^~Du!2&5

4

3
k0^~¹u!2&r ~3!

is a particular case, at the second order, of Eq.~2!. In par-
ticular, each term of 3 can be rewritten using the two con
tional expectationsq1 and, in an implicit form,q2:

2E
2`

1`

q1~r ,X!•X2
•P~r ,X!dX12k0

d

drE2`

1`

X2
•P~r ,X!dX

5
4

3
k0^~¹u!2&r . ~4!

However, it is worth emphasizing that Yaglom’s equ
tion @as well as its velocity counterpart, Kolmogorov’s E
~1!# is not sensitive to small scale intermittency since it on
characterizes the transfer through the scales of the mean
bulent temperature~or velocity! energy. For simplicity, Eq.
~3! will be written as:A1B5C, whereA is the turbulent
transport term,B is the dissipative term, andC is the linear
term @note thatA,B and C are respectively equivalent t
I ,III and II in the PDF Eq.~2!#. Figure 9 presents the ver
fication of Yaglom’s equation, where dimensionless sca
have been used, in the manner that:C5 4

3r /h. Similar results
are obtained when verifying Eq.~4!.

Studying the relative balance between the three ter
the temperature dissipative range is defined as being
scales smaller than 20h, whereas the temperature inerti
range is that for scales larger than 40h.

As seen in Sec. III A, the dynamical inertial range w
defined using classical criteria and it extends from 20h to
150h. The temperature inertial range is slightly displac
towards larger scales. This is a typical behavior for a mix
where velocity and temperature have different inject
scales. In this inertial range and for this rather largeRl

FIG. 9. Yaglom’s equation verification: advective termA (s) equilibrates
dissipative termB (!) at 20h. A1B (h) balancesC ~solid line!, for the
scales smaller than 150h.
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5600, Yaglom’s equation is verified over the entire inert
range:A1B5C, as it can be verified in Fig. 9. Yaglom’
equation verification is a necessary step towards Eq.~2! veri-
fication, and moreover it provides an indication about t
range of scales where this verification can be expected to
valid. It is also a good indicator about the turbulent mixin
level. For relatively high Reynolds numbers, as it is the c
here, the turbulent transport term̂Du(Du)2& equilibrates
well the total dissipation. On the other hand, since interm
tency effects are not seen via Eq.~4!, higher level statistics
need to be investigated in order to study intermittency. Fr
this point of view, the PDF evolution through the scal
gives a complete information about the intermittency effe
on the cascade. Yaglom’s equation represents a ‘‘fold
map’’ where the intermittency information is compress
and reduced at the second order level.

C. Integration of the PDF equation

Using the two conditional expectationsq1 and q2 ~in
Fig. 8! and an initial condition at 80h ~the PDF and the
derivative at this scale!, we then integrate numerically Eq
~2!. Details about our numerical method may be found
Ref. 12. The numerical integration is carried out using
finite differences scheme, and a negative scaler step dr
520.001, in order to respect the numerical scheme stab
and precision criteria. Starting from a large scale PDF,
equation solution is computed for the smaller scales.

The numerical solution is quite sensitive to the initi
condition ~PDF and its derivative!, and it is therefore sensi
tive to the choice of this initial integration scale. This beha
ior is strictly correlated with the equation verification, i.e
the computation of the three terms appearing in Eq.~2!, writ-
ten asI 1II 5III . As observed,12 term III is present only for
very small scales, where molecular dissipation is the relev
phenomenon. For intermediate scales (r>10h), III '0, and
the balance equation is thus reduced toI 52II . Here, both
terms are well balanced for the scales smaller than 80h. For
much larger scales, the turbulent transport termI is negli-
gible, and termII , expressed through a ‘‘diffusion in theX
space,’’ which is classical of PDF models,36 remains unbal-
anced~just as the linear termC, its counterpart in Yaglom’s
equation, remains unbalanced at large scales!. The evolution
equation is not verified for these large scales since a la
scale ‘‘source term’’ would be required to describe the w
turbulent energy is fed into the cascade. Discussing in m
detail this specific problem is clearly not the objective of t
present work. Figure 10 illustrates this balance betwe
termsI and II (I 52II ) at 80h, and the breakdown of this
equilibrium for r 5200h, whereI !II .

In this light, the numerical treatment will involve two
steps, the first one consisting in finding an initial conditi
which is solution of Eq.~2!. The upper limit of the validation
domain is defined as the scale (80h), where Eq.~2! is veri-
fied with a 10% accuracy. Starting from this scale, the co
puted solution possesses the real physical aspect, and
numerical solution better and better verifies the equat
through the small scales.

Note that, in previous studies,12 this limit was only 40h,
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so that our present success is a substantial progress in u
standing the PDF evolution through the scales.

The second step of our approach is the calculati
through Eq.~2!, of the PDF evolution. Figure 11 shows th
numerical solutions for the scales 80h,60h,30h,15h and
5h ~solid line and symbols! which compare favorably wel
with the real PDFs~dotted line!. Let us remark in particular
that the PDF exponential tails37 are well predicted~note the
logarithmic vertical scale!.

In fact, the computed PDFs are in very good agreem
with the real PDFs, apart from the slightly asymmetric fe
tures which obviously cannot be obtained when solving
PDF evolution equation, for the scales 80h,60h,30h and
15h down to probability levels of about 1022. Such a good
level of agreement is worth noticing if one considers theq1

oscillations which were previously discussed. Much long
measurement time would be necessary in order to ach

FIG. 10. Vaientiet al. equation verification: the termsI ~left! andII ~right!
are well balanced at 80h (s), and are not balanced at 200h (h), where
II @I .

FIG. 11. Numerical solution of 2, for the scales 80h (h), 60h (n), 30h
(!), 15h (L) and 5h (s), compared to the real PDFs~dotted lines!.
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more precise closures for large fluctuations of tempera
increments.

In order to further validate our results, the real mome
have been computed, up to order 6, and are compared
the ‘‘simulated’’ moments, i.e., those obtained using the n
merical solution of 2. Results are presented in Fig. 12, for
range of scales@10h280h#. A good agreement is obtained
especially near the ‘‘initial condition,’’ here the scale 80h.
To compare quantitatively the true and the simulated m
ments, we compute the scaling exponents. These are
tained by the optimum compensation of the structure fu
tions. Thus, the real ones are inferred from the ran
@40h,150h#, and the ‘‘simulated’’ ones present a platea
between@50h,80h#.

The real scaling exponents are:z451 andz651.15, and
can be compared withz4sim51.05 andz6sim51.2, obtained
from the numerical solution of Eq.~2!. The computed expo-
nent is slightly larger than the real one, signifying in a w
less intermittency.

Starting from 80h as the initial condition, the smalle
scale PDFs, or corresponding moments are fairly w
predicted using Eq.~2!, and the measured conditional expe
tations. In particular, the PDF intermittent behavior is o
tained with relatively high accuracy. As alread
emphasized,12 the studied approach is always verified for t
small scales. The upper verification limit depends on the
number of the mixing. Here, the large Pe number, and
symmetry of the mixing, permitted us to validate it in a lar
part of the inertial zone. Note here that this validation lim
(80h) is situated in the central part of the inertial zon
Supplementary, Eq.~2! does not admit as the initial cond
tion PDFs measured at scales larger than 80h. The initial
condition PDF is not Gaussian, and it depends on the la
injection scales, in another manner implicating the inject
modality and the particular geometry of the flow. Also, bo
conditional expectations contain information about the la
scale phenomena. For understanding how small scale co
tional expectations are influenced by the large scale ani
ropy, more efforts are required in order to obtain a theor
cal expression for the closures, in different kinds of mixing

FIG. 12. Comparison between real moments~solid lines! and simulated
moments (!): second order~a!, fourth order~b!, and sixth order~c!.
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This objective is, here again, quite beyond the scope of
present work.

Thus, further work should investigate how the input da
of the approach~initial condition and closures! inherit and
transmit through the scale evolution some particular cha
teristics of each mixing flow, such as the large-scale inj
tion manner and asymmetries. More studies are prese
performed in order to understand the link between the la
scales and the small scales.

V. CONCLUSION

The mixing in the counter-rotating Von Karma`n swirling
flow has been analyzed. This experimental set-up pres
various advantages: a large turbulent Reynolds number
small space volume, a central region where the dynamic fi
is almost homogeneous and isotropic, and a double temp
ture source~cold and hot! used as an original means to crea
some interesting properties of the mixing.

Thus, it was possible to create in the central part of
flow a region where two isotropic criteria are reasonably w
respected: a null velocity-temperature correlation coeffici
and a small temperature increment skewness factor. In
ticular, the temperature derivative skewness factor can b
small as 0.01, contrary to the value usually met in a sing
source mean temperature gradient mixing where its abso
value is classically about 0.8. These better isotropic con
tions, and the large Pe number of the mixing~Pe'400!, per-
mitted us to successfully integrate numerically the Vaie
et al. Eq. ~2! for a scale range extending on a large part
the inertial zone~up to 80h), and to predict with reasonabl
accuracy the intermittent behavior of the PDFs. The integ
tion needed no symmetrization for the PDFs and the
incoming closures, as it is necessary in a boundary laye
in a jet. Even though efforts must now be devoted to obt
with more precision theq1 evolution through the scales an
the influence of the large scale properties on small scale
tistics, the present results demonstrate that this Eq.~2! is a
real powerful tool to study the passive scalar small-scale
termittency effects. Additional studies are presently p
formed in order to take explicitely into account the tempe
ture mean gradient role, to understand in this manner
large-scale PDF evolution, and to derive the expression
the large-scale term which must be incorporated into Y
glom’s ~and also Kolmogorov’s! equation as well as into th
PDF equation.
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